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Abstract

It is known that some discrete semigroup algebras have trivial continuous simpli-
cial cohomology, at least in high dimensions. The aim of this work is to investigate
the situation for the locally compact case, which even for the important example

of the positive real numbers is not clear.

The initial focus of this thesis is on the continuous simplicial cohomology groups
for the algebra L'(R,,v). We then adapt our methods and progress to investi-
gating the more general case of L'(X, <, u.) where (X, <) is a totally ordered
semigroup with the binary operation max and which is locally compact in its
order topology and p. is a continuous, o-finite, positive, regular Borel measure
on X.

The first continuous simplicial cohomology of L'(R,,v) was already known, but
we offer a new method of deriving this result and then use this method to prove
the triviality of higher dimensional continuous simplicial cohomology groups for
this algebra. We then modify our method to derive analogous results for the

algebra L'(X, <, u.) by analysing the algebra L'(R ., p.).
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Chapter 1
Introduction

Cohomology arose as a natural part of algebraic topology, growing over the years

to occupy a fundamental place within several areas of pure mathematics.

A large and increasing variety of cohomology theories exist, each offering insights
into other areas of mathematics and providing tools with which we are able to

explore even further.

The aim of this thesis is to consider an analytical version of Hochschild coho-
mology, particularly simplicial cohomology, for certain Banach algebras. In this
chapter we will give some motivation and historical context for considering such

problems.

1.1 Motivation

The dual notion to homology and considered by functional analysts the more
natural course of study due to the appearance of dual spaces and functionals,
cohomology was first glimpsed in Henri Poincaré’s duality theorem in the 1890s
(for more see §3.3 in [19]). The idea was made more formal over the next few
decades and diverged into a wide class of cohomology theories such as de Rham

cohomology, Cech cohomology and of course Hochschild cohomology.

All of these theories are algebraically based and mostly centre around groups or
algebraic objects. Several mathematicians attempted to extend these methods to

a Banach algebra setting in the 1960s and early 1970s.



Chapter 1. Introduction

One of the first attempts was made by Herbert Kamowitz who investigated con-
tinuous cohomology groups for commutative C*-algebras with, as we would say,
coefficients in commutative or finite Banach modules. Alain Guichardet followed
this up by defining homology and cohomology groups and investigating their re-
lationships before considering certain cases involving the group algebra L'(G) for

some group G.

Alexander Helemskii, who has since made even more progress in this field (see
his book, [20]), introduced the concept of normed modules over Banach algebras

at about the same time J.L.Taylor considered topological algebras.

The biggest step came in 1972 when Barry Johnson published his memoir Coho-
mology in Banach Algebras [23], placing the definitions of Hochschild cohomology
in a Banach algebra setting on a firm footing, as well as adapting the notion of
amenability. After this W.G.Bade, P.C.Curtis and H.G.Dales [1] were able to
define the concept of weak amenability for commutative Banach algebras, par-
ticularly Beurling and Lipschitz algebras, which was naturally extended to all
Banach algebras by Johnson himself, and N.Grgnbak looked at bounded deriva-

tions from L'(R,,w) into its dual for a weight function w.

I would like to thank Dr Zinaida Lykova and Dr Volker Runde for providing me
with extra insight into the history behind simplicial cohomology through their

illuminating seminar talks.

1.2 Recent work

This thesis builds upon some more recent work in this area. The research of
T.D.Blackmore, the quartet Y.Choi, F.Gourdeau, Z.A.Lykova and M.C.White,
who have worked independently and in various collaborations, Baker, Pym, Va-
sudeva and Helemskii in particular has considered several problems similar to

those in my work.

A lot of work has been done on simplicial cohomology for discrete algebras, that
is those algebras with an underlying discrete measure. In [17] Gourdeau and
White showed that the third simplicial cohomology group for the algebra ¢*(Z.),

where the binary operation on the underlying semigroup is addition, is trivial.
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Gourdeau and White with B.E.Johnson in [13] showed that for the algebra ¢*(N),
again with addition serving as the binary operation on the underlying semigroup,
the cyclic cohomology groups are trivial in odd degree and one dimensional in
even degree above two which implies, via the Connes-Tzygan long exact sequence,

that the simplicial cohomology groups vanish in degree two and higher.

Increased dimensionality of the underlying semigroup is the subject for Gour-
deau, Lykova and White in [15] where, amongst other things, they look at the
simplicial cohomology groups for ¢*(Z%). In this paper they show that the sim-
plicial cohomology groups are Banach spaces, and the n'® groups are trivial when

n > k and nonzero otherwise for n € N.

Much of the ground work in extending the ideas of Johnson in [23] was done by
Alexander Helemskii. In particular his book [20] considers the homology of Ba-
nach and topological algebras and gives a lot of the required definitions, including
general concepts, using tensor products and resolutions among others. His paper
[21] is also of great importance as it considers the links between simplicial and
cyclic cohomology through the Connes-Tzygan long exact sequence, which we

make use of extensively throughout this thesis.

Yemon Choi, both in his PhD thesis and afterwards, has done a lot of work
in this area. In particular his paper [8] showed that the ¢'-convolution algebra
of a semilattice with symmetric coefficients has trivial simplicial cohomology in
all degrees greater than or equal to one. In [9] he extends the work done by
Gourdeau, Lykova and White in [15] by considering more general symmetric
coefficients among other things. This work is extended in collaboration with
Gourdeau and White in [10] where they investigate simplicial triviality for the

¢*-convolution algebra of a band semigroup.

Gourdeau and White also looked at simplicial cohomology for the bicyclic semi-
group algebra via an interesting admissible resolution approach and the Connes-
Tzygan long exact sequence in [18]. They obtained once again that the cyclic
cohomology groups vanish in odd degree and are one-dimensional in even de-
gree greater than two while the simplicial cohomology groups all vanish in degree

greater than or equal to two.

T.D.Blackmore in his Ph.D thesis and subsequent papers concerned himself with

weak amenability, that is the first simplicial cohomology groups, for certain Ba-
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nach algebras. In [4] he, amongst other things, investigated the weak amenability

of /*-convolution algebras of algebraic discrete semigroups with a weight function.

Although a lot of analysis has been conducted in the discrete case the level of
consideration of what happens when the underlying measure on a semigroup is
continuous, or a combination of continuous and discrete measures, is not nearly

SO expansive.

In their paper [2] Baker, Pym and Vasudeva considered compact totally ordered
measure spaces and investigated their L” algebras. They formalised important
definitions and concepts, such as how to impose multiplication on such algebras.
In addition to this they also analysed the links to Gelfand transforms and iso-
morphisms between LP algebras of spaces with regular continuous measures on
them. A very important theorem they put forward states that the algebra LP(u)
for a regular continuous measure y is commutative and semisimple for 1 < p < oo
and that for p = 1 this algebra has a bounded approximate identity. They also

considered multipliers but that is of little concern to us in this thesis.

Gourdeau, Lykova and White have produced numerous results in investigating the
simplicial cohomology of L*(R%,+). In [14] they showed that the n™ simplicial
cohomology groups for L* (R, +) are trivial when n > k and nontrivial otherwise
for n € N.

The other main work in this area, and the paper on which this thesis starts
and builds, is Blackmore’s paper on derivations from totally ordered semigroup
algebras into their duals [3]. In this work Blackmore considered totally ordered
semigroups X which are locally compact in their order topology and have an
underlying o-finite, regular, positive Borel measure p. He stated that the measure
can be uniquely decomposed into its discrete and continuous parts, pg and p,.
respectively, and then went on to investigate each part independently. He arrived
at the conclusion that the first simplicial cohomology group for the L! algebra
for the discrete part, L'(X, y14), is trivial while the continuous part, L*(X, ), is
isomorphic to its dual. He also went on to investigate the bounded derivations
from LP(]0, 1], m) into its dual for 1 < p < co and m Lebesgue measure, but that

is not followed up in the present work.
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1.3 Section by section overview

The work in this thesis is concerned with analysing the higher simplicial coho-
mology groups for the continuous part of the measure in the case Blackmore
considered when investigating bounded derivations. It furthers his work in that
we consider the higher dimensional simplicial cohomology groups of certain semi-
group algebras and consider cyclic cohomology groups as well. It is also in some
respects a complement to the work of Gourdeau, Lykova and White in [14] in
that we consider as part of this work the simplicial cohomology groups of L!'(R, ).
However where they considered the binary operation on the underlying semigroup
to be addition we use the max operation instead. Additionally, the methods used
here to approach this problem are different from those used by Gourdeau, Lykova
and White and allow the analysis of a more general class of Banach semigroup

algebras.

The initial groundwork is laid out in Chapter 2, where the main definitions and
core results we will need are given. We define Banach semigroup convolution
algebras in the discrete and continuous case; for clarity we refer to these last as
locally compact. We also give the necessary definitions of homological algebra and
simplicial cohomology before looking at the Connes-Tzygan long exact sequence,

a fundamental tool we will make repeated use of throughout this work.

Chapter 3 proves the same result given by Choi, Gourdeau and White in [10]
and Johnson in [24] concerning the triviality of the first simplicial cohomology
group of ¢*(Z,,v), but we use a different methodology for doing this. We then
use this method to obtain the same result given by Blackmore in [3] regarding
the isomorphism between the first simplicial cohomology group of L'(R,,v) and

its dual space again in a different way.

The purpose of Chapter 3 is to create a method which we could use to analyse
the higher dimensional cohomology groups; by obtaining the same results as
before we have validated these methods, and in Chapter 4 we adapt and apply
them to the second simplicial cohomology group of L*(R,,v) by once again first
gaining insight via the case when the algebra under consideration is ¢*(Z,,v).
We do this by first considering the cyclic cohomology groups and attempting to
cobound a given 2-cocycle, investigate its required properties, show that the cyclic

cohomology group is trivial and then show that simplicial cohomology groups are
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also trivial by using the Connes-Tzygan long exact sequence.

The closing stages of Chapter 4 give an example of cobounding a specific 2-cocycle
and then an example of a semigroup algebra with non-vanishing second simplicial

cohomology.

We once again modify our methods slightly in Chapter 5 where we show that
the n'® simplicial cohomology group for L'(R,,v) vanishes. The substance of
the chapter is concerned with generalising our method to n dimensions and then

applying it to get the main result.

Chapter 6 considers the general case, that of the algebra L'(X, <, p.) where
(X, 1¢) is a totally ordered semigroup which is locally compact in its order topol-
ogy and p. is a continuous, o-finite, positive, regular Borel measure on X. Some
necessary definitions are given before we once more adapt and extend our method
to deal with this general case before giving the last main result, which is that the
simplicial cohomology groups in this case are isomorphic to the dual space of the

semigroup algebra in degree one and trivial in all higher degrees.

This thesis is then rounded off in Chapter 7 where the main points are summarised
and some other questions naturally arising from this work are proposed for further

research.



Chapter 2
Preliminaries

Many of the central concepts and common results that form much of the back-
ground for the work contained in this thesis can be found in many publications
including [20] and [5]. The papers [2] and [3] also contain many of these defini-
tions in a very similar form. We present some of the notation and terminology

that is key to obtaining our results here for further clarity.

Throughout this section all vector spaces are defined using the underlying ground
field of C as this is the convention we use. However they are also applicable for
any other field .

The notions of chain maps and chain homotopies are used in later sections and
more background on these can be found in [30]. Although not explicitly used an
underlying topic here is that of category theory; [22] gives a nice introduction to

categories and functors.

2.1 Banach semigroup convolution algebras

In this section we introduce the concepts of semigroup convolution algebras, giv-
ing some basic but useful definitions. We then focus particularly on the algebras

the work in this thesis is centred around.

Definition. Let S be a set with an associative binary operation - : S x S — S
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mapping (s,t) to s - t, i.e. such that
(s-t)-r=s-(t-r) Vs, t,r € 8. (2.1)

Then S is called a semigroup and its associated binary operation is referred to
as multiplication. For convenience we often omit the symbol - and simply write

st for s - .

In the case where it is necessary to identify the binary operation - associated with

a semigroup S we will write this as (S, -).

Notice that the condition for being a semigroup is one of the three requirements
of a group; therefore every group is also a semigroup. If a semigroup S has an
identity 1 € S such that 1-s =s-1 = s for all s € S then we have satisfied a

second condition for being a group and we call S a monoid.

Proposition 2.1. Let S be a monoid with identities 1 and e. Then 1 = e.

The proof is trivial, mimicking the proof for the analogous result for groups, and
can be found in many books on algebra, for example [12]. Thus it is unambiguous
to talk about the identity element of S.

Discrete semigroup algebras

Definition. Let (S,-) be a countable semigroup. Then we define

(1(S,-) = {f:SﬁC:f:Zasés with Y [f(s)] = |as| < oo}, (2.2)

seS seS seS

where ay, € C and for t € S

5.(1) =14 (2.3)
0, s#t.

Once again when the binary operation is unambiguous we will simply suppress the
symbol and write ¢1(S). In fact a natural binary operation which we impose on

this semigroup when constructed to be locally compact within its order topology,
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which we consider in a later case, is maximum multiplication, and we use this
throughout the thesis.

We define addition and scalar multiplication on £*(S,v) to be pointwise and give

it a multiplication % defined by convolution,

(fx9)(s) =) f(t)g(w), s.tues. (2.4)
tu=s
We define this sum to be zero if tu = s has no solutions. The usual norm for this
space is given by

IF1 = 1f(s)] (2:5)

seS

for f € £1(S,v). Tt is a well-known result that this is a Banach algebra and it is

called the discrete semigroup algebra of S.

We now look at a specific example of a discrete semigroup algebra, one which we

shall consider carefully in further chapters.

The discrete semigroup algebra of (Z,,v)

Consider the semigroup which is given by the set of nonnegative integers and the

binary operation of v : Zy X Z, — Z, given by

xvy = max{z,y}, z,y € Zy. (2.6)

We denote this semigroup as (Z,,v). This is in fact a monoid, with identity

element 0.

Since the underlying semigroup here is discrete the corresponding discrete semi-
group algebra is in fact a space of sequences. Thus given a function f € (1 (Z, V)

we can write this as a series

f= i A On, (2.7)
n=0
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where a,, € C and for m € Z,

1, n=m,
ba(m) = (2.8)
0, n#m.

The usual norm on this algebra is by definition given by || f|| = > o |a,|, and
the formula for multiplying two elements f, g € ¢*(Zy,v) given by f =>"2 a;d
and g = > budy, for a;,b, € C,t,u € Z,, can then be simplified for N € Z,

as

(fa)(N)= D f(n)g(m)

nvm=N

- W;N { (g at5t(n)> (ui;o bu5u<m)> }

2.9
N (29)
nvm=N
N N-1
:aNme—i-bNZan.
m=0 n=0

This is also consistent with simply multiplying f and ¢ as defined above together
in the usual way. The summation range of the second term does not include the
endpoint N because that term has already appeared in the first sum. We could
equally well have written the summation limits the other way around instead,

but have chosen not to and this does not affect the overall meaning.
Notice that for fixed ¢, u we have
(6% 5. )(N) = Y 6u(n)du(m). (2.10)
nvm=N

If tvu # N then every term in this sum is zero. On the other hand, if tvu = N
then exactly one term in this sum is nonzero, namely 9;(¢)d, (u), which has value
1. Therefore we have that

1, tvu= N,
(50 % 8,)(V) = (2.11)
0, tvu # N,

10
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which is the same as dy,, (V).

Definition. Let A and B be algebras over C. A linear mapping ¢ from A into
B such that

o(zy) = o(x)o(y), =,y € A, (2.12)

is called a homomorphism. If ¢ is injective we call it a monomorphism, surjective

an epimorphism and bijective an isomorphism.

Definition. Let A be an algebra over C. A character on A is a nonzero linear
homomorphism mapping A into the field C (i.e. a multiplicative functional).
Where A is a Banach algebra it automatically follows that all characters are

bounded and hence continuous; see §16 in [5]. The space of all characters on A
is denoted by M (A).

Proposition 2.2. Let f, g € (*(Z,,v) be given by f = Zané and g = Z bmOm

respectively and define xar : £*(Z4,v) — C for M € N U {oo} by

= an (2.13)

n<M

Then xar is a character. Furthermore, all characters x € M((Y(Z,,v)) are of

this form.

It should be noted that the calculations of such characters are relatively simple

to perform. The result is Banach algebra folklore.

Proof. First, we show that y,, is linear. Let A € C. Then we have

m(f+2g9) = xum (Z O + Z Abm5m>
n=0 m=0
= XM <Z<ak + Abk)5k>

(2.14)
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Note that it is enough to prove the relation holds for the generators d,,d,,. For
if
X (60) X0 (0m) = Xt (Onvim), (2.15)
then
XM (@n03) X 01 (BrmOm) = X1 (@nbimnum)- (2.16)

By linearity and continuity this extends to give

= XM (i an(5n> XM (i bm5m> = XM (i i anbm(SWm) , (2.17)

n=0 m=0

which is simply xars(f)xa(9) = xar(f * g) since

o (B0 (500
n=0 m=0
- i f: anb, 8.0, (2.18)

n=0 m=0

= i i anbmanvm'

n=0 m=0
So it remains to prove that x s (0n)xar(9m) = X (Onym), i-e.

0, ifn>M, |0, ifm>M |0, ifnwm>M,
o _

= (2.19)
1, ifn< M, 1, ifm< M, 1, ifnvm < M.

It is clear that the LHS # 0 when both n,m < M and occurs if, and only if,
nvm < M, which is the condition for the RHS # 0.

Finally we prove that all characters x € M(¢*(Zy,v)) are of the form x,;. Note
that x (0, * 0,) = x(d,) and so it follows that x(d,) is equal to either 0 or 1.

It must be that if x(dy) = 0 for some N € Z, that x(d,) = 0 for all n > N. To
show this let N € N be such that y(dy) = 0 and let m € N be such that m > N.

12
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It follows that

(0m) - x(On) (2.20)

and so x(0,,) = 0 for all m > N.

If x(0,,) # 0 for all m € Z, i.e. there is no instance of x(d,,) = 0, then

(2.21)

=0 (2.22)

Together these prove that x = yn for N = 2,3, ... as required. O]

Locally compact semigroup algebras

We now extend the notion of semigroup convolution algebra to the locally com-
pact case. We will introduce the concept of measure theory here; an excellent

text which covers the necessary theory of measures is [29] with further reading

13
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to be found in [7] and [31].

Given a semigroup convolution algebra on a semigroup X, it is important to
consider the notion of size, or measure, on subsets of X. In a way analogous to
changing the topology on a space, changing the nature of the measure alters the
structure of the semigroup. Because this measure is a notion of size, changing it
therefore also affects the norm we place on the semigroup convolution algebra we

construct from the semigroup X.

Thus it follows that semigroup convolution algebras are equipped with an under-
lying measure with respect to which integrals, norms and such are defined. For
example, in the discrete case just considered, the underlying measure is defined

as counting measure,

m(A) = |A|, ACS. (2.23)

In other words the measure is simply the number of elements in A for each subset
A of the discrete semigroup S. It then follows that the algebra we defined in the

previous section is exactly as before, but the norm is given by
11l = Y 1f(s)Im({s}). (2.24)
n=0

However m({s}) = 1 for all s € S, returning the definition we have already made.

In Section 4.4 we will consider the discrete case equipped with a different measure.
In the locally compact case, where we have a locally compact semigroup equipped

with a continuous measure, the measure will affect the definition of the integral.

We now present some important definitions.

Definition. Let (X, -) be a semigroup with binary operation -. A total order <

on (X, ) is a relation where for z,y € X

er<yory <
e if both x <y and y < x hold then x = y;

o if r <yandy < zthenz <z

The order topology on (X,-) is the topology where the open sets are generated

14
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by the subbase of ‘open rays’

(—o0,a) := x such that — oo <z < a,
(2.25)
(b, 00) := x such that b < x < 0.

Then the open sets in X are arbitrary unions of finite intersections of these open

rays. The open intervals
(a,b) := x such that a < x < b (2.26)

in (X,-) are obtained as (a,b) = (—00,b) N (a,+00). For particular choices of
a and b this also generates the empty set (); for instance set b = a to obtain

(a,a) = (—o00,a) N (a,00) = 0.

We now consider a locally compact semigroup as found in [3]. Throughout this
thesis X will denote a totally ordered set which is locally compact in its order
topology. A natural binary operation on this set to enable it to become a topo-
logical semigroup is once more that of maximum multiplication, denoted by v,
which, similar to that of the discrete semigroup algebra, we will use throughout

this thesis. We denote by (X, v) a locally compact semigroup.

It should be noted that in other literature such objects are referred to as totally

ordered semigroups.

As mentioned at the start of this subsection, we equip such semigroups with a
measure. In defining the norm we naturally use integrals, looking at the area
under the graph of the function. One of the most natural, and accepted, ways to
define such integrals is to use Lebesque integration, and for that we need to use
Lebesgue measure and its associated theory. Again we could change the nature
of the underlying measure, which would in turn alter the value of subsequent
integrals and, hence, norms. This is illustrated below; see [29], [7] and [31] for

more details.

Let (X,v) be a locally compact semigroup with binary operation v. We equip
(X, v) with a measure, u; we call functions which are measurable with respect to

1, the measure on our semigroup, pu-measurable. Then in an analogous way to

15
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that in the discrete case we define
LYX,v) = {f : X — C: fis p-measurable and / |f(z)|du(x) < oo} (2.27)
X

as the space of equivalence classes of p-measurable functions from X into C
(under the equivalence relation defined by equality almost everywhere). Also as
before addition and scalar multiplication is defined pointwise and multiplication

is that of order convolution, given in [2] as

(F+9)e) = (o) [

(—OO,SC]

)+ o) [ fndutw, 229
for f,g € LY(X,v) with underlying measure p. As with the discrete case the
point z is only included in the first of the integrals. This is for a rather clear
reason for if the point = has measure zero, that is u({z}) = 0, then its inclusion
or exclusion from one or both of the integrals will not affect the value of the
convolution. If, on the other hand, the point z has nonzero measure then the
term f(x)g(x)u({x}) will be duplicated if z is included in both integrals or will

not appear at all if x appears in neither.

The norm on this space is then

1l = /X (@) (), (2.29)

which makes L'(X, v) into a Banach algebra, called the locally compact semigroup
algebra of X. Once again where ambiguity will not arise we omit the symbol v

in writing the semigroup.

It should be noted that we will often denote by f a function and also the equiv-
alence class containing that function, where we use f as a representative of the

class.

It should also be noted here that there are two possible types of Banach algebra.
A wunital Banach algebra A is one which contains an element 1 such that for all
a € Awehave 1xa = ax1 = a. A non-unital Banach algebra is one devoid of such
an element. However there are two solutions to this; one is to force a unitisation,
the other is to use the concept of bounded approzimate identities (bai). We will

make extensive use of these elements and an excellent introduction covering all

16
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of the necessary points can be found in §11 of [5].

We now look at a specific example of a locally compact semigroup algebra that

is central to this work.

The locally compact semigroup algebra of (R,,v)

In the definition of the discrete semigroup algebra of (Z,,v) we replace the dis-
crete set Z, with the continuous set R, the set of all nonnegative real numbers.

This is also a monoid with identity 0.

We set the underlying measure on this semigroup to be Lebesgue measure (see
[29] for the definition and background), denoted by A, where the usual norm is
defined as

1l = / | (@)|dA (@) = / @)l (2.30)

and multiplication

(f *9)(x) = f(x) / " gw)du+ g(x) / " fu)du, (2.31)

for f,g € L'(R,,v). The endpoint z is included in the limits of both integrals
in the order convolution without confusion as the singleton set {z} has Lebesgue

measure zero and consequently does not affect the value of the integral and norm.

Notation. For convenience, we will make the definition

fla) = /O ' Flw)du, z € (0, (2.32)

and thus we are able to write the order convolution more simply as

~

(f xg)(x) = f(x)g(x) + g(x) f(x). (2.33)
We now present several well-known and standard, yet useful, results regarding

the multiplication on this algebra.

Lemma 2.1. Let f and g be elements of L*(Ry,v). Then for x € (0,00] it

—

follows that (f = g)(z) = f(z)g(x).

17
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Proof.
T = [ (rrawi= [ (Fag+ raan)d
= /Ox (/Otf(u)du) g(t)dt + /Ox f(t) (/Otg(u)du> dt
_ /t_o :_0 Flu)g(t)dudt + /t_o ut_o FOg(u)dude.  (2.34)
Now,

/:0 B f(t)g(u)dudt = /:) :0 fu)g(t)dtdu (2.35)

using the change of variables {u +— ¢, — u}, and hence

Fow = [ [ e [ [ g
_ / :) :0 F(w)g(t)dud

_ /Oxg(t)/owf(u)dudt
= ([ ) ([ s0ar) = Fonto (2.3

as required. O

Corollary 2.1. Let f,g,h € L*(R,v). Then the order convolution product * is
associative, i.e. (f*g)xh=fx*(g=*h).

~

Proof. First, recall that (f * g)(z) = f(z)g(x) + f(z)g(x). Then

-
*

(fxg)xh)(x) = (*g

I
= ™ =)
8

I
T =
*

G —~

and therefore (f xg)xh = f*(g*h). O

18
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It is not difficult to see that the morphism y : L'(R,,v) — C defined by

- [ twdu = Fia) (2:33)

is a character on L'(R,v). For if f,g € L'(R,,v) and A € C then y is linear,

(F + Ag) = /x(f+kg)( )

/f du+)\/ g(u)du (2.39)

(f) + Ax(9),
and multiplicative,
X(f#g) = F*g(x) = F(@)g(x) = x(f)x(9), (2.40)

by Lemma (2.1).

The next result shows that all characters on L*(R,,v) are of this form.

Proposition 2.3. All characters on L*(R,v) are of the form

- [ ttwyau = Fo) (2.41)

where x € (0, 00.

Proof. First note that y : L'((Ry,v)) — C is a bounded multiplicative linear

functional and so x(f) can be written in the form

W) = / " ew)f )y, (2.42)

where e(y) € L>*((Ry,v)). To prove the result we need to show that the only
possibility here is to have e(y) = 1 for y < ¢ and zero otherwise, i.e. to have e(y)

being equal to 1 almost everywhere up to a point ¢ and then zero afterwards.

From x(f % g) = x(f)x(g) we have that
| et (Fwratn) + saw) ay = [ ctortn [ ewatar, 243

19



Chapter 2. Preliminaries

or in other words

/OOO 6(y)A(y)g(y)dy+/0 e(y)f dy—/ / u)g(y)dudy.

The LHS of this equation gives us

/ / dudy+/ / w)dudy,
y=0 Ju=0 y=0 Ju=0

which, under the change of variables {y +— w,u +— y}, becomes

// dudy+/ / y)dydu,
y=0 Ju=0 u=0 Jy=0

and thus the LHS of (2.44) finally becomes

/ / W)X (4, 0) + e(u)xm, (4, v)] f(u)g(y)dudy,

where

1, u<uy,

L uz=y,
XE: (y7 U) - and XE, (yu u) -

0, else, 0, else.

Thus (2.44) becomes

/ / Y)XE (Y, u) + e(u)x e (y, w)] f(u)g(y)dudy

/ / )o(y)dudy,

which in turn implies that

/ / U)X (4, 1) + e(u)xi, (4, 1) — e(we(w)] f(u)g(y)dudy = 0,

and this holds for all f,g € L'(R,v).

Since f,g € L'((Ry,v)) are arbitrary this now reduces to

e(y)XE, (Y, u) + e(u)xe, (y,u) — e(u)e(y) = 0 a.e. (y,u).

20
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Without loss of generality suppose u > y, for one of u > y or u < y holds and

choosing the other option will yield the same end result. Thus

e(u) = e(u)e(y) = e(u) (1 —e(y)) =0 ae. (y <u).

Here we have that u is the biggest variable and so

e(u)/ (1 —e(y))dy =0 a.e. (u) for €, < ey < u,
and hence for 0 < €; < €5 < 07 < 9

02
| et (e~ @) - (@lex) ~ eler))}du = 0

01

or simply

[€(d2) —€(01)] [(e2 — 1) — (€e2) —€(er))] = 0.

(2.52)

(2.53)

(2.54)

(2.55)

This last holds everywhere as it is continuous. The first thing to notice is that

€(0) = 0. If we choose €; = 0, we are then left with
[€(d2) — €(01)] [e2 — €(e2)] = 0,

for all €y < 51 < 52.

