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Abstract

Human beings from the moment they understood the power of their brain tried
to create things to make their life easier and satisfy their needs either physical or
mental. Inventions became more and more complicated, covering almost every
aspect of human life and satisfying the never ending human curiosity. One of
the reasons for this complexity is that an increasing number of systems exhibit
concurrency. The development of concurrent systems is generally challenging
since it is more difficult to fully understand their exact behaviour. In this thesis
We present and investigate two of the most widely used and well studied theories
to capture concurrent behaviour. Based on the results of PBC, we develop two
algebras, one based on term re-writing and the other on Petri nets, aimed at the
Specification and analysis of concurrent systems with timing information. The
former is based on process expressions (at-expressions) and employs a set of SOS
Tules providing their operational semantics. The latter is based on a class of
Petri nets with time restrictions associated with their arcs, called at-boxes, and
the corresponding transition firing rule. We relate the two algebras through a
Compositionally defined mapping which for a given at-expression returns an at-
box with behaviourally equivalent transition system. The resulting framework
consisting of the two algebras is called the Timed-Arc Petri Box Calculus, or
atPBC, ' '



Intrbduction

Human beings from the moment they understood the power of their brain tried
to create things to make their life easier and satisfy their needs either physical or
Mental. They were building all sort of contraptions, starting for example from
simple and common nowadays but really fundamental things like the lever or the
wheel. But the human mind did not stop when the need to raise something with a
lever was satisfied or when it became possible to carry big piles of stone in order to
build a shelter. Inventions became more and more complicated, covering almost
every aspect of human life and satisfying the never ending human curiosity. It
Is impossible to measure the increase in complexity of systems from the simple
‘sort of round’ wheel till the latest space exploration shuttle, the state of the
art electronic microscope possible to reach subatomic levels or even the internet.
One of the reasons for the increased complexity is that the number of systems
that work concurrently is increasing extremely fast.

The meaning of the term ‘concurrently’ is that the system can perform a
humber of its specified actions at the same time. An external observer may
not be able to distinguish any particular order of these actions. Amongst other
Teasons that led to concurrent systems’ design is the need for extra speed. In
an oversimplified example, let us assume that there are four numbers that need
to be added and there is a calculator with one ‘computing’ element and another
one with two ‘computing’ elements. The first one will take the first two numbers
add them together, then add the third to the existing sum and finally add the
forth number to the sum and complete the computation. It is obvious that there
is a specific order of events in the first calculator and three steps are necessary
to complete the computation. The second, more advanced, calculator can take
the first two numbers in its first processing unit, the other two in the second
Processing unit, compute the two sums and then add these two sums, Again,
three computations are necessary but the first two computations can happen in
any order or even in parallel. Let us consider that each addition consumes one
time unit. In the latter case, the elapsed time for the complete computation will
be two time units instead of three. In an optimum situation (constantly feeding
data and no dependencies between computations), a computer that uses two
microprocessors in parallel may be able to finish its computations in half time
compared to a computer that uses only one microprocessor. On the other hand,
extra care is need from the modeler when building such concurrent systems to
‘compensate the massive increase in complexity. It is generally more difficult to

vi
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fully understand the exact behaviour of a concurrent system, even in a relatively
simple one, since there exists no specific order in its actions. Therefore, avoiding
bugs in system'’s design is a challenging process and several techniques and tools,
for example [19,29], have been introduced in order to identify and capture these
errors, . o

The need to build correct and reliable concurrent systems is one of the main
reasons that fueled this research. It can be understood from this informal pre-
Sentation that concurrency theory is one of the most challenging and open areas
of research in computing science. In the past years, several theories have been
introduced in order to capture concurrent behaviour and computation. Two
of the most widely used and well studied are process algebras and Petri nets.
Process algebras, e.g., ACP [4], CCS [45,46] and CSP[32], provide a formal
framework for dealing with large and complex concurrent computing systems by
employing specific operators corresponding to commonly used programming con-
structs, The way of representing a system’s structure is given through suitably
defined set of process expressions, and their behaviour is typically captured by
a (structured) set of sequences of executed actions. Furthermore, since process
algebras are compositional by definition it is possible to compose large systems
from smaller ones in a structured way. A variety of logics is present in process
algebras helping the modeler to reason about the properties of the system. Fi-
nally, process algebras come with a wide selection of algebraic laws which can
be used to prove correctness with respect to the specification. On the other
hand, Petri nets [47,57] represent a natural framework for capturing concurrent
behaviours. There is a clear distinction between (local) states and changes of
states (local actions) through the distinction between places and transitions. The
global state of the system is not shown explicitly but it can be derived from their
local counterparts. Although formal, they support a graphical representation of
Concurrent systems which is simpler to understand compared to other approaches
and therefore Petri nets can be easily adopted by practitioners. Petri nets are
based on the theory of partial orders and as a result it is possible to capture
explicit asynchrony. For example, the simultaneous execution of several actions
can be easily modeled and there is no need for interleaving semantics. Finally,
since they are closely related to graph theory and linear algebra, they provide an
additional means to verify the correctness of the modeled system efficiently and
& way of expressing properties related to causality and concurrency in system
behaviour.

We can get back to the simple calculator example to visualise some of the
advantages of Petri nets and understand the increased complexity in a system’s
behaviour. In figure 1 we have the Petri nets corresponding to the two calculators
together with their reachability graphs. It can be seen in the reachability graphs
that there is only one execution scenario for the first calculator but, even though
we are not considering alternative feeding of the four numbers, there are three
different scenarios (every scenario is giving the same result) for the calculator
with the two processing elements.
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Figure 1: Petri nets corresponding to two different calculators and their reacha-
bility graphs. ‘ \

These two kinds of formalisms treat the structure and semantics of concurrent
systems in different ways, which in the past meant that it was almost impossible
to take full advantage of their relative advantages when used in isolation. Several
approaches have been proposed in order to resolve this situation by providing a
translation of process algebras into nets, for example in [12,13,21,22,25-27,65].
This list is not complete and a more precise list of the previous research in the
area can be found in [18]. This thesis is based on a different approach presented
in the Box Algebra [8-10,38] and its precursor, the Petri Box Calculus (PBC) [7].
To a significant extent, these two research proposals addressed the problem at
hand. Both models provided a framework where Petri nets and process algebras
could co-exist, and thus established a bridge between these two approaches.
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A large number of real world applications can be considered where most ac-
tions are associated with some kind of time restrictions. In standard Petri nets,
there was no consideration for time variables. As a result, such an extension was
niecessary to accurately model this type of concurrent systems. Furthermore,
since its conception, the original PBC has been also extended towards the direc-
tion of timing restrictions. In particular, it was necessary to cover concurrent
Systems with timing restrictions [37,39], where the timing restrictions were asso-
ciated with transitions, effectively specifying for how long an enabled action (or
transition) can delay/prolong its execution as well as what a minimum delay or
€xecution time is. Another way in which timing assumption could be introduced
Is to associate clocks (or age) with the resources (or tokens). More precisely,
One can specify how old/young a given resource consumed by an action must be.
This approach has been extensively studied in the past, see, e.g., [1,15,51], both
83 a model for dealing with complex concurrent systems such as communication
Protocols, and as a framework for verifying their properties. It is precisely this
kind of time modeling which has been adopted in this thesis.

We will introduce and investigate two different models for the specification
of concurrent systems including explicit timing information. Both models have
an algebraic structure based on operators present in the standard PBC. The
first algebra is based on process expressions, called at-expressions, and a system
of rewriting rules providing structural operational semantics of at-expressions
in the style of [54]. The second algebra is based on a class of Petri nets with
arc-based timing restrictions, called at-boxes, and their execution rules. This
Means, in particular, that: (i) each arc from a place p to a transition is given
two time bounds, e and I, representing the earliest consuming time and the latest
consuming time, respectively, for a token which has arrived at place p; (ii) the
local clock of a token is started at the very moment it has been created; and (iii)
time is discrete. It is important to point out that property (i) suits particularly
well the intended compositional setting we are aiming at since the handshake
Synchronisation of two transitions basically amounts to gluing them together,
and no special consideration of their timing restrictions is needed. On the other
hand, gluing two transitions in the other time framework we mentioned requires
combining their timing intervals which can be done in several different ways.

The two algebras are related through a compositionally defined mapping
which, for at-expression returns a corresponding at-box (its denotational seman-
tics). The main result is that the denotational and operational semantics of an
at-expression are behaviourally equivalent. The resulting framework, first re-
Ported in [48] and further developed in [49], consisting of two algebras is called
the Timed-Arc Petri Box Calculus, or atPBC.

Although there will be a concise presentation of the basic concepts of PBC
and the Box Algebra, throughout this thesis we assume that the reader is some-
how familiar with the work presented in [7-10,38] on which the compositional
treatment of nets is based.
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OrganiSation of the Thesis

The thesis is organized as follows.

Chapter 1. provides the basic notions concerning Petri nets and a presentation
of basic concepts of Petri Box Calculus and the Box Algebra.

Chapter 2 provides a presentation of possible time extensions of Petri nets and
the existing research achievements on the combination of this type of Petri
nets with process algebras.

Chapter 3 describes the syntax of atPBC and the operational semantics of
process expressions corresponding to at-boxes. - .

Chapter 4 extends the box algebra to at-boxes by the definition of a composi-
tional mapping from at-expressions to at-boxes.

Chapter 5 introduces a new type of timed-arc Petri nets together with a trans-
~ lation from at-expressions to this new type of boxes.

Chapter 6 presents the main results of this thesis which have to do with the
behavioural relationships between expressions and the two different type

of timed-arc Petri nets.

Chapter 7 describes several possible extensions of the proposed framework that
can increase the modeling power of atPBC.



Chapter 1

Basic notions

In this chapter, we present the basic notions Wthh will be used throughout the
thesis.

1.1 Multisets

Throughout this thesis, N denotes the set of non—nega,txve integers, Z denotes
the set of integers, N® & NU {00} and Z®° = Z U {oo}. A multiset over a set
X is a function p : X — N. Note that any subset of X may be viewed (through
its characteristic function) as a multiset over X. We denote = € p if u(z) > 1,
and for two multisets over X, p and ', we write u < u' if u(z) < p'(z) for al
T € X. We will use @ to denote the empty multiset defined as @(z) £ 0, for all
T € X. Moreover, a finite multiset may be represented by explicitly listing its
elements between the {...} brackets. For example {a,a,b} denotes a multiset x
Such that, for every z € X,

2 ifz=a

0 otherwise.