(2.56)

Since €(0) = 0, we assume that €(y) = y up until some point ¢, t > 0. Let

E ={y:ely) #y} and t = inf E. There are two possibilities here, remembering

that our function in (2.55) is continuous.

The first is that t € E, in which case e(t) # t while e(y) = y for all y < t. Then

by (2.56) we have that
&(6,) — 2(61) = 0

for all 69 > 6, > ¢, or simply
&(02) = 2(61).

Therefore,

e(02) = €(01) =e(t) = C,

where C' is a constant.
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The second possibility is that ¢t ¢ E, i.e. if E was not closed, in which case for all
€ > 0 there exists ¢ty > ¢ such that |ty —t| < € and €(ty) # to. Then we apply the

same argument as above to t; and obtain the same result. Hence it follows that

t
/ e(u)du=u=e(u) =1a.e. (u<t) (2.60)
0
and s
/ e(u)du =0 Vo >t =e(u) =0ae. (u>t). (2.61)
t
Thus,
1, ae y<t,
e(y) = (2.62)
0, ae y=>t,
and so,

MﬁzéﬁwvwwzéU@@, (2.63)

proving our result, as required. Note that the point ¢ has measure zero, and so

/ e(u)du :/ e(u)du.

(—o0,t) (—o0,t]

/ e(u)du :/ e(u)du.
(—o0,t] (—o0,t0)

This proves our result. O

Also, as € — 0 then

2.2 Homological algebra and simplicial

cohomology

Homology is an important part of algebraic topology. It is a procedure by which
we associate a sequence of abelian groups or modules to a mathematical object
that helps us to classify the space we are interested in. For a good introduction

to general homological algebra we refer the reader to [22].

Cohomology is the dual notion to homology, and is often a more natural con-

struct to deal with in functional analysis. Computing (co)homology groups is
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usually easier than calculating homotopy groups and other similar classification
methods, giving us an immediate payoff for our work. Finally, (co)homology
has useful implications and applications for areas such as geometry, abstract al-
gebra, algebraic geometry, algebraic number theory, complex analysis and even
mathematical physics amongst other things. Bonsall and Duncan [5] give a nice

introduction to cohomology as applied to Banach algebras.

In short, cohomology is the study of sequences of abelian groups or modules
defined using a cochain complex. In general, homological algebra is an abstract
study, meaning that there is no reference to the underlying space but rather we

assign algebraic invariants to the space.

The standard canonical reference we rely on here is Johnson’s 1972 treatise [23].

We give the definitions and results that directly influence our results here.

2.2.1 Cochain complexes

Although we do not consider algebraic versions of cochain complexes we present
them here for illustrative purposes. After this, in Section 2.2.2, we will present

the Banach space version, which is applicable to this thesis.

Let (A;)icz be a sequence of abelian groups or modules, and let (d,),ez be a
collection of homomorphisms d,, : A, — A,,_1 such that d,, o d,,1 = 0 for all n.
We call such a collection of groups and maps a chain compler and write it as a
diagram

dnfl dn dn+1

d
Aﬂ*l «An 2

An+1

The homomorphisms connecting the objects in the chain complex are called

boundary operators.

Dual to this is the definition of a cochain complex, a reversal of the above diagram

5n—2 ) 5n—1 5n 5n+1
Anfl A/n A;zﬂ T

but now the boundary operators are such that 6" : A, — A/ ., and §""1od™ = 0.

Here A’ is the algebraic dual space of A, but the objects contained in a general
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cochain complex need not be dual objects.

We call the index i in A; the degree in the (co)chain complex. If the chain complex
is finite and extended to the left and right by the zero objects, in other words
if the complex is zero in almost all places, then we say it is bounded. If it is
extended by zeroes to the right above some degree N then we say it is bounded

above, and similarly for bounded below. Dual notions apply to cochains.

Definition. The elements of an individual group in the (co)chain complex, A;

for some i, are called (co)chains.

The (co)chains which are contained in the image of a boundary operator are
called (co)boundaries, while those contained in the kernel of a boundary operator

are called (co)cycles.

From these definitions, it is immediately clear that the (co)boundaries of a given

group in the complex form a subgroup of the (co)cycles of that group.
Given an algebra A we need to know how to turn its dual A" into a dual bimodule.
Definition. Given an algebra A and an A-bimodule X we make the dual space

of X, written as X', into a dual bimodule by defining the left and right module

multiplications as

(a- f)(x) = f(z+a) (2.64)
and

(f -a)(x) = flax*x) (2.65)
respectively, where x € X, a € A and f € X'.

In this way the dual space A’ also becomes a dual bimodule.

Notation. For convenience we write the fundamental relation on the coboundary
operators, d""! o §" = 0, where n € Z as simply 6% = 0. Also, where ambiguity
does not arise, we will often drop the superscripts on the ¢ operators. Similar

conventions apply to the boundary operators d in chain complexes.

Consider a cochain complex X given by

6n—2 5n—1 5n 5n+1
X — An—l An An+1
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It is immediately clear from above that the space of coboundaries im(6"~1), which
we denote as B"(X), forms a normal subgroup of the space of cocycles ker(d"),

denoted by Z"(X). We can therefore form the quotient group

(2.66)

and we call this the n** cohomology group of X.

All of these concepts are dualized from similar definitions for chain complexes,

which consider homology groups instead.

Definition (Exactness). A cochain complex X is ezact in degree n, or simply
ezact at A,, if im(6"71) = ker(§"). We say that the cochain complex is simply

exact if it is exact at A,, for all n € Z.

It is immediate that every exact sequence is a complex. Further to this, it is
also immediate that a complex is also an exact sequence if, and only if, all of
its (co)homology groups are 0. Thus, it is natural to think of the (co)homology
groups of a (co)chain complex as being a measure of how far the sequence is from

being exact at that degree.

2.2.2 Hochschild, simplicial and cyclic (co)homology

As expected, the central reference for this subsection is that of Johnson [23].
We will not define tensor products here as we mainly make use of them for
convenience in notation, but [28] is a very good place to look for an introduction
to the subject in a Banach algebra setting. Let us present some of the key

definitions and notation on this topic for completeness.

Definition. Let X and Y be Banach algebras (or, more generally, Banach spaces).
We denote the projective tensor product of X and Y as X®Y, which is the com-
pletion of an algebraic tensor product X ® Y with respect to the projective tensor
norm; if Y | z; ® y; is a representation of u € X ® Y then the projective tensor

norm is given by

[ull = inf{z HxiHHyiH} : (2.67)
i=1
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where the infimum is taken over all representations of w. This is the largest

possible natural norm that can be placed on X®Y such that ||z @ y| < ||z||||y]|-

When denoting elements of X®Y it is usual to drop the hat notation, i.e. zQy €
X®Y.
It should be noted that there are other natural norms which can be placed on

X®Y, such as the injective norm, but we will be focused purely on the projective

setting.

Let A be a Banach algebra and X be a Banach A-bimodule. Now for n > 0
define
Co(A,X) = AR - RARX = A*"®X (2.68)
—_——
n times

and form the complex

do ds

d d
0 Co(A, X) +— Ci(A, X) <2 Co(A, X) =" -, (2.69)

where the boundary operators d,, are given by

(

A - R a, ®ra;

n—1
di(a @ Qa, @)=+ (-1Va1 @ Qa1 @ Da, @z (2.70)
=1

(D" @ - @ apx
and naturally Co(A, X) = X. Note that when n = 1 this simply reduces to

di(ay ® x) = xa; — aqx. (2.71)

It is straightforward to show that d, o d,,.1 = 0 for all n > 0, and we leave this
for the reader. This is the Hochschild chain complez of (A, X).

Definition. For a Banach space X we define the dual space of X, X*, to be
the Banach space of all bounded functionals on X. Often in the literature this
is described as the continuous dual space of X to differentiate it from the more
general notion of the algebraic dual space; as we only encounter the continuous

dual space in this thesis we will omit the word continuous without ambiguity.
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The dual of C, (A, X) is, by definition, the space of bounded linear functionals
from A®"®X into C. Let f be such a functional. Then for each choice of
ai,...,a, € A we obtain a functional ¢ € X*, the dual space of X, i.e. we
can identify f(a; ® ... ® a, ® x) with g(ai,...,a,)(z). Hence we can identify
Cn(A, X)* with C"(A, X*), which is the space of bounded n-linear mappings of
A x -+ x Ainto X*. See [23] for further information.

Remark. It should be noted that this identification can be made as we are
dealing with the Banach case; this is not true, for instance, in the category of

Fréchet spaces.
Thus the dual of (2.69) is then

60 ot 52 53

0 C'(A, X*) — CY(A, X*) — C*(A, X*) —— -+, (2.72)

where §" = d* and as such for T € C"!(A, X*) is defined as

(

a T (ag, ... a,)
n—1
(6" T)(ar, .. an) = + > (=1 T(ar, ... a4, ..., ap) (2.73)
j=1
+(=1)"T(a1, ..., an_1)an,

\

for n > 2.

In the case when n = 1 we have that ¢! : X* — C!(A, X*). To define this map
choose f € X* and ag € A, then set

(0 f)(ao) = aof — fao. (2.74)

Again it is a simple exercise to show that "' o0 6" = 0. This is the Hochschild
cochain complex of (A, X).

Now we denote the following

Z,.(A, X) = ker(d,)

B, (A, X) = im(dp+1) (2.75)
HN) = B
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as the space of n-cycles, space of n-boundaries and n'" homology group of A with

coefficients in X respectively.

Analogously we also let

Z™M(A, X*) = ker(6")

B*(A, X*) = im(d") (2.76)
i S

as the space of n-cocycles, space of n-coboundaries and n'" cohomology group of

A with coefficients in X* respectively.

Remark. It can be seen in many texts that the spaces we have defined are called
the continuous Hochschild (co)homology groups. We omit the term continuous
throughout this thesis as we do not consider the purely algebraic setting, removing

any possible ambiguity in our definitions.

The dual space X* is also a dual bimodule as shown earlier. Thus the cochain
complex (2.72) is not restricted to having coefficients in X*; it can be defined for
some other Banach A-bimodule in place of X*. However this thesis is concerned

primarily with the case as it is written here defined with X*.

Throughout this work our interest is almost purely with regard to the cohomology
groups in the case when the dual module X* here is in fact the dual of the algebra
itself A*. Thus the cohomology groups we are interested in are H™(A, A*) for

n > 0, and we call these the simplicial cohomology groups of A.

For convenience and ease of notation we will write the simplicial cohomology
groups of A, H"(A, A*), as simply HH"(A). We also define the spaces Z"(A) for
Z"(A, A*) and B"(A) for B"(A, A*). However it should be noted that although
it is true for Banach algebras with bai’s that H™(A, A*) = HH"(A) it does not

necessarily follow in general; see [6] for further details.

Simplicial cohomology is intricately connected to the notion of cyclic cohomology
via the work of Connes and Tzygan, details of which can be found in [21]. This
is discussed in greater detail in the next subsection, but here we define the cyclic

cohomology groups.

Definition. Let 7' € C"(A, A*) be an n-cochain. We say that 7" is cyclic if for
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a; € A,i=0,...,n,
T(ay,...,an)(ap) = (=1)"T(ag,a,...,a,-1)(ay). (2.77)

The space of all cyclic n-cochains is written as CC"(A). A well-known result by
Connes and furthered in the Banach Algebra context by Helemskii [21] shows
that the the sequence of objects CC"(A) form a subcomplex of the sequence of
objects C™(A, A*) using the same boundary operators §", this time defined from

CC™(A) into CC"T1(A).

We are now also able to define cyclic versions of the spaces defined above (2.76)
as ZC"(A), BC"(A) and HC"(A) respectively.

The cyclic and simplicial cohomology groups are connected via the Connes-

Tzygan long exact sequence, which we introduce next.

2.2.3 Connes-Tzygan long exact sequence

During the work in this thesis we make use of the Connes-Tzygan long exact
sequence, given in a Banach Algebra setting in [21], where Theorem 16 states the
sequence exists for every Banach algebra with left or right bai, and reproduced

here using our notation.

For a given Banach algebra A the Connes-Tzygan long exact sequence is given
by

0 — HC'(A) — HH'(A) — HC(A) — HC*(A) — HH*(A) — HC'(A) — --- .
(2.78)

For a general section in the middle we can see that the form this sequence takes

18

- — HC" N (A) — HH" H(A) — HC" %(A) — HC™(A)
— HH"(A) — HC" H(A) — HC" ™ (A) — --- . (2.79)
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The first simplicial cohomology
group of (1(Z,,v) and L' (R, V)

The aim of this chapter is to give two main results. Initially we show that the
first simplicial cohomology group for the algebra A = ¢1(Z,,v) is trivial, that
is there are no derivations from 2 into its dual. This has already been done by
Choi, Gourdeau and White in [10] and Blackmore in [3], and it is also covered in

[8] and [9], but we present the proof using different methods.

A well-known result of B.E.Johnson in [24] states that a Banach algebra which

is a closed linear span of idempotents is weakly amenable.

The strategy behind this is to make the existing proofs more accessible and
then adapt our new method to look at higher dimensional simplicial cohomology

groups.

The second result is similar. It is an alternative presentation of the method for
identifying the first simplicial cohomology group for the algebra B = L}(R,,v)
found in [3] in order that we might use this to analyse the higher cohomology

groups here, too.

Throughout this chapter we denote by A a Banach algebra, A* the dual of A, X

a Banach A-bimodule and X* a Banach dual module.
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3.1 Derivations

As outlined in Chapter 2 we have the cochain complex (2.72) and its boundary
operators (2.73).

Definition. Let D be a bounded linear map from A into A* which satisfies the
derivation equality
D(alag) = D(al)ag + alD((lg) (31)

for all ay,as € A. We call D a simplicial derivation.

In the more general case where D is a bounded linear map from A into a general

Banach A-bimodule X we say that D is a derivation.

Setting n = 2 in (2.73) for T' € C*(A, A*) and ay,as € A gives us

(52T) (al, CLQ) = CLlT(CLQ) — T(Cllag) + T(Cll)ag. (32)

Thus it immediately follows that Z!(A) is simply the space of all bounded deriva-

tions from A into A*.

Definition. Let f € A* and ayp € A. Now let §; be a bounded linear mapping
from A into A* such that

dy(ao) = aof — fao. (3.3)

It is trivial to show that d; is a derivation. Such a mapping is called an inner

simplicial derivation.

As before in the more general case with X instead of A* we say that ¢ is simply

an inner derivation.

Comparing this to (2.74) immediately shows that there exists f € A* = CY(A, A*)
such that

0(f) =0y, (3.4)

i.e. that 6; € B'(A). This means that the space B*(A) is in fact simply the space

of all inner derivations from A into A*.

So the first simplicial cohomology group of A is now simply the space of all

derivations from A into A* quotiented out by the space of all inner derivations. If
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A, (resp. in the general case the module X), is commutative (so that f(aga;) =
f(aiag) for ag,a; € A, f € A*), then the space B'(A) (resp. B'(A, X)) is trivial
and so the first simplicial cohomology group (resp. first cohomology group of A

with coefficients in X) in this case is simply the space of all derivations.

Definition. Let A be a Banach algebra. Then A is amenable if H*(A, X*) = 0
for every Banach A-bimodule X, that is every derivation from A into X* is an

inner derivation.

We say that A is weakly amenable if HH'(A) = H'(A, A*) = 0. Clearly all

amenable algebras A are also weakly amenable.

In the rest of this chapter we are concerned with identifying the first simplicial
cohomology group for the algebras 2 = ¢1(Z,,v) and B = L'(R,,v). Both of
these are commutative and so we are therefore simply trying to find all derivations
from 2 (resp. B) into A* (resp. B*).

3.2 Weak amenability in the discrete case

In this section we are going to show that there are no nontrivial simplicial deriva-
tions on A = (Y(Z,,v).

As with the proof of Proposition 2.2 it is enough for us to prove that this re-
sult holds on generators J,, and d,,. In other words we are going to show that
D(6,)(0m) = 0 for 6, 6., € A, where n,m € Z,.

The result has been proved by H.G.Dales and again by B.E.Johnson. The proof
is relatively short and holds for all Banach algebras spanned by idempotents. A

version is presented here for illustration; the original can be found in [24].

Theorem 3.1. The first simplicial cohomology group for A is trivial.

Proof. As this algebra is spanned by idempotents (the generators 4,,) and deriva-

tions are linear it is enough to prove the result holds on idempotents. Let e € A
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be an idempotent function. Then e? = e x ¢ = e in A and for a derivation D

D(e) = D(e?)
eD(e) + D(e)e (3.5)

= 2eD(e)

by commutativity. Then it follows that
eD(e) = 2¢*D(e) = 2eD(e), (3.6)

which implies that eD(e) = 0. As (3.5) above implies D(e) = eD(e) it must be
that
D(e) = 0. (3.7)

]

Our proof is much longer and more technical, but this is a necessity for we are
attempting to create a proof that does not rely on idempotent properties; when we
migrate these methods to the locally compact case there is no longer a spanning
set of idempotents, indeed there are no nontrivial idempotents at all, and the

idea is to adapt these techniques.

In order to proceed with this we need to consider two cases: first when n < m

and second when n > m.

Case 1: n <m

In this case we have that ¢, * d,, = dpvm = 0. In Z, we can always find ¢ such
that n < /¢ and so

D(6n * 0 )(0e) = D(9n) (dmve) + D(0m)(evm), (3.8)
which is then simply
D(0m)(9¢) = D(0n)(Omve) + D (0m)(3e)- (3.9)

Remark. It should be noted at this point that we could easily have taken £ = m
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here. However, just as we wish to avoid using idempotent properties in order
to translate our methods to the locally compact case we will also wish to avoid
simply duplicating the maximal element, making the calculations much more

accessible.

This rearranges to finally give that D(d,)(dymve) = 0. Notice that n < mvl and

so we are able to conclude that

D(6,,)(6m) = 0 whenever n < m. (3.10)

Case 2: n>m

We now have ¢,, * d,, = 9,,. Thus for ¢ € Z, the derivation identity becomes
D(0p, % 0m)(00) = D(03,) (O, * ¢) + D(51) (0¢ * 6y,), (3.11)

which is then
D(6n)(8¢) = D(6n)(Gmve) + D(6m) (Sevn)- (3.12)

The final form of this identity is now dependent upon the place within the order
structure of Z, of ¢ in relation to n and m. Thus there are three possibilities to

consider.

[A] n > ¢ > m: Here the derivation identity becomes

yielding the result that D(6,,)(d,) = 0 where n > m.

[B] ¢ > n > m: In this situation the derivation identity reduces to
D(63)(d¢) = D(0n)(0¢) + D(0m)(00), (3.14)

giving us that D(0,,)(d¢) = 0 where £ > m.

Neither of these give us anything new; they both agree with Case 1 above.
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[C] n>m > {: When n, m,{ occur in this order we have that

ID(én)@Z) = D((Sn)((sm) + D(ém)@n)- (3~15>

By Case 1 above it follows that the final term here is trivial, i.e. D(d,,)(d,) = 0.
Thus

Since n > m and the above holds for all m, choose m = n. Then by Case 1 we
have that D(0,,)(6m) = D(6,)(5,) = 0. Thus we can conclude that

D(0,,)(0,) = 0 whenever n > m. (3.17)

Putting Case 1 and Case 2 together we have

D(6n)(0m) = ; (3.18)

In other words we are led to the conclusion that for all n,m € Z,

D(5,)(6,) = 0. (3.19)

Since we showed that it was enough to prove that the result holds on generators,

the result follows in general; given f, g € 2 it follows that
D(f)(g9) =0. (3.20)

Thus there are no nontrivial derivations on 2 and hence by the arguments given

in Section 3.1 we have proved the following.

Theorem 3.2. Let 2 be the semigroup convolution algebra (*(Z,v). Then
HH'(2A) =0, (3.21)
i.e. the first simplicial cohomology group of A is trivial.
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3.3 Weak amenability in the locally compact

case

We now turn our attention to identifying the derivations on B = L'(R,v).

Essentially, we weill prove the following theorem:

Theorem 3.3. Let B be the Banach algebra L'(R,,v). Then all simplicial

derivations on B are of the form

D _ [ tH dsdt, 3.22
N = [ [ #0500 s (3.22)
for f,g € B and H € L>®(Ry,v). This in turn implies that

HH'(B) =2 B* (=2 LR, v)), (3.23)

i.e. there is a direct correspondence between the first simplicial cohomology group
of B and the dual space of B.

We approach this problem by first considering the situation for indicator functions
and building on this to obtain the full solution to the problem. In order to

proceed, we will need the following definitions.

Definition. Let X be a set and U a subset of X. Then the characteristic function
on U is the function xy : X — {0,1} such that

1,z e U,
xu(x) = (3.24)
0,z ¢ U.

This is also known as the indicator function on U.

A function f: X — Cis a step function if it can be written as a linear combina-

tion of characteristic functions on intervals of X, i.e.

fla) =) arxu,(x), (3.25)
k=0
where o, € C and Uy, are intervals in X for k£ > 0.
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Definition. A normalised indicator function, written as Ij,, p,) or more simply
as I, where a,,b, € R, with a, < b,, is the function on the interval [a,, b,]
defined by,

L x € [an, by,

I(z) = { brmon’ (3.26)
0, else.

Notation. For convenience we will write I,,, < I,, to mean a,, < b,, < a,, < by,
where [; = Ijo, ;. Essentially this means that the intervals [a,,, by] and [a,, b,]
are disjoint and that there exist points ¢,,, and d,,, such that b,, < ¢, <
dmn < apn. Also we denote by |1,| the size, or measure, of the support of I,,, that
is A([an, bn]) = |[an, by)|. Finally when we wish to talk about the intersection or
union of the supports of normalised indicator functions I,, and I,, we will write

I, N1, and I, U I,, respectively.

We use the term normalised to say that I, is a positive valued function which
integrates over its whole domain with respect to the underlying measure to give 1,
that is fR+ I,(x)dz =1 in ©B. We make this particular definition for convenience

as it ensures that the multiplication of two of these functions is straightforward,

L, L<T,
Lxl,=4 " 721 (3.27)

I, I, <1y,

Now we are able to consider derivations on indicator functions with pairwise

disjoint supports,

D(I; + L) (I3) = D(I) (I * Iy) + D(L)(Is + ). (3.28)

There are three main possibilities here for us to consider.
Case 1: [ K LK I3

D(I2)(I3) = D(L)(I3) + D(I2)(I3)

(3.29)
therefore D(I;)(I3) = 0.
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Case 2: [« LK

D(11)(I3) = D(11)(12) + D(I2) ()
D(1)(I3) = D(I1)(I3), using (3.29) (3.30)
therefore D(I1)(13) = D(11)(12).

This case illustrates that D(I1)(1l5) is only dependent on the first argument (this

is also true for non-normalised indicator functions barring a scaling factor).
Case 3: [ <« I3 < I

D(12)(I3) = D(L)(Il2) + D(I2)(I3)

(3.31)
therefore D(I;)(I2) = 0.

This case, and in fact any other ordering of {1, I5, I3}, gives us nothing new.

Our aim here is to identify all of the simplicial derivations on our algebra 8 and
hence completely identify the first cohomology group of 28 with coefficients in the
dual module B*. We wish to show that there is a one-one correspondence between
the simplicial derivations and the elements of the dual space (L'(R,v))* =
L>*(Ry,v). To do this, we will first find a derivation given an element of the dual
space, Dp, then find an element of the dual space given a derivation, Fp, and

then show that they are mutually inverse, i.e. Fip,) = F and D(p,) = D.

Once this has been established we will have found the derivations given an element
of the dual space, and shown that there are no more, thus giving us all of the
derivations on the space and achieving our aim. We are trying to show that there

is an isomorphism between the dual space and HH'(8).

First, given an element ' € 2A* = L>*(R,,v) we need to find a derivation Dp

satisfying the conditions given by the three cases above, i.e.

D()(12) =0, I < Iy,

(3.32)
D(L)(I2) = D(IL)(13), Is, I3 < 1.

The second equation in (3.32) is only dependent on [y, making this equivalent to
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a bounded linear functional F' on 2, that is
(1) = D(11)(12), (3.33)

where I, < I, F' € A*. Then using the Riesz Representation Theorem for LP

spaces found in [31] (Theorem 1, § 17.4), this can be written in an integral form,
ie.

D) (L) = F(I) = | H@)L(t)dt, (3.34)

R4

where F' € A* (= L>*(Ry,v)) and H € L*(Ry,v).

Let Iy, I; be normalised indicator functions such that Iy < I;. Then our deriva-

tion becomes

D(I)(1o) = F(I) -1

F(1,

:Awﬂwh@mq
zéwH@h@ﬁAwM$% (3.35)
ZAWAMHWH®E®®ﬁ

= [7 [ Honones,

as Iy > I.

Observe that
/OO t H(t)[l(t).fg(s)cLS’dt:/a1 t H(t)I(t)1o(s)dsdt
=0 Js=0 t:(l)71 s:?
+/a1 /s:(] H(t) I (t)Io(s)dsdt (3.36)
+ /b1 /so H(t) I (t)Io(s)dsdt.

The first and last terms are zero as the range of integration for the ¢ variable is

outside the support of I;, while the middle term is simply
b1

H(H)L(t)dt. (3.37)

al
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All of this is equivalent to
D)) = [ HOL@ (3.38)
0

and so we arrive back where we started in (3.34), showing that our reasoning is

correct.

Thus we have that

DL (1) = /t: io H) L (t)Io(s)dsdt. (3.39)

This is constructed to satisfy the second condition of (3.32). It also automatically
satisfies the first, for if I; < I then (3.39) becomes

D)) = / " HOLOD0, (3.40)

but notice that

Io(t = 0 for all t < ay,
o(t) 0 (3.41)
Il(t) =0 for all ¢ > Qg,

and so
D(1)(1y) =0, (3.42)

as required.

Since the derivation we have been investigating here is defined by an element
F e A* = L*>*(R,,v) we shall relabel it to read Dp.

In the following analysis we will need the following two results.

Theorem 3.4 (Lusin’s Theorem [27]). For an interval |a,b], let f : [a,b] — C
be a measurable function. Then for all € > 0, there exists a compact set E C [a, b]

such that f restricted to E, f|g, is continuous and pu(E°) < e.

Essentially, this says that every measurable function is continuous on nearly all
of its support. Here, E¢ is the complement of F in [a, b] and the continuity of f
is with respect to the subspace topology that E inherits from [a, b].

This means that it is enough for us to use indicator functions defined on inter-

vals rather than the more general situation of characteristic functions defined on
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measurable sets.

Theorem 3.5 ([29]). The step/characteristic functions are dense in L*(R,,v).
These two results allow us to approximate any function in L'(R,v) by linear
combinations of disjoint normalised indicator functions as closely as we like.

Let f,g € B be L! functions approximated by

N
= Z%‘L‘ (3.43)
i=1
and
M
j=1
respectively. Let € > 0; now define
€ €
€ = min { , } , (3.45)
2Dl llgall + 1 2[[HI| ||go]] + 1
and
€ €
€, = min : . (3.46)
! {QIIDHII 1Al +1" 2] H] ||f||+1}

Then we can refine f; and g; so that for all € > 0 (making es, e, > 0), we have
If = All < e and [[g — g1l < ey
Then it follows that

IDr(f)(9) — Dr(fi1)(g1)l = [Dr(f)(9) — Dr(f)(91) + Dr(f)(g1) — Dr(f1)(g1)]
<I|Dr(f)(g = g)| +|Dr(f — fi)(g1)]
< | Dell |1 €5 + [IDrll €1 [l9:]]

< % + % =€,
(3.47)
by (3.45) and (3.46). Hence
Dr(f)(9) — Dr(fi)(g1)] < e (3.48)

In the next part of the analysis we will consider the case where given two func-
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tions f, g € B we can approximate them using linear combinations of normalised
indicator functions which do not overlap. The overlapping case will be considered

separately later.