The sum of two multisets ' and u over X is given by (i + p")(z) £ 4/(z) +
K'(z), the diﬁerence by (/- p")(z) = max{0, p'(z)—u"(x)}, and the intersection
by (&' N p")(z) £ min{y'(z), p"(x)}, for all z € X. A multiset u is finite if there
are finitely many z € X such that p(z) > 1. In such a case, the cardinality of p
is defined as |u| < Eze x #(z). The set of all finite multisets over a set Z will be

denoted by mult(Z).
The notation {P(z) | € p}, where u is a multiset and P(z) is constructed
from z € X and will be used to denote the multiset 1/ such that

KW E D @)y,

TEXAP(z)=y
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where p(z) -y is the multiset consisting of exactly u(z) copies of y. Furthermore,
for & mapping h : X — Y and a multiset 4 over X, we denote h{u} = {h(z) |
Z € p}. For example, {z2+1 | z € {-1,0,0,1}} = {1,1,2,2}.

If f: X — Z is a function and pu is a multiset over X then

3 f@) £ pl) - fla)

TEU reX

if the latter sum is defined.

1.2 Elements of an algebra of Petri nets

We will introduce Petri nets as in [17,47,57], and present their semantics as in (8,
10] as necessary, choosing from concurrency semantics such as: step semantics
[24], trace semantics [42], process semantics [6,28], or partial word semantics
(30, 64, 66).

Furthermore, there will be a concise description of the general composition-
ality mechanism for combining nets. Composition of nets will be driven by
labellings of both places and transitions. Such labellings indicate the border (in-
terface) between a net and its (potential) surroundings, the resulting combinable

objects will be called bozes.

1.2.1 Labélled nets and their semantics

A marked net with place and transition labels (labelled net, for short) is a tuple
= (P)T’VV’)"M)

such that: P and T are disjoint sets of respectively places and transitions; W is
a weight function from the set (PxT)U (Tx P) to the set of natural numbers N :
A is a labelling function for places and transitions such that A(s) € {e,i,x}, for
every place p € P, and A(t) is a relabelling ¢ of the form :

o C mult(A4) x A

such that (&,a) € g if and only if ¢ = {(9,a)} for every transition ¢ € T.
Moreover, A is a fixed set of communication actions (serving as transition labels)
such that for every a € A, there exists its conjugate, @ € A, satisfying a # @ and
@ = a. Also, there is a silent (or internal) action 1+ ¢ A. In the algebra of nets (as
well as in the process algebra), it will be assumed that a synchronisation of two
conjugate communication actions always gives rise to the silent action :. Finally
M is a marking, i.e., a multiset over P.

- Nets can be represented as directed graphs. We adopt the standard rules
about drawing nets, viz. places are represented as circles, transitions as boxes,
the weight function by arcs with the indicated weight (we do not draw arcs
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Whose weight is 0, and we do not indicate the weight if it is 1), and markings are
shown by placing tokens within circles. To avoid ambiguity, we will sometimes
decorate the various components of ¥ with the index X; thus, Tx denotes the set
of transitions of £, etc. A net is finite if both P and T are finite sets. '
Ifthe labelling of a place p in a labelled net X is e then p is an entry place, if
| then p is an internal place, and if x then p is an ezit place. By convention, °%,
Z° and ¥ denote respectively the entry, exit and internal places of £. For every
Dlace (transition) «, we use °z to denote is pre-set, i.e., the set of all transitions
(Dlaces) y such that there is an arc from y to z, W(y, z) > 0. The post-set z°* is
defined in a similar way. The pre- and post-set notation extends in the usual way

‘%o sets R of places and transitions, e.g., *R =J{*r | » € R}. In what follows, all
Dets are assumed to be T-restricted, i.e., the pre- and post-sets of each transition
are non-empty, ; ;

A labelled net ¥ is ez-restricted if there is at least one entry and at least one
eXit place, °% # @ # £°. ¥ is e-directed (z-directed) if the entry (respectively,
exit) places are free from incoming (respectively, outgoing) arcs, i.e., ‘) =2
(respectively, (Z°)* = @). T is ex-directed if it is both e-directed and x-directed.

Is marked if My, # @, and unmarked otherwise.

We will use three explicit ways of modifying the marking of £ = (P, T, W, ),

Ms). We define |Z] as (P, T,W, A, @); typically, this operation is used when
T # @, since it erases all tokens. Moreover, we define & and I as, respectively,
(P,T,w, A,°Z) and (P, T, W, \,£°). We will call °T the entry marking, and X°
the ezt marking of .. Note also that |.|, (.) and (.) are syntactic operations
having nothing to do with derivability (reachability) in the sense of the step
- 8equence semantics defined next.

Step sequence semantics

We adopt finite étep sequence semantics for a iabelled net & = (P, T, W', A M),
0 order to capture the potential concurrency in the behaviour of the system
Modelled by £. A finite multiset of transitions U, called a step, is enabled by T
if for every place p € P, -
M(p) = Y Wip,t) - U(t).
teU

We denote this by S[U), or M[U) if the net is understood from the context. An
enabled step U can be ezecuted, leading to a follower marking M’ defined, for
every place p € P, by

M'(p) = M(p)=>_Wi(p,t) UR)+>_W(t,p) Ut).

tel telU

We denote this by M [UYM' or Z[U)©, where © is the labelled net (P, T, W, A\, M’).
Transition labelling may be extended to steps, through the formula

AU) = Y U®) - {MB)} € mult(4).

telU
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Although we will use the same term ‘step’ to refer both to a finite set of transitions
and to a finite multiset of labels, it will always be clear from the context which
;ne is meant. The notation for label based steps will be £ [, ©, where
= ANU). ‘
A finite step sequence of T is a finite (possibly empty) sequence o = Ur...Ug
of steps for which there are labelled nets o, ..., Sk such that & = £, and for
Cvery 1 <4 < k, T;_1[U;)Zi. Depending on the need, we shall then use one of
the following notations: o : '

E[U)zk Mg[O‘)Mzk Yk € [E) | ‘ Ms, € [Mg) .

MOreover, the marking My, will be called reachable from My, and ¥ derivable
from ©. The empty step will always be enabled, but it can be ignored when one
Considers a, step sequence, since the empty step always relates a net to itself, i.e.,
Z(2)© if and onlyif Z=0." '

Safeness, cleanness and exclusiveness

The marking M of ¥ is safe if for all p € P, M(p) € {0,1}. As already indicated,
& safe marking can and will often be identified with the set of places to which it
.aSSigns 1. A marking is clean if it is not a proper super-multiset of °Z or Z°, i.e.,
f°LC Morxe C M implies °Z = M or ¥° = M, respectively. A marking M is
fix-exclusive if it does not simultaneously mark an entry place and an exit place,
le, f MN°E =@ or MNE° = 2. A labelled net is called safe (respectively,
clean) if all its reachable markings are safe (respectively, clean).

Partial order semantics

To model partial order behaviours of nets and expressions, we use Mazurkiewicz
traces [42],

Let A be a set and ind € A x A be an irreflexive symmetric relation on A.
The idea here is that A represents the set of all possible events in a concurrent
System, and ind is an independence relation which asserts which events can be
€xecuted concurrently. With every sequence o = Aj; ... Ay, where each A; is a
finite subset of A such that (a,b) € ind for all distinct a,b € A;, we associate a
Partial order (poset), denoted by poset,4(c), in the following way.

The set of event occurrences of o, occy, comprises all pairs (a,!) € A x N
Such that ¢ € A; U...UA; and ! is less or equal to the number of times a occurs
within ¢. Moreover, we denote by idx(,) the index m such that A, contains
the I-th occurrence of a in o, and define a precedence relation on 0CCy, <o, by
Stipulating that (a,l) <, (b,n) whenever (a,b) & ind and idxgy) < idx(pn). Then
Poset; 4(o) = (occ,, <%) where <, is the transitive reflexive closure of <,.

For a labelled net I, let indg be a symmetric relation on its transitions,
defined by:

indg = {(t,u) eTe xTx | (tUL*)N(*uUu®) =2} .
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This relation is called the independence relation, because two distinct transitions
belonging to indg have no impact on their respective environments. If they are
both enabled individually, then they are also enabled simultaneously. Then, with
Every finite step sequence o of a safe labelled net T, Z{o)©, we can associate
8 partial order, poset; .. (o), in the way described above, and after taking A
, _tO be the transition set, A = Tx. The presence of a path between two nodes
18 interpreted as causality, and the lack of ordering as concurrency. Whenever
2[0)8, we will write & [poset; g (0))po © to indicate that © arises from ¥ through
the execution of the poset between the brackets [...).

1.2.2 Equivalence notions

One may consider various behavioural equivalences for labelled nets. It may
first be observed that the whole set of step sequences of a labelled net may be
Specified by defining its full reachability graph, whose nodes are all reachable
Markings (or equivalently, all derivable nets) and whose arcs are labelled with
Steps which transform one marking into another.

e (e e OF
®i | i
B ] (8 [ [o
©®» ® ® © | -
3 V] ' ,-
7

©

! 7

y o {a) b
!

-~
—
—~—

)
<-«-'>
—~—
o~
——

-~
)

-

-

i

Figure 1.1: Five nets and the corresponding (labelled) full reachability graphs
demonstrating that isomorphism of reachability graphs is not preserved by choice
tomposition.

Transition systems

Using the full reachability graph to represent the behaviour of a labelled net leads
.tO problems in a compositional setting. In particular, isomorphism of reachabil-
Ity graphs is not preserved by, e.g., choice composition of nets, as demonstrated
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informally in figure 1.1. One can address this problem by augmenting the be-
haviour of a labelled net  with two auxiliary moves, skip and redo, which can
transform its initial state into the terminal state, and vice versa. The desired ef-
fect is achieved by adding to ¥ two auxiliary transitions, skip and redo, in such a
Way that: *skip = redo® = °F, skip® = *redo = X°, \(skip) = skip, A(redo) = redo,
redo, skip ¢ A, and all arcs adjacent to skip and redo have weight 1. The net £
augmented with skip and redo will be denoted by . _

The transition system of a marked net T is defined as tsg = (V, L, 4, vo)
Where: V = {0 | skip,redo € Te A Oy € [Zq)} is the set of states; vg = T is the
Initial state; L = mult(A U {redo, skip}) is the set of arc labels; and

A= {O,T,0) €V xLXxV|O4 M ¥}

is the set of arcs. In other words, tsy is the labelled reachability graph of I, with
all references to skip and redo in the nodes of the graph erased. The transition
System of an unmarked net ¥ is defined as tsg = tss.

The full transition system of a marked net X is defined as ftsy = (V, L', A4’, vo)
hoere: V is the set of states and vg is the initial state, both defined as above; L/
18 the set of all finite multisets of transitions of Z; and

A = {O,UT) eV xL xV|64U)T}

I8 the set of arcs. In other words, ftsg is the reachability graph of s with all
references to skip and redo in the nodes of the graph erased. For an unmarked
et T, ftsy = ftss.

Figure 1.2 shows how augmenting labelled nets with the redo and skip transi-
tions allows one to discriminate between the nets £ and © depicted in figure 1.1.
In general, skip and redo allow for distinguishing the entry and exit states from
_the other ones, and modelling the fact that if a net is left (through the exit state),
It may later be possible to re-enter it (through the entry state).

s
k
i

7N
N

oo o~
e
o
—

oo~

tsy tse
Figure 1.2: Discriminating transition systems for the nets in figure 1.1.

Behavioural equivalences

Let © and © be two labelled nets which are either both unmarked, or both
Mmarked. The nets are ts-isomorphic, denoted by & = O, if tsg and tsg are
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i'Somorphic transition systems, and strongly equivalent (or bisimilar), denoted
Y L =~ O, if tsg and tse are strongly equivalent transition systems, where
two transition systems, (V, L, A, vo) and (V', I/, A',v}), are strongly equivalent if
there is a relation R C V x V!, itself called a strong bisimulation, such that
(vo,v5) € R, and if (v,v') € R then :

wlwyed = Juw' eV’ (U',l,w')eA’ A (w,w') €R
W Luw)ed = JweV : (vLweA A (wuw)eER

Fi$UTe 1.3 shows two strongly equivalent labelled nets which are, however, not
ts-isomorphic.

(e OF

o] o] [a]
{a} (a} {a}

: JECHEN R R AV
: i d i
w /L B [w ) )

® S |

tse o \ tsy

Figure 1.3: Two strongly equivalent, but not ts-isomorphic, labelled nets.

Structural equivalences

As ts-isomorphism and strong equivalence are behavioural notions, it may be
difficult to check whether two nets are indeed equivalent. But, since we are
Working with nets, it is also possible to define equivalences based on their graph
- theoretic structure of nets rather than on their behaviour.

. Arguably the strongest structural equivalence, other than equality, is net
1Somorphism. Two labelled nets, ¥ and ©, are isomorphic if there is a bijec-
tive mapping 9: Sg U Ty — Se U Te such that for all s € Sg and ¢t € Tk,
¥(s) € Se, Y(t) € To, Ma(¥(s)) = Ax(s), o (¥(t)) = As(t), Me(¥(s)) = Mx(s),
We (¥(s), %(t)) = Wx(s,t) and We((t),%(s)) = Wx(t,s). We will denote this
by T iso ©, and call 1) an isomorphism for ¥ and ©.

A weaker equivalence is obtained by allowing the two nets differ only by
duplicating places and transitions. Two places s and s’ are duplicating in a
labelled net T if Ag(s) = Ag(s'), Ms(s) = Mg(s'), and for every transition ¢,
We(s,t) = Wg(s',t) and Wg(t, s) = Wx(t, s'); then, in any evolution of the net,
the two places do not add/remove anything with respect to each other. Similarly,
two transitions ¢t and t’ are duplicating if Ag(t) = Ag(t'), and for every place s,
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Wy (s,t) = Ws(s,t') and Wx(t, s) = Wg(t/, s); then, in any label based evolution
oi}fhe net, the two transitions do not add/remove anything with respect to each
Other,

_ The relation of duplication is an equivalence relation for places and transi-
jﬁlons, and two labelled nets, ¥ and ©, are duplication equivalent if they lead to
1Somorphic nets when their places and transitions are replaced by their duplica-
tion equivalence classes which inherit the labels, connectivity and markings of
their elements. We will denote this by £ isost ©. For the nets in figure 1.4, we
have ¥, isosT ¥ isogT £3. Moreover, &4 is not duplication equivalent to any of
the other three nets since, intuitively, £4 has no reachable terminal state (the
X-places cannot be marked concurrently).

Figure 1.4: Four labelled nets and their transition systems.

1.2.3 Plain boxes

A boz is an ex-restricted (and T-restricted) labelled net £. A box is plain if its
transitions are all labelled by constant relabellings (or labels, according to our
Convention of identifying constant relabellings with labels). There are two main
classes of plain boxes. - o

An unmarked plain box £ will be called static if each marking reachable from
°L or X° is safe and clean. ' o

A marked plain box T is dynamic if each marking reachable from My or °%
Or 3 is safe and clean. Note that if T is a static box and © is derivable from ¥
then @ is a dynamic box.
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When a box T or &, is marked, its reachable markings are always non-empty
(due to T-restrictedness and ex-restrictedness). On the other hand, the empty
Marking of a box has no successor markings except itself. Thus, the distinction
between static and dynamic boxes is invariant over behaviour. Moreover, if ¥ is
a static box then both & and & are dynamic boxes, and if £ is a dynamic box
then [Z] is a static box.

Proposition 1.1. If ¥ is a dynamic boz then every net derivable from it is
& dynamic bor. Moreover, if U is a step enabled by the marking of ¥ then
Ux U Cindg Uidr, and Wa(U x Sg) UWs(Sz x U) € {0,1}.

Moreover, there are two special classes of dynamic boxes, called the entry and
€zit boxes, which comprise all dynamic boxes X such that My is, respectively, °Z
and ¥°. The sets of plain static, dynamic, entry and exit boxes will, respectively,
be denoted by Box?, Box?, Box?, and Box®. The entire set of plain boxes will be
denoted by Box. ' '

Static boxes ¥ (or, equivalently, the entry boxes ¥) provide the denotational
Semantics of the static expressions. Two behavioural conditions were imposed
On the markings M reachable from the entry or exit marking of . First, M is
Tequired to be safe in order to ensure that the semantics of the boxes is as simple
83 possible, in order to directly use the partial order semantics of Petri nets in
the style of Mazurkiewicz (cf. section 1.2.1). The second condition, that M is
always a clean marking, is a consequence of the first condition in order to use
lterative constructs in the algebra of nets. Finally dynamic boxes are necessary
to represent intermediate markings. By definition, they include all marked nets
O such that © is derivable from T, for some static box £. Dynamic boxes will
Provide the denotational semantics for the dynamic expressions.

A box T will be called ez-exclusive if each marking reachable from My or
°% or £° is ex-exclusive. Moreover, for every pair of non-empty disjoint sets of
Places S, and S, the ez-boz ex(S,, S;) is a box ¥ such that °% = §,, ¥° = S,
and ¥ = Ty = &. The simplest ex-box has two places and no transitions.

1.2.4 Net refinement

The mechanism for providing plain boxes with an algebraic structure is a gen-
eral simultaneous refinement and relabelling meta-operator (net refinement, for
short). It is defined for an operator box € (see the following subsection) with
N transitions. The transition refinement part of net refinement serves as a pat-
tern for gluing together an n-tuple of plain boxes ¥ — one plain box for every
transition in © ~ along their e and x interfaces. The relabelling part of net re-
finement combines (synchronises) transitions from ¥ and changes the interface
of the resulting transition(s) according to the transformations prescribed in Q's
transition labels.
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Operator boxes

An operator boz is a simple finite unmarked box €2 all of whose transition la-
pellings are transformational. We will assume that the set of transitions of {2
18 implicitly ordered, Ty = {v1,...,vn}. Then any tuple & = (Z,,,...,%,,)
Consisting of plain boxes is called an Q-tuple. For T C Ty, we will denote
ZT={EVIU€T}.

1.2.5 Place and transition names of operator and plain
boxes

Example of net refinement

Although this may be the right place to include a section about net substitution
and the formal definition of net refinement, we decided against this. Instead, in
figure 1.5 we give two small examples of net refinement together with the linear
Notation for the place and transition tree names and with a graph for a place
and a transition tree. This decision was driven for the following reasons. First of
f&ll, we want to avoid several repetitions of the basic theory. Since, this research
18 actually an extension of Petri Box Calculus it is obvious that a large portion
of the theory and ideas will be common in both cases. In order to increase the
Teadability of this thesis, we decided to put the net substitution section in the
_beginning of chapter 4 and the formal definition of net refinement can be found
I section 4.1. Furthermore, net refinement for standard boxes can be easily
Obtained from the definition of net refinement for at-boxes.

1.3 An algebra of process expressions

In thig section wé present the syntax and operational semantics of the Petri Box
Calculus, according to [9].

1.3.1 Syntax

Static expressions

A (standard) static PBC expression is a word generated by the syntax

E = o | E|E | EQE | E}E | [ExExE)] |

(11)
| Esya | E[f] | Ersa | Esca

Possibly with parentheses, used - if needed - to resolve ambiguities. In the syn-
tax, o is a constant called basic action or multiaction and is an element of the
Set of labels Labpgc = mult(4) as defined in [9]; a is an element of 4 and [f] is a



CHAPTER 1. BASIC NOTIONS 11

. .
h ‘-u t

; n pr=e, <d{vl e, vl <z,,v2<es}  (wha)
2 p2=:z:.<1vf<1mb
tl =(’Ul1 a)qva »
P2 (%) tp = (v2,5) vy we
S o
Ufc
s1=¢;<4v! e,
s2( )i sy =1, <{v} Qw,,v2eq} .
53 =2,<v’Axq s
Uz [ d] uy = (v}, ¢) v, . 2

Uz = (.v;z, d) <uq

83 ° | Te 59 €d
Figure 1.5: Two net refinements.

relabelling Junction from A to A. It is sometimes required, as in the CCS frame-
work, that such a function preserves conjugates. Moreover such an f commutes
- With ™ and that ~ itself is a relabelling function preserving conjugates.
- PBC operators can be split into two groups. The three binary operators, i.e.,
Il (disjoint parallelism), O (choice), and ‘;’ (sequence), together with the ternary
Oberator [«x] (iteration with explicit initialisation and termination) are control
flow operators. The two unary (classes of) operators , i.e., [f] (basic relabelling),
and scq (scoping, a combination of synchronisation and restriction) are com-
™Munication interface operators. Finally, static boxes are the net counterparts of
Static expressions. ‘ '
To avoid excessive bracketing, we will often replace in expressions and the cor-
Tesponding Petri nets, a singleton multiaction {a} € A by a.