Given f, g, f1,91 as above, assume that the normalised indicator functions used
to define f; and ¢; never overlap, that is I; N J; = 0 for all 7,7 € N. We can see
therefore that

Dr(f1)(91) = Dr (ZO‘ I) (Zﬁj%’)
= Z Z a;3;Dr(1;)(J;)

i=1 j=1

- ZZO‘Z@/ / Hi(t (s)dsdt (3.49)

=1 j5=1

o))
= [7 [ Hon@ms

and hence for all € > 0

_ /0 h /0 tH(t) fl(t)gl(s)dsdt’ <e (3.50)

Now consider the accuracy of approximating

/ / HE) F(E)g(s)dsdt (3.51)
/0 N /O CHO S (0 (). (3.52)

We will now show that this approximation can be as accurate as we desire by
looking at the modulus of the difference between these terms and showing it is

less than € for any € > 0, similar to our earlier strategy.

42



Chapter 3. The first simplicial cohomology group of (*(Z,,v) and L*(R,,v)

The modulus of this difference can be written as

[ [ 10000 - st (3.53)
which is equal to
DI~ O+ F0an(s) — sl dsar]. (350)
This in turn is less than or equal to
VLA = £l I 1) s — (3.55)

Treating this similarly to (3.47) as well as using (3.45) and (3.46) transforms this

last equation into

IH T2 = FIHgall + LS g = gll < HHII s lgull + TN e

<5tz

/H )f1(£)g1(s)dsdt — / /H s)dsdt (3.57)

The final step here is to consider

(3.56)

and thus

as required.

/ / H(t t)dsdt. (3.58)

Note that this can be rewritten as

_ / h / CH(O) fu (091 (t)dsdt
/ / H) 2 (t)gs (D) dsdt — / / H@ F(H)g(t)dsdt, (3.59)
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which in modulus is less than or equal to

‘DF(f)(g) - [ [ 10500 @yisas
/H V(D (t dsdt—/ /H 1) dsdt

4+ % — ¢ (3.60)

by (3.50) and (3.57), replacing € with 3.

Hence we have that
‘ / / H(t dsdt‘ <e€, foralle>0, (3.61)

and since neither of these terms depend on our approximations, this means we

can conclude that they are actually equal, that is

/ / H(t s)dsdt. (3.62)

We must now deal with the situation where there can exist overlap between the
supports of the normalised indicator functions used to define f; and ¢;, that is

I; N J; does not necessarily equate to the empty set 0.

In order to do this we will consider the case for normalised indicator functions
first.

Let I and J be normalised indicator functions such that I N.J # (), that is the
interval supports of these functions overlap. We can divide each of these intervals
into M equal subintervals. In the worst case, each of these subintervals for one
function overlap at most three subintervals from the other function, as shown by

the following argument.

To illustrate this point more clearly, we draw these two intervals on a pair of axes.
The interval defining I is placed on the z-axis, while the corresponding interval
for J is drawn onto the y-axis. The division of these intervals into M equal
subintervals results in an M x M grid being formed on our graph, as outlined in
Figure(3.1), below.
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y=X

Figure 3.1: An illustration of our M x M grid

If a subinterval of the interval support for I overlaps a subinterval of the interval
support for J then it must mean they have a point in common. Obviously, all
points of overlap are shared points and so all of the points contained in all of
the overlaps can be represented by the line y = x on our graph. This overlap
line has gradient 1, and if it touches a box in our grid then that box represents a
subinterval of the interval support for I and a subinterval of the interval support
for J overlapping. Our aim, then, is to show that the line y = = only touches at

most 3M of our M? boxes.

In the first instance we consider the case when the interval supports on which
I and J are defined are equal in length. This results in all of the boxes in
our grid being square. For our overlap line to touch more than three boxes in a
particular row, it must have a gradient no steeper than that of the line connecting
the bottom left corner of one box to the top right corner of the box immediately
right adjacent to it. A little thought shows that this is indeed the highest gradient

a line touching more than 3 boxes in a given row can have.

1
Since the gradient of such a line is then at most — and our overlap line is steeper
than this with gradient 1, it is immediately obvious that our line can pass through
at most 3 boxes in a given row. Passing from corner to corner through one box is

a line of gradient 1, and so it is indeed possible for our line to touch three boxes
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in any given row.

The next case we consider is when the interval supports are not equal in length
to each other and so the boxes of our grid become rectangles. This is slightly
more tricky. We deal with the case of when the rectangles are longer than they

are tall, as the opposite case follows via a very similar argument.

If the boxes are long then say they have a height x and a length y such that
y > x. The steepest gradient for a line to touch three boxes is from corner to
corner across one box, as before. Such a line, therefore, must have a gradient less
than or equal to f’ and since x < y this gradient is strictly less than 1. As our
overlap line has a gradient of precisely 1, this line cannot touch three, or indeed
more, boxes. Our overlap line, it follows, must touch at most two boxes in any

given row.

A similar argument follows for when the boxes are taller than they are long, except
that in this particular case the line can only touch a maximum of two boxes in
any given column. Thus, we are now able to conclude that in any given row (or
column in the last case) our line touches at most three boxes and since there are

M rows (and columns) we must have a maximum number of 3M overlaps.

Thus it follows that we have normalised indicator functions I and J and if the
interval supports on which they are defined overlap then we can subdivide these
intervals up into M equal subintervals. Then given a derivation Dp with argu-

ments [ and J we can rewrite it to give

Dp(D)(J) = 3 3 Dr(L)(J;): (3.63)
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From this we have that

SN Dr) ) = D De(l)) + Y. De(L)(J)),

=1 j=1 I'ﬁJj*@ IiﬁJJ?é@
o0 t

= Z / H(t)I;(t)J;(s)dsdt + Z Drp(L;)(J;),
nng=p”0 70 L,0J;#0
M M 00 t

Yy / HO)L(1)J(s)dsdt
i=1 j=1Y0 O

+ 0y ( / / H(t dsdt)
LNJ;#0

(3.64)

Z_:Z/ H(t)Li(t)J;(s)dsdt = ) / /H s)dsdt

InJ;=0
/ / Hit s)dsdt. (3.65)

I;NJ;#0

Notice that

D)) < 1Dl 10 151 = 1pel) TIP3 66
and
i <y L2 1L
as || ;|| = |—]\€[‘ = 47 and HJ | = II\ = &7, with 7, J normalised.

As we have already shown earlier, the maximum number of places of overlap

here is 3M. this implies that the maximum number of terms we have in the
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summation over I; N J; # () is 3M. Thus

5 (o [ nonosiosa)

ImJj;é(/J
IDrll  [IH]
<3M- ( ) (3.68)

which clearly tends to 0 as M tends to infinity.
Hence, as M tends to oo by (3.68)

i=1 j=1 0 (3.69)

- [ [ (if ) (i I )dsdt
- [ s

The error term here, given in (3.68), is therefore actually the difference between

two constants, as by linearity

N ST Dr(L)(J) = Dr(I)(J) (3.70)

i=1 j=1

and

/0 N /0 tH(t) (i["@)) (ﬁ%@)) dsdt = / / H(t s)dsdt. (3.71)

This then allows us to draw the conclusion that actually

00 t
= / H(t)I(t)J(s)dsdt (3.72)
t=0 J s=0
instead of this just holding in the limit as M tends to oco.
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Finally, it follows from this and equation (3.50) that we end up with
00 t
_ / H ) F(E)g(t)dsdt. (3.73)
t=0 Js=0

We now show that this result is indeed a derivation.

Lemma 3.1. The map Dr induced by the element F' € A* is a deriwation.

Proof. Given an element H € L>°(R,,v) we obtain an element F' € 2* and then

a map

- [C [ nosessasie= [~ wwswana, @

where f, g € B and so we have that

p(f * g)(h /t , OH « 9)(t)h(s)dsdt

o0
o~ o~

— . H(t)f(t)g(t )ﬁ( t)dt + - OH(t)g(t)f(t) (t)dt

= H()f()(g*h dt+/ H(t)g(t)(h * f)(t)dt
/to OH )(g*h)(s)dsdt—ir/to H(t)g(t)(h* f)(s)dsdt

= Dp(f)(g * h) + Dp(g)(h * f), 7
(3.75)

as required. O

As we have already shown that given a functional F' € 2*, which is dependant on
a unique element H € L>®(R,,v), we can find a derivation Dy it is now natural
to ask if the reverse is also possible; that is given a derivation D € ZH' (R, v)
can we find a functional Fp € 2A*, which is dependent on a unique element
Hp € L*(R,,v)? Looking at the second condition in (3.32), it follows that for
f € B we should define

Fp(f) = lim D(f)(n][o = lim HD Vf(t )nI[OV%)(s)det (3.76)

n—oo n—=0 Ji=0 Js=0
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to be the answer we are seeking.
Before we can continue, however, we will need the following result, which is well-

known in Banach algebra folklore.

Lemma 3.2. Let A be a Banach algebra, and let (e4)acr be a bounded approxi-
mate identity for A. Also, let D be a derivation from A into A*. Then D(a)(e,)
tends to a limit for all a € A.

Proof. By Cohen’s Factorisation Theorem [5] (Theorem 10 and Corollary 11 in §
11) we are able to write a = be for some b, ¢ € A. Then, invoking the derivation
equality, we have that
lim D(a)(eq) = lim D(bc)(eq)
=limD(c)(eab) + D(b)(ce,) (3.77)
= D(c)(b) + D(b)(c).

Note that D(c)(b) + D(b)(c) € C and so we have found the limit of D(a)(e,) as
required. O

Using this result we now show that the element Hp is indeed induced by a

derivation D given in (3.76).

Lemma 3.3. Given a simplicial derivation D on A we can find an element Fp €

Q«[* = LOO(R+, \/).
Proof. In order to prove this result we need to show that Fp is indeed an element
of A* = L>®(Ry,v).

First of all it is clear that Fp is bounded since D is bounded by definition.
Secondly, the linearity of Fp also follows quite naturally from the fact that D is
bilinear, as for f,g € B

Fp(f+Ag) = Jim D(f + Ag)(nlp 1))

= lim D(f)(nl 1)) + Alim D(g)(nl), 1)) (3.78)

= Fp(f) + AFp(9).
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So all that remains for us to prove is to show that this limit actually exists. We
will show that the function nly 1)(z) is a bounded approximate identity for our

Banach algebra and invoke the results of the previous lemma.

We see that

-~

( s n[w) (x) = f(z) (n@ (m)) +nljy 1) (2) (). (3.79)

If we take the limit as n tends to infinity, then we can see that nlj 1(z) is defined

on the empty set and so equates to the zero function while

5L (t)dt =1, (3.80)

1
n

lim n_f/m;(x) = lim n/o I

n—oo n—oo

and so (f*”ﬂo,%)) () — f(z) as n — oo.

Also, a similar result holds for (n[ 0,1) * f) (x).

So we have a bounded approximate identity and thus, by the results of the pre-

vious lemma, this limit exists, as required. ]

We now make a fundamental observation concerning the maps Fp and D, which
is related to the canonical map from HH' — HC® in the Connes-Tzygan long
exact sequence taking the derivation D to the trace mp where 7p(f) = D(f)(1).
This of course relies on the existence of a unit element 1 in our algebra. In our
case we do not have a 1 but we do have a bounded approximate identity. See [21]

for more details.

Lemma 3.4. Given elements D and F as above to induce maps Fp and Dp

respectively and f,g € B, we get the following:

1. Dppy =D and

2. Fipy = F.
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Proof. Fip,) = F': Here we have that

Fipey(f) = lim Dr(f)(nl 1)), by the definition in (3.76),

= lim F(f), as nljy 1y is a bai, (3.81)

n—oo

= F(f),

as required.

Dppy = D:

Note that D and D, are the same derivation if and only if they induce the same
element F'. Suppose, without loss of generality, that Fp = 0. Then it follows
that the unique element Hp € L*(R,,v) on which Fp depends is trivially equal
to zero almost everywhere. In other words, Fp is a bounded linear functional on

2 and so can be written in the form

Fp(f) = Hp(t)f(t)dt (3.82)

Ry

for f € A and Hp € L>*(R,,v). Since this holds for arbitrary f it follows that
Hp = 0 almost everywhere. From this we can define D, using Hp and hence it
follows that

D) ()(9) = / ) / Ho (1) (t)g(s)dsdt = 0. (3.83)

So all that remains is to prove that the derivation we started with, D, is in fact
0 itself. The element Fp is induced by the derivation D, so for f €

Fp(f) = lim D(f)(nly 1)) = 0. (3.84)

n—oo

Since this has to hold for arbitrary f we can conclude that D(f) = 0 and hence
D = 0, as required. O]

What we have shown here is that there is indeed a correspondence between the
spaces 2* = L>*°(R,,v) and HH'(R,v), and so we conclude with the fact that

all of the derivations from L'(R,,v) into A* = L>*(R,v) are of the form

o= [ | H() £(1)g(s)dsdt, (3.85)
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where H € L*(R,,v). This completely identifies the first cohomology group
of L*(R,,v) with coefficients in the dual module (L*(R,,v))* & L>®(R,,v), as

desired.
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Chapter 4

The second simplicial
cohomology group of 51(Z+, v) and
L1<R—|—7 \/)

In the last chapter we successfully developed a new approach to calculating the
first simplicial cohomology group for the Banach semigroup algebra 2 = ¢1(Z, v)
and then adapted this new method to the case where the algebra was replaced
by B = L'(R,,v). The methods we employed confirmed the well-known results
that HH(A) = 0 and HH'(B) = B*.

The aim of this chapter is to further the work we have done in Chapter 3 and cal-
culate the previously unknown higher dimensional simplicial cohomology groups
for the algebra 9. Initially we consider the adaptation of our methods to the
second simplicial cohomology group for the algebra 21 before extending this to
the locally compact case in ®B. This result is already known from the work of
Choi, Gourdeau and White in [10] but we are presenting an alternative method

which will be adaptable to the locally compact case.

First we calculate this similarly to the way we did it in Chapter 3, that is to
say by hand, and then adapt this method into a more general mechanism for

attacking the general case.

Let A be a Banach algebra. Then the second simplicial cohomology group of A,
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as defined in Section 2.2.2 and particularly equation (2.76), is simply

HH(A) =

(4.1)

Instead of computing the second simplicial cohomology group of 2 directly we
first look at the cyclic cohomology group. We then provide the full solution for
the simplicial case via the Connes-Tzygan long exact sequence, the details of

which are given in Section 2.2.3.

4.1 The discrete case

Throughout this section we are considering the algebra 2 = ¢}(Z,v) and we aim
to show, via the second cyclic cohomology group and the Connes-Tzygan long
exact sequence, that the second simplicial cohomology group of 2 is trivial, that
is

HH'(A) = {0}. (4.2)

To begin with we consider the elements of Z%(21). As we did before it is enough

to work with generators rather than more general elements of 2.

Thus for a 2-cocycle ¢ € Z%(2) and generators §,, for ¢ = 0,1,2,3 defined in

Section 2.1 we have that

(53§0)(5a175a27 0a3)(0ag) = ©(0ay» 0a3)(0ag * 0ay) — ©(0ay * bay, 0az)(dag)
+ (:0(606175@2 * 503)(6110) - @(5017 6112)(5&3 * 5(10) =0. (43)

Each of the generators d,,,7 = 0,1,2,3 takes the value 1 at a particular point
a; in Zy and is zero for all other points. When we consider a strict ordering
these points occur in some order and there are 24 possibilities. In each of these
order structures we allow equality to occur between adjacent pairs as this does
not change the overall result. Each ordering gives information via the cocycle
identity it yields. However it is possible to considerably reduce the number of

those we have to consider in order to gain useful information.

For any given ¢ € ZC*(), the cyclicity condition given in (2.77) states that any

95



Chapter 4. The second simplicial cohomology group of (*(Z, ,v) and L*(R,v)

cyclic permutation of the ordering of the three arguments will not change the

value of the cyclic 2-cocycle, that is

()0(5(117 5@2)(500) = SO(50127 5(10)(5(11) = ¢(5007 50/1)((5(12)' (44)

The effect of this is such that cycling the four arguments around in the element
(830) (0ay , Oay, Oasy ) (04, ) Will not result in any new information; we will be able to
transform the resulting cocycle identity into the cocycle identity given by the
effect of cycling the elements around in §3p. Thus we now have only six different

identities to consider.

For convenience we also assume a left-right symmetry is present in our identities,
that is

90(5a17 5(12)(500) = SD((SG/O’ 5&2)(5a1)' (45)

It will be shown in the following analysis that this is a sufficient condition for
considering all cyclic 2-cocycles. Again the effect of this is that swapping the left
and right elements in (63)(a,, day, 0as ) (0, ) Will not give us any new information;
we will once more be able to transform the resulting cocycle identity into the

original one.

This halves the remaining number of permutations we actually need to consider.
These three orderings must be such that they cannot be transformed into each
other via the operations of left-right symmetry or cycling. After a little careful

consideration we arrive at the following cases:

1. a1 < ay < a3z < ag;
2. ay < ax < ag < as;

3. a1 < az < ag < ap.

So for p € ZC*(2A) we now investigate these three cases.
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Case 1: a1 < as < a3z <qg

When the arguments are ordered in this way the cocycle identity becomes

(6%©)(0ay > Sazs 6as) (0a0) = ©(0ays Gas) (Fag * 6ay) — ©(8ay * Bays Oas) (ap)
+ P(0ar 00y * 0az)(Gag) — P(0ays Gaz) (O * dag)
= ©(0az; 0az)(0ag) = P(8ass dag ) (Vag)
+ (6415 das) (Oag) — P (Jay, a5 ) (day )
= 0.

So from this we deduce that
90(5661 ) 502)(5110) = 90(5@’ 5a3)(5ao)- (4'7)

This implies that if the second argument is not the largest or the smallest then
¢ is independent of this term, depending entirely on the others. In other words
if the smallest generator occurs first and the largest last then we can replace the
second term with any other generator falling between the smallest and the largest

without affecting the final result.

Case 2: a1 < a3 <ag<as

In this instance the cocycle identity becomes

(53‘9) (0ars Oas s 5@3)(5%) = ¢(0ay, 5a3)(5ao * 0y ) — ©(0ay * Oay, 5a3>(5ao)
+ 90(5ap 5(12 * 5a3)(6a0) - (10(56117 5a2)(5a3 * 5610)
= 90(5@7 (5a3)(5a0) - 90(6@7 5(13)(5110)

+ (p((sm ) 5113)(5&0) - 90(5@7 5a2)(6as)
= ()7

which gives
©(0ay s 5a3)(5ao) = (0, 5@2)(5113)- (4.9)
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By Case 1 above, we have that ¢(d4,,04,)(0as) = ©(0ay,0a,)(0as ), because of the

independence of ¢ on the middle term here, and so
©(0a10a3)(0ag) = ©(0ays Oag) (Jag)- (4.10)

This essentially means that when we cycle the terms to put the smallest first we
can swap the positions of the two remaining terms to put the biggest on the right
hand side. A consequence of this is that the middle term by definition of order

is also the middle term as listed in the arguments.

Case 3: a1 <az <ap<ay

The final case gives us that

(0%90) (8ar Gazs 0az) (Bay) = ©(ay, 0as) (Oag * 0ay) — ©(8ay * Oy, 0az) (Oap)
+ P(0ar 0as * 0az)(0ag) — P(0ays Gaz ) (as * dag)
= (04 0as) (0ag) — P(0az; 0as) (Jao)
+ ©(0ar s 04z ) (Gas) — ¢(0ay s Faz ) (Jao)

(4.11)

which implies that 0 = 0. This gives us nothing new.

We have shown that we can cycle the arguments of ¢ in order to place the smallest
element first. We can then swap the argument listed second with the right hand
argument to put the biggest as the rightmost of the three terms. Finally we
can then replace the second (also now the middle) term by anything else that
falls in between the biggest and the smallest in the order structure, making ¢

independent of its middle argument in this manner.

These identities confirm that our assumption of a left-right symmetry being
present is correct for all cyclic 2-cocycles, which we will now demonstrate, mean-
ing that we need only consider such elements. For assume that we have generators
dq; fori = 0,1, 2. Since we have just shown that we can cycle the elements around
to make the argument listed first the smallest it is without loss of generality that

we assume d,, to be the smallest element here. As we can also then swap the
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positions of the remaining elements around there is no need to specify the order

relation between d,, and 4, .

Now using cyclicity and the cocycle identities obtained above in Cases 1 and 2

we have that

@(56117 5@2)(5a0) = 90(5017 5@0)(5012) - SD((SGO? 5@2)(5G1)7 (412)

as required.

In order to prove the triviality of the second cyclic cohomology group of 2 we
must show that for every cyclic cocycle ¢ € ZC?*() there exists a 1) € CC* (A, A¥)
such that

p = 0% (4.13)

In other words we must be able to cobound every cyclic cocycle ¢. Recall by the

definition of cyclicity that for 1 to be cyclic here this means that
77[](5@1)(5@0) = _¢(5a0)(5a1)- (414)

We now analyse the cyclic coboundary ¢ and try to ascertain what exactly it

would have to be for a given cyclic cocycle .

First we have that

(52w) (015 0a5)(0ag) = ¥(0ay)(0ag * 0ay) — ¥ (0ay * day)(0ag) + 1 (day ) (day * dag)

= 90(5@ ) 5a2)(5a0)'
(4.15)

If the order structure of the three generators here is such that a; < ay < ag then
it follows that

(0ay)(0aq) = ¢(0ay5 0az) (ao )- (4.16)

This assertion makes sense given that ¢ is independent of d,, here; we can simply

remove the generator that lies between d,, and d,, in our given ¢ to define our

0.
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This rearranges to give

(90 - 521/})(5611 ) 5a2)(5a0) = 07 (4'17>

and if the identified ¢ does indeed cobound our given ¢ then (4.17) must hold

for any other order structure placed on the arguments.

Now assume the order structure is given by a; < ap < az. Then (4.17) becomes

(¢ = 0°9)(Gar 0as) (0a0) = ©(ar 0az) (9a0) — (34)(day s 9a) (Gao)
©(0a10a) (0ay) = (¥(0a5)(0ay) — ¥(0az)(0a,)
+4(0a)(das)) (4.18)
= ¢(0a;; 0ag ) (0a) — ¥ (80, ) (0as)
= ©(0ay,9ay)(9az) = P(0ay, 0ag)(0ay) = 0

Because of cyclicity we can now conclude that (4.17) holds for any distinct gener-

ators in 2 here. We now consider what happens if the terms are not all distinct.

From our assertion in (4.16) it seems to follow that
¢(5al)(6ao) = 90(5@7 601)<5a0>‘ (419)

This is acceptable given the cocycle identities from earlier. In fact we can show
that ©(0a,, 0ay)(0a) is equivalent to (04, 0q, ) (dq,) and also ©(dq,, 0ag)(Oag)-

Begin with the order structure on the generators defined by a; < as < ag. Then

we have that

0= (63(,0) (5(117 5a1 ) 56!2)(5&2)

(4.20)
= 90(5&17 5a2)<5a2) - 90(5%7 6a2)<5a2> + 90(5@ ) 5(12)(5@) - (10(6061 ) 501)(502)7
and so 90((5611’5112)(5122) = @(51117 (5a1)<5a2)'
We also have that
0= (3 Oay s Oay s Oay) (Oag
@) )(6u) oy

= ©(0ay 0a5) (0ag) = P(0ay s Oaz) (Oag) + P(0ay s Oay ) (Gag) — ©(8ays day ) (Vag ),
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and hence 90<5a17 6112)(5&0) = 90(61117 5a1)(5a0) = 90(51117 6(10)(5@0) by (420)

Now we are in a position to analyse the case when we have equality within the

order structure of our generators.

If we have that a1 = as < ag then (4.17) becomes

(¢ = %) (80> 0a1) (0ag) = ©(0ay s 0ay ) (0ag) — (%90)(6ay ay ) (Bap)
©(0a, 0a;) (0ag) — (¥(0ay ) (Vay) — ¥ (day ) (dag)
1 (0ay) (0ap)) (4.22)
= ©(0ay> 0a; ) (Bag) — P (0a, ) (0ao)
= ©(0ay041) (0ag) — ©(0ays 00y ) (dag) = 0

On the other hand if we have the order structure defined as a; < as = ag then
(4.17) becomes

(& = 0°0) Gy, Gag ) (0a0) = ©(ay Oag ) (9a0) — (3%8)(day s da) (Gao)
©(0a10aq) (0ay) = (¥ (0a0)(0ay) — ¥ (0aq)(0a,)
+4(0a; ) (0a,)) (4.23)
= (015 0a5)(0ao) = ¥(0a,)(daq)
= (a1 9a0) (0ag) = P(0ar, Gay ) (9ay) = 0,

following the same logic.

Everything works so far, but difficulties arise in the case when all three generators
are equal, i.e. the order structure is defined by a; = as = ag. In this case (4.17)

becomes

3*9)(8ay Gy ) (0ay )

((:0 - 521@ <5a17 (sal)(éa ) = (56117 al (6(11 (
W( )( ) - ¢(5a1)<5a1)
)

)(6ay) —

©(0ay> 00 ) (0ay) —
+(0ay) (0ay)

= ©(0ay, 00y ) (0a,) — ¥ (80, ) (a,)-

(4.24)

Since 1 is cyclic, we must have that 1(da,)(04,) = —1(da,)(d4,) and so this leads
us to conclude that 1(d,,)(ds,) = 0. Thus for our identified ¢ to cobound our
given ¢ it follows that ¢(d4,,04,)(da,) = 0. It is not always the case that ¢ is
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zero on such arguments since the only real condition this must satisfy is

(5390)(5111 s 0ays 0ay ) (0ay ) = ©(0ay s 0ay ) (day ) — P(0ays ay ) (9ay )
+ 90(5(117 5a1)(5a1) - 90(5a17 5(11)(6@1) = 07 (425)

which it clearly does so for any choice of value for ¢(d,,,04,)(0q,). Indeed, one

perfectly viable choice for ¢ is

1, 04y = 04y = Oay,
©(0ar, 8as) (0aq) = . (4.26)
0, otherwise.

This ¢ is clearly an element of ZC*(I'((Z4,v))), and so the ¥ we have identified
does not cobound this given ¢, as (¢ — 6%¢)(8a,, 0a, )(da,) # 0 necessarily.

We now turn to the Connes-Tzygan long exact sequence, given in Section 2.2.3,
in order to identify a way around this problem. We are going to show that
the triviality of the second simplicial cohomology group of 2 follows from the

surjectivity of the map from HC®(2) into HC*(2A) in this sequence.

Recall that for our algebra 2 the start of the Connes-Tzygan long exact sequence

is

0 — HC(A) — HH'(A) — HCO(A) — HC*(A) — HH*(™A) — HC'(A) — - -
(4.27)

We know that HH' () = 0, and hence HC'(2) = 0 also. This is because B*(2A)
and BC' () are equal to 0, forcing HH'(2A) = Z1(2) and HC' () = ZC'(A), with
ZCY(A) € Z'(A). Thus we have that ZC'(2A) = 0 and so the Connes-Tzygan

long exact sequence becomes

0—0—0— HC'RA) — HC*(A) — HH*(R™A) -0 — --- . (4.28)

Notice that

HH?(A) = ker (HH*(A) — 0)

(4.29)
= im (HC*(A) — HH*(2)) by exactness,
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and so in order to show that the second simplicial cohomology group for 2 is

trivial we need to show that
im (HC*(A) — HH (L)) = 0. (4.30)
This is true if and only if

HC?*(A) = ker (HC*(A) — HH*(2))

(4.31)
= im (HC"(A) — HC*(A)) by exactness,

i.e. that the map from HC(2l) into HC?*(A) is a surjection.

In the Connes-Tzygan long exact sequence, the map from HC®(A) to HC*(2A) is

given by [r] — [7], where, for generators defined as above,

T(0ay * Oap * Oag) = T (0ays 0ay) (0ay )- (4.32)

Notice that because of the max multiplication imposed on the underlying semi-
group of our algebra, we have that 7(d4,,04,)(da;) = T(da, * da; * ay) = T(day)-
The function [7] — [7] is a well-defined map between equivalence classes of the
quotient spaces HC’(2A) and HC* ().

Thus we have that given an element ¢ € ZC?(2) we are now able to obtain
another element in ZC*(2A) via the Connes-Tzygan long exact sequence which we
label as 7,,. Since this space is closed under addition we have that p—7, € ZC?*(A)

and

(o — f7:<p)(5a1 100y ) (0ay) = ©(0ay s 0ay ) (0ay) — ?w(aam Oay)(0ay)

(4.33)
= 90(5@75611)(5&1) - T@(éal)'

We are free to set 7,(0q,) = ¢(0ay,0a,)(0a,) as this is still a trace function, and

so we have that
(¢ — T¢)(0ay s 0a, ) (0ay) = 0. (4.34)

We can cobound ¢ —7, in ZC*(2) by our identified coboundary v as the problem-

atical case of what happens when all three arguments are equal is easily satisfied
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here, i.e.