Dynamic Expressions '
A (standard ) dynamic PBC ezpression is a word generated by the syntax:
G = E | E | GOE | EOG |

Glf] | Gsca | G3E | E;G | (1.2)

GIG | [GxE*E] | [ExGxE] | [ExExG]

Where E stands for a static expression defined by the syntax 1.1.
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The first two clauses of 1.2 concern a static expression E in its entry (or initial)
state, E, and exit (or terminal) state, E. Both are valid dynamic expressions,
irrespective of whether or not the final state is reachable from the initial state. An
€Xpression G ; H is not dynamic since dynamic composition does not allow both
Its components to be active at the same time. The markings of the corresponding
boxes are assumed to be safe and this is already built into the theory. The shape
of dynamic expressions depends on that assumption. The syntax for sequence
is therefore split into two clauses. The first one, G ; E means that the first
Component of the sequential composition is currently active, while the second
component is currently dormant. The second clause, E ; G means exactly the
Obposite. Similar remarks hold for choice and iteration; both require syntactically
that only one of the parts of choice or iteration expression is ever active. Note
that in parallel composition both components are required to be active. Finally,
dynamic boxes are the net counterparts of dynamic expressions.

1.3.2 Operational semantics

In this section, we present the operational semantics of dynamic expressions,
as defined in [9]. Operational semantics are divided in structural equivalence
relation on expressions and rules of structural -operational semantics (SOS) in
the style of [54].

Structural Equivalence

The structural equivalence relation on expression aims to capture the most fun-
damenta] correspondence between expressions. For example, E; F = E;F states
that g sequential system in which the first component terminated is the same
8s that in which the second component is in its initial state. Formally, = is the

least equivalence relation on dynamic expressions such that rules in table 1.1 are
Satisfied.

SOS Rules

The rules of the label and transition based opérational semantics, are presented
in table 1.2.
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=
|F=E|F E|\F=E|F
ECF = EQF EOF = EOF
ECF = EQF ECE = EQF
Fsca= Esca Esca= Esca
E;F=E;F E;F=E;F
E;F=E;F [DxExF|=[DxExF)
[D¥E+F|=[D«E+F]. [DxE«F]=[DxExF)
[DxExF)=[D«E x F] o [DxEx F|=[Dx*E x F)
. E[fl=E[/] E(f] = Elf]

Table 1.1: Rules of the structural equivalence.
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_ {a} _ {va}
a—qa a4 —
r A v t w ’
G—s G, H— H G— G ,H— H
N v|1]<UUvﬁ<W
G|H = G'||H’ G|H ——— G'|H’
.G r u a v Hl .
r vhaU
GOFE —— HOE Gof — —— HOFE
\ U
G— H G—H
r v U
EQOG — EOH FOoG ——oow—— EOH
G—H ¢——H
F' 'U}(U
G;E— H;E G —————— H; E
, U
G—H G—H
r v3 QU
E;Ge—-—>E;H E;G——— E;H
G- H G——H
. ~ vl U
(G¥ExF| —— [H«ExF]  [GxExF|——  [H«E+F)
G—F——+H G-.E._;H
2 U
[ExGxF| — [ExH+F]  [ExG*F|———  [ExHxF)]
| G— H G—H
- Py
[ExFxG) — [ExF+H]  [ExF*G) ——— [E+ FxH]
G..LH G’—U—>H '
() (v f) U
G[f] — H[f] G[f] I — H[f]
e e W
G P14 . 4+ G 1 k H
a1y Ysc ay QU e (Vscas i
[Gsca) formon} [Hsca] [Gscal (o) T mlocmen) U:k}[Hsca]
Where (F",, ai) E Qsca Where ('ab(U‘l)) ai) e gsca

Table 1.2: PBC/"operational semantics rules.



Chapter 2
Petri nets with time re‘striction\s |

The main ingredients of this chapter are Petri nets that have been extended with
different time restrictions. There will be a concise presentation of several kinds
of possible time extensions and a more extensive analysis of the timed-arc Petri
Dets and their applications since this type of Petri nets will be used throughout
this thesis, Finally, a section of this chapter will cover the existing research
achievements on the combination of process algebras with Petri nets that have
time restrictions in the sense of Petri Box Calculus.

2.1 Time Petri nets

Petri nets is a strong and efficient tool used in the description and analysis of
Concurrent systems. They support a graphical representation of concurrent sys-
tems and since they are based on a theory of partial orders (capturing explicit
asynchrony), provide an additional means of verifying their correctness efficiently.
Ful“thermore, they can be used to express properties related to causality and con-
Currency in system behaviour. On the other hand, in the real world concurrent
Systems, most of the actions are time related. There was no consideration for
timing variables in the standard Petri net model and it was necessary to intro-
duce some to precisely model concurrent systems. Several models that use timing
8ssumptions have been presented in the literature, for a survey see [16,68]. Ac-
cording to [68] they have the same form as standard Petri nets but their labelling
Consists of assigning numerical values or intervals to their places, transitions, arcs
Or even on combination of these. The newly introduced time variables (restric-
tions) will affect the enableness and execution of transitions and the firing rules
of standard Petri nets must be altered to reflect these changes. Moreover, since
these time variables have been introduced, it is necessary to actually being able
to count the passage of time. Clocks can be global (counting the age of the whole
8ystem) or local (for example, counting the age of tokens). All possible combi-
hations are feasible and the modeler can decide the best possible combination
according to the modeling needs. Some interesting approaches will be mentioned
here without getting into many details. One of the first attempts to introduce

15
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time variables in Petri nets was made on [56]. In this approach, time labels were
Placed at each transition, denoting the fact that actions are not instantaneous.
This type of Petri nets are called Timed Petri nets. A different approach for
timing restrictions on transitions was proposed by Merlin and Farber in [44] and
this time, two values have been attached to each transition that correspond to
the minimum and maximum time an enabled transition has to wait before it
can actually fire. These extended Petri nets are called Time Petri nets. Time
Petri nets have been been used in protocol and real-time system modelling and
verification in [67]. An approach with time labels on places was made in [20,63],
modelling processes that consume time. This type of nets was used to analyze
the time dependence of all places in the class of “time-driven” systems. Timed-
Arc Petri nets [15,31,50] is timed extension of Petri nets where a time interval
I8 associated with each place outgoing arcs and time passing affects the age of
tokens. It is precisely this kind of time modelling which has been adopted in this
thesis and will be presented in the following section. -

Basic definitions. ,

;l‘b model timing restrictions throughout this thesis, we use the following nota-
on: : .
D* £ {el|leeNAleEN®Ae<I}

D £ {edeD™|l+# o0}

D+ DuU{l}

Nt Nu{l}.

Let n N, EL € D and el € D®. Then n satisfies the timing restriction el if
€ < n <, and EL satisfies the timing restriction el if e <'E and L < I. We
denote this by n tsat el and EL tsat el, respectively. Moreover, for every pair
§,v e DL we denote

e =l

1 M f=v=1
tovs{ EL if {¢,v}={Ll,EL}
min{E, E'} max{L,L'} if {=ELAv=FEL'. -

2.2 Petri nets with arc-based time restrictions
A timed-arc Petri net (or at-net) is a tuple & = (P, T, F,\, M ) such that:

* (P,T,F) is a net and F is a flow relation such that F C (PxT) U (TxP).

® Ais a mapping with the domain PUT U ((P x T) N F) such that, for every
place p € P and transition ¢t € T, A(p) is a symbol in {e,i,x}, A(t) is an
action in AU {¢}, and if (p,t) € F then A(p,t) is a time constraint in D>.

® M : P — N is a marking.
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Essentially this is a Petri net with time annotations in the place outgoing arcs
but its marking is the same as in standard Petri nets.

Since the main topic of this research is the translation of ‘timed’ expressions
into ‘timed’ boxes in the sense of PBC and in order to improve the readability
of the thesis, it is necessary to present a simplified definition for timed-arc Petri
bozes. A more detailed definition will be presented in a following chapter.

A timed-arc box (or at-box) is an at-net with interfaces for applying compo-

sition operators and is defined as a tuple © < (P, T, F, A, u) such that:
® P, T and F are as in the definition of a PT-net.

® ) is a mapping with the domain PUT U ((P x T) N F). For every place
P € P and transition ¢ € T, we have the following: A(p) is a symbol in
{e,i,x}; A(t) is an action in AU {¢}; and if (p,t) € F then A(p,t) € D>,

® /i: P — Nt s the initial token timing mapping of © ‘(in general, any such
mapping is a token timing of ©).

Note that token timing mappings of at-boxes are interpreted differently from
Markings of PT-nets, namely, u(p) = k means that p holds a single token which
I8 k units of time old, and u(p) = L means that p is empty.

As before, we adopt the standard rules concerning the drawing of diagrams. In
the diagrams, the empty local state L will not be represented, and otherwise u(p)
Wwill be displayed. Other drawing conventions are the same as for the standard
Petri nets,

The ‘time-less’ version of © is defined as a PT-net |©] £ (P, T, F, L)) such
that, for every p € P, ‘

« [1 ifpup) eEN
M(”)={0 if%:l.

In what follows, | ®] will be called the underlying net of ®, and we will assume
that it ig always safe. It is worth stressing out that at-boxes are nothing but
ordinary nets with time annotations on the input arcs and a different kind of
token mapping. Since the underlying net is essentially the same, every prop-
€rty concerning nets (e.g., ex-directedness) presented in the previous chapter for
Standard Petri nets will continue to hold.

In the at-box model, time restrictions are associated with the arcs incoming
to transitions. For example, if A(p,t) = el, then the interval el = (e, l) gives the
Waiting time for the tokens flowing from place p to transition ¢. This interval
identifies the time for which a token has to wait in place p before it can be used
to fire transition ¢ on this occasion. The left bound, e, is called the minimum
Waiting time and the right bound, !, the mazimum waiting time. A token on p
cannot be used to fire ¢ when it is younger than the minimum waiting time and
nust be used to fire an enabled transition before the maximum waiting time has
finished (unless the transition has been disabled in the meantime). If ¢ is not
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enabled and the maximum waiting time has passed, the token can no longer be
used to fire transition ¢. The age of tokens is represented through a token timing
which returns, for each place containing a token, its age (L is returned if a given
Place is empty). When a token arrives to a place, its age is set to zero. After that

€ age can be increased due to the passage of time. It should be emphasized
that & token does not need to enable any transition in order for its clock to start
‘ticking’,

A finite set of transitions U = {t1,...,tx}, called a step, is enabled by a token
timing p if it is enabled at the marking 4] in the safe underlying PT-net and,
Moreover, if t € U and p € *¢ then p(p) tsat A(p, t). Such a step may fire leading
to a follower token timing v such that, for every place p € P,

L ifpe*U\U*
V(p) fl—.-{ 0 lf D (S U.'
u(p) otherwise .