(90 - ?50 - 521/}) (5017 6111)(5&1) = 0. (435>

Thus we can conclude that
0 — T, = 6%, (4.36)

that is ¢ and 7, differ by an element of BC*(A). Since we have that

HC*(A) = %&? (4.37)

it must be that ¢ and 7, are in the same equivalence class in HC?(2L).

However we know that 7, is in the equivalence class [7,], which has the preimage
[7,] in HC°(2A). We chose ¢ arbitrarily and every ¢ belongs to an equivalence
class of HC?*(21), so it follows that the equivalence class containing our given ¢ is

exactly [7,,], which does have a preimage in HC°(2).

Hence we have shown that the map from HC°(2l) into HC*(A) is indeed a sur-

jection and therefore we have, finally, that
HH*(2A) =0, (4.38)

i.e. that the second simplicial cohomology group for the algebra 2 = (*(Z,,v) is

indeed trivial.

Note that a consequence of our analysis is that the second cyclic cohomology
group of 2 has been shown to be not trivial. It can be seen that the Connes-

Tzygan long exact sequence in this case reduces to give the section

0 HCO(A) —— HCE(A) 0

Following a similar logic to that found in [22] we have that

HC2 () = ker (HC*(A) — 0)

(4.39)
= im (HC°(A) — HC*(A)), by exactness,
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implying that the map from HC°(2A) into HC*(A) is surjective, and

0 =im (0 — HC(A))

(4.40)
= ker (HC"(2) — HC*(A)), by exactness,

implying that the map from HC°(21) into HC?(2) is injective. Thus this map is an
isomorphism and hence the second cyclic cohomology group on 2 is isomorphic
to the space of traces on 2. This is what we expect given the problem we

encountered in trying to cobound a cyclic cocycle.

We now turn our attentions to the locally compact case and attempt to adapt

these methods in solving this problem.

4.2 The locally compact case

In considering the locally compact case, where the algebra under consideration
is now B = LY(R,,v), we use the method from the discrete case described in
Section 4.1 to demonstrate the triviality of the second simplicial cohomology
group of *B. Therefore, as before, we first consider the second cyclic cohomology
group of 2B and then use the Connes-Tzygan long exact sequence to obtain the

final result.

First we prove a vital result regarding the first cyclic cohomology group of 8.

Lemma 4.1. The first cyclic cohomology group of B is trivial.

Proof. Recall from Section 3.3 that all simplicial derivations, which are the ele-
ments of Z!(9B), are of the form

D) = [ [ HOMOol)as (.41

Recall also that B!($B) = 0, and so HH'(B) is identically Z'(8). The elements
of ZC'(B) here then are those derivations Dy that are also cyclic and so satisfy

the equation

Dr(f)(g) = =Dr(g)(f) (4.42)
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which occurs if and only if for all f, g, € B
Dr(f)(9) + Dr(g)(f) = 0. (4.43)

Now it follows that

0="Dr(f)(9) + Pr9)(f)

/ /H dsdt+/ /H s)dsd
- /0 H(t) f(6)g(t)dt + / H{(t)g(t) f(¢)dt (4.44)

= [ @ [rea + g feo] at

/ H(t) (f *g)(t)dt

Since f and g are arbitrary this must hold also for when ¢ is a bounded approx-

imate identity in B, i.e. when g = e,. Then we have that

0— /OOO H) (f + ea) (D)dt

- [ Hoswa o,

and this holds if and only if H(t) f(t) = 0 almost everywhere. Since f is arbitrary,

(4.45)

it forces H(t) = 0 almost everywhere. Then Dp = Dy, which is the trivial zero
derivation. Thus it follows that Dp is cyclic if and only if Dr = Dy, making
the first cyclic cohomology group of B, HC'(B) = ZC'(B) trivially zero as
required. O]

We now proceed to show that the second cyclic cohomology group of B is also

trivial.

Let ¢ € ZC*(B) be a 2-cocycle. As in Section 3.3 it is enough for us to consider

cocycles and coboundaries acting on normalised indicator functions.

Notation. Throughout the rest of this section we will continue to denote by I;

66



Chapter 4. The second simplicial cohomology group of (*(Z, ,v) and L*(R,v)

in B, for ¢ = 0,1, 2, 3, the normalised indicator function

;7 T e aiabia

Ii(z) = { b a0, b (4.46)
0, else,

where a; < b; and a;,b; € R.. We say normalised because ||[;|| = 1 for i =

0,1,2,3.

However it will become necessary for convenience to rewrite this slightly as

Xlas,bi] (ZL‘)

, where v € R, (4.47)

where a;, b; € Ry such that a; < b; and x4, 5, denotes the characteristic function
defined by
1, X € [CL,’, bl],

Xlai,bi] (l’) = (448)
0, else.

Using normalised indicator functions is useful as it ensures that the multiplication

of two such elements is straightforward, namely

[1(:E)7 [2 < [17
(I x I)(z) = (4.49)
L(z), L < I,

where the notation < is as defined in Section 3.3. Note we are still able to write
functions as sums of indicator functions despite the scaling involved.

As in Section 3.3 we will first consider the case when the intervals on which our
indicator functions are defined do not overlap and then progress to the case where
they do.

Exactly as with the discrete case there are 24 possible orderings of the four
arguments in 63y and using the same logic found there we are once again able to

reduce these to the same three cases that we have to consider.

The cocycle identity on normalised indicator functions which ¢ has to satisfy
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here is

0= (%) (14, I, I3) (1o)
= @Iz, I3)(lo * 1) — (L1 * Iz, I3)(Lo) + @(I1, L2 % I3)(1o) — ¢(I1, 12) (15 * o).
(4.50)

Case 1: [1 < ]2 < Ig < [0

Under this order structure the cocycle identity becomes

0 = (6%¢)(I1, I2, I3)(1o)
= (I, I3)(lo) — o(Ia, I3)(Lo) + (11, I3)(1o) — ¢ (11, I2)(1o) (4.51)
= (11, I3)(1o) — (11, I2)(1o)

which then leads to
oIy, I)(1o) = ¢(I1, I3)(Lo)- (4.52)

Once again this implies that when the second term is not the smallest or the
largest in the order structure ¢ is independent of this term and so we can replace

it with any other middle term.

Case 2: [ <K L < [h < I3

The cocycle identity in this case becomes

0 = (6%¢)(I1, I2, I3)(1o)
= (I, I3)(lo) — o(1a, I3)(Lo) + (11, I3)(1o) — ¢ (11, I2)(I3) (4.53)
= (I, I3)(lo) — w(I1, I2)(I3),

but ¢(I1, I2)(I3) = ¢(I1, ly)(I3) by Case 1 due to the ordering of the terms here,
which implies that

(1, I3)(Lo) = ¢(I1, 1o)(I3). (4.54)

Thus, as in the discrete case, once we have cycled the arguments to make the
first term listed the smallest we are allowed to exchange the remaining two terms

without affecting the value of .
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This means we can always manufacture the order in which the indicator functions
are listed as the arguments of ¢ to ensure that the smallest is first and the
largest last. Then we are free to exchange the term in the middle with any
other normalised indicator function provided it remains between the smallest

and largest in the order structure.

Case 3: I(] < 13 < I() < I2

As before we glean no new information from the final case, as the cocycle identity

becomes

0= (6%¢)(I1, I, I3)(lo) = (12, Is)(1o) — (12, 13) (Lo)+ (11, 1) (Lo) + (11, 1) (o),
(4.55)
which implies that 0 = 0.

So far this analysis follows the same lines as that of the discrete case. Thus, like
in the discrete case, we are going to investigate cobounding our given ¢ by the
element ¢ € C!'(B, B*) given by

V(1) (Lo) = @11, I2)(1o), (4.56)

where [} < I, < .

Our aim in the following investigation of 1 is to discover exactly what properties
1 would need to have if it cobounded our given ¢. We are unsure at this stage

whether or not ) does cobound .

Now we have to investigate 1 and show that it does indeed cobound our given

2-cocycle .

The notation we have used up to this point for the normalised indicator functions
has been useful, but it will present some issues in the following arguments. Thus
we will now introduce a small rewriting where I; is now simply denoted by I, I,

by J and [y by K.

Following the example found in Equation (3.34), given our ¢ and 1 we can use
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the Riesz Representation Theorem for LP spaces once again to write them as
oI, J)(K) = / D(s,t,u)l(s)J(t) K (u)dsdtdu, (4.57)
=y

WD (K) = /R (s, u)I(s)K (u)dsdu, (4.58)

2
for the indicator functions I = I, J = I, K = I, and the bounded functions @ €

L®(R3,v), ¥ € L®(R2,v). For consider ¢ and define the multilinear functional
(;5 on Ll(R+7V) X Ll(R+,\/) X L1<R+,V> = L1<Ri,v> as

P, J, K)) = @(1, J)(K). (4.59)

As @ is now a linear functional on L'(R?,v) the Reisz Representation Theorem

for L? spaces now allows us to write this as

B((I, 7, K)) = / B(s,t,u)(I, J, K)(s,t, u)dsdtdu (4.60)

Ry

for the triple (s,¢,u) € R, with @ € L>(R?%,v). Putting these last two equations
together and noting that (I, J, K)(s,t,u) = I(s)J(t)K(u) leads us to the desired

result. An identical argument applies for the integral representation of 1.

Then we have

/.

The right-hand-side of the above equation becomes

J

W(s,u)](s)K(u)dsdu:/ O(s,t,u)l(s)J(t) K (u)dsdtdu. (4.61)

2 3
+ R

I(s)K (u) ( /0 T s, u)J(t)dt) dsdu, (4.62)

2
+

but

/000 D(s,t,u)J(t)dt = /000 %@(S,t,u) = /b2 ?Sb(j’_—t’;:;dt, (4.63)
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and so

/R , Vo WI)K () dsdu = /R : ( / b —Ziiljidt) I(s)K (u)dsdu.  (4.64)

From this and the dependence of ¥ on s and u we claim that

[ D(s,tu)
U(s,u) = /s i3 dt, (4.65)

where s < u. We then also define ¥(u, s) = —¥(s, u) in order to satisfy the cyclic-
ity required of ¢ (which incidentally means that ®(s,t,u) = @(u,t, s), preserving
the cyclicity of ¢). This would then make (4.61)

U—S

/ / ”“du (s)K (uw)dsdu = / B(s,t,u)I(s)J (1) K (u)dsdtdu. (4.66)

We are now left with the task of showing that this is indeed true.

We appeal to the method used in Section 3.3 to calculate the first simplicial
cohomology group of ‘B and divide up the intervals on which I and K are defined

into n equal subintervals:

Xla1,b1] 1 . X[af,ﬁﬂ
] — _Aleh] Iz‘7 h ]z = — 467
By = Dk where = (4.67)
K = M:lzﬂ:[(k where Kkzw (4.68)
(b3 — as) —~ (B¢ — o)’

where [, 3]] denotes the i subinterval of [ay,b;] and [af, 3X] denotes the k™

subinterval of [ag, by]. In other words,

by — by —
afzmu_l)(l ) ﬁfzam'(l ‘“>, (4.69)

ol =ag+ (k—1) (bo_ao), ﬁ,ﬁ(:ao—i—i(bo_ao). (4.70)

S
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As a check, notice that

1o, I Xoten
2

S|

1 [ X8 X(o4,4) X[of.81] ]
= — —'— + e + L noPnd

n {(6{ —af) (B —aj) (B —an)

1 n
= {—(bl o) {X[a{ﬁf] T Xafo T X[ag,ﬁm}} ) (4.71)

b —
as Bl —al = L Vi=1,...,n
1

b —ay {X[al,bl]}
=1

Consider the left-hand-side of (4.66). By dividing the intervals up as described,

we can rewrite this as

SRR L[ e [

+

n / ’ Mdt] L(s)Ku(u)dsdu, (4.72)

x (u—s)
where
N min{ 2B gy T‘“} (4.73)
7 = min{bQZak ,af—b‘);a“}. (4.74)

Looking at the first term here, which is

Z Z / : / ' us_t su dtl;(s) Ky (u)dsdu, (4.75)

=1 k=1
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&
oLl

Figure 4.1: An illustration of our intervals and where the end points lie in relation to
each other

we have that

% Z Z/ /% %dﬂi(s)f(k(u)dsdu

< % ZZ/Q %L(S)Kk(u)dsdu
i=1 k=1 /R% (4.76)
NG 21;/ H(p|l|)22_bla2_ al)lz( ) K (u)dsdu
2
- n(62 — ag) O .

A similar argument follows for the third term, meaning that

Z Z/ / us_t su dtl;(s)Ky(u)dsdu — 0 as n — oo. (4.77)

=1 k=1

This leaves us with only the second term to consider, which is

/%C Mdﬂi(s)l{k(u)dsdu. (4.78)

1 (u—s)
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We rewrite this slightly as

1 [ OE =D % (s, t,u) Ned
”QZ::Z:/ (u—s) /v{ (i — ) s K}, (4.79)

LN~y [ OF=3D) [ 9(s,tu) .
anZ:;;/Ri (u—s) /y{ (% _%)dtI()Kk( Ydsd
_i n. o n ( ,u) (s \dsdu
RZZ/ / G~y S Kul)dsd
1 non G- Bt .
i=1 k= 1/ ( (u— 1)/# (Vf_vl)dﬂ()Kﬂ Ydsdu. (4.80)

It then follows that

%ii/ (% - 1) /:5 Mdtl( ) Ko(w)dsdu

i=1 k=1 YR I Uk -
<=0 / (M—l)/k LY yr () K(u)dsdu| (481)
W | /R (u—s) ~1 (v =)
’yk _’yz (‘D(Satau)
< — 1| |——""F1;(s) Ky (u)| dtdsdu.
SEX [, [ et i
Now notice that
e =) 4| _ | = —uts
=) tee (4.82)
bt el |
B lu — s|

It follows that |'y,§ — u‘ and |5 —f ‘ both tend to zero as n increases to infinity.
1~

For consider |s — ~/|. By choosing n > N such that 7/ = g/ +

5 , which we

can do as this becomes the smaller of the two possibilities for 7/ when n is large
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enough, we have

s =il =] —s| =7 —>s
Sﬂ,“r%—a{, as a <'s, (4.83)
S Tl

bl—al bl—al
= + — 0 asn — oo.
n n

A similar argument follows for ‘fy,f — u| Thus

K _ AT K _ A
u—l‘ghk u +s %‘—>0asn—>oo, (4.84)
u—s u—s
and hence as n — oo
— D(s,t
ZZ / / W 7@ - 1‘ ‘Mh(s)lﬁc(u) dtdsdu — 0. (4.85)
— (u—s) (e =)
In turn this implies that
e (%5—71)/”’5{ D(s, t,u)
lim ¢ — / —_— —dt[ Ky (u)dsdu
W{HZZ o =) Jy GE=0 () k()
(s,t,u)
= lim { 5 ZZ/ / dt]( )Kk(u)dsdu}. (4.86)
n—co | n 2 v =)
i=1 k=1
Note that
1 n n
— ZZ/ / dt]( )i (u)dsdu = — SN ol i) (Ky),
i=1 k=1 Vi i=1 k=1
(4.87)
where N
v ]
Jip = ol 4.88
T (4:88)

Since 3! <! < ay, by < AF < aff and ¢ is independent of its middle function
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so long as the interval on which it is defined falls between those defining the

functions on either end without any overlap, we have that

(L Jin) (Kx) = (L, J)(Kg), (4.89)
where J = _Xlazba] as before. So
(b2 — az)
ZZ/ / dt]( ) K (w)dsdu
=1 k=1

= 3D el D)) = (1L I)(K) (4.90)

i=1 k=1
since the functions I and K are regained due to the linearity of (.

Putting all of this together gives us that

t,
/ / (5,8, u) sy K dsdu
RQ u—S

_ 1 ~ ¢ 7{@(8,25,10 e D(s,t,u)
LSS [ ey [ 2,

+
«2\:
hSy
—~
w
\’@F
IS
SN—
QL
~
| I
~
—~
SN—
i
—~
SN—
QL
9
QA
N
—~
N
Ne)
—_
N—
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and from this it follows that

lim {/ / (5,8, ) dtI (s)K (u)dsdu}
n—oo R2 u - S

/71 (P(s,t,u)dth/”’é{ @(s,t,u)dt
s gl

i=1 k=1 R2+ (U—S) T (U_S)
Y D(s,t,u)
1 e D(s,t,u)
= lim ¢ — — =t ],»(S)Kk(u)dsdu}
n—>oo{n ZZI;/R+ _[Vz‘ (U—S) ]

~ lim 1 - _ 75M w)dsdu
—,Loo{nzzz/z /7 (WK_%)dt]I( ) Ky (u)dsd }
= lim {p(1, J)(K)},

1.e.

n—00 u — 3 n—o00

t,
lim { / / (5,8, ) ) )K(u)dsdu} = lim {p(I, J)(K)}.  (4.93)
]RQ
Since neither of these terms depend in anyway upon n we simply have that

/ / (5,%,u) oSt () K wydsd = (1, 7)), (4.94)

U—S

which shows that (4.66) is true, as required.

For characteristic functions defined on non-overlapping intervals this means we

can cobound our given ¢ by

W(D)(K) = /R (s, w)I(3) K (u)dsd, (4.95)
with “ (s )
W(s,u):/S mdt, (4.96)

where u > s and ¥ (u, s) = —¥(s,u).

Next we consider the situation where the intervals on which the normalised indi-
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cator functions are defined do overlap.

First we consider the case when the intervals on which two of the indicator func-
tions are defined overlap. Without loss of generality, suppose that the intervals
on which J and K are defined overlap. Using the same idea we employed in
Section 3.3 we divide the intervals on which J and K are defined into M equal

subintervals. Then

=> ) el (4.97)

7=1 k=1

Then we have that

P(LNE) = Y o J)UE) + D ol J;)(Ky)

JiNKy=0 JiNK#0
= > (L IED)+ Y e, ) ()
JiNKp=0 JiNKR#0

(as we can cobound ¢ by 1) when the intervals do not overlap)

= (62) (I, J;)(Ky)
+ Y (L ) Ky = (820)(1, J;)(Ky))
JiNK#0D
= ()L I)E)+ > (o, ) (Ky) — (%), J;)(Ky)) -
JiNK#0

(4.98)

The main piece of information that we need here is the maximum number of
places of overlap, i.e. we need to find out how many at most of the subintervals
of the interval on which one characteristic function is defined overlaps with a

subinterval of the interval on which another characteristic function is defined.

Once again as in Section 3.3 the maximum number of places of overlap in this
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case is simply 3M, and thus

ST (L, Jp)(Ky) = (8%0)(I, J;)(K))

JiNK#£0D
I, J)(Ky) — (8%0)(I, J;) (K
Sjjr%ﬂlﬁp( )(Kk) — (070)( )( k)‘ (4.99)
< 3M - (el NN KN+ (|82 || I T
= (el g S+ el i 57) —o,
as M tends to co. Hence
oI, J)(K)
= Jim_ (o1, J)(K))
= Jim (@O DE) + 3 (oL 1)) — (0T, J)(K)
JiNKR#0
= ()L D)(E) + Jim | > (oL ) (Kx) = (8*0)(1, J;) (Ky)
JiNK#0
= (0*)(I, ) (K),
(4.100)
or, in other words,
p(1, J)(K) = (6*9)(I, J)(K). (4.101)

An identical argument follows for the other instances of overlapping intervals that

occur in pairs.

We now consider the situation when all three of the intervals on which our indi-
cator functions are defined overlap; the main piece of information that we need
here is again the maximum number of places of overlap, which occurs when the
subintervals are all of the same size and, when the intervals are arranged on a
three-dimensional set of axes (cf. first simplicial cohomology group where it was
two-dimensional), the planes (cf. line in two-dimensions) of overlap = = y and

y = z runs from bottom corner to the opposite top corner in the resulting cube.
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y=2z

Figure 4.2: A side view of our M x M x M cube and y = z plane

We have two planes of overlap; we are interested in the scenario when I and J
overlap, corresponding to the plane z = y, and the case when J and K overlap,
corresponding to the plane y = z, occuring simultaneously. Notice that the line
of intersection of these two planes is x = y = 2, which is precisely the instance

when all three of I, J, K overlap together.

First consider an individual face, or vertical layer, of boxes and one of the planes,
in this case y = 2. Looking on that layer from the side we have an identical view
to that of Figure 4.2. From this it is straightforward to see that the plane y = z,
running corner to corner across all of the cubes, touches at most three boxes per
horizontal row in a way analagous to the line in the two-dimensional case. Since

there are M rows this translates to 3M boxes per layer.

It is also easy to see that a plane touches a box in a particular row if and only
if it also touches the box on the same level immediately left and right of it; in
other words it cuts through the same boxes in each layer. Therefore as there are

M layers this means the maximum places of overlap is 3M?2.

This holds for each plane, so the maximum number of places of overlap is 3M?2.
In the worst possible scenario, not removing any double-counted boxes, both of

these planes will contribute the maximum number of places, giving us an upper

80



Chapter 4. The second simplicial cohomology group of (*(Z, ,v) and L*(R,v)

bound of 6M? for the total number of places of overlap.

So, proceeding as we did above, we divide the intervals on which I, J, K are

defined into M equal subintervals, obtaining

o(I, J)(K) = iii@ (I, J;) (K), (4.102)

i=1 j=1 k=1

and this becomes

(LK) = > ol KD+ Y el J)(Ky)

IiﬂJjﬂKkzw IiﬂJjﬂKk#@
= > @)U INE)+ D el J) (K
IiﬂJjﬂKk:Q) IiﬁJjﬂka(z)

(as we can cobound ¢ by 1) when the intervals do not overlap)

= > ()T, ) ()

i k=1

> (el T = (0%9) (L Jj) (K)

IiﬁJjﬂKk#Q)

= (FO)LIE) + Y (oL J3) () = (89) (L, ;) () -
LNJ;NKR#0
(4.103)

The maximum number of places of overlap is 6M? and so

Y (el ) (Er) = (8%0) (L, Jj)(K))

L;ﬁJjﬁKk#@

< D el I () = (80) (L, J5) ()| (4.104)

; LNJ;NKR#0
< 6M> - ([l LI NIl + (|82 12051 B

[ [J] K] [ [J] K]
M- (Hs@l\ 77 ar Tl 55 ) — O
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as M tends to co. Therefore we have that

w(I, J)(K)
= lim (p(7, J)(K))

M —o0

= lim [ (PO)LNE)+ > (o, J)(Ey) = (8*9) (L, J;) (Ky))

M—o0
IiﬂJjﬂKk#(Z)

= (O* )L NE) + Jim Y (s J) ) = (0%0) (1, Tj) (K))
LNJ;NK#)
= (6*9)(1, J)(K),
(4.105)

1.e.

p(1, J)(K) = (6°)(1, J)(K). (4.106)

We are thus able to conclude that whether the intervals overlap or not we can
cobound our given ¢ with our chosen 1. Even if the intervals are not defined in
any order, with arbitrary ways of overlapping, we can divide them up into partic-
ular smaller subintervals and the result follows from the linearity and properties
of both ¢ and §29.

It is necessary to check that 1) does indeed have all the desired properties, that is
it is bounded, linear and measurable. It is straightforward to do all of this from
first principles, but we can more easily just use the fact that v is defined using
o, and so the result for v automatically follows from the same facts that are true

for ¢.

We have shown that given a cyclic 2-cocycle ¢ € ZC*(9B) we can cobound it by
Y € CH(B,B*), demonstrating that

HC*(B) = 0, (4.107)

the second cyclic cohomology group of B = L'(R,,v) is trivial.

Consider the section of the Connes-Tzygan long exact sequence given in Section
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2.2.3 consisting of

o ——— HC*(B) — HH*(B) — HC'(B) —— -

We know that HC*(8) and HC?*(%B) are trivial and that the sequence is exact at
HH?*(B) and so

HH?(B) = ker(HH*(B) — 0) = im(0 — HH?*(B)) = 0, (4.108)

1.e.

HH*(LY(Ry,v)) =0, (4.109)

and so we have shown that the second simplicial cohomology group for the algebra
B =L'(R,,v) is trivial.

4.3 An example of cobounding a particular

cyclic 2-cocycle
We may ask how a specific 2-cocycle cobounds. Let ¢(f, g)(h) = 7(fgh), where

(k) = /O k(. (4.110)

We can show this is a 2-cocycle by direct calculation, or we could simply observe
that in the Connes-Tzygan long exact sequence the map between HC°(B) into
HC?(B) takes the trace 7 to the cyclic 2-cocycle ¢, which is exactly our ¢ here.

From our analysis recall that 1 was chosen based on indicator functions I, .J, K

VI)(K) = oI, J)(K), (4.111)

where ¢ is independent of the middle term. Thus let

v(f)(g) =7(f9). (4.112)
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Then
(0*)(f, 9)(h) = (g)(h = f) = O(f * g)(h) + ¥(f)(g * )
=1(gfh) —7(fgh) +7(fgh) (4.113)
=7(fgh)
= o(f,9)(h),

and so ¢ cobounds ¢. This ¢ is not cyclic, and since HC*(L'(Ry,v)) = 0
it must be possible to cyclically cobound ¢ also where the requirement is for

»(f)(g) = =1 (g)(f). On interval functions I and K we wrote 1 as

/ / (s,u)I(s)K(u)dsdu. (4.114)

For indicator functions I, .J, K with order structure I <« J < K it follows from

our analysis that
oI, J)(K) =7(IJK)

(I+J %K) (t)dt (4.115)

and so
oI, J)(K)=y()(K) = /OO /OO U(s,u)l(s)K(u)dsdu = 1. (4.116)
o Jo
This rearranges to give

o [ [ (4.117)
—_ V(s,u)dsdu =1, 4.117
K| Jag Ja

recalling that I is defined on [ay, b;] and K is defined on [ag, by]. If we set

1, s<t,
U(s,u) = (4.118)
-1, s>t
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we will recover what we want, i.e. that ¢ is cyclic and it does indeed cobound ¢ for
indicator functions. What happens when s = u is of little interest as this occurs
on a line, an area of the plane which has Lebesgue measure zero; incidentally this
is precisely why the second cyclic cohomology group in the discrete case is not

trivial. This extends by linearity to general L'(R,,v) functions.

Thus we have proven that the second simplicial cohomology groups for the alge-

bras A = (*(Zy,v) and B = L' (R,,v) are both trivial.

4.4 An example of an algebra with nontrivial

second simplicial cohomology

One may be forgiven for thinking that our methods are applicable to any Banach
algebra spanned by idempotents and that therefore there must not be such a
Banach algebra with nontrivial second simplicial cohomology. The aim of this

section is to provide a counterexample to dispel this notion.

We consider the algebra A, = ¢(*(N, v, 1) with measure on the underlying semi-
group given by p({n}) = n. The key point of note here is that the measure is

unbounded on atoms, and is essentially a weighted algebra with weight w(n) = n.

The idea is to uniquely cobound a 2-cocycle ¢ € Z?(A,,) by an unbounded 1;
because 1 is unbounded it cannot be in C'(A., (A)*) and hence is not an
element of B%*(A,,), therefore making the second simplicial cohomology group of

A nontrivial as required.

Let f € Ay. Then f is a sequence, which in a way analogous to that for the

algebra (*(Z,,v) can be written as
f=Yfai, (4.119)
i=1

where f; € C and 9; is the indicator function

1, n=1,
di(n) = (4.120)
0, else,
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which are the generators of this algebra.

It also follows that the usual norm on this algebra is given by
Il =">" 1 filue@) = D |fil i < 0. (4.121)
i=1 i=1

As we have done throughout this chapter let us assume that we are working with

f,g9,h € Ay which are all normalised, that is have norm equal to 1.
Notation. For convenience let v; ; = 1(9;)(6;) and ¢; ;x = ¢(d;,0;)(%)-

It is once again sufficient by linearity arguments to define 1) and ¢ on the gener-

ators for As,. We now define ¢ : A, — (A)* to be

0, i=j,
V(0;)(0;) = S i%4, i < j, (4.122)
—5%i, 1> 7.

It follows that v; ; = —;,; and it is well-defined.

Then we have that

Pijk = (6%1) (8, 6;)(0r)

(4.123)
= Vjrvi — Yivjk + Vijuk

Because of the fact that ¢, ; = —1,, and the indices ¢, j, kK must occur in some
relative order in N we are able to arrive at the same conclusion regardless of the

actual ordering. Thus without loss of generality let us say that ¢ < j < k. Then
Pi gk = 1/)1‘7]6. (4124)
Going through the other orderings in turn will show us that in fact

i jk = Umin(i,j,k),max(ijk) - (4.125)
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It is straightforward to show that 6> = 0. It also follows that

ell= sup (f,9)(R)]
LA Ngl Rl <1
= sup > fiegiTu (8%9)(6:,6;) (k)
LA gl iRl <t [, 552y
oo 4.126)
- 52)(61,6,)(6 (
11 gl IRl<1 o i-j-
52)(8;, 6:)(6
110l ||h||§1”k . Qg

Assume without loss of generality that ¢« < j < k; of course any ordering will lead

to the same conclusion.

Also we have that

as i < j < k. Hence

el < sup

Then
|(6%0) (83, 8;) (k)| = || = ik (4.127)
i’k 2k
— < su — <1 4.128
i-j-k i,j,ng(Z']'k) ( )

Z fil i+ lgs| - dlhel - k- 1

RTINS W

" gl (Zm ) (gw 'j) (g'hﬂ'l{:) (4.129)

= sup

Ll 1A

171 lgll 1Rl <1

=1,

i.e. ||¢|l <1 and so ¢ is bounded. Therefore we can conclude that p = §%¢) €
Z2(Ay); i.e. ¢ is a 2-cocycle cobounded by .
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However, notice that following the same steps as before

[0l = sup [&(f)(9)]

171Lgl<1 s
> 4.130
: - iyl
< sup Y [filiclggl g S
17l lgll<1 52 SR

As we are still assuming that ¢ < j then it follows that |¢; ;| = i*j and thus

iyl _ %

—= —= < sup(z) = oo, 4.131
L) L i,jeII)\I( ) ( )
and hence .

Il < sup Y |fil i lgil - g oo, (4.132)

”fH"'gHSli,j:l
and finally then |[¢| < oo.

It is not difficult to manufacture arguments to make ||1/|| = co. For consider the
functions f; = %5:3 and g, = %53” with z,y € N such that z < y. Then we have
that [ f1]| = flg1]| = 1 and

[l = sup | (f)(9)]

/11 Ngll<1

> [P(f1)(g0)]

(4.133)

Since x € N was an arbitrary choice it must be that [|¢|| > = for all z € N,
and therefore we conclude that ¢ is unbounded. Thus ¢ ¢ C'(As, (Ax)*) and
therefore ¢ ¢ B?(A.,), as required.

The final point to note here is that given ¢ € Z%(A.,) it must cobound uniquely.
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For if ¢/, and 1) are two coboundings of ¢ then it follows that
p = 6% = 6%y (4.134)

and thus 6%(¢; — v3) = 0, making 1, — 1o a derivation. As A, is spanned by
idempotents, namely the generators §; for i € N, it follows from Theorem 3.1
that there are no nontrivial derivations on this algebra. Therefore ; — 1y = 0

and hence

Y1 =ty (4.135)

and the cobounding is unique.

Hence we have proven the result we set out to show at the beginning of this

section, allowing us to finally say that HH?(A) is nontrivial, as required.
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Chapter 5

The general simplicial

cohomology group of LY R, V)

The main aim of this thesis is to obtain results about the n'" simplicial cohomol-
ogy group for the semigroup algebra B = L'(R,,v). Having considered the first
and second simplicial cohomology groups for B we now generalise the methods
used in Chapters 3 and 4 in order to show that, for alln € N, n > 2,

HH"(B) = 0. (5.1)

When we try to adapt the methods found in Chapters 3 and 4 directly to higher
cohomology groups we run into problems. For instance the cocycle identities
no longer yield the same important information and it becomes very difficult
to perform any of the calculations required. These difficulties are compounded
further by the fact that the increasing dimensions vastly increases the number
of these calculations, their complexity and their length making such attempts

nearly impossible to compute by hand as we have been doing so far.

In order to overcome the above difficulties we sought inspiration from the discrete
case. The results are already known and we attempted to arrive at the same

conclusions via our methods.

However the main problem we will encounter is due to the inability to cobound

cocycles uniquely. For let ¢ be a cyclic 2-cocycle that is cobounded by both 4
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and 1), in CC'(B). Then
p = 6%y = %4y, (5.2)

and so we have §2(¢); — 1) = 0, i.e. 9 — ¥y € ker(6%). Since HC'(B) is trivial
we know ker(62) = im(6') and thus there exists y € B* such that

Y1 — by = 6"y (5.3)

However

§'x(f1)(fo) = x(fo * f1) — x(f1 * fo) (5.4)

for f1, fo € B, and by the commutativity of 9B this reduces to give §'y = 0. This
holds for all x € B* and so

Y1 = = 0= 11 = o, (5.5)

This uniqueness of coboundary does not continue into higher dimensions. For
example consider ¢ to be a cyclic 3-cocycle. If ¢ is cobounded by % then it is
also cobounded by v + §2x for any x € CC*(B). Then §?x € im(6?), which
is BC*(B). This space is not trivial and so it does not necessarily follow that
5%y = 0, meaning that our cyclic 3-cocycle could indeed be cobounded by several

candidates.

This makes searching for coboundings directly much more problematic in higher
dimensions as there is no route to the solution. Previously we stated that if we
could cobound a cocycle ¢ by ¥ then ¢ had to exhibit certain properties which
helped us to identify it precisely. This method no longer yields fruitful results
when the solution is not unique; as there is almost no unique cobounding then it

is harder to pick a particular choice of coboundary.

Therefore it has become necessary to adopt a more abstract method for proving

the triviality of the n*® simplicial cohomology group of ‘B.

At the start of this chapter we use the method of Section 4.2 to guide us in
formulating a more general and abstract method in order to obtain the same
result for HHQ(%). The rest of the chapter is dedicated to applying this method

to the nt" case.
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5.1 Re-evaluating the second simplicial

cohomology group

In this section we will re-evaluate the second simplicial cohomology group case

from Section 4.2 and produce a more direct method for proving its triviality.

The general strategy that we shall adopt to do this will begin with a result about
the cobounding of a 2-cocycle that is defined on arguments which are L' functions
where the supports of these functions are ordered and disjoint such that the first
term has support to the left of the second term which in turn has support to the
left of the final term. Then we extend this cobounding via several interesting
methods, first to other distinct orderings and then to the general case using some
results concerned with the rewriting and approximating of the general case as
a linear combination of the various ordered cases. Finally, having shown that
these coboundings occur and the general case can be approximated by this, we
will have shown that the second simplicial cohomology group for this semigroup

algebra is trivial.

5.1.1 Cobounding a 2-cocycle on a particular ordering of

arguments

Let ¢ € Z%(B) be a 2-cocycle. This section proves the following theorem:

Theorem 5.1. Let Iy, 15, Iy be normalised indicator functions in B such that
I, < I, < Iy. Then there exists 1) € C*(B) such that

o(I1, I2)(Io) = (6°¢) (I, I2)(Io). (5.6)

In Section 4.2 the idea was to cobound a general ¢ € ZC*(B) with a 1) € CC*(B)
defined using the cyclic 2-cocyle we started with. We showed that it was sufficient
to prove the result only for normalised indicator functions and that these functions
could always be ordered as arguments of ¢ such that the first one listed was the

smallest, the last the largest and the second term between these in order.

Section 4.2 then went on to show that ¢ was independent of this second term

and so given ¢([y, I3)(ly) where the I; are normalised indicator functions for
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1 = 0,1,2, we replaced I, with a normalised indicator function defined on the
largest possible support that lay between the supports of I; and I,. We then used
this to define our ¢ and showed that this cobounded (I, I5)(1).

A version of this theorem has been proven in Section 4.2 in the cyclic case. We

now prove it for the general case.

Recall that it is possible to write ¢ € Z%(B) and ¢ € C'(B) as

(p([l,fg>(lo) = /3 @(131,372,xo)ll(%1)IQ(ZCQ)Io(.To)dﬁldegdxo,
o (5.7)
¢(Il)(10) = / LD(xlaIO)II($1)—7(3($0)6i=%16l$0,
R
respectively, where @ € L>°(R?%) and ¥ € L*(R32).

Before giving the proof of Theorem (5.1) we need the following two results.

Lemma 5.1. Let ¢ be as above with I, < [, < I3 < Iy normalised indicator

functions in B. Then

/ @(271, Zs3, 1‘0)[1 ($1)[2(!E2)13([L'3)[0(QTo)dZEldl‘le’ngTo
R

4
+

= / @(l’l, Ta, $0)[1 (il'l)[2(.1'2)[3(Qfg)[o(l’o)dl'ldilﬁgdl'gdﬂfo. (58)
R

4
+

Proof. The cocycle identity gives us that

0= (8%p)(I4, I, I3) (1)
= (o, I3) (Lo * It) — (L1 * I, I3)(Lo) + (11, Iz * I3)(Lo) — (11, 12) (15 * Io)

= (I2, I3)(lo) — p(I2, I3)(Lo) + (11, I3)(Lo) — (1, I2)(1o),
(5.9)

which rearranges to give

oIy, I3)(1o) = ¢(I1, I2)(Lo). (5.10)
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Using the rewritten versions above this becomes

/ ¢($17$3,1’0)]1(ZEl)]3(1‘3)[0(170)d[)31d$3d1’0
R

3
+

= / @(l’l, T2, 270)11 (ZEl)[Q($2)[0($0)d1‘1dl’2d$0. (511)
R

3
+

Now notice that

Li(z)dz; =1, i=0,1,2,3 (5.12)

Ry

and so the above equation becomes

1 x / @(I’l,$3,1'0)[1(fﬂl)[g(l’g)[0(.1'0)d$1d173d$0
R

3
+

=1x / @(Il,1’2,.1'0)]1(l’l)IQ(LUQ)Io(JI())dxldIQdIO
R

3
’ (5.13)
= (p(ffhl’g,l’o)]l(ZL’l)]Q(ZL‘Q)Ig(JZg)IO(Io)dl‘ldl'gdl’gdxo
RY
= /4 gzj(5131,332,930)11(451)1.2(332)13(5153)[0(-iL'o)(11371053726555361@07
RY
as required. O

Lemma 5.2. Let Iy, I1, Iy be normalised indicator functions in B such that Iy <
[2 < [0. Then

oIy, I)(1o) = ¢(I1, Io)(I2). (5.14)

Proof. Choose I3 € ‘B such that I < I3 < Iy; such a choice can always be made
given the disjoint nature of the supports of I; and I,. Using these the cocycle

identity gives us

0= (0°0)(I1, I, Ip)(I2)

(5.15)
= p(I3, 10)(I2) — p(I3, o) (I2) + (11, Io)(I2) — (11, I3)(1o),

which becomes
(I, Io)(I2) = @(11, I3) (o). (5.16)
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By Lemma (5.1) it follows that ¢(I1, I3)(1y) = ¢(I1, I2)(1p), and so

@([1,]0)([2) = @([1,[2)<[0), (517)
as required. O

This result can be extended to the case with a non-normalised function f instead
of I, such that the support of f lies entirely in the order structure between the
supports of I and Iy by linearity. For approximate f by a linear combination of
disjoint normalised indicator functions .J;. Note that each J; for j = 0,1,... has

support between those of I; and Ij also. Then we have, where o; € C for j € Zy,

oIy, f)(1o) = Z%‘@(Ih J;) (o)

- f:aj90(117]0)(Jj) (5.18)

= (11, Io)(f)

We can also extend the result of Lemma (5.1) to such an f. For the cocycle
identity on normalised indicator functions [} < I, < I with f fitting within the
order structure such that its support is between the supports of I, and I gives

us

0= (0°) (L1, I, f)(1o) = @I, f)(To) — @Iz, f)(To) + (L1, f)(Lo)

(5.19)
— (I, L) (V(f)1o)

as it can easily be shown that (Iy* f)(x) = f(z) and (f * y)(z) = 9(f)Io, where

¥ is the augmentation character defined by
i) = [ 1wz = fleo) (5:20
0
for f € L'(B). Thus

w(Ir, f) (o) = 0(f)e(h, 12)(Lo)- (5.21)
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If f is positive and normalised then this result is even simpler as J(f) = 1.

Remark. The result from Lemma (5.1) states that for the ordering I} < I, <
I3 <« Iy we have

oIy, I)(1o) = ¢(I1, I3)(Lo). (5.22)

However this is not as restrictive as it seems; we can replace the middle term by
any normalised indicator function with support disjoint from and between the
supports of I; and Iy. For consider I such that Iy < [ < [y. Note that we
make no restriction on the relation between I and I,; it may be that I N I, # (.
Begin with (11, I3)(/y) and note that we can always find a normalised indicator
function I3 such that both I, < I3 < Iy, I < I3 < Iy hold. Then by Lemma
(5.1) it follows that

o1, I5)(Lo) = ¢(11, I3)(Lo) = p(11, 1) (1p). (5.23)

We are now in a position to give the proof of Theorem (5.1).

Proof. [Theorem (5.1)] As in Chapter 4 we set

O D(xq,t
/ Mdt’ xl < xo,
e Lo — I (5.24)

0, else.

L’7(5171,%) =

Then if ¢ is to cobound ¢ it must be that

(11, I2)(1o) = (8%¢) (11, I2)(1o)
= (L) (Lo * 1) — ¥(11 * I2)(Lo) + ¢ (11) (12 * Io)
= (1) (Lo) — ¥(12)(Lo) + ¥(11) (o)
= (11)(lo),

(5.25)

i.e. that ¥ (I)(ly) = ¢(I1, I5)(1y). Therefore we are required to show that

/ W(l’l,I’O)Il(xl)]()(l‘g)dfﬂldl’o = /3 @(l'l,l’g,ZL‘[))Il(.171)]2(xg)lo(l'o)dl’ldxgdl‘o,
RZ RY
(5.26)
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which after making the substitution for ¥ becomes

o @
/ / xl,t :CO dt]l(l‘l)[()(l‘o)dl’ldxg
R2

Ty — T1

= /3 @(l’l,.1'2,LC())[1(l’l)[2(.1'2)[0(1’0)d3§'1d1'2d$0. (527)
R

Looking at the left hand side this becomes

/ / l’l,t To [Il z0) t)dt[1<l'1)[0(£l§0)dl'1d$0
R2 JRy xo — I

le .
:/ @(Z‘l,t,l'o) |: [21,20)() (X[zg,oo)(t) +X[O,x2)(t)):| dt[l(ﬂfl)lo(l‘o)dl’ld.l?o
RS

To — T1

To — X1

I, T
= /3 @(l’l,t,l’o) [M X X[z2,00) ( ):| dtll(.l’l)jo(l‘o)dl'ldfﬂo
R+

[xl x
+ /3 @(Il,t,l’o) [M X X[O,zg)(t):| dt[l(xl)l()(l’())dxldl‘o,
]R+

To — I1

(5.28)

where X[zy.00)(t) and Xjou,)(t) are the characteristic functions (not necessarily

normalised) defined on the supports [x2,00) and [0, x2) respectively.

A little thought makes it clear that

[[:cl,cco)(t) X X )(t) _ I[@,ﬂﬂo)(t)
To ) Ty =1 (5.29)
][wl,wo)(t) X Y10 (t) _ 1[3517382)(75)
To — I [0.22) To—T1

and so the equation in (5.28) then becomes

]xg T
/ @(%1,t,LE(J)Mdt[l(SL'l)I()(xo)diCldl'o
R3

Ty — T

]xl T2
+/ @(Z’l,t,lEo)Mdtl&(&ﬁ)]g(l’o)dlﬁdﬁ?o. (530)
R3

Lo — 1

Note that

/ Iy(zo)dzy =1 (5.31)
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by construction, and so it follows that equation (5.30) becomes

]acg T
/ fﬁ(xl, t, xg)wdth (xl)Ig(l'g)[o(l'o)dxldl'gdl'o
R Lo — 21
]azl T2
+/ @(fﬂl,t,x'(])Mdtfl(I’l)[2(.1'2)[0(]]0)(1371(1372(1330. (532)
R

4 To — T
il 0 1

We then appeal to Lemma (5.1) to yield

I:cz T
/ @(ml,l'g,xo)wdtll(l’l)[2(%2)[0($0)d1‘1dl‘2d£€0
R Lo — 21
]xl T2
+/ @(331,iL‘Q,l’o)wdtfl(1'1)[2(.1'2)[0(1’0)d1’1d$2d$0. (533)
R Lo — 21

This in turn reduces to

J

To— Tog+ T2 — 21

@(l‘l,l’g,mo) |: Il($1)[2($2)[0(33'0)d.1'1d$2d$0 (534)

3 Lo — X1
which is simply
/3 @(3}’1, I’Q,.730)[1([L’l)IQ($2)[@($0)dl’1diL‘2d%o = 90(11, 12)(10), (535)
R+
as required. O

This shows that for the order structure I; < I, < Iy we can approximate these

functions by normalised indicator functions and by setting

V(1) (Lo) = (11, Lia) (1o) (5.36)

for Ij,y with the largest possible support between those of I} and I and still
disjoint will yield a cobounding of ¢([3, I3)(Ip) in this case. However we require
this result to be extended to other possible orderings of the disjoint supports of

the normalised functions I;; doing so by this method is possible but very difficult.

The difficulty lies in proving that the choice of a similar v for our given 2-cocycle
@ defined on the case where the supports of Iy, 5, Iy are decreasing disjoint is

well-defined. It requires an analogue of Lemma (5.1) (where the orders are all
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reversed ), which is difficult if not impossible to prove.

Thus we are forced at this point to amend the method we have created so far. The
difficulty lies primarily in the notion of using the normalised indicator function of
largest support between those of I; and I to define v using ¢ as it is not always
clear to see if this is well-defined. This suggests that the logical way forward is to
somehow invoke the use of the normalised indicator function of smallest support

between those of I; and I; instead, in a sense to be explained later.

An alternative approach

It is convenient at this point to introduce a change in approach to the definitions

of ¢ and 1 also. First define

@ ((I1, Iz, L)) = (11, I2)(1o), (5.37)

which is a bounded multilinear map from L'(Ry,v) x L*(R,,v) x L}(R,,v) into
C. Then this multilinear map on L'(R;,v) x L'(R,,v) x L'(R,,v) defines a
linear map on the tensor product space L'(Ry,v)®L'(R,,v)QL' (R4, v) in the
usual manner by the fact this is isometrically isomorphic to L'(R%); we denote

such a linear map by . So
e(L1, I)(Lo) = ¢ (11, 12, 1o)) = ¢(L1 ® I ® Ip). (5.38)

Similarly,

V(1) (Lo) = ¥ (11, Lo)) = Y(L @ Iy). (5.39)
It is now more convenient to work with ¢ and @Z

Definition. Let the function ¢ : 8 — BB = L(R2, V) be defined for I; € B
with ¢ € Z, by the formula

X[o,%)(y — )
()

We call ¢ the left spreading out function.

(L) (,y) = e o (L) (y) = Liy) =k Li(Y)  Xppwr1)(y)- (5.40)

99



Chapter 5. The general simplicial cohomology group of L*(R,,v)

1
=x+—,somek>=0
y v 5

supp(l,)

supp(e, (1))

| | ,
— '
supp(l)

Figure 5.1: An illustration showing the support of €x(1;)

The right spreading out function 7, : B — BB is defined by
1
V(L) (7, y) = Yy (li)(2) = fz‘(l’)”“(—) =k Li(7) - Xpyyer)(x).  (5.41)

Note that €, (I;)(x,y) has two-dimensional support but cannot be written as an
elementary two-dimensional tensor, i.e. in the form [; ® I;. It is a function which
takes the one-dimensional support of a function I; in 8 and turns it into a two-
dimensional support by ‘stretching it out’ to the left. The function vx(I;)(x,y) is
similar to this but creates the two-dimensional support by ‘stretching it out’ to
the right.

Notation. In the following analysis we will apply an order structure between a
one-dimensional function in 8 and the two-dimensional spreading out functions.
The notation < we have used so far needs extending to include this new case.

Therefore for Iy, I; € B we use the notation I1 <, €x(ly) to denote the following

[ ] Il <<I(];

e Lk € Nis large enough to ensure ag — % > by, i.e. the extended support of I

under the action of ¢ is still disjoint and to the right of the support of I;.
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¥=X- %{,somek>0

supp(l))

supp(Y,, (1))

supp(l)

Figure 5.2: An illustration showing the support of ~([;)

This last also implies that ex(ly) N I; = (). This set up merely says that the
supports of Iy and I, are ordered with I; being the smallest, and the left spreading
out function does not spread the support of Iy as far to the left so as to intercept

the support of I;.

A very similar definition applies to Iy <y & (lo).

Remark. Note that in order for a similar situation to be applied to the expression
ex(1) <g 1o (sim. Yx(1y) < I7) it is only necessary to impose the condition that
Iy < I; there is no dependence on k in order to preserve disjointed order between
the two-dimensional support of €x(ly) (sim. ~4(lp)) and the one-dimensional
support of I;. Hence we drop the subscript £ on the order relation and simply
say that ex(lo) < Iy (sim. vx(Ip) < I) here.

This is illustrated in Figures (5.3) and (5.4), which show the necessity of demand-

ing k£ to be large enough in order to ensure a disjoint separation of supports.
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¥r ¥ =X ¥yt ¥=X
byt —— — — — — — — by — — — — — — — — —
supp(l,) SUPP(E, (1) I supp(l,) I
| |
Hifers — e = | Higeger o st e somes o |
a, - T — -~~~ I suppie, (1) I
11 | 1 1
b ==~ 0l ! Bof ™ — I !
supp(l,) (T I supp(ly) I I I
a o - [ | a - | | |
1 [ | 2, -1 T | | |
] | ] . 1| ] ] ] X
I = I R = | ] I I hit
a, b, = & by :il" a, b, &, b,
supp(l) ®  supp(l) s supp(l,) supp(l,)

Figure 5.3: An illustration of the relations I1 < €x(lo) (left) and ex(Ip) < I; (right).

¥t ¥Y=X ¥t ¥y=X

borf- ————————~ by —— ——— — —— -
supp(l,) supp(y, () | supp(l,) I
I |
Al = e e [ By & o e i I
N | supp(y, ,(I) I
11 | 1 1
bosm ——~ 0l [ bo ™ — N\~ I I
supp(l)) [T I supp(ly) 0 I [
A - [ 1] | gl o I |
- = % R

| | 1 b =1 | 1 | ik

?1 tl’1 = ?D by M a‘n b, a, b,

supp(l) ©  supp(l) S supp(l, supp(1,)

Figure 5.4: An illustration of the relations I1 < vx(Ip) (left) and 4 (Ip) < I (right).

Approximations by elementary tensor products of normalised functions

Before we continue it is necessary for us to prove a particularly useful result. In

order to get to this however we will need the following lemma.

Lemma 5.3. Given F € L'(R%) there exists f;,g; € L*(Ry) with oy € C for
t € N such that

F(z,y) = Zaifi ® i (5.42)
=1
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with Z|ai| < oo, [[fill = llg:ll = 1.
i=1

The proof of this Lemma is a mixture of Example (14) and Proposition (12) in
§42 of [5]. First of all there is the existence of a linear isometric isomorphism
of LY(R)®L'(R;) onto L'(R%). For by the (universal) properties of tensor
products there exists a unique linear mapping 7 : L'(R,)®L'(R,) — L'(R?)
such that

T(f @ g)(x,y) = fa)g(y), v,y €Ry, f,geL'(Ry). (5.43)

Then it is observed that L'(R,)®L'(R,) can be represented as the linear sub-
space of BL*(L'(R,)*;C) consisting of all elements of the form

u= Z fn ® Gn, (5.44)
n=1

[e.e]
where 3 1 ullllgnll < oo.

n=1
The result we are aiming at in this section is an extension of this lemma. Before

giving the result we need to define our objects of interest.

Definition. Recall that L'(R)®L' (R, )®L'(R.) is isometrically isomorphic to
Ll(Ri). Let W be the permutation group of the three elements g, x1, zo. Then
for w € W we define the wedge

Qu = {(xl, T, To) € Ri : X1, To, xo satisfy the order structure given by w} )
(5.45)

For example, if wy = (x1, 29, x9) then

le = {(1’171‘2’1'0) c R:j_ . 0 < T < i) < .:CO} . (546)

Then for w € W we are able to define the quadrant L'(Q.,) as a subspace of
L'(R?) such that F' € L*(Q,,) has support on the wedge Q.

We are now ready to give the following result, which will allow us to write
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F € L'(Q,) as a linear combination of elementary tensor products of disjoint

normalised functions.

Lemma 5.4. Given F € L'(Q,,), where w € W, F can be written as

S )@ £, (5.47)
=1

where a; € C, Z || < o0, f , (i) féi) are normalised L'(B) functions for all

1 € N, and for each it the supports of these functions occur in the disjoint order

defined by the permutation w.

Proof. Without loss of generality we simply consider the two-dimensional case
and let L'(Q) to be the quadrant where functions are defined on the wedge
{(z1,20) € RY : 29 < z1}.

Define the following;:

R, = {(z1,20) : 21 > xo and m — 1 < xy < m},
= o=+ Gt )+ ) o
JE = {(m —1) 2;—;2 (m—1)+ 2;:11) :

where k =1,...,2", m € Nand n = 0,1,.... This is represented pictorially in

Figures 5.5 and 5.6.
Then it follows that

00 2™
= (U If | x J,’jJ) , (5.49)
n=0 \k=1

and for m > 2

G (D Ly X Jf?f,m>] U[lm —1,m) x [0,m)]. (5.50)

Thus each R,, is a countable union of countable boxes. Since ) = U R, it

m=1
follows that () is countable union of the segments R,, and so is a countable union
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5
1]
>

XD
X=X,
T f
0SS pF-———m——--————---
b X 4
05 F Bim—ni=E F
1 1
025 - - - iy
f |21 X J21
0 = t 29
1
0 0.25 05 0.75 1

Figure 5.6: An illustration of splitting R; into boxes 15,1 forn = 0,1,...

1 2n

gy
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of a countable union of countable boxes. Hence the region {(z1,z¢) : o < 21}
is itself also a countable union of boxes. Label each of these boxes in turn as
X1, Xa,...,, so that

{(z1,20) 120 <21} = U X, (5.51)

r=1

Given F € LYQ) it follows that F(z1, o) is equivalent to ZF * Xy, For

=1
notational convenience, relabel F'-x, as F,. Each F} is defined on a box, and so

is an element of L'(IR?%), and it follows that F, is zero outside of the box which

defines its support. Thus by Lemma (5.3) F} can be written as

Fo=Y a,f @ f”, (5.52)
y=1

with o, € C, Z || < 0o and

the nature of the wedge we are in it must follow that fy < fi;. Then

F (w1, o) Zzayff%fo . (5.53)

This is a countable sum of a countable sum and so is itself (trivially) a countable

sum. As such, relabel the terms in turn and index them by 7 to yield

F(x1,x0) Z aif @ 5 (5.54)

and hence proving the result as required. O

It is clear after a little thought that this result extends to n dimensions, making

this a useful tool for the higher-order cohomology groups we shall consider later.

The left and right spreading out functions

We now give some results regarding the left and right spreading-out functions.

First we explore an inverse to both ¢, and v, before investigating the results of
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convolving [; in one variable with the 2-dimensional tensors €x(Iy) and ~x(1p),

where I, Iy are normalised indicator functions.

Lemma 5.5. Let F € BB and I; € B. Let m, : BB — B be the function
defined by

m(F)(x) = /Ox F(t,z)dt + /Ox F(x,t)dt. (5.55)

Then Ty is a left inverse to both € and ~y, that is to say m(ex(1;))(x) = Li(z)
and 7 (e (1)) (2) = Li(x).

Proof. We only offer the proof for ¢, here; the proof for v, is very similar and

can be deduced from the following method.