We denote this by p[U)v. .

Another kind of dynamic changes is effected by time moves. A token timing
K can change into token timing v by the passage of one time unit if, for every
transition ¢ enabled at p and for every place p € *t we have u(p) < I, where
el = A(p,t). The change results in a new token timing v such that, for every

Place p ¢ P,
a [ pp)+1 ifu(p)eN
v(p) = { 1(p) otherwise .

We denote this by u[y/)v. Intuitively, at-boxes’ time deadlines are assumed to
be hard, i.e., when a transition is ready to fire and even if only one of its input
tokens has reached the maximum waiting time, then this transition must fire (or
become disabled) before further passage of time.

The overall behaviour of © is captured by its reachability tree with nodes
labelleq by token timings and arcs annotated by labelled moves, denoted by
RTe. More precisely, the root node is labelled by the initial token timing and, if
& node is labelled by y, then for every move pu[z)v there is a unique descendant
labelled by v; the arc leading to it is labelled by / if = 1/, and by the multiset
of communication labels

AU) £ S U - A0

teyU

f2=Uisan executed transition step. Figure 2.1 shows an at-box © and the
Corresponding reachability tree RTg. The use of reachability trees instead of
Teachability graphs may be quite surprising at the moment but will be explained
later ip this thesis together with the considerations that led to this decision.
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RTe
Figure 2.1: An at-box © and a part of its reachability tree RTg.

2.3 Research on Petri nets with time restric-
tions

2.3.1 Timed-arc Petri nets

From the definition of timed-arc Petri nets it is clear that timing variables has
been introduced to associate clocks (or age) with resources. More precisely, one
can specify how old/young a given resource consumed by an action must be.
his approach has been extensively studied in the past, both as a model for
dealing with complex concurrent systems such as communication protocols, and
8 a framework for verifying their properties. ‘
Standard Petri nets cannot simulate a Turing machine and in [14], it is proved
that the same holds for timed-arc Petri nets, since they cannot simulate a counter
with zero testing. With such a result in mind, showing rather 'weak expressive-
Dess’, one could expect that the reachability problem would be decidable like for
the standard Petri nets. But in [59] it has been proven that reachability is unde-
cidable for this type of nets. On the other hand, coverability and boundedness is
decidable as shown in [1,23]. The suitability of timed-arc Petri nets for the de-
Scription of concurrent systems and the preference of software engineers to work
With formalism close to programming languages led to an interesting approach
Presented in [60]. In this paper, a timed algebraic language (TPAL) [52] was
dutomatically translated into timed-arc Petri nets. The specifications of a com-
Plete train-gate controller was presented using TPAL and the resulting timed-arc
Petri net is presented in figure 2.2. In a different context, timed-arc Petri nets
have been used for the performance analysis of a real life algorithm for video
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Processing, the MPEG-2. The MPEG-2 [33] is a standard intended for a wide
range of applications such as Video-on-Demand, High Definition TV(HDTV) and
video communications via broadband networks. In (53,61, 62], the specification
of the algorithm has been modelled with timed-arc Petri nets. The analysis of
the algorithm showed that the performance of the encoding algorithm for a single
G'1‘0up-of-Pictures (GoP) can be improved by taking into account the potential
Parallelism in the encoding process of GoPs (a video sequence can be considered
83 a sequence of GoPs, for more info see [33]). The results showed that perfor-
mance has increased by 50% when two processors were used. A further increase
around 90% was also possible when the necessary number of processors was used
to exploit all possible parallelism. The timed-arc Petri nets that models the
MPEG-2 algorithm is presented in figure 2.3. In this figure, the time intervals
Will not be shown for arcs that have interval (0,00). '

2.3.2 Relation with process algebras

Petri Box Calculus provided the necessary framework to combine and take full
advantage of the relative advantages of process algebras and Petri nets. The orig-
inal framework didn’t allow to specify timing restrictions for the actions employed
by a concurrent system. In order to explicitly represent this kind of information,
two extensions of the PBC with (discrete) time restrictions have been defined,
Damely tPBC [37] and TPBC [39]. These two approaches are different in several
aSpects. The most important difference is the way that timing information is
Captured in these two models. In [37], time Petri Nets [44] have been used. In
this type of nets, the timing information is represented with an interval attached
to each transition of the net. This interval represents the earliest and latest firing
time for the given transition and the local clock for every transition starts the
Moment this transition becomes enabled in the usual Petri nets sense. In [39],
the model is based on timed Petri nets [56]. The timing restrictions in timed
Petri nets are again attached to each transition but they are different than be-
fore. Instead of a firing interval, in this case each transition has been associated
With a number denoting the fact that transitions are used to represent actions
and actions take time to complete. The duration of actions makes this model
Somehow more complicated but this was necessary to avoid the illegal action
Occurrences that were present in [37]. Moreover, TPBC has been extended fur-
ther in [40,41]. Beside duration, now each action is associated with an interval,
that constrain the execution to start within the given interval (like in [37]). New
Constructs have been introduced to support time-out and delays, which allows
to give an alternative continuation to processes where time bounds have been
€xceeded as well as semantics for maximal parallelism, that forces all actions to
})e executed the very moment they become available. In both approaches there
1S a strong result about the consistency between denotational and operational
Semantics. In [37] there is strong bisimulation between the transition systems of
t-ezpressions and ct-bozes, while in [39-41] the main result states that every step
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Sequence of the operational semantics of an expression is also a step sequence of
any time box that corresponds to the expression and vice versa. Although these
two approaches seem to be in competition, they are complementary to each other
and provide a more complete solution of the problem at hand. '
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Figure 2.2: Marked timed-arc Petri net model of the Train-Gate Controller.
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Chapter 3

Algebra of process expressions

In this chapter, we begin our contribution by defining the syntax of the new
atPBC followed by the operational semantics of process expressions correspond-
Ing to at-boxes.

3.1 Static at-expressions

The following is the syntax for the static timed-arc boz ezpressions (or static
at~e:cpressions), E, which correspond to at-boxes without tokens (below A is a
finite subset of A, and Z is an auxiliary subset of static at-expressions which is
heeded to ensure that the nets corresponding to at-expressions are always ex-
exclusive, and due to the standard box algebra theory, the at-nets corresponding
to the expressions E are safe and clean (see proposition 4.1).

E = ad | EscA | EQE | E|E | E;E | {(E®Z®E)

Z u= ZscA | z0Z | E;E | (F®Z®E). (51)
1

The only real modification, when compared with the standard PBC syntax,
Is that a different type of constant expression is used, viz. ael where o € AU {2}
s a basic action el € D™ is a timing restriction. Moreover, the actions employed
by the syntax allow two-way rather than multi-way synchronisation. Similarly
83 in the case of at-boxes, e denotes the minimum, and ! the marimum waiting
time,

Sequence E ; F and choice EOF compositions are standard; the O is used to
denote what is essentially the + in CCS [46] and the comma (,) in COSY [34].
The iterative construct (D ® E ® F)) means ‘perform D once, then perform zero
Or more repetitions of F, then perform F once’. The basic expression ael means
‘upon its activation, execute a single action with communication capabilities o -
and terminate, waiting at least e units of time and no more than [ units of time
to do so’. The concurrent composition operator is basically a disjoint union

24
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and hence differs from its counterparts in CCS and COSY, and is similar to the
lo in TCSP [58]. For instance, a00|@00 can perform the {a} and {@} actions
individually (as well as a two-action step {a, @}), but no synchronised action (in
contrast to a.nil[d.nil in CCS). Finally, scoping E sc A implements a combination
of synchronisation and restriction. In essence, it applies the CCS synchronisation
mechanism over all the concurrently enabled pairs (a, @), for a € A, of conjugate
action names byt it prevents the individual actions a and @ from occurring.
Static expressions describe structural characteristics of concurrent systems.
Their behaviour will be modelled using dynamic at-expressions, introduced next.

Example

Following the introduction of the syntax for the static at-expression, it is now
Possible to model the timed-arc Petri net depicted in figure 2.2 and show the
usefulness of the process algebra part of our approach. In this example, there
are three components, namely the Train, the Control and the Gate. These
three components work in parallel and there is also some communication between
them. This communication will be achieved by the usage of the scoping operator
in actions ¢, and their conjugates £,. The silent (in the standard case) action
coming from the synchronisation of ¢, and #, is denoted in the timed-arc Petri
het by ¢,. Furthermore, all of the components are in a constant loop. To model
this, the use of the iteration operator is necessary. The choice we made about the
iteration operator in our syntax forces us to have an entry (set of) action(s) and
fﬂSO an exit (set of) action(s). In the ‘4rain-gate controller’ example as presented
In figure 2.2 only the iterative pdrt is present. The entry action will be a silent
T action that is not adding anything to the model and the exit action will be
&n action stop that is scoped and thus cannot be executed. To begin with, we
Will provide the at-expression for each of the three components and then we’ll
Present the final model for the ‘train-gate controller’.

® Train

(T ®t1(10,20) 523(0, 0) ; £6(5, 5) 328 (4, 4) ; £10(0, 0) ® stop))

¢ Control
(m ® £3(0, 00) 3ta(1, 1) 52(0,0) 5 £10(0, 00) 5 £11(1,1) 3 £(0, 0) @ stop))

* Gate .
«T ® t;<0’ OO) ;t5(11 2) ;t7<0) OO) ;tQ(l; 3) ® stop»

® Train-Gate Controller
({7 ®1(10,20) 5¢3(0, 0) 5 t6(5, 5) 5¢a(4, 4) 5 £10(0, 0) ® stop)) ||

(r ®123(0, 00) 5t4(1, 1) 52(0, 0) 3 10(0, 00) 5 £11(1, 1) 3870, 0) ® stap)) |
{r® t;(O, oo) 3t5(1,2) ;f;(O, 00) 3t9(1, 3) ® stop))) sc{ts, tio, ta, tr, stop}
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3.2 Dyhamic at-expressions

The syntax of (standard) dynamic PBC expressions is changed by adding time
related annotations to the over- and underbars. Each such annotation is a pair of
two hon-negative integers that correspond to the age of the ‘youngest’ and ‘oldest’
token that might be consumed. For example, E " is an expression E which is in
Its initial state and all tokens present are zero time units old. Another example,
EyiF,isa sequential composition where the first component has terminated, -
and produced some tokens. The exact number (and clock values) of these tokens
is not represented by the annotation, but what is represented is the age of the
youngest token (3 time units), and the age of of the oldest one (5 time units).
Effectively, this means that the annotation gives an age range for the tokens
in the state which is represented by the expression. This, in general, provides
less information than that conveyed by the token timings provided by at-boxes.
Owever, it will turned out that this reduced (or abstracted) view is sufficient to
Teason about the behaviour. We will re-visit this issue later on.
The dynamic at-expressions, G, are defined below, where E and Z denote

Static at-expression as in the syntax (3.1) and EL € D.