Calculating the value of 7 0 € on I; it follows that

mr(er(L;))(z) = /: ex(L;)(t, x)dt + /090 ex(L;)(x, t)dt

= / Li(z) k- Xpp,1y(z — t)dt +/ Li(t) - k- xpo,1y(t — )dt.
0 0

1
k

==

(5.56)

The second term here reduces to zero as the range of the integral does not include

the support of x( 1)(t — ), so

T
(5.57)

]

A natural question which arises now concerns what happens when a function in
one variable I; € 9B is convolved with a two-dimensional function F € BRB.

The natural module action of B on BV defines left and right multiplication as

(I, + F)(x, y) = /0 L)t - Fla,y) + Li(x) - /0 “Fydt  (5.58)

and
(Fx1)(z,y) = /o F(z,t)dt - I;(y) + F(x,y) - /0 L;(t)dt (5.59)
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respectively. This ensures that for F' = I, ® I}, we have I; % ([; ® I;,) = ([;*1;) ® I},
and ([; ® Iy) * [; = I; ® (I * I;) as expected.

Lemma 5.6. Let Iy,I; € B and let k € N be large enough to ensure that that
[1 <k Ek(Io). Then

(L * e (L)) (2, y) = ex(Lo)(2,y) = (ex(Lo) * 1) (2, y). (5.60)

The necessity of proving both cases is due to the lack of commutativity regarding

the product of a 1-dimensional tensor with a 2-dimensional tensor.

Proof. Again simply calculating the value of I} * e (Iy) on x,y yields

(1 < ali)e.) = | L)t - (1), y) + () - / ")t y)dt

0

= /095 I (t)dt - I(y) - k - X[o,%)(?/ — ) (5.61)

+Il(fc)-k/ Io(y)X(0,1)(y — t)dt.
0

If © ¢ (y — 4,y] then this whole expression reduces to zero. This is because
X[O%)(y — x) = 0 in the first term. If furthermore x is not in the support of I
then the second term is zero. If x does fall into the support of I; then y —¢ > %
for all t € [0, 2] as I; < Iy and y is in the support of I,.

If on the other hand = € (y — %, y|] then we have that x is not in the support of

I; and so the second term is zero, leaving us with

(s ll)) = [ ROt To(0) - xg0 (0= 2 5o

=1-1o(y) - k- xp0,1)(y — ) = e&(lo)(2, y).
Thus we are able to conclude that

(11 * ex(Lo)) (2, y) = ex(Lo)(2,y) (5.63)

as e,(Io)(z,y) =0 if z & (y — 1, y] as required.
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For the other case the multiplication yields

(ee(To) * L)) = / o) (@, O)dt - T () + en(o) () - / ")t

kD) [ TNy (04 o)y ) [ B0
(5.64)

For this to be nontrivial we require that y is in the support of either I; or I;

obviously it cannot be in both as they are ordered and disjoint.

If y is in the support of I; then the integral in the first term is zero while Iy(y) = 0

in the second term, returning an overall trivial solution.

Thus if y is in the support of Iy the first term is zero while the second term

becomes

proving the second case as required. 0

The results of these multiplications are quite different when the order structure

of Iy and I; are reversed.

Proposition 5.1. Let Iy, I, € B be normalised indicator functions such that
Io < [1. Then

(1 * k(o)) (2, y) = L(x)]o(y) (5.66)

and
(ex(o) * 1) (2, y) = Li(y) f(w), (5.67)

where
0, T ¢ (CLO - %,bo),

r—ag)k

f(x) _ ( bOE)aOJrl’ T € (CL(] — %,ao], (5 68)
! x € (ao bg - l]

bo—ao’ ) Pk

k(bo—x) 1
\boo——ao’ (bO - Eabo]'

Proof. Case 1: I * ()
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Calculating the value of I % ¢, on Iy we have that

(1 < ali)e.) = | "Lt - (1), y) + D) - / " Do)t y)dt

0

S O (5.60)

+ k- I () - Io(y)/ Xjo,1)(y — t)dt.
0

In order for this to be nontrivial we need y to be in the support of Ij.

If ¢ (y — 1,y] then the first term is zero as X[r,z—&—%)(y) = 0. There are now two
possibilities for where x can be. If z is not in the support of I; then the second
term is also trivial. On the other hand if x #s in the support of I; then the range
of the integral in the second term covers the whole of the support of x, 1 y(y—1),

and thus this term becomes

k- Ii(z)-Io(y) - - = Li(x)lo(y)- (5.70)

1
k

Alternatively if z € (y — %,y] then it follows that x < y. Thus as y is in the
support of Iy and Iy < I; it follows that x is not in the support of I;. This
makes the integral in the first term and /;(x) in the second term both equal to

0, making the entire expression trivial.

The conditions and definitions of this expression allow us to conclude that

(L1 * ex(Lo))(z,y) = Li(x)lo(y) (5.71)
as required.

Case 2: ¢,(ly) x [
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This case is a lot trickier. In calculating (1) * I; on Iy we simply get

(ex(o) * I1)(x,y) = /Oy ex(Lo)(z, t)dt - I1 (y) + ex(Lo)(z,y) - /yoll(t)dt
kL) /Oy To(t)x0 1t — )t (5.72)

(Y — ) /Oy L(t)dt.

+ k- Io(y) - X[o, L
In order for this to be nontrivial we again require that y is in the support of
either Iy or Iy; obviously it cannot be in both as their supports are ordered and
disjoint.

If y is in the support of Iy then I(y) in the first term and the integral in the

second term are both zero, making the overall result trivial; the integral is zero

because the range of the integral is not large enough to reach the support of I;.
On the other hand if y is in the support of I; then the second term is zero as

Iy(y) = 0. The first term however simply becomes

1
by — ag

)(t—x)dt:k-fl(y)-/o

ag

)
k-h(y)/ To(t)xpo Npar ) (D)dE (5.73)
0

:
as [ag, bo] C [0,y] and Iy(t) = 0 for all ¢ ¢ [ag, by] and using the definition of I,

on [ag, bo).

It is immediately clear after a little thought that X[x,m+%)(t) = 0 for all z ¢
(ap — %; bo|.

When z € (ag — %,ao] then the overlap between the support of the function

X[m,m+%)(t) and the range of the integral [ag,bo] is © + 1 — ao. This makes the
integral simply the area of the box with height one and width (z + + — ao) and
hence the expression becomes

1 1 (x —ap)k+1

(o —a0) = (o)

k- 1(y) ’

(5.74)

by — agp by — agp

When = € (ag, by — 1] the whole support of the function xp, . 1 )(t) is contained

within the range of the integral. Thus the integral is the area under the whole of
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1

¢ and the expression becomes

X[%H%)(t), which is

1 1 1

-—=N(y)

k‘[1<y).b0—a0 k

: . 5.75
T— (5.75)

Finally if © € (by — 1,bo] then the amount of overlap between the range of the
integral [ag, bo] and the support of the function X[x,x+%)(t) is (bp — x). Then the
integral is simply the area of the box of height one and width (by — x), making
the expression become

1 k(by — x)

k- I(y) - “(bo — ) = Li(y) -

(5.76)

by — ag bo—ao'

Putting all of these together yields the second case of the proposition, as required.
m

Proposition (5.1) essentially shows that both (I3 * €;(lo))(z,y) = L(2z)Iy(y) and

(ex(lo) * I1)(x,y) = I1(y) f(x) are 2-dimensional elementary tensor products.
In the first case this is simply [; ® Iy with order structure Iy < ;.

The second one is the one which will appear in our future calculations. Here the
tensor product is I; ® f, but f is not a normalised indicator function. Notice
though that the support of f is disjoint from and entirely below the support of
I,. Also f is defined on an interval (ag — %, bo] and it is normalised; we leave this
last as an exercise. We are also able to approximate this by a linear combination

of normalised indicator functions
fl@)=>"a;Ji(x), (5.77)
=0

such that J;(x) < I; for all j such that 0 < j < oo, with a; € C. Then for
I, < Iy < I and I, < €,(1y) we have that

(L @e(lo) « h) = a;p(leh®J)
o (5.78)
=Y el e J;® ),
=0

112



Chapter 5. The general simplicial cohomology group of L*(R,,v)

vt
b, + y=x
supp(l,) ' | - |
4
supp(€x (g 1)
supp(ly)
1
a;- E -
b, +
a, 1
: — —t—t
a, b, a,-- b, a, b, *
supp(l,) supp(l,)

Figure 5.7: An illustration of the support of ex(Iy) * I for Iy < I

by Lemma (5.2) and here we have that I, < J; < I; such that all are normalised

for y =0,1,.... This will be very useful in the next subsection.

Similar results hold for the right spreading-out function .

Proposition 5.2. Let I,y be normalised indicator functions. If I; < vx(1p)
then

(I x e (Lo))(z, y) = (o) * I1)(z,y) = v (Lo)(, y). (5.79)

If on the other hand Iy < I, then

(v (Do) * L) (2, y) = To(x) 11 (y) (5.80)

and
(L1 % (Do) (2, y) = Li(z) f(y), (5.81)
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where o
Myt oy e (g — 4, aq),
1 1
O (552)
Tomao » Y € (Do — 1, bo);
kO, else.

The proof of this proposition is similar to the combined proofs of Lemma (5.6)

and Proposition(5.1).

Remark. We may worry about spreading out a function so that its domain is
extended beyond zero and into a negative value. In our approach this is never a
problem as we only apply €, and v, to indicator functions which in the imposed
order structure are defined to be the largest. Thus there is always another indi-
cator function present which has support lying between 0 and the support of the

function we wish to spread out.

An alternative solution to this problem is to invoke the argument used in Section

6.4 which is a density argument for a separation from zero.

The alternative proof of Theorem (5.1)

We now present the alternative proof of Theorem (5.1). The reason for doing this
is explained at the start of this chapter and is due to our need for a more direct
approach to calculating the higher level simplicial cohomology groups of 98; the

method we use here is the method that we have sought from the start.

Proof. [Alternative for Theorem (5.1)] With I; < I, replacing Iy with e, (/) has
a similar effect to choosing an I such that I} < I, < [y with |I]| = % To ensure
the support of €x(Iy) remains disjoint from that of /; and that the the spreading

out is as minimal as possible it is necessary to take the limit as k tends to oo.

Then in a manner similar to the first proof we set

V(L @ 1) = Jim (11 @ ex(Io)). (5.83)

This can clearly always be done, and as long as the limit exists this function is

always well-defined. In this case we will see in (5.89) that the limit does exist for
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cocycles as the value of ¢(I; ® €x(ly)) is eventually constant for large enough k.
Notice that this only holds for cocycles and not cochains in general due to fact
this follows from the cocycle identity. It is also clearly bounded and linear given

its definition.

Recall that [} < Iy < Iy. Also choose k € N such that Iy < €(Ip). Then using
the cocycle identity we get that

0= (6°2)(Iy ® I ® (1))
= (I ® ex(Lp) * I1) — @(I1 x I @ €(Ip)) (5.84)
+ @I @ Iy * €(1n)) — p([1 @ I @ mi(ex(lo)))-

This equation is verified if you write (/o) as a linear combination of elementary
tensor products of normalised functions of disjoint support which in turn can,
via density arguments, be approximated by normalised indicator functions of
disjoint support. So let €x(ly) = > oo, aif; @ g; where o, € C, f;,9; € L*(B)
and || fi|| = |lgi]|l = 1 as in Lemma (5.4). We are also able to assure the order
structure I, < f; < g; for i = 1,2, .... Thus we have that

0= (0°9)(11 ® I ® ex(1y))

=Y (@)L f;eg)
=1

= ailp(b® fi®gxh)— ol L® fi®g)+ oL ® L+ f; @ g;)
=1

—p(h ® Iy ® fi* gi)] .

(5.85)
The first two terms cancel each other out, leaving us with
D aiph® fi©g)=> ap(i® L ® fixg)
= = (5.86)

Le. p(l1 @ ex(lp)) = p([1 ® I, ® Z@z‘fz‘ * i)

=1
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Now note that by definition

n(hea)w - [ heaear [ (hews
= filo) [+ o) [ fcoar (5.87)
= (fi £ g0)(2)
and so
Iy = mi(ex(Lo))

= Z ;i (fi @ gi)
=1

(5.88)
= i @ifi* gi.
i=1
Therefore Equation (5.84) reduces to give
o @ I, ® Iy) = ¢(11 ® e (1)), (5.89)

and since the left hand side is a constant for given Iy, I, Is it follows that for
large enough k the right hand side is as well. Therefore taking the limit as k

tends to oo does exist and so

oL @1 ® 1) = Jim P11 @ e(1o)) = (1 & o). (5.90)

Finally we have that

(521Z)(]1 ®1L® L) = 7:5([2 ® Iy x 1) — 7:5([1 x Ih ® In) + i/;(h ® Iy x 1)

~ (5.91)
= ¥(L ® Iy),
and hence
P @ L& I) = (%) (L ® Lo L), (5.92)
le.
(L, I)(1o) = (6*¢)(11, I2) (o) (5.93)
for our given ¢ and our chosen v as required. O]
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We now need to extend this result to include other order structures of the func-
tions ]0, 11,12 in 8.

5.1.2 The remaining cases
Case 1: I, < Iy and I, < I;

All that has changed in this case is that we now allow I to fit anywhere disjointly
within the order structure such that it is not the smallest any more, i.e. either
of I < Iy or Iy < I; could hold here. This ensures that the first case is not

repeated.

Switching to tensor notation and taking k to be large enough so that Iy <y € (1)

we have
0=(0°9)(1 ® I ® ex(Iy))
= oLy @ ex(lo) * I) — p(L1 @ € (1o)) + P(L1 @ e (1o)) (5.94)
— oL ®@ I @ m(ex(1o))),
and thus

o ® Iy ® In) = ¢(1s ® €x(1o) * I1). (5.95)

If Iy < Iy then this is simply the previous case. On the other hand if Iy <« I;

then this becomes
PLiwl®l)=9(LehL®f) (5.96)

for f as defined in Proposition (5.1). Writing f as a linear combination of nor-
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(o]
malised indicator functions, Z a;J;, where a; € C, we have that
§=0

6(12 & [1 & f) = 6([2 X [1 & Zaij)

j=0

a]@(h ® Il ® Jj)

M8

<.
Il
=)

a;o(I, ® J; ® ;) (by Lemma 5.2)

™

i
o

(5.97)

aj(521’ﬁv)(]2 ® J; ® I;) (by Section 5.1.1)

WE

.
Il
=)

= (%) (I, ® i a;J; @ I)

Jj=0

= (%) (L ® fe L),

where 1) is defined as in Section 5.1.1. By the extension to Lemma (5.1) this is
equivalent to (621))(I; ® Iy ® I;) in tensor notation and thus

o(L®ly® )= (52¢)(IQ ® Iy ® Ih) (5.98)

for zZ as defined in Section 5.1.1. This shows that the second case is also

cobounded by our chosen .

Case 2: [ <

This is the very difficult case to deal with using our original method, but here it

becomes a lot more straightforward.

In the original method we attempt to cobound (1, I5)(ly) and we would define
Y'(I1)(1y) by finding the function of largest support between and disjoint from
the supports of I; and I, say I, then writing

Y'(1)(To) = @(I1, I)(Io). (5.99)

Then we would show that this ¢/ cobounds .
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In this method we are looking at the largest normalised indicator function in
our order structure and stretching its support out into a 2-dimensional tensor
product. We have to be careful that this stretching out is in the right direction

in order to preserve order relations.

We have been given ¢ € Z2(B). With the order case defined here cobounding
this directly is difficult. Therefore we switch to tensor notation and make the

definition
o =5 — 0% (5.100)

where {bv is defined as in the previous cases. This ensures that if both I, < I,
I, <« I and one of I} < I or Iy < I hold then g;/(]l ® I ® Iy) = 0. In other

words the order structure of the previous cases makes this a trivial result.

Thus following this and the logic of calculations done in the previous cases and

switching to tensor notation we make the definition

~ —klim (L) ® 1), Ty <1,

V(L @ Iy) = (5.101)

0, else,

in order to attempt to cobound g;’ :

This is well-defined as it can always be done without ambiguity. The reason for

the minus sign will become apparent.

Writing 7 (1;) as a linear combination of normalised elementary tensor products,

the cocycle identity then says

0= (535’)(%(11) ® I, ® 1)

S 3 5.102
=Y (PP (fivg®LoI). (5.102)
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Note that for each i € N we have that I, < ¢g; < f; and so this becomes

IvE

Il
-

0= a; [S;'(gi QLRLxfi)— @ (fi*xg QLI+ ¢ (fi ®gi* L ® 1)

(2

— N’(fz' ® g @ Iy * Io)]

gz®[2®fz) ([1®12®Io)+90(7k(11)®[0)

||Mg

— (L) ® I),
(5.103)

where the second term arises because
Iy = (1)) Zaﬂ?k fi®gi) = Zaifi*gi (5.104)

as earlier.

Each of the terms in the sum in the first term here has terms with order structure
satisfying the condition for triviality given above, i.e. it is an order structure from

the previous cases and so

Y (gL f;) =Y a-0=0. (5.105)
=1

i=1
Thus (5.103) becomes

P Lo L)=0+¢ (L) ®I) — ¢ (w(l) @ L) (5.106)

Taking the limit as k tends to oo then yields

Sgl(fl ® I, ® I)) =0+ klljf)lo 9;/(71@(—71) ® Iy) — kh_{go &(%(11) ® 1)

=)L) — (L@ L) +¢'(I @ L) (5.107)
= (52&)([1 ® I, ® Iy),

ie.
P @Lel)=(P)(LeLel). (5.108)
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Now in HH>(B) since ¢’ = 6%/ it follows that ¢’ € [0], the equivalence class of
zero. Also ¢ — gg’ = 5215 and so ¢ and g;’ are equivalent, meaning that we have

cobounded ¢ in this order case.

Case 3: (< I, and I < I,

This case is similar to Case 1, but with the orders reversed. It is the final case

we need to consider here.

For convenience we define
" = — 6% (5.109)

Thus ¢” is in the same equivalence class in HH?*(B) as gg’ and hence ¢, and
¥

—~

O"(Iy ® I ® Iy) = 0 for the order structures considered so far.

This time writing v (/2) as a linear combination of normalised elementary tensor

products the cocycle identity gives us that

0= (53&)(11 ® Yk(12) ® Iy)

N i 5.110
=" a1 @ f;® g ® L) (5.110)

i=1

Again note that [} < ¢; < f; and Iy < g; < f; here for all i € N. Thus

Q; [J(fi@)gi@IO*Il) _:P?(Il *fi®gi®10)+:p7(ll ® fi * g ® Ip)

T
“

.
I
—

~F(1® £ g+ )|

/!

=Y [P @ g @ s B) ~ F(f;© 00 L) + (1 fix g @ Io)
i=1

—"(L® fi® gz)] :
(5.111)

In the first and second terms we have that Iy x [, < g; < f;, as Iy x I is either
Iy or I; depending on their relative ordering, and Iy < ¢g; < f;. These are both

exactly the order structure from Case 2 making these terms trivial.
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The third term, as before, is simply ;ﬁ(l 1 ® Iy ® Iy) in precisely the same way as

in the previous cases.

The final term becomes (I} @ g; @ f;) by Lemma (5.2). Here we have that
I < g; < f;, which is the order structure from the initial case, making this term

also trivial.

Hence we conclude that

—

"L ® I, ® ) =0, (5.112)

which is trivially cobounded by @7 =0.

The final case

Reverting back to our standard notation we have so far shown that given the
normalised indicator functions Iy, Is, Iy in 8 such that their supports occur in
some disjoint order structure it is possible to cobound ¢(Iy, I5)(ly). We now

extend this to general B functions fi, fo, fo in place of Iy, I, Ij.

Since the indicator functions are dense in 8 we need only consider the result
on normalised indicator functions; the final outcome follows by linearity. The
difference here is that our normalised indicator functions no longer necessarily

have disjoint ordered supports.

However, following the examples found at the ends of both Chapter 3 and Chapter
4 by subdividing the intervals on which each normalised indicator function is
defined further and further we can show that the eventual contribution from the
overlapping supports is negligible, enabling us to once again simply focus on those

normalised indicator functions of ordered disjoint support.

The fundamental concept to this idea is to note that subdividing the supports of

each of these indicator functions into M equal subintervals we have that

> (oL T (Ke) — (8*0) (T, ;) (Ki) (5.113)

LNJ;NKR#0
is less than or equal to

HIJ11K]

MM M

22l D

+ ||8%¢|| MM@) (5.114)

122



Chapter 5. The general simplicial cohomology group of L*(R,,v)

which tends to zero as M increases to infinity. Following the logic in Equation
(4.105) this shows that the contribution from places of overlap is reduced to
nothing, or simply that the volume, or Lebesgue measure, of the supports in

places of overlap tends to zero.

So let F' € BBV = LY(R2). We define

F(x1,x9,x0), 21, T, Ty satisfy the order structure defined by w,
Fw($17$2,9€0) =
0, else.

(5.115)
Since | |, ey Quw is dense in R and X (R3\ | |, oy Quw) = 0, where we are able

to use the disjoint union symbol | | (as the @, are pairwise disjoint), then by
the above argument on subdividing supports further and further we have that
Do L'(Quw) = L'(R3). Therefore it follows that we can now write F' as the
(-sum

F(l’l,l'g,l'o) = @ Fw<£€1,l’2,$0), (5116)

weWw

where [F]| = 3 ey [l

As F, € L'(Q,) then by Lemma (5.4) we are able to write this as a linear
combination of elementary tensor products of disjoint normalised functions. Thus

we are able to write F' as

F=@PY afo e (5.117)

weW i=1

Hence it is enough by linearity to only consider our given 2-cocycle to be defined
on such elementary tensor products of disjoint normalised functions. Finally, by
using density arguments, we can approximate these functions by linear combina-
tions of normalised indicator functions of disjoint supports.

So we have that ¢(f1, f2)(fo) is equivalent to Y oo, ay(Ii, I3)(I}) for disjoint
normalised indicator functions I}, I IS, Switching to tensor notation this is
>ty (I} ® I ® I).

For each i € N we have that I} ® I} ® I} € L'(Q,) for some w € W, the
permutation group of three elements. Thus by defining QZ by quadrants, which
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is clearly possible, as given by each of the order structure cases throughout this
section we can cobound each of the terms in this sum individually. Thus we have
that

o(fi®fa® fo) = (ZaJ‘@IZ@P)

=1

= ad(li® Lo L)

i=1

Z Vi@ I e L) (5.118)
= (6%0) <Z o R P)
=1
= () (/1 ® f2® fo),
by linearity.
In standard notation we thus have
w(f1, f2)(fo) = (8*¢)(f1, f2) (fo)- (5.119)

Therefore given a 2-cocycle ¢ € Z?(B) we are able to cobound it, showing that
the second simplicial cohomology group of B = L'(R,,v), HH*(L'(R,,V)), is

trivial, as required.

We now use these methods to consider the n'® simplicial cohomology group of B.

5.2 Investigating the n'" simplicial cohomology

group of L'(R,,v)

In this section we show that the n'® simplicial cohomology group of the algebra
B = LY(R,,v) is trivial. To do this it will be necessary to combine all of what

we have accomplished so far.

The strategy is to first introduce the notion of contracting homotopy and use this

to investigate the n'" cyclic cohomology group of B; we will use the methods of
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Chapter 5 thus far to define our contracting homotopy and hence show that this
group is trivial for all n. Finally we will invoke the Connes-Tzygan long exact
sequence to obtain the required result regarding the n'" simplicial cohomology

group of B when n > 2.

Due to the density of the linear span of n-dimensional tensor products of nor-
n times

— = o
malised indicator functions in B®--- B = @ B it is enough to consider n-

cocycles acting on normalised indicator functions. In fact, analogous to the ar-
guments we have completed before, it is enough to consider normalised indicator

functions with ordered and disjoint support.

5.2.1 Contracting homotopy

In order to define a contracting homotopy we first need a (co)chain complex. Let
(A;)icz, be a sequence of Banach spaces (one can also define versions for more
general abelian groups or modules) and define the chain complex (as in Section
2.2.1) to be

0 Ag . LA, A, LA +2

Nl -

Definition. A contracting homotopy for our complex is a family of bounded

linear operators {s;};eny where s; : A;_; — A; such that
S; © dz + di+1 0 Sjyr1 = 1Ai fori>1 (5120)
and
d() O Sy = 11407 (5121)

where 14, is the identity map from A; into itself. In other literature it may also

be said that the complex splits.
If this only holds for ¢ = n for some n € N then we call this a contracting

homotopy in degree n. Similar, dual definitions apply to cochain complexes.

The existence of a contracting homotopy makes the complex exact. In this defi-
nition we only specify that s; is simply a function; for our complexes in a Banach

algebra context we also require that s; is both continuous and linear for all 7 € N.
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As we know that the first simplicial cohomology group of B here is not trivial and
the existence of a contracting homotopy would show that our cochain complex
is exact, and hence making every simplicial cohomology group of B trivial, we
cannot produce it. As we are trying to show that all but the first simplicial
cohomology group of B are trivial we are therefore only interested in obtaining

a contracting homotopy in degree n for nearly all n.

5.2.2 Constructing our contracting homotopy in degree n

Recall the complexes we are working with from Section 2.2.2. We repeat them
here for clarity, recalling that the Banach algebra under consideration is 8 =
Ll (R+, V) .

The simplicial cochain complex is given by

&0 S5t 52 5
0 B* C'(B,B*) — C*(B,B*) —— -+, (5.122)

where C"(B,%8*) for n € N is the space of bounded n-linear mappings of B x
-+ x B into B* and for T' € C" (B, B*) the boundary operator 6" is defined as

(alT(ag, Cey Q)
n—1
(6" T)(ar, ... a0) = + > (=1 T(ar, ... q;a54, ..., ay) (5.123)
j=1
+<_1)TLT(a17 s 7an71)an7

for n > 2.

In the case when n = 1 we have that ' : B* — C'(B,B*). To define this map
choose f € B* and ag € B, then set

(6" f)(ao) = aof — fao. (5.124)

This is the dual of the simplicial chain complex

dy dy

o dy e dy
0 B BB «— BOBIB ——— - - | (5.125)
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where the boundary operators d,, are given by

(
a2®-~-®an®aoa1

n—1
dp(a1®--®a,®a0) =+ > (~1Va1 @+ @ a;0j11 ® - ®a, ®ag  (5.126)
7j=1

(F(=1D)"a1 ®@ - @ aza.

However, in this section we are concerned with cyclic cohomology and so need
the cyclic versions of these complexes. We denote by CC" (B, B*) the subspace
of C"(%B,B") consisting of all cyclic bounded n-linear mappings of B x ... x B
into B*. Then we consider the subcomplex of (5.122)

0 1 53

5 52
0 CCO(B, B*) — CC'(B,B") — CCX(B,B*) —— -+,  (5.127)

where " for n > 0 is defined exactly as before but restricted to the subspace; it

is straightforward to show that the d-maps respect cyclicity.

We now require the following definition.

n

o . I~ +1 /\TZ+1 . . .
Definition. Let 7, : @Q B — Q) B be the cyclic shift operator, that is for
—~n+1

® - @fhne®@ B

Tn(fi® @ frr1) = ()" (f2® @ fup1 ® f1). (5.128)

It now becomes necessary to consider the predual to this, i.e. the cyclic version
of (5.125). It is well-known (see [21]) that the predual of CC"(*B,B*) is the space

—~n-+1
Q® B, which we will denote by V', quotiented by the space of cyclic elements,

namely

(5.129)

—~n+1 Y

1-7) B

where 1 is the identity map on V. For convenience we shall denote this space
—~n—+1

as CC,,(B,B*) and @ B as V. Note that for w € V we have that w — 1w €

(1 -7V, Tow — 72w € (1 — 7,,)V as 1,w € V and so on; hence [ w] = [w].

One can easily show that the subspace (1 — 7,)V is complemented in V' and so

is isomorphic to a subspace, but this has no bearing on the current work.
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We then give the predual of (5.127) as

d
0 0

d d d
CCo(B, B*) L CC1(B, B*) ~= CCo(B,B*) —— -,  (5.130)

where the d-maps are restricted to the quotient spaces CC,, (%8, B*) for all n > 0;

again it is straightforward to see that the d-maps respect the quotient.

We are now in a position to analyse a possible contracting homotopy here in the

cyclic case.

The following definition is a necessary adjustment to that found in Section 5.1.1.

Definition. We are able to define @)} C R’ to be the wedge

QF ={(z1,...,2,) : T1,... 7, are strictly ordered with x; > z;,7 #i}. (5.131)

In other words we have that all the x;, occur in some order structure for 1 < k <n
and the only stipulation we require of this order is for the i*" variable to be larger
than all of the others.

Let I; ® --- ® I, be a n-dimensional elementary tensor product of normalised
indicator functions. We are then able to define the quadrant L'(Q") as a subspace
of L'(R%) such that F' € L'(Q?) has support on the wedge Q7.

Notice that @], L*(Q}) = L*(R’, v) (as the boundaries between quadrants have
measure zero and the ()7 are disjoint, measurable sets whose union has measure
zero complement in R’ ). We may ask what happens on areas of overlap between
the supports of the normalised indicator functions. These areas are subspaces of
R? and using better and better approximations we can eventually reduce these

subspaces to hyperplanes of Lebesgue measure zero.

For example, if I; and I, have overlapping supports we create better approxima-
tions to reduce this area of overlap to a hyperplane contained in a collection of
boxes with smaller and smaller measure. The maximum error caused by these

places of overlap, as laid out at the end of both Chapter 3 and Chapter 4, is then

at most C' - — where C' is a constant. Combined with Fubini’s Theorem (§6 in

[7]) we can see that this trivially extends to more general cases of overlapping
n—1

supports for multiple functions, yielding an error of C’ - for constant C'.
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Both of these tend to zero as the subdivision is refined further, i.e. as M tends

to oo.

Therefore consider the elementary tensor F' in the space @nLl(RJr, v) given as
F(x)=(fi® - ® f,)(x). Then if F(x) € QF we have that the functions fj
occur in some order structure for 1 <k <n and that f; < f; for all j # ¢ where
1<i,j<n.

For i =1,...,n we can define

F(x),x e Qr,
Fy(x) = (). x €@ (5.132)
0, else,

and it follows by density arguments that we can write F' as @, Fj; since these
two functions differ on sets of measure zero, as explained above, they are in the

same equivalence class in 8. Hence for our purposes it is enough to consider
@, L' (Qr) here.
The idea here is to split the function F into n quadrants, where the i*" quadrant

has the i*" L' function as the largest in the order structure.

Since F; is an element of L'(Q7) is follows from an extension of Lemma (5.4)
into n that it can be written as a linear combination of n-dimensional elementary
tensors of normalised B functions of disjoint support with order structure given
by the wedge Q7, i.e.

Fx) =Y afV e o ), (5.133)
=1

where a; € C for | € N such that )7, |oy| < 0o and

|47]l, = /R @) dr =1 m =1, n. (5.134)

We are now in a position to construct our contracting homotopy in degree n.

First we compare our cyclic cochain complex with

n—1
*

n+1 8n+2

CC™! (B9) = CC™(B; B7) ~— CC™ (B BY) = -

S
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Our cyclic cochain complex is the dual of our cyclic chain complex which in turn

should be compared with

s" Sn—i—l Sn+2
CCr1(B,B*) 5 CC.(B,B") L CCir (B, B") L |

n—1
Sk

where the map s is related to the dual of s} and both require defining; the
inclusion of the k subscript will become apparent. We will first define the map

—n
st on F' € (K B and then show this respects the quotient and is therefore well-

defined on ® %An . Thus for F' € @n% we have that
(1 — Tn—1)® B

sp(F) = s} (@ F) = P si(F), (5.135)

7

where .
StF oY) = Y assp(f) @ @ S (), (5.136)

j=1
for x = (x1,...,7,) and F; € L'(Q") written as a linear combination of elemen-

tary tensor products as given in Lemma (5.4), where o; € C.

If F} is an elementary tensor, say f1 @ -+ ® f, in L}(Q}) we have

(5.137)

where v, acts on the function f; and the ¢ in (—1) is given by the the fact that

f; is in the i*® position (acting on z;) and so

SHL@ @ fu) =(D)"(A® - @Yy(fi) ® @ fa) (5.138)

for elementary tensors. The factor (—1)" appears instead of simply (—1) due to

the principle of cyclic equivalency which we introduce later.
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It is a trivial calculation to show that s} is well-defined on CC,,—1(B,B"), i.e. it

respects the quotient. For observe that applying s} to 7(f1 ® -+ ® f,,) yields

sp ()" @@ fu® fi) (x,y)
= (=D)" =D (f2 @ my(fi) @ @ fu® f1)(x) (5.139)

as f;, the largest function here, is in position ¢ — 1 now (that is, it acts on x;_;).
Cycling this around (writing v ,( f;) as a linear combination of elementary tensors

if neccessary) gives us

()" M =D) " (=D)L ®@ - @Yy (f1) @ -+ @ fo)(x). (5.140)

It should be noted that if f; is the largest function in our elementary tensor here
then the calculation still works, but more care has to be taken with the sign
changes; in fact the coefficient in front of the tensor in the last equation changes

to (—1)"**2n=1 which is always odd regardless if n is odd or even.

The coefficient (—1)"~!(—1)""*(—=1)" can be written as (—1)2"~Y(—1) and

(=120 D = (—1)2" =1l = 1 (5.141)

Hence we can see it follows that s7 ((—=1)" ' fa® - ® f, ® f1) (x,y) is equiva-
lent to s} (fi ®---® f,) (x,y), proving that the maps s} do indeed respect the

quotient.

Since the elementary tensors of normalised functions have dense linear span it
follows that

T (fz(l) 2 ® f;n)) (5.142)
=1
= (VY a (e oo o i)
=1

Thus it is enough for us to check our results only on such elementary tensors; it is
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enough that our formulae and identities are defined on these elementary tensors
of normalised functions. Our results will then extend by linearity and density

arguments to the whole space CC,,_1 (B, B").

In order to perform cohomology calculations here we need that all of the functions
in our elementary tensor belong to some wedge Q7, i.e. are of disjoint ordered
support. To make this happen it is necessary that k£ be sufficiently large, large
enough to ensure that the two-dimensional support of 7, (f;) remains disjoint
and larger than f; for all j # ¢ with 1 < ¢,5 < n. In other words so that
[i <k Yy fi) for fixed f; and f;.

The ideal way to ensure this is to take the limit as k tends to infinity; however
there are several inherent problems which arise as a result. Since we work on
a dense subset it follows that hm L exists and is well-behaved on this dense
subset, but it is difficult to show that this holds anywhere else in 8. Additionally
our contracting homotopy maps need t be independent of k; a single map rather

than a family.

To eliminate these problems we move to the dual space, making taking the limit a
well-defined operation; additionally, once k is large enough to ensure the functions
fi are well-separated taking larger k£ does not change the overall result (compare
with Lemma (5.2)), meaning that taking the limit is a viable thing to do. This
is because p(F') € C and so we can, if necessary, select an appropriate ultrafilter
to force the limit to exist as this will be a bounded net of linear functionals;

however, using normal limits is sufficient in our case.

Thus for ¢ € CC™(B,B*) and F € L'(R") we have that
st op(F) = klim (sP) o p(F) = klim posp(F). (5.143)

By switching to tensor notation and writing F' as a linear combination of elemen-
tary tensors of disjoint support we can see that it is enough to define this map
on such tensor products. In other words, switching between regular and tensor

notation as appropriate, and looking at the case with support in wedge QF, we
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have that

(s50)(frs- s fam1)(fn)

(i@ @y (fi) @ @ f,)  (5.144)
(_1 i@(fh ce 77k,y<fi)7 SRR fn71>(fn)

(stp)(fr® - ® fu)
)
)

In other words, moving to the dual makes verifying this operation a much more
straightforward task, and means we now have a contracting homotopy in the dual

case which is independent of k.

By density arguments for a fixed f; the error between the expression

90<f17---7’7k,y<fi)a~~-7fn—1)(fn) (5145)

and

90<f17"'7fil7fi7"'7fn—1))(fn)7 (5146)

where f; is a function such that f; < f; < Yy (fi) with j € {1,...,n}\{i}
tends to zero, as illustrated by Equation (5.90). This means that not only does

the limit exist but we are led to expect what that limit should be.

Thus there are natural equalities (via duality)
Mop=pod" andsfogp:klim o S). (5.147)

It must also be noted that the maps s} and s} are compatible, i.e. they can
be applied in sequence, for n € N, which can be seen through simple direct
calculation; for clarity we give a specific example here but do not demonstrate

the general case as it becomes notationally convoluted.

2
Example. Consider F € @ B = L'(R?%,v). Then using Lemma (5.4) and the
fact that F' = F; & Fy,

si(F) = s (F1) @ sp(F)

— 2 (Z anfD @ fé”) (2_: Bndin @ g m) (5.148)
:( Zoén%y f(2)> (Z mgm ® Vi (2)>>'

m=1
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Then consider

SR = o (— S ey (1) & ff?) 5 (z ) & %,y<g;3>>) |
i " (5.149)

In the first term we can write %,y(fy(bl)) as Z;il 6ph,(,1) ® h;(f), where fy(Lz) <
h}(,Q) < hg) for all n, p € N; this is because f75,2) <k Wk,y(fél)). Then the first term

becomes

= ) anbsi(hi) @b @ fP) (5.150)
n=1 p=1
and then o w
> by (WD) @ b @ 2. (5.151)
n=1 p=1

Writing the expression %ﬂ(h,&”) = 2211 quél) ® U(SZ) we have that this finally

becomes
oo o0 o0

Y3 s @ o @ hP @ £, (5.152)

n=1 p=1 ¢=1

where f{? < hz(f) < Uéz) < vél) and ay,,0,,(; € C by construction for all
n,p,q € N. Then by definition this is simply a function G; € L'(Q?).

By a similar method we conclude that the second term in (5.149) is equivalent
to a function Gy € L'(Q3) and therefore

sp(si(F) =G @G, 00 0=G € L'(RL,v), (5.153)

4
i.e. we have a function G € Q B = L*(R%,v) as required.

5.2.3 A locally compact case

In the discrete case, the method simply involves considering an elementary tensor
product 1 ® - - - ® x,,, where the x; satisfy some order structure, and extending it
from n-dimensions to (n + 1)-dimensions by inserting a duplicate of the maximal
element. There are problems which arise when the maximal element is not unique,
as is possible in the discrete case. The method we use here ensures that such an

element is unique and allows us to perform a similar insertion technique using
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our spreading-out functions.

In this section we will consider an elementary tensor product in @nﬂ% under
particular order conditions and use this to show that our s and d maps form a
contracting homotopy in degree n + 1 for our chain complex. We will then apply
© to n and, via our ability to switch between tensor and non-tensor notation, use
dualisation to show that we can cobound (7). This result will extend naturally

to all other ordered cases.

Let n = fiQfo®- QR fy € @nﬂ% be the (n+1)-dimensional tensor product
of normalised functions of disjoint support with the functions f; € B satisfying
some order structure for ¢ = 0,...,n. We do not make any assumptions about
the relative orders of the functions but note that this construction immediately
gives us that there is a (unique) maximal element, i.e. for some 0 < i < n we
have f; < f; for all j # i. As we are looking at cyclic cohomology here, meaning
we are able to cycle the elements around without affecting the result, we can

assume without loss of generality that this element is f;.

—~n+1
For ¢ € ZC"(B) and, in tensor notation, fi ® - - ® f, ® fo € Q B recall that
the definition of cyclicity is

P([1®@ @ fa®fo)=(1)"0(fo® fLi® @ f), (5.154)

for f; € B.

Also recall that the d maps for our chain complex are given in Section 2.2.2. We
—n —~n—1
make a similar definition for the map d} : @ B — Q) B given by

di (/i@ fo) = [ifa® - @ fa— i@ fofs@ @ fp+ -+ (=1)"/i® @ fru1fa
(5.155)

This is entirely for notational convenience.

Once again for notational convenience we will also require the following defini-
~ —~n—1
tions. We define w; € @B and wy € X B as

wi=Ff @ f® fo (5.156)

and
wy=f3® - fr, ® fo. (5.157)
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respectively. Note that the f; are placeholders from our chosen 7. Then n =
fi®w; = f1 ® fo ® wy. Note also that for f € B

fror=f+xf® - ® [ ® fo, (5.158)

and
Wi f=L - f® foxf, (5.159)

and similarly for ws.
Finally we will need to make a new definition.

Definition. Let G € @n% be n-dimensional elementary tensor products. For
o € ZC" (W) we write [ ~ G if o(F) = +¢(G). We say that F and G are

cyclically equivalent.

This last definition is useful since we only ultimately consider what the value
of ¢ is on elementary tensors and as ¢ is cyclic we use this relation to make

connections.

Calculating s} o d"(f1 ® fa ® wy) gives us

spod"(fi® fa@wa) = sp(fo®@wa fi) — sp(fi1* fa @wa) + sp(f1 ® fo-wa)
—s5p(f1® fo® di ™ (w2))
=s5; (2@ @ fu® fi) = sp(fi @ wa)
+ 50 (1 ® fo-w) = sp(fL @ fo @ di ™ (wo))
=(=D)"(f2® @ fu @ Vy(f1)) = (=1)(Wy(f1) ® w2)
+ (=D (ky(f1) ® f2 - w2)

— (=D (my(f) @ fo @ di™H(wa)).
(5.160)

In the first term we can approximate v, (f1) by a linear combination of elemen-
tary tensor products of normalised functions of disjoint support, > >~ x; ® y;

where x;,1; € 8. Note once more that f, < y; < z; for all i = 1,2,... and

k # 1. This means that we can express the first term as
(D)"(f2®@ @ fu ®Wy(f) = (=1)" DY ifo® - @ fu@a; @y;.  (5.161)
i=1
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Under cyclicity this is cyclically equivalent to
D" 0w @ o ® 0 @ fo @i, (5.162)
i=1

and since (—1)"(—1)" = (—=1)?" =1 for all n € N these cancel out.

Thus we conclude that

spod (i®fh@w) =Y Ui ®fr® & fo@mi) + Yry(f) Dws
=1

(5.163)
— Yy (f1) ® fa - wa + Yy (f1) @ fo @ dfH(wo).
Now computing d"*! o sP™(f; ® fo ® wy) we get that
d"to 32“(”) = dnH(‘%,y(fl) Q2@ fu® fo). (5.164)

Again writing v, (f1) as a linear combination of elementary tensor products of

normalised functions of disjoint support we have that this is

—> ad ™ (@ @ @ f® - fu® fo), (5.165)

=1

which becomes
—Zai[yz‘®f2®"'®fn®fo*$i—xi*yz‘®f2®w2
i=1

+2, QY * foQuws — T, QY @ forwa+ 2, QY @ fa ® d?*lwg] (5.166)

or more simply

oo

—Zai(yi®f2®“'®fn®l’i)+f1®f2®002

i=1

— Yy (1) @ wa + Yy (1) ® fo - wo — Yiy(f1) ® fo @ di wy (5.167)

as y; * fa = y;, recalling that > o iz @ y; = Yey(fi) and D> o) quay *x y; =
k(Y (f1)) = f1 analogously from (5.104) earlier.
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Notice that the second term above is simply n and that we are therefore able to
see that
n=spod"(n)+d"osi(n). (5.168)

Thus it follows for ¢ € ZC"(B) that

p(n) = @(si o d™(n)) + @(d"* o 537 (n)), (5.169)

where the operation of taking limits ensures our disjointedness criteria are met.
Taking the limit of both sides then yields

p(n) = lim ¢(sp od"(n)) + lim @(d"*' o 53 (n)), (5.170)

k—oo k—o0

as p(n) is independent of k.

It is immediate, by duality, that

lim ¢(d"' o s (n)) = lim (6" ) (spT(n)) = lim 0 =0 (5.171)

k—o0 k—o0 k—oo

as ¢ € ker(6"). It also follows that

Jim p(sy 0 d"(n)) = lim ((s7)" 0 )(d"(n))
o0 —00 (5.172)

= (0"(sX@))(n)-
Since s%¢ € CC" ' (B) relabel this to be 1) and hence we have that

w(n) = (6"¥)(n) (5.173)

i.e. given a cyclic n-cocycle ¢ € ZC"(B) we are able to cobound it by ¢ = sl €
CC"'(B). As our choice of ¢ was arbitrary this holds for all ¢ € ZC"(B).

It should be remarked that this holds for all n € N by construction.

5.2.4 The locally compact case in degree n

In the last subsection, we used cyclicity to allow us without loss of generality

to assume that the maximal element in the n-dimensional elementary tensor
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product n was f;. Therefore by cyclic equivalence the result also holds when
fi is the maximal element, where ¢ = 0,...,n. Since we can split our general
function F' into a sum of functions F; defined on wedges where we know which
normalised function in the tensor product is the maximal element, the general
result follows by linearity: we can cobound each of the terms, and the coboundary

is multilinear.

As has been mentioned earlier, the linear span of such elementary tensors are

dense in B and hence it follows that
HC"(B) =0, (5.174)

for all n = 1,2, ...; our contracting homotopy holds for all n € N.

Looking at the general locally compact case in the n'® degree for the algebra B
we once more appeal to the Connes-Tzygan long exact sequence in Section 2.2.3.
In a way similar to that at the end of Section 4.2 we look at the section of the

Connes-Tzygan long exact sequence containing

. HC™(B) — HH"(B) — HC"(B) —— - - .

We know that HC" *(B8) and HC"(B) are trivial for n > 2 and that the sequence
is exact at HH"(B) and so

HH"(B) = ker(HH"(®B) — 0) = im(0 — HH"(2B)) =0, (5.175)
for n > 2. In other words we have shown that
HH"(B) =0 (5.176)

for the algebra B = L'(R,,v) and n > 2, that is the n'" simplicial cohomology
group for the algebra 9B is trivial for all n € N such that n > 2.

Originally this was the ultimate aim of this thesis, but we are able to extend our
results to more general locally compact cases. This is the aim of the rest of the

thesis and will be explained more in the next chapter.
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Chapter 6

A more general class of locally

compact semigroup algebras

In the previous chapters we have analysed simplicial cohomology groups of the
algebras A = (1(Z,,v) and B = L'(R,,v) with the focus being on using results

from the former to obtain results for the latter.

It is known ([15], Theorem 7.5 with k& = 1) that HH"(2) = 0 for all n € N while
we have shown that HH'(%B) = B* and HH"(B) = 0 for all n > 2.

The aim now is to take our methods further and ultimately consider the algebra
LY(X, <, i) where

e X is a semigroup with the binary operation v,

e (X, <) is a general totally ordered space with the order topology, in which

it is locally compact and

e /i is a o-finite, positive, regular Borel measure on X.

The definition of a totally ordered semigroup which is locally compact in its order
topology can be found in Section 2.1. The measure theory definitions are given

in the next section.

If we set X = R, and pu = A, which is Lebesgue measure, then we simply have
the algebra %B. Similarly setting X = Z, and p = 4, which is counting measure,
we have the algebra 2.
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Chapter 6. A more general class of locally compact semigroup algebras

As outlined in [3] the measure p can be uniquely decomposed into a linear combi-
nation of its continuous and discrete parts. In this chapter we consider only the
continuous part of the decomposition in order to generalise the results of Chapter
D.

Throughout this chapter we will denote by € the algebra L'(R,, <, i) where p,

is a continuous, o-finite, positive, regular Borel measure on R,.

6.1 Some definitions

Throughout this section we will make some important definitions regarding mea-

sures; for the background and a more comprehensive account see [7, 29].

First, let X be a set, X be a o-algebra over X and p a measure. It follows that
(X, X)) is called a measurable space, (X, X, 1) a measure space and the members

of X are termed measurable sets.

A measure pu, acting on the members of Y, is continuous if the measure of any
singleton set, and hence any discrete or countable set, is zero. Alternatively p is

a discrete measure if its support is at most a countable set.

When we say that p is o-finite we mean that the space X can be written as a
countable union of measurable sets each of which has finite measure with respect

to p.
We say that p is positive if it only takes nonnegative values.

A measure p is inner reqular if every measurable set in X can be approximated

from within by compact sets, that is for a measurable set M

(M) =sup{u(K): K C M, K compact}. (6.1)

It should be noted that p(K) is finite for all compact sets K if the measure is
locally finite, that is each point in X has a neighbourhood in X' which has finite

measure; this is not always automatic given the definition.

On the other hand pu is outer regular if any measurable set can be approximated
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from without by open sets, that is for a measurable set M

u(M) =inf{u(U) : M C U,U open}. (6.2)

We call p regular if it is both inner regular and outer regular.

The notions of continuity from above and continuity from below are applicable
to all measures. A measure p is continuous from below if for measurable sets
Ey, FE,, ... such that E, C E,,, for all n € N then U FE; is measurable and

ieN
p (U Ez) = lim p(E;). (6.3)
ieN e
A measure p is continuous from above if for measurable sets E7, Es, ... such that
E, D E,; for all n € N then ﬂ E; is measurable and
ieN
p (ﬂ Ez) = lim p(E;). (6.4)
ieN

A small note: on g-algebras, continuity from below is automatic, while continuity
from above is automatic if any of the sets in the nested sequence have finite

measure.

We now consider what it means for a measure to be a Borel measure.

6.2 Borel measures

An excellent text introducing Borel measures, along with other concepts of mea-
sure theory, is the book [31].

Consider a topological space X. Then the smallest possible o-algebra contain-
ing all open (equivalently closed) sets in X is called the Borel algebra on X.
Quite clearly such an algebra exists. Another way to form such a o-algebra is
to generate it by the open (equivalently closed) sets in X, i.e. start with the

open (equivalently closed) sets and add to this collection via the operations of
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countable unions, countable intersections and relative complements, then take

the intersection of all such o-algebras.
Sets which are contained within the Borel algebra are called Borel sets.

A measure p on the topological space X is a Borel measure if the space X is a

locally compact Hausdorff space and p is defined on the o-algebra of Borel sets.

In the case where X = R these definitions mean that the Borel algebra is the
smallest o-algebra which contains the intervals. A particular Borel measure,
sometimes referred to as ‘the’ Borel measure on R, is the measure on this algebra
giving the intervals, i.e. [a, b], the measure b—a: in other words Lebesgue measure

restricted to intervals .

Unfortunately Borel measures are not generally complete, which is why in most
cases Lebesgue measure is usually preferred. A complete measure space is a
measure space where the subsets of all null sets are measurable. Naturally, such

subsets must therefore have measure zero.

6.3 The diagonal in R

Before conducting any further analysis an investigation of the diagonal is required.
Let D denote the diagonal {(z,z) : # € Ry} in RZ. The necessary result which
is being sought here is that the continuous measure of D in R? is zero. Some of

the techniques from this proof will also be useful later on.

Lemma 6.1. Let p. be a continuous, o-finite, positive, reqular Borel measure on
Ry, and let D be the diagonal in R%. Then ug) (D) =0, where ,ug) 18 the product

measure fi. ® fr. on R%.

Proof. Let D; denote the section of the diagonal D contained in the box [i,i+ 1)?
for:=20,1,2,.... Then

D—Du, (6.5)
=0

with D; N D; = () whenever i # j.
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So by countable additivity

WD) = (f] m) Y uD,), (6.6)

Without loss of generality consider Dy C [0,1)2. The method is to dyadically

split the interval [0, 1) into subintervals of equal measure.

Now we define E,,..,, as

0,a9..0), a1---a,=0---0,
Eoyan = [ " 0) ' (6'7)

[y ay—0--015 Qayay, )5 €lSE,

witha; =0or 1fort=1,...,n and a;..; = 1.

Pictorially this is:

[0,1)

E
[0,c0) / \ [co0,1)
E, E

0 1
[0,c00) / ™~ [00,01) [ao1,0010) e \ [a10,1)
Eoo Eo Eqg Eyy
S\ S\ S\ S\

Notice that the top level is where n = 0, the second level (containing Fy and E})

is where n = 1 and so on.

Consider [0,1), and define

ap = sup {t €10,1) : p([0,¢)) < %uc([o, 1))} : (6.8)

Then 10([0, ) = 2p1c([0,1)). For if ¢ < ap then .([0,¢)) < 1p.([0,1)) by
definition. Also s.([0, 0 — 2)) < 11c([0, ) < 2110([0,1)), again by definition for
all n € N. Finally pc([0, 0 + 2)) > 31c([0,1)) for all n € N, else ap would not

be the supremum.

Thus by continuity from above and below

pe([0, 00)) = 20, 1)), (6.9)
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Then in turn .
pe(lao, 1)) = ([0, 1)) (6.10)
by countable additivity.

Similar arguments hold for every splitting. Thus

1
Mc(Eal---anO) = ,uc(Eal---an1> = §Nc(Ea1---an)7 (611>

or in other words every child receives exactly half the measure of its parent. The

reason for this construction will become clear later on.

Now make the inductive definitions

M,= |J El ... (6.12)
a;=0 or 1
such that
M, = Eg U Ef,
M, = E3, UE3; UE} UES, (6.13)

with My = E? = [0,1)2.
Then Dy C M, for all n € Z, and My D My O My D ---. In fact
lim M, =D ie. (| M, = Do. (6.14)

n—00
n=0

Thus the box [0,1)? has been split up into smaller and smaller disjoint boxes
which collectively contain the diagonal.

It is now necessary to prove that ,ug)(Mn) — 0 as n — oo.

It follows that

Nz(:z)(Mn>: Z N@(Egl---an): Z Nz(Earv-an)a (6.15)

a;=0 or 1 a;=0or 1

as My, =U, _g or 1 E2,...q, and these boxes are pairwise disjoint.
=
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1 1
(8]
0 0
0 1 0 g ; |
M, M,

Figure 6.1: Smaller and smaller disjoint boxes collectively containing Dy

Now note that

> pe(Bayea,) = 1. (6.16)

a; =0or 1

The next part is analogous to Konig’s Lemma (Lemma 8.1.2 in [11]; also §49,
Lemma 10 in [25]).

Let € > 0. Eventually there exists a level n where pi.(FEy,..q,) < € for all a; - - - a,

where a; =0or land i =1,...,n.

For suppose this is not the case. Then at every level n there exists an interval
Eo,..q, With p.(Fq,..q,) > €. It follows by monotonicity of the measure that the
parent of such an interval also has measure greater than ¢, and so it is possible to
construct an infinite path in the tree in Figure (6.1) starting at E such that the
intervals in this path form a nested sequence and that each has measure greater

than e. In other words a nested sequence
EDFE, DFE44 2+, a;=0o0r1, (6.17)

is created such that p.(Eq,..q,) > € for alln € Z,.

Note that lim F,,..,, is a singleton point, of measure zero here (by virtue of the
n—oo

fact that the measure is continuous in this case). This contradicts the fact that

pe(Eay.a,) > € for every n € Z;.
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Hence for large enough n it follows that

0 < pe(Eyy.n) <€

Thus, again assuming n is large enough,

pP(M) = Y (7 )

a;=0 or 1

= Z (t1e(Eq, .a,,))?, (product measure),

a;=0or 1

< Z € te(Eay.a,), (by above argument),

a;=0or 1

=€ Z te(Eay-a,)

ai:O or 1
=e€-1, (by (6.16))

:6’

and thus
12 (M,) < eforalln > N €N and € > 0.

Hence by definition /Lg2)(Mn) — 0 as n — oo.

Using this it now follows that

n—oo

p (Do) = p? (ﬂ Mn> = lim p{?(M,) =0
n=0

by continuity from above and below, i.e. ,uﬁz) (Do) = 0.

A similar argument holds for all ¢« € Z, to obtain the result

@ (D;) = 0.

c

Hence, finally, we are able to conclude that

pP(D) = pP (D)= 0=0,
i=0 i=0
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or in other words

n?(D) =0, (6.24)

as required. O

6.4 Adjusting the spreading out function

In Chapters 4 and 5 we necessarily created and used the spreading-out functions
€r and ;. Such functions are once again necessary here but they need adjusting
to accommodate the changes in the measure; this will become more apparent as

the proceeding analysis continues.

Consider the division of R, into intervals of length one, where I; = [i,i + 1).
As in the previous section divide each of these intervals dyadically so that each
division imparts half of the currently available measure, and let E((fl)...an denote

the dyadic intervals at the n'" level of interval I;.