G u= E™ | GiE | E;G | (E®K®E) | (E®@ZeaG) |
Enm | GOE | EOG | (G®Z®E) | G|G
GscA |

K = Z™ | G;E | B;G | (G®Z®E) | (E®Z®G) |
Zg | KOZ | ZOoK | (E®K®E)) | KscA

| (3.2)
Given that we are primarily interested in at-expressions that can be derived
from expressions of the form E-oo, the above syntax may appear to be too per-
Missive, For example, it admits expressions like 03~ which has an inconsistent
timing information (the enabled action cannot wait for more than 3 time units
before being executed, yet the age of the enabling tokens is already 5). How-
ever, such an expression may be a part of another, fully consistent expression,
eg., (E(J§55) sc{a}, and thus cannot be excluded. In addition, for any dynamic
at-expression @, we denote by |G|, the static at-expression obtained from G by
Temoving all the overbars and underbars. As a final comment we have to stress
that parallel composition is not allowed inside the iterated part of the iteration
Oberator. The reason for this choice is that we want to preserve safeness in our
€Xpressions in order to keep our time semantics as clean as possible.

3.3 Operational semantics of at-expressions

We follow the way through which the semantics of the standard PBC was de-
fined, with appropriate modifications in order to address timing restrictions. We
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I_\ E[F™ = Y F™ EpllEgry = Eﬂmin{g‘mmu{u}}
ECF™ = E™oF Eg OF = EDFg .
EOF™ = EoF™ EOFy = EQFg
EscA™ = E™sca EgscA = EscAg
E;F™ = E™;F EiFg = EjF,,
Eg;F = E;F™

(PeEem™ = (D™ oE®F)

(De®E@F) = (DOE™eF)

(DeEy®F) = (DOE®F™)

(DeE® ®F) = (D®Egy ®F)

| (PeFery) = (peEoF),

Table 3.1: Rules of the structural equivalence for at-expressions.

first define a structural equivalence relation on at-expressions which aims to cap-
ture the most fundamental correspondence between expressions. For example,
EpiF= E; F™ states that a sequential system in which its first component
has terminated is the same as the system in which the second component is ready
to begin its operation. The time annotations are not changed since the entire
State produced by the first component is passed to the second one. Formally, =
is the least equivalence relation on dynamic at-expressions such that the rules in
table 3.1 are satisfied. Note that we do not give any rule for EEL”_F_EL’ with
EL # E'L’ as such an expression can never be derived from initially marked
static expressions, which are the only at-expressions we are interested in.

Proposition 3.1. Assuming that we treat the rules in table 3.1 as term rewriting
rules, if G = H and G is an at-expression, then so is H.

Proof. Follows from a similar result in the standard box algebra. 0

3.4 SOS rules

Sirnilarly as at-boxes, at-expressions can perform two kinds of operationa)] se-
Mantics moves, namely action moves and time moves. A time move has the

form
v
G—H
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and an action move has the form
r
G— H

;Vhere I' is a finite multiset of communication actions. We now define various
YPes of moves of the structural operational semantics of dynamic at-expressions.

Empty moves

The following rules deal with the empty action moves.

G=H ¢ g5 H e PRANY SNy *
¢H - ¢Sw  ¢Lm

Basic action

A _basic action can occur if its timing restrictions are satisfied by the age range
of its overbar: : |

EL tsat el

—fFL f{a}
ael  — aely

Note that the age range of a newly created underbar is always set to (00). .

SCOping

There is g single rule for scoping:

{ ,A }+"‘+ 16 +F n
e o (AUAAT =0, ay,... a € A

k-{1}+T
GscA—— HscA

Other operators

T.here is no real difference in the rules for the remaining operators when compared
With the standard PBC 8,9].
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- H
G r 4 _r ! L. )
S —G , H—H (G®RE®F) —s (H® E® F)
N r
Gl Delw . (E®@GeF)— (E®H®F)
r
(E®@F®G) — (E®F® H)
r r ’
G— H : G—H
Eog -1 EoH GiE — H;E
GOE -, HOE . E;G—EH

8.4.1 Urgent labels of at-expressions

;I'O identify cases when time moves can be applied, we need the notion of urgent
abels which can be executed by an at-expression. Urgent labels of dynamic

at-expressions are defined by
urgent,,, (H) = {a | &° € enableda.: (H)},

where enabled,,,(H) is a set defined by induction on the structure of H. There

are two kinds of objects which enabled s (H) can contain, namely of and a,
Where o € AU {1}, a € A and 6 € {0,1}. Intuitively, a® means that the label o
IS enabled and urgent in the expression H, a! means that the label a is enabled
but non-urgent, and a means that there is a pair of conjugate labels (a, @) enabled

Simultaneously and at least one of these labels is urgent. In more detail, for the
ase case, we have:

enabledaw(@m) = {a'} if ELtsatel and [>L

{a®} if ELtsatel and [=L
& . otherwise .

enabled ., (ely) £ @

For more complicated expressions H, we define ena bled o, (H) as the smallest set
Such that, whenever H = G then

enabledoy: (G) = enabled,u, (H)

and then the following hold for individual cases of composition operators. For

-~

SCoping, if a € enabled,,,(G) and a € (AU A) then:
1% € enabled,, (Gsc A) ,
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as well as

{a® € enableduus(G) | o ¢ (AUA)} C  enableday, (G'sc A)
{a € enabled,,.(G) |a ¢ (AU A} ¢ enabled 4, (Gsc A) .

For concurrent composition,

enabled g, (G) U enabled gys (J) C enabledgus (G| J)
{a]a® € enabled,y, (G) A G € enabledus(J) A8+ &' = 0} C enabledgus (G||J) .
For the remaining operators, we have that: |

enabled s (G) € enabledas((G ® E ® F))) Nenabledsws((E ® G ® F))
. ~ Nenabled,,((E® F ® Q)

enabled,,, (G) C enabled,,;(GOE) Nenabled . (EOG)
enabled,,,(G) C enableday, (G E) Nenabledyw,(E;G) .

Now one can consider the following example expression (E'; (@ || Q)_) to enhance
the intuition behind the calculation of objects contained in the equivalence class
of enabled,,,,.

enabled .., ((E ; (@ || b)) = enabledaus(a || b) =
enabled gy (@) U enabled 4z (B) = {a} U@ = {a}.

3.4.2 Time moves

There is 5 single time rule:

urgenty, (G) = &

G._\/._.G‘/

Where GV is G with each time annotation EL at an over- or underbar changed
to (E +1)(L +1). Notice that a time move can only be applied at the topmost
level of an expression as it cannot be ‘propagated’ through the expression using
action rules. This ensures that time progresses uniformly.

Note also that to capture the urgency of enabled label, one cannot use a
definition of the following kind: a € urgent;,,(G) if « is enabled by G but
ot by GV. The reason is that enabling alone cannot find out precisely which
action cannot wait any longer. Take for, instance, the following at-expression:
2000201 ®, We have here two possible occurrences of a leading to the the same
€Xpression g000a01 ,,. However, one of them should be considered urgent, even
though we still have that a is enabled by 00001 .

1t can be seen that the rules of the operational semantics do not lead outside
the set of dynamic at-expressions.
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Proposition 3.2. Avssuming that we treat the rules of the operational semantics
as term rewriting rules, and H has been derived from an at-expression, then H

3 also an at-ezpression.

Proof. Follows from a similar result in the standard box algebra. - O

3.5 Reachability trees of at-expressions

As already mentioned, we are ultimately interested in those at-expressions that
can be reached, through the rules of the structural operational semantics, from
Static at-expressions started at zero time, i.e., we are interested in at-expressions
of the form G = E® executed using the operational semantics rules defined earlier
in this section. The representation that we will use to capture the behaviour of
G will again be a reachability tree, denoted by RTg. Its nodes are labelled
by equivalence classes of dynamic expressions reachable from G, and arcs are
labelled by multisets over AU {1} or the / symbol. The root node is labelled by
Gls and, if a node is labelled by [H]=, then: for every move

H—J,

there is a unique descendant labelled by [J]= and the arc leading to it is labelled
by I, and if the time move is possible for H then there is a unique descendant
labelled by [HV)< and the arc leading to it is labelled by /.

Note that we base reachability trees (and later transition systems) of at-
€Xpressions on the equivalence classes of =, rather than on at-expressions them-
selves, since we may have G £, @ for two different expressions G and G,
Whereas in the domain of at-boxes, O[2)E always implies © = Z.

3.6 Examples

Our first example, in figure 3.1, shows an at-expression with two sequential
actions @,c in parallel with two other sequential actions b, and scoping on
action ¢, Different execution scenarios can be followed. We choose, in line (2),
to execute action a followed by a time move in line (3) which is the only possible
Move at this stage. Action b becomes then urgent and in line (4) b is executed.
After three time moves, in line (6), the ¢ part of enabled synchronisation action
Is urgent, and so time move is disallowed. Synchronisation takes place in line
7), by executing the silent synchronisation action 1.

The second example, in figure 3.2, shows an at-expression consisting of an
action g in parallel with two sequential actions b,@ and scoping on action a.
In line (2), we cannot execute a due to the restriction imposed by the scoping
Oberator (as well as the timing age) and b is not ready to fire. In line (3), after
One time move, action b is urgent and must be executed immediately. In line
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)

(7)
(8)
(9)

((a02; c44) || (b11; 1)) sc{c}

((a02% 5 ca4) || (P11 ;214)) sc{c}

(02005 044) || (B11 " 5214)) sc{c}

((a02,; 5 c44) || (BT ;214)) sc{c}

((a02,; 5¢44) || (bl1go 5214)) sc{c}
)

((a02; 1™ || (011 74%)) sc{c)

((a02; 282 || (b11; 204 ™)) sc{c}
((a02; c4d ) || (6113E144)) sc{c}
((a02; c44) || (b11;214)) sc{c} 0

Figure 3.1: An evolution of the expression ((a02;c44) || (b11;214))sc{c} @

55)» _aCt.iOn a is urgent, but its counterpart @ is not enabled due to the time
estrictions. As a result, the synchronisation action of the scoping operator is
Dot possible and there are no other possible action moves after that.

(1)
(2)

(3)
(4)
(5)

(@11 ] (b11;a11)) sc{a}

(@IT* || (B11;a11)) sc{a}
(@TT™ || (BT1 ' ;a11)) sc{a}
(aIT™ || (b11e03311)) sc{a}
(aI1™ || (b11;@11")) se{a}

s

Figure 3.2: An evolution of the expression (a00 || (b11 ;@01)) sc{a) o0



Chapter 4

Algebra of at-boxes

In this chapter, we extend the box algebra to-at-boxes, by defining composition-
ally g mapping which, for static at-expressions, returns at-boxes.

Net substitution

The identities of places and transitions will play a key role, especially when
defining the transition based SOS semantics of process expressions. As in the
standard box algebra, place and transition identities will come in the form of
finite labelled trees retracing the operators used to construct a box.

We shall assume that there are two disjoint sets of basic place and transition
names, P, and T,.. Each name 7 € Proot U Troot can be viewed as a special
tree with g single node labelled with 7, which is both a root and a leaf. (All the
transitions in figure 4.1 are assumed to be of that kind.) We shall also employ
more complex trees as transition and place names, and use a linear notation to
express such trees. To this end, an expression z<IT, where z is a basic name in
Proot UTro0t, and T is a set of trees, denotes a tree where the trees of the multiset

are appended to an z-labelled root. Moreover,
® if T = {t} is a singleton then 2T will be denoted by z «t.
* 24T denotes the set of trees {z<tt [t € T}

® £<(v,«Ty,...,v;4T) denotes the set of trees

{za{v,<ts,...,veIte} [t1 E TL AL .tk € Ti}.

4.1 Net refinement

The net algebra employs operators directly corresponding to (and denoted as)
those used in the algebra of static at-expressions. All the net operators are
similar to those in the standard PBC with two important modifications: (i)
changing the definition of the basic net corresponding to a single action, and

33
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(i) taking care of the time restrictions associated with transition input arcs.
Essentially, the latter means that if p and ¢ are a place and transition which are
fC&rl‘ied forward’ by a net operator, then the associated time constraint A(p, t)
18 also carried forward. Moreover, in the scoping operation, if ¢ and #' are fused
together to yield a i-labelled synchronisation transition u, then we assume that
TN = o and t* N¢* = &, The full definitions of the composition operators
for at-nets are given below. The relevant operator boxes are shown in figure 4.1.

@ €ael ° €sc A ' e eﬁ e eﬁ
el

m Vael . m vsceA m ’Uﬁ m UIT

xael w":A - IL‘ﬁ xﬁ
Nael QSC.A Q”

Figure 4.1: An at-net Ny and five operator boxes,

Scoping

Let 4 G A and T be an ex-restricted and ex-directed at-net. The result of a
Substitution of the transition vsc 4 in (lsc 4 by L is an at-net ¢ = Qsc 4(X) whose
Components are defined as follows.

Places, There are three kinds of places in ®:
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® For every entry place p in £, ¢ = es 4<MUsc4<Ip is an entry place in & with
the marking Mg (p).

* For every exit place p in £, ¢ = Zsca Vs A<Ip is an exit place in ® with
the marking Mg(p).

* For every internal place p in &, ¢ = vsca<p is an internal place in ¢ with
the marking My(p).

Transmons, arcs and timing constralnts There are two kinds of transi-
tions in ®:

® For every transition ¢ in ¥ with a label not belonging to AUA, w = v 4t

is a transition in @ with the same label as ¢.
There is an arc from a place g to w iff there was an arc from p to ¢; moreover,

in such a case, Ag(g, w) = Az(p, t).
There is an arc from w to a place ¢ iff there was an arc from ¢ to p.

® For all pairs of transitions t,u in I, one with a label a € A and the
other with the label @, as well as with disjoint sets of pre- and post-places,
W = Vs 4 A{t, u} is a transition in @ with the label 1.
There is an arc from a place ¢ to w iff there was an arc from p to ¢ (or u);

moreover, in such a case, As(q, w) = Az(p, t) (or Ae(g, w) = As(p, u)).}
There is an arc from w to a place g iff there was an arc from ¢ or u to p.

Other operators
Let Qop € {Q0,0%, 9,2} be any n-unary (n 2 2) operator box and ¥ =
(Zy,.. yZp) = (zvl yorvs Sup, ) be an n-tuple of ex-restricted and ex-directed at-

hets, The result of & 31mu1taneous substitution of the transitions v}, in Q,, by
the at-netg 5_.‘,,; is a net ,,(X) = ® whose components are defined as follows.

Tl'ansitions. There is one kind of transition in ®:

® For all transitions v in 2, and ¢ in'E,, w = v<t is a transition in  with
the same label as t.

Places, arcs and timing constraints. There are two kinds of places in ®:

® For every transition z in Qo and every internal place p in £,, ¢ = z<p is
an internal place in ® with the marking Mz, (p).
There is an arc from g to a transition w iff v = z and there was an arc from
P to t; moreover, in such a case, Ao(g, w) = Az, (p, t).
There is an arc from a transition w to ¢ iff v = z and there was an arc from
t to p.

!Note that the definition is well-formed since the pre-sets of ¢t and u are disjoint.
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* For every placé s in Qgp with *s = {u1,...,uk} and s* = {ugs1, ..., Uiem},
We construct in @ all the places

q= Sq(ul <pi1y..s ;uk+m<pk+m) y

where each p; (for i < k) is an exit place of I, and each p; (for j > k) is
an entry place of Z,;.
The label of q is that of s and the marking is equal to

Mz, (p1)+...+ Mg, (Pr+m) -

There is an arc from g to a transition w iff w = u; (for some j) and there
Was an arc from p; to ¢; moreover, in such a case, As(g, w) = /\‘z.,, (s, t).2
There is an arc from a transition w to q iff w = u; (for some j) and there

was an arc from ¢ to p;. o
As in the standard box algebra, we will use the following notations:

Neca(X) = TscA
o) =
O5T) = 5;X
Oo(T, %) = Oz

0(5,2,2") = (Cef'el).

1

4.1.1 Composite at-nets

To be able to take advantage of the results developed for the standard box
algebra, we introduce semantics of at-expressions into at-nets which are the same
88 that in the standard box algebra if we ignore all time annotations (nets are
Marked with black tokens). The mapping Box from at-expressions to at-nets is
efined so that o
Box(ael) = Nyt

Where Naei is shown in figure 4.1,

Box(E™) £ Box(E)

Box(Eg) = Box(E)

and for the remaining static and dynamic at-expressions:

Box(H sc A) £ Box(H)scA

Box(HOJ) < Box(H)OBox(J)
Box(H||J) £ Box(H)||Box(J)
Box(H 3 J) 2 Box(H);Box(J)

Bx((H®J® 1)) £ (Box(H)® Box(J) ® Box(I))) .

*Note that the definition is well-formed since the operand at-nets are ex-directed.
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Any at-net obtained through the Box() from some at-expression will be called
€omposite. Note that the above at-nets semantics of at-expressions are the stan-
dard black token semantics, with all time constraint being simply ignored.

Proposition 4.1, For every static (or dynamic) at-expression H, Box(H) is a
static (resp. dynamic) at-net which is both ez-directed and ez-restricted. More-

over, if H conforms to the syntaz for Z or K then Box(H) is er-exclusive.

Proof, Follows from similar results in the standard box algebra. 0

4.2 Transition based operational' semantics of
at-expressions

To prove our main results, we will need another semantics of at-expressions,
based on the transitions present in the corresponding composite at-nets. More
Precisely, at-expressions can perform two kinds of operational semantics moves,
Namely action moves and time moves. A time move has the form

¢
and an action move has the form
G—H
Where U = {t1,...,tx} (k > 0) is a set of transitions in the composite at-net

BOX(E), where FE is obtained from G by deleting all overbars and underbars,

. We now define various types of moves of the structural operational seman-

tics of dynamic at-expressions (note that the relation = below is defined as in
table 3.1)

Empty moves

The following rules deal with the empty action moves.

G=H ¢Sy ¢cLi2Zy
G2 H ¢S H e RNy S

Basic action

A basic action can occur if its timing restrictions are satisfied by the age range
of its overbar:

EIL tsat el

—FL {Uael}
ael —— ael 00
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Scoping »

There is 5 single rule for scoping:

{t1,u1 Yooty up YU ‘ -
G 1,81 {tk k}wA,H,(Vi)ai=€i€A,(AuA)nL=@

o~

{vee a<{t1 1 }yerertse a{tic Uk } P vsc 4 AU
» Hsc A

GscA

Where L = ’\Box(LGJ)(U), a; = /\Box(l_GJ)(ti) and ¢; = /\Box(!_GJ)(ui)7 for i = L,... v k.

Other operators

There is no real difference in the rules for the remaining operators when compared

With the standard box algebra [8,9].

[ —————

U 1
G—-;G',H_U_.H/

vl QUL QU’
] 1
Gl ———7F— g'||H’

¢, g

o
GoE -2V, yog
13 U
E0G —— EnH

¢

1
vy WU

(G®E®F) —— (H®E®F))

uédU
(E®G@®F) —— (E® H® F)
vl U

(E®F®G) — (E® F ® H)

G—H

v,1<U
G;E —— H;FE
ViU

E;G——E;H

e ————

4.2.1 Urgent transitions of at-expressions

Urgent transitions of dynamic at-expressions are defined by induction on their

Structure, as follows. For the base case, we have:

urgent(EéTEL) o« {{gv‘”‘}

urgent(aelg;) = o

For more complicated expressions H, we define urgent(H) as the smallest set

Such that, whenever H = @ then

“if EL.tsatel and [ =1L
otherwise .

urgent(G) = urgent(H)

and then the following hold for individual cases of composition operators. For

Scoping, if vy 4 U € enabled(G) and U Nurgent(G) # @ then:

vec a<AU € urgent(Gsc A) .
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Note: enabled (H) coinprises all ¢ such that there is an at-expression J satisfying

t
a2

For the remaining operators, if ¢ € urgent(G) then:

v|1,<1t € urgent(G||J)
vﬁ<]t € urgent(J||G)

vp<t € urgent((G® E® F))
vt € urgent({E®G® F)) - -
vt € urgent((E@F @ G))
vi<t € urgent(GOE)

<t € urgent(EOG)

vldt € urgent(G; E)

viat € urgent(E; G) .