Now let fE(Z-) € €, where fE“) is a function in ¢ defined on the interval
. D am
E(i)
et -
Definition. The spreading-out function v, : € — €€ is defined for fp@ by
Do
the formula
X pti-v ()
fE(i) (l’) 1~~1i_1 y Qo ap = 0 077’ > ]-7
0 (B
Wy @Y=y (f e @)=
D an D an
fo (@)
: x . else
EY. . i ) )
1 C(E(((l)l"‘an)l>
(6.25)

!/

where (ay---a,) = ay---a, —0---01; in other words (a; - --a,)" is the binary

number (a; - - - a,) minus 1.

The spreading-out function then applies to a general f € € by linearity; for given
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such a function f write it as

f= Z fIi
0 (6.26)
= Z fE(i)
i=1 a

afan
;=0 or 1

Then it follows by linearity that

%(f)zi > w (fEé"J..an)' (6.27)

i=1 a;=0or 1

Y
y=a

Eﬂl...ﬂn SUpp (Tk-y(fEE]'”ﬂrt })
E[ﬂl-'-anl’ © ‘_J
Eml...ﬂnji_ ~ > - ——\\I

I [ | : supp (ﬁrk.y(fEml---aﬂJ’))

L -

| B | | |

5 & &
R K

Figure 6.2: An illustration of how the spreading out function works

(i

Note that uc(Eal)..,an) = 0 by construction for all n € Z.

The inherent problem with this method is what to do for f,_ ) , as there is clearly
0---0

no predecessor E..oy. One way around this problem is to further utilise the

concept employed throughout this thesis, that of disjointly supported functions.

This is a good idea since the only functions truly considered are those of well-
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separated supports.

Thus given a function f € € assume that xy_103 < f, i.e. that there is a
clear separation between the point 0 and the support of f. So when given such
a function f there exists N € N such that for all n > N it follows that Eéq),o ¢

supp(f).
The reason that this is possible is due to the fact that the step/characteristic

function are dense in L'-spaces (Chapter 3, Theorem 3.5). Thus the assumption

that x o) < [ is representative of this fact.

An alternative is to note that, as in Section 5.1.1, we are only applying the
spreading out function to indicator functions that are not only well-separated
from zero but are also order related to another indicator function which has

support between zero and the support of our function.

6.4.1 The inverse to the spreading out function

As before we will require a left inverse to the spreading-out function v;. Following

the same premise as before we define this function 7, : €€ — € as

Fruy (2, 8)dpe(t) + /[0 )FJXJ_(t,x)duc(t), (6.28)

T (Frxr_) () :/

[0,2)

where F.; € €R€C is supported on the domain J x J_ where

_ (@) Q)
J = Eay = T = By s @10 £0--10, (6.20)
or J = E(SZ)O =J_ = Ey_ll)

The crucial assumption here is that n is taken large enough to ensure the clear

separation from {0} argument holds as above, making

fpo =0. (6.30)
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Then it follows for J and J_ defined above that

7 XJ_(t) ! X ()
= Jy Pt ) O (6.31)
_ fre(J-)
Bl f‘](x)uc(J—) 0
= fi(x)

The second term vanishes because we require that x € J in order to avoid the
trivial outcome where everything reduces simply to zero and so the characteristic
function over J_ vanishes, while the first term sees the whole of the characteristic

function in ¢ integrated out leaving behind the measure of its domain, namely
pe(J-).
Finally observe that if J = E(()?)-o then f; = 0 and it then follows that m (v (fr)) =
0, too.

Hence it follows that 7 is a left inverse for ~;.

6.4.2 The approximate module property

Consider f; and gx with K being defined similarly to J, which is given above,
such that gx < f; and f;, g are normalised as always. It is now necessary to

see what happens when ~,(f;) and gx are convolved together.

To maintain consistency in notation it is imperative to define, where a € €,

G € eRe,

(a%C)(xy) = /0 " a(t)dt- Gla,y) + a(x) - /0 "Gy, (6.32)

and

(Gxa)(z,y) = /O?J G(z,t)dt - a(y) + G(z,y) - /O?J a(t)dt, (6.33)

for then it follows that for G = f® ¢
(fegra=fe(gxa) & ax(f@g)=(axf)@g (6.34)
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Using this setup, and noting that n is sufficiently large enough to ensure that the
intervals are well separated and ordered such that K is below J_ which is in turn
below J, yields that

() % 920) (. y) = / ") (@ 0t - g () + 1l F) () - / " i ()t

0

). Yxa() x_XJ,(y). Y
=) [ B+ o) oo
(6.35)

For this entire expression to be nontrivial it is necessary that y € J_, for if, in
particular, y € K then everything reduces to zero. Then the first term reduces
to zero regardless as the limits of the integral do not reach the domain of x;_
while the integral in the second term is simply 1 as the limits cover the whole of

the domain of the normalised function gg.

Hence this whole expression reduces simply to

X7 (y)
fre(J-)

(Ve(f5) * g )(@,y) = 0+ fy(x) - 1= 2(f)(2,y)- (6.36)

An almost identical calculation reveals that
(gr * (1) (@, y) = w(f1)(z,y). (6.37)

Consideration of what happens for these calculations when f; < g, as in Chapter
5, is possible and follows in a similar way. As these calculations do not appear in

our analysis we will not include them here and leave them for the reader.

6.5 The simplicial cohomology groups
of Ll(R—H S: :LLC)

It is already known from [3] that HH'(€) 2 ¢* which, as has already been stated,
is isomorphic to L>®(R,, <, pi.). We now show that for n > 2 we have that

HH™(€) = 0. (6.38)
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The analysis here follows identically to that in Sections 5.2.2 and 5.2.3.

First we consider the (n + 1)-dimensional tensor product n = f1 ® --- ® f, ® fo
—~n+1

in ¢ of normalised functions of disjoint support with the functions f; € €

satisfying some order structure for ¢ = 0,...,n in the cyclic context. Because of

cyclicity we are once again able to consider the case when f; < f; for ¢ # 1.

Because of the work done earlier in the current section we are in a position to
define our contracting homotopy of our cyclic chain and cochain complexes here
exactly as found previously, namely that in (5.130) and (5.127) but with C in
place of B, defining s}, s}, 0" and d" in the same way. We are again able to
approximate Yx(f1) by a linear combination of elementary tensor products of
normalised functions of disjoint support, °, z; ® y;, with f; < z; < y; for all
1=1,2,..., 7 # 1 and large enough k; this is analogous to the approximation of

’Yk,y(fl)-

We follow the calculations found in Section 5.2.3 through and arrive at the con-

clusion
n=si, 0 d™(n) + ™ o s1H(y) (6.39)

and thus for ¢ € ZC"(B)

w(n) = sy, od"(n) +e(d* o sptl(n)), (6.40)

where the operation of taking limits ensures our disjointedness criteria are met

once more.

We are immediately able to conclude that the second term is trivial as before,

and by duality arguments and a relabeling we therefore see that

w(n) = (0")(n) (6.41)

and hence
HC"(€) =0 (6.42)
for all n € N.

An appeal to the Connes-Tzygan long exact sequence as in Section 5.2.4 yields
that
HH"(€) =20 (6.43)
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for all n > 2.

Considering the first part of the sequence as given in Section 2.2.3 we see that

the sequence

0 HH'(¢) — HC'(@) 0

is exact.

Note that the space HC’(€) is exactly the space of traces on the algebra ¢ which

is isomorphic to €*; this is a well-known identification. Then we have that
0 = im(0 — HH'(¢)) = ker(HH'(¢) — €*) (6.44)
and so the map from HH'(€) into €* is injective, while
im(HH' (¢) — ¢*) = ker(€* — 0) = ¢* (6.45)

shows that the map is also surjective. Thus we have an isomorphism, showing us
that
HH'(¢) = ¢ (6.46)

exactly as before.

6.6 Extending to a general totally ordered, lo-

cally compact semigroup

We now extend our results to the most general case for a continuous, o-finite,
regular, positive Borel measure p.; changing (R, ,v) in our algebra to (X,v), a
general totally ordered semigroup which is locally compact its order topology, as
defined in Section 2.1. Because there will be no ambiguity, we will drop the v

notation.

First we investigate the structure of the semigroup (X, <, p.). The method is

similar to that found in [2].

Definition. Define the equivalence relation ~ such that for z,y € X and = <y

we have x ~ y if p.([z,y)) < co. It is straightforward to see that this is indeed
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an equivalence relation, which we leave to the reader to show.

Definition. A transversal is a set containing exactly one element from each

member of a collection.

We now prove the following necessary result about X.

Lemma 6.2. The equivalence classes of X under the relation =~ are disjoint and

totally ordered intervals.

Note. In our case, given the nature of later calculations, we are dealing with
countably many equivalence classes here (therefore making the transveral here
possess countably many elements). A problem arises if p.((a,b)) = 0 for a,b € X
such that a # b. One way to counter such a problem is to insist on the measure
being strictly positive, that is the support of p. is the whole space X; this ensures
that every nonempty open interval in X has strictly positive measure and is hence

infinite. Lebesgue measure is strictly positive.

Proof. Let x ~ 2/ in [z] and y ~ ¢ in [y|, where [-] denotes the equivalence class

of -, such that x < y and therefore 2’ < v/'.

As z and y are in different equivalence classes it must be that u.([z,y)) = oo.
We also have that p.([z,2")) < oo and p.([y, ")) < co. Thus

00 = pe([2,y)) < pe([z, ")) + pe[2',y") + pe(ly, v')) (6.47)

by the triangle inequality. Since p.([z,2’)) and p.([y,y’)) are both finite it must
be that u.([z’,y")) = oo and hence 2’ and ' are in different equivalence classes.

Therefore [z] and [y] are disjoint.
To prove that the equivalence classes are totally ordered we use representatives.

For transitivity, if [z] < [y] and [y] < [z] then z <y and y < z for all z € [z],y €
ly] and z € [z]. As z,y,z € X and X is totally ordered it trivially follows that
x < zfor all z € [x] and z € [z], and thus [z] < [2].

Now if [z] < [y] then it must be that x < y for all z € [z],y € [y]. As X is totally

ordered we cannot have y < z for any = € [z],y € [y] and so we cannot have
[y < [2].
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The hardest part is proving antisymmetry. Let [z] < [y] and [y] < [z]. Then we

can choose representatives x € [z],y € [y]| such that x < y. We are also able to

choose representatives 2’ € [z],y’ € [y] such that y < z'.

Within the equivalence class [z] one of x < 2’ or 2’ < 2 must hold. If z < 2’ then
we can conclude that 3/ < 2/ < x < y, and so by inclusion and non-negativity
of measures p.([z,y)) < p([y',y)) < co as y and ' are in the same equivalence

class.

On the other hand, if x < 2’ then either y/ < x or z <. If y < x then we have
that 3 <z <y, and thus p.([z,y)) < p([y',y)) < oo. If x < ¢ then we have
that x <y’ < 2’ and hence p.([y,2')) < pc([z,2")) < 0o as x and 2’ are in the

same equivalence class.
This covers every possibility and in all of the cases we have for x € [z],y € [y]

that p.([z,y)) < oo and so z ~ y or [z] = [y] as required.

To see that the equivalence classes are intervals in X we choose a € [a] and define

the function 7 : [a] — R by the formula

v(z) = pela, ), (6.48)
V(@') = plr'a)), (6.49)

for z, 2’ € [a] such that 2’ < a < x. Then it is not hard to see, given the condition
of strict positivity, that imy = J, an interval in R such that 0 € J. It follows

that v is a bijection from [a] onto J and so the two are isomorphic. O

The multiplication in our semigroup X is simply an extension of the multipli-
cation in each of the individual semigroups that go into making its sum. Let
[a;], [a;] be equivalence classes in X under ~ such that i < j, say. If i < j then
a; < aj and [a;] N [a;] = 0, i.e. the intervals are ordered and disjoint. If on the

other hand i = j then [a;] = [q;].

Then for s € [a;] and t € [a;] we have that

t, <7,
svt = o (6.50)
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It should be noted at this point that equivalence classes under the relation = in
X are open. For if x € [a] then local compactness implies that there exists a
compact neighbourhood of x. Using this neighbourhood we are able to find an
open interval of finite length I (take the maximum and minimum elements of
the totally ordered neighbourhood) which contains x such that I U [a] = I. So
I C lal.

As this holds for every point of [a] we are able to write [a] as an arbitrary union

of open intervals, making it open.

It should also be noted that using the same logic and ¢, the complement of
I, instead we can also write [a] as an arbitrary intersection of closed intervals,

making [a] closed as well.

We are now able to see that X can be written as a union of disjoint, totally

ordered intervals;

X = U[mi], (6.51)

where T is a countable transversal of X/ ~.

We can therefore consider L'(X, <, i) to be equivalent to the ¢'-direct sum

P L' (. <., (6.52)

€T
The fundamental result of this section is now presented as:

Theorem 6.1. Let [a] be an equivalence class in X under the relation ~. Then
Ll([a]HuC) = Ll((ba C)a)‘>7 (653)
where b,c € RU{xoo} and X is Lebesgue measure.

Note that b, ¢ could be 00 or simply finite numbers in R. As we are dealing with
continuous measures it follows that the inclusion or exclusion of the endpoints

b, ¢ is a null point, especially as [a] is both open and closed.

Proof. We have shown that [a] is an interval, say (x,y); this could be unbounded
in either or both directions. Let f € L'([a],p.) = L'((z,y),p.) and fix the
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point a € [a] = (x,y) € X. It should be noted that a cannot be an unattain-
able endpoint (although it can be a finite endpoint) due to the definition of the

equivalence relation =, i.e. there exist z1,xs € [a] such that z; < a < z.
We now define the transformation 7 : (z,y) — (b, ¢) by the formula
_:U’c(t7 CL), t < a,

7(t) = - (6.54)
+ie(a,t), a<t.

Then we have that 7(a) = 0. Thus 0 € (b, ¢), where b,c € RU {£o0}. Note that

we have no control over what b and ¢ are.

Now given f(t) = g(t) € L'([a], ) = L' ((x,y), pte) such that

1,t € |21, 29|,
3(t) = =, 7] (6.55)
0, else,
we define the map g — ¢ such that
g(t) = g(7(t)) (6.56)

for t € [z, 2] = supp(g) where z < 1 < x5 <y and g € L' ((b,¢), \). For these
step functions, which we have scaled to have value 1 on their supports, this is

clearly injective and onto. Additionally, we have that
~ y ~
13l = [ @dne = el 2) (6.57

Also (o)
loll = [ lotoat = [ latoa (6.5

(1)
and since for all ¢ € (7(x1),7(x2)) = supp(g) there exists t’ € (z1,x2) = supp(g)
such that 7(t') = t it follows that ¢g(t) = g(7(t')) = g(t') = 1 here and thus

7(z2) 7(w2)
/ lg(t)|dt = / dt = 1(xq) — 7(21). (6.59)
7(x1) 7(z1)
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Then

NC((aa xQ)) - ILLC(((I, Il))? a < 1 < Ty,
T(22) — T(21) = § —pe((22,0)) + pe((21,0)), x1 < 25 < a, (6.60)
MC((ava)) + Mc((xla ))7 r1 < a < @,

which, by countable additivity of u., is exactly p.((z1,22)) as required.

Since this holds for step functions, which are dense in L' algebras, it follows that

the map ¢ +— ¢ is an isometric isomorphism.

Now consider step functions f, g € L'([a], pe). We need to show that our isometric

isomorphism preserves the product structure.

Under the isomorphism f is mapped to f such that f(7(t)) = ( ) while g is
mapped to g such that g(7(¢t)) = g(¢t) for all ¢ € supp(g). The convolution of
these images is then f* g € L'((b,c), \). But for all z € (b, c) there exists t € [d]

such that 7(¢) = = and so
(f*9)(y) = (f x9)(7(t)). (6.61)

On the other hand, the product of f and § is a function / in L'(Ja], pte). Under our
isometric isomorphism this is mapped to the function A such that h(7(t)) = ﬁ(t)
for t € [a]. But

/\

Q)

~

(f *
5 6.62
/ f(u)dpe(u) - g(t) + f(2) - / Glu)dpc(u). (002

Compare this to
(f* 9)(r(t) = (f % ) (x) = / Fwdegla) + f(a): / oo, (6.63

First we can see that as 7 is an order-preserving isomorphism it follows that for

the step function with value 1 and supp(f) = (z1, x2)
/ f)dv =z — x1. (6.64)
v<x
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But there exist ¢, ¢; such that 7(¢;) = x; and 7(¢) = z, and so this becomes

pe(0,8) — pel(at)), @<t <t
T(t) = 7(t) = 4§ pe((a,1)) = (—pe((ti,a))), tr<a <t (6.65)
_MC((tv CL)) ( ,U/c((tly ))) 15t<a

all of which equate to p.((t1,t)) via countable additivity of p,.

Compare this to

/  Fluydu = pl1.1). (6.66)

as supp(f) = (21, z9) implies that supp(f) = (t1,t2) where 7(t2) = zo.

Since for all x there exists ¢ such that 7(t) = z it follows that f(z) = f(7(t)) =
F(t). As these hold for g as well we have that

h(t) = (f * 9)(r (1)) (6.67)

and since both (f % ¢)(7(t)) and h(7(t)) equal /ﬁ(t) it follows that h = f x g, i.e.
that f =g is mapped to f % g such that (f % ¢)(7(t)) = (f *§)(t); as [ is obtained
from ]?, and similarly for g, this therefore shows that our isomorphism preserves

the product structure of our algebras on step functions.

As the step functions are dense in L!-algebras it follows by density arguments that
this holds for all functions; therefore we have an algebra isometric isomorphism
from L'([a], u.) to L*((b,c), ) as required. O

Essentially this allows us to consider the algebra L'(X, <, u.) to be a sum of
algebras which are in effect copies (or subalgebras) of L}(R,, <, ), L}(R_, <, \)
or LY(R, <, \).

We are now in a position to make our conclusion. We are able to write
Y(X, <, pe) @Ll (bs, ¢i),i, <, N, (6.68)
€T

where b;,¢; € R U {£oo} and i denotes the transversal element indexing the

summand.
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The product on this algebra is a subtle one, but it must be such that it preserves

the isomorphism of Banach algebras, not just Banach spaces.

Consider the case when X can be decomposed into two intervals; the general case

for n intervals follows from this analysis. Thus we have

LNX, <, pe) = LN([24,], <, pte) @ L ([24,], <, pie).- (6.69)

As the equivalence classes of X are ordered we may assume, without loss of
generality, that [z;,] < [z;,]. Then f,g € L*(X, <, u.) are such that f = fi* @ f
and g = ¢g" @ g2, where f', g € L'([z;], <,pe) for i = iy,i5. Then since the

multiplication on L'(X,, <, u1.) is that of convolution we have that

@ = [ rwdnn) g+ @) [ st
= [ e - (6" @ )
(@ f) () / (4" ® ) (w)dpc(w)
/f“ )dpe(u) - /f“ Vdpie(u) - g™ ()
+ /u . S (u)dpe(u) - g™ (x) + /u . fe(u)dp(u) - g™ ()
@) [ g @)+ @)
(w) + f(a)

u<x
() / g (w)dpie(u / g
u<x u<x

*(u)dpc(u)
(u)dpue(

+ f2(x 2(w)dpe(w).

(6.70)
After collecting terms it is easy to see that
(frg)(x) = (f" % g")(@) + (f" + g?)(x) + (f? % g") (@) + (f2 % g7)(2). (6.71)
Hence it must be that the product on @, ., L'([a;], <, A) is

(frg)@)=("D - Df")x(g" D - Dg™)
= S (g @), 072

teT?
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where T' = {iy,...,i,} and t = (¢, t3) here. It is easily seen that our isomorphism

respects this product by linearity.

Remark. The order structure on this algebra is initially decided via transversals.
In decomposing X into its collection of intervals indexed by a transversal, these
intervals are ordered. Thus we can order the transversal elements to preserve this

ordering, i.e. if [z;] < [z;] in X/ ~ theni < jin T.

Thus if f; € L'([z:], <, pe) = LY((bs,¢;),i,<,\) for i = iy,ip then f;; < fi,
regardless of the relative positioning of the intervals (b;,, ¢;,) and (b;,, ¢;,); essen-
tially the transversal is the component used to determine order initially. If the
two functions are indexed by the same transversal element then relative order is

arrived at in the usual way, identical to that used for the case when X =R,.

We are thus able to consider L'(X, <, u.) as an ¢! direct sum of L' algebras

defined on intervals (b;, ¢;) for i € T, a transversal set for X/ ~.

We are now interested in showing the triviality of the cyclic cohomology groups for
this algebra ® = L'(X, <, i.). To do this we will again show that a contracting
homotopy exists here, again exactly as in (5.130) and (5.127) (but with © instead
of B), with s}, s?, 6" and d,, defined as found there, by proving the identity

spod+d" ot =1 (6.73)

exactly as in Section 5.2.

Consider the elementary tensor product n = f1®---® f, ® fo € ®n+1 ®; by the
density and overlapping arguments prevalent throughout this thesis it is enough
to consider the functions f; for j = 0,...,n to have ordered and disjoint supports
in X. It should be noted that, as before, s} is also well-defined for n € CC,,(D) too,
but as we are following the method in Section 5.2.3 it is necessary to consider a
general tensor product rather than a cyclic one; for in the analysis in Section 5.2.3
we then, implicitly, make the connection with CC, (®) enabling us to introduce
¢ € ZC"(®), which is where the cyclicity comes in, and move to the dual and

thus our ultimate conclusion: that HC"(®) is trivial for all n € N.

As X is a disjoint union of its equivalence classes under the relation ~, we may
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write each f; as the direct sum @, f; It then follows by linearity that

(spod™+d"Mosi ™) () = P (spod+d" M osy ™) (fil@---@fir @ f10). (6.74)

teTntl

Calculating this directly would be very computationally intensive as we would
have to consider all of the possible order cases within each interval defined by a
transversal element, of which there are many. Therefore we try to emulate what
we have done in the previous chapter; we will show that each of the arguments
of the summands can be embedded into L'(R,, <, \) and so conclude that the
identity holds as before.

Let f,g € ® and write X as a disjoint union of its equivalence classes,

X:UML (6.75)

Using our map 7 from [a;] = (x,y) C X to (b, ¢;) C R, we define a family of

submaps, 7; such that

[ail, = 7,1 ((bs,ci) N [k, k+1)). (6.76)

Then we can see that p.([a;]x) < 1 due to the isometric nature of the map 7,

from which this family is derived, and

X= ] fed (6.77)

(4,k)ETXZ

which induces the associated map 77 : L*([a;]) — L'(b;, ¢;) such that 7o f = for;.

Without loss of generality suppose that f,g € ® are supported on |_| (@],
(i,k)EF
where F' C T x Z such that |F| < oo; in other words assume f, g are supported

on finite (or compact) intervals. We obtain the general case by expanding through

density arguments once again.

We then define 75 : |_| [a;]x — Ry with the formula
(3,k)eF

Tr([as)k) = 20 k), 20 k) + 1), (6.78)
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where £y = | {(7, k") : (', k") < (i,k)}|. For instance, the minimum in F' (which
exists due to the total ordering of T x Z), say, (g, ko), results in the unit interval
section [a;, |k, being mapped to the unit interval [0,1) in R, with its immediate

successor in F’ being mapped to [2,3) and so on.

The map induced by 7z, 75, is then a map from L'([a;], pe) to L'(R, ), the
latter of which is isometrically isomorphic to L'(R, \), such that

Tr(f *9) = e (f) * Tr(9), (6.79)

by analogy to the isomorphism in Theorem (6.1), meaning that we have success-

fully embedded the element f € L'(|; scplailk, pe) into L'(Ry, A).

This means that we may consider f;l1 ®--® fﬁj ® f;(? as an element of L'(R', \)

for which we already know that

(spod"+d" M osi™)(fi @ ® fin® fio) =1, (6.80)

J

and hence it follows that

P (sped'+dospt ) (fle- 0 frof) = D 1@, i (alcpn, (681)

teTnt1 teTn+1

which is the identity on @, . L'([a;], <, ) as required.

Remark. We may be worried that applying the s-maps to a function may spread
the support of that function beyond the interval in which it is defined, but as
we only apply these maps to the function with the biggest support in the order
structure on the supports it means that we only ever apply it to functions that are
well-separated from the lower edge of each interval. Therefore there will always

be scope to apply these maps.

Alternatively we could also invoke the separation from zero argument found in
Section 6.4.

From our analysis, identical to that in Section 5.2.3, it then follows that the cyclic

cohomology groups of ® = LY(X, <, u.) are also trivial, that is

HC"(D) =0, for all n € N. (6.82)
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The Connes-Tzygan long exact sequence used exactly as before then yields to us
the final result of this thesis:

Theorem 6.2. Let (X, <) be a totally ordered semigroup which is locally compact
in its order topology and let u. be a continuous, o-finite, reqular, positive Borel

measure. Then we have for n € N,

L1X7<7 Cc *gLOOX7§7 c/» :17

0, else.
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Conclusions and further work

Throughout this thesis we have seen that calculating the simplicial cohomology
groups for semigroup algebras in the locally compact case is not an easy task,
despite appearances. Even proving the triviality of higher degrees of these groups
can become very involved, technical and subtle, relying on a multitude of tech-

niques and results.

In Chapter 3 we created an alternative method for calculating the first simplicial
cohomology group with coefficients in L*(R,v), reinforcing the result proven by
Blackmore in [3]. This allowed us to move on to investigating higher degrees,
with the second simplicial cohomology group for L'(R,,v) being the focus of

Chapter 4. Our method allowed us to show that this group is trivial.

In considering the n'* simplicial cohomology group for this algebra our method
became restrictive and so we were forced to make modifications in order to pro-
ceed, namely using the notion of a contracting homotopy. Chapter 5 dealt with
these changes and then proved the results of Chapter 4 in order to demonstrate
that these modifications do indeed work. The remainder of Chapter 5 took this
modified method and showed that the n'® simplicial cohomology group with co-

efficients in L'(R,,v) was trivial for n > 2.

We were able to take these methods further in Chapter 6, analysing initially the
case where the underlying semigroup for our algebra is (R, , <, ui.), where p, is
a more general continuous Borel measure than the Lebesgue measure we had

before, and finally the most general case where (R,,v) is replaced by a more
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general totally ordered, locally compact semigroup (X, <,v); in both cases we

were able to show that the same results apply as those for the algebra L'(R,v).

Despite what we were able to do there are still a number of questions that could
be the source of some further work on this subject. Some possible avenues of

future research are given here.

Question. What would be the effect of changing the underlying total order to a
partial order? For instance one could consider the algebra L'(R2,v) and attempt

to ascertain if this algebra has trivial higher order simplicial cohomology also.

This question has already been answered in some cases by Gourdeau, Lykova
and White in [14] who investigated the higher dimensional simplicial cohomology
groups of L*(R%, +).

We might also consider what changes would be wrought to our results if we change
the binary operation within the semigroup, but there appear to be no other
natural operations left to consider; the min operation is intimately connected to
max, which we have considered here, and x to 4, which has been considered

elsewhere.

Question. What are the corresponding results for the more general algebras
LP(X, <, p.) when 1 <p < oo?
This question has been partially answered by Blackmore in [3] where he looked

at the first simplicial cohomology group of LP(]0, 1], m) where 1 < p < oo and m

is Lebesgue measure.

Question. Would it be possible to change the continuous, o-finite, positive,

reqular Borel measure on X to a more general Radon measure?

Question. Could we generate Kunneth formulae for our work, for example to
cover the algebras L*(R%,v) and (1(Z%,v)?

Note that for the algebra ¢*(Z2, v) the underlying semigroup is a unital semilattice
(via pointwise operations) and so has already been covered by Choi in his paper
[3].

The final point of consideration is to look at what happens if we have a general

measure, not just a continuous measure. Blackmore in [3] states that a o-finite,

positive, regular Borel measure on X, u, can be uniquely decomposed into its
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discrete and continuous parts, i = pg + . Based on the result from his paper
and from the work we have conducted in Chapter 6 it appears that we are able

to apply the same logic and hence make the following observation:

Conjecture. Let (X, <, u) be a totally ordered semigroup which is locally compact
in its order topology, and let p be a o-finite, positive, reqular Borel measure on

X with discrete part pg and continuous part p.. Then for n € N we have that

HH'(LY(X, <, p) 2 HH (LY(X, <, 1a)) © HHY(LY(X, <, 1)) (7.1)

We would then be able to consider the discrete and continuous parts separately,

into which a lot of work has gone already. That concludes this thesis.
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