4.2.2 Time moves

There is 5 single time rule:

urgent(G) = @

GLGV

_Note that urgent(G) is the set of all transitions enabled by G but not by GV and,
In fact, it could be defined like that. However, we preferred to give a definition
closer to that used in the label based presentation in the previous chapter of this
thesis. Note also that the example motivating a rather complicated definition of
urgent labels there, z000a01 , no longer works. The reason is that in case of the
transition based semantics, the two a labels correspond to executing v} <wego and
U8 gy, respectively, and so they can be distinguished by the enabling relation.

It can be seen that the rules of the operational semantics do not lead outside

the set of dynamic at-expressions.

Proposition 4.2. Assuming that we treat the rules of the transition based op-
€rational semantics as term rewriting rules, and H has been derived from an

at'empression, then H is also an at-expression.

Proof, Follows from a similar result in the standard box algebra. O

Representing global behaviour of at-expressions

There are different, though eclosely related, representations capturing the overall
behaviour of an at-expression H. The first one we already introduced is that of
Teachability tree, RTy. We will also need the following.



- CHAPTER 4 ALGEBRA OF AT-BOXES 40

- * A full reachability tree of a dynamic at-expression H, denoted by fRTy, is
a tree whose nodes are labelled by equivalence classes of dynamic expres-
sions reachable from H using the rules defined in this section, and arcs are
labelled by steps of transitions or the 4/ symbol. The root node is labelled
by [H]< and, if a node is labelled by [G]=, then: for every move

¢,
there is a unique descendant labelled by [J]= and the arc leading to it is
labelled by U, and if the time move is possible for G then there is a unique

descendant labelled by [GV]= and the arc leading to it is labelled by V.
For a static at-expression H, fRTy < fRT z00.

® Let H be a dynamic .at-expression.. We will use [H) to denote all the
at-expressions derivable from H using the operational semantics defined
in this section, i.e., the least set of expressions containing H such that if
H' € [H) and H' -%5 H", for some step U of transitions in |cBox(H)],
then H " € [H). Moreover, [H]= will denote the equivalence class of =
containing H. N
The full transition system of H is then defined as fTSy = (V, Arcs, init),
where V' £ {[H'l- | H' € [H)} is the set of states with init < [H].
being the initial state, and Arcs is the set of labelled arcs of the form
([H')<, U, [H"]<) such that H', H" € [H) and H' - H",
For a static at-expression H, fTSy < fTSw.

® Let H be a dynamic at-expfession. We will use [H),;q to denote all the at-
expressions derivable from H using the operational semantics introduced
in the main body of the paper, i.e., the least set of expressions containing
H such that if H' € [H ) and H' RNy S , for some multiset of communi-
cation labels I", then H" € [H)iap-
The transition system of H is then defined as TSy £ (V, Arcs, init), where
V S {[H')- | H' € [H)ia} is the set of states with init & [H]= being the
initial state, and Arcs is the set of labelled arcs of the form ( [H's, T, [H"]2)
such that H', H” € [H), and H' — H".
For a static at-expression H, TSy < TS4oo.

4.3 Interface regions

The standard boxes have quite regular internal structure which then has a signif-
‘ant impact on their behaviour. We will capture some aspects of this structure
_through the notion of interface regions, which will form a partition of the set of
Internal places, ' '
 The set of interface regions IR(X) of a composite at-net ¥ is defined by
Induction on the structure of the at-net, in the following way.
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Basic Net: ¥ - Nael- Then IR(Z) £ 2.

Paralje] composition: % = 3;||Z;. Then

RE) £ o} Q1 Q€ RE) .

k=1

Sequential composition: I = ;;X,. Then
, o, -
IR(Z) £ {5,a(v} € 55,0 «° %)} U J{of 4« Q| Q e IR(Z,)}.
k=1

Choice operator: ¥ = X;,0%,. Then

2
IR(E) £ | J{vk 4 Q| Q € IR(Ty)} .

k=1
Iteration; y - (21 ®Z; ® Z3)). Then

IR(Z) £ {ieo (v « £1, 0% < °Ta, v 4 53,05 < °Ta)} U

Ul <@l Qe IrR(E)}

k=1
Scoping: ¥ =¥, sc A Then IR(E) £ {vics €4 Q| Q € IR(Z,)} .
1:)I'ODOSition 4.3. Let S be a composite at-net. Then
2= Q.
QEIR(T)

Proof, Follows by a straightforward induction on the way X has been constructed.
O

A crucial property of an interface region is that its marking behaves in a
Monotone way, as captured by the following result.

Pmposition 4.4. Let T be an initial composite at-net, Q € IR(Z) one of its

“ierface regions, and MULMU, ... MyUnMnyy be a sequence of markings and

Steps such that My = Mg =°Z and M;[U;)Miyy, fori=1,... n. Moreover, let
i=MnQ, fori=1,...,n+1.
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1. There are indices ki < ky <...<kpy such thatky =1, ky, =n+2 and,
Jfor each j < m, one of the following holds: :

Case 1: @=M, CMy S -CM, .
Case 2: Q=M 2 My 1 2 2M; . ;.

Moreover the two cases strictly alternate, beginning with Case 1.

2. If M occurs in Case 1 sequence then *U;NQ = &, and otherwise UurnQ =
2.

Proof (1) This is a property of the standard box algebra. It can be shown,
Or instance, by considering the isomorphism between the reachability graphs
of such boxes and the the corresponding process expressions. One also needs
the following property @ € {*U; N Q, U N Q}, for all 4, which holds due to the
Syntaxes (3.1,3.2); in particular, since the way in which the syntax for Z was
Biven guarantees that the corresponding at-net is ex-exclusive.

(2) Follows directly from part (1) and the above property. 0

4.3.1 Example

After the definition of interface regions and their technical details it seems useful
bo clarify their notion and functionality and also present the interface regions for
the following example in figure 4.2. For our purposes, we need a more refined view
of the structure of algebraically defined nets. In particular, according to their
efinition interface regions are sets of internal places. These places ‘behave’ as if
they were 5 single place in the sense that they start from being all empty, they
¢an be subsequently filled in a monotonic’ fashion (no token removal is allowed
before they are completely full), and after that emptied in a 'monotonic’ fashion.
Essentially, this is described in cases 1,2 in proposition 4.4. This allows us to
Ve a good insight into the manner composite nets evolve. Interface regions
are created by both sequential composition and iteration, and carried forward
Y every operation. Now, let us consider the following at-expression

((asb) | c@d®eD(f39))

and the at-box that corresponds to this expression is presented in figure 4.2,
Otice that time annotations have been omitted from the at-expression and the
cOrresponding at-box since they are not necessary for this example. We will now
Compute the interface regions for this at-box. In the first part of the iteration
OPerator, we have the parallel composition of the sequence of action a and b
With action ¢. Like mentioned before, interface regions are created when we
ave sequential composition. Following the definition, place p4 is an interface
Tegion. Likewise in the third part of the iteration operator, we have the choice
etween action e and the sequence of actions f and g. Place pg is also an interface
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region. Finally, placés {p2,p5} are also an interface region. In this case, we can

also observe the monotonic filling and emptying of an interface region. At the

beginning both p; and ps are empty and then either p; or ps will get a token.
his token cannot be removed before both places are filled. ~

71 D2

Figure 4.2: Ap at-box corresponding to the expression ({(a;b) || c®@d®@eD(f ; g))).



Chapter 5

A new type of timed-arc petri
Nets |

In this chapter, we will introduce a different kind of timed-arc Petri boxes, to-
8ether with the reasons for this introduction. Furthermore, there will be a pre-
Sentation of the translation of at-expressions to this new type of timed-arc boxes.

5.1 Token based timed-arc Petri nets
An at-bog is a pair © £ (T, 1) such that £ = box(J), for some static or dynamic
at-expression J given by the syntax (3.1,3.2) and

i Pg— Nt

isa token, timing mapping (a state) such that the following consistency conditions
hold: -

* For every p € Py, p(p) = L iff Mz(p) = 0.
* Forall p,pf € °F, if u(p) # L # p(p') then p(p) = u(p').

We say that © is static/dynamic if so is J and denote © € T;. We then introduce
Some usefu] notations: | |

* @] £3and |®] £ (|Z],v), where v always returns L.
* The state Y is defined so that, for every p € Py,

\ df +1 if ( )5‘é L
MO { i(p) :)tl/:efwise

and the at-box ©V is then defined as (Z, uV).

* © is input-reachable if it is reachable from the at-box ( ET, v), where v
returns 0 for all the entry places, and otherwise L. We will be interested

only in those at-boxes which are input-reachable,

44
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The above notions are well-defined. Indeed, it is clear that the two consistency
conditions are satisfied in each case.

Proposition 5.1. Let © be an at-boz in T ;.
1. |®] is g static at-boz in Ty
2. If © is static, then |®] =O.
Proof, Follows from the properties of the standard box algebra. o O

A set of transitions U C Ty is enabled by © if it is enabled by ¥ and, for
every t € U and every place p € °t, we have that u(p) tsat Ag(p,t). We denote
this by U ¢ enabled(®). This enabling is urgent, denoted U € urgent(®), if U is
Dot enabled by @V, : .

An enabled step may be ezrecuted and yield a follower at-box E = (¥',v)
Such that LU)E! and, for every place p € Py, -

L ifpe*U

vip) {0 ifpe Q’
u(p) - otherwise .

We denote this by ®[U)E. Note that due to proposition 4.4 and the ex-
directedness of ¥, we do not need to consider the case when p € *UNU*. A
Similar comment applies also to the formula for marking execution in the cat-

Oxes introduced in the next section. .
A time move is enabled if there is no urgent enabled step; it then can be

executed and yield a follower at-box: ©[/)@©V. |
Proposition 5.2. Let © be an at-boz and O[U)E or O[/)E.
1. If © is static, then U = @ and © = E.

2. IfO is dynamic then so is E.

Proof. Follows from the properties of the standard box algebra and, additionally,
We need to check that the two consistency conditions from the definition of at-
Joxes are satisfied. The latter is straightforward (ex-directedness of at-nets is
'Mportant here). |

P TOposition 5.3. Let © be an input-reachable at-boz, O[U)E, where U is a step
consisting of transitions ty,. .., tx. Then there are at-bozes Oy, ..., O, such that

© =0, 0, == and ©,_,[t,)0;, fori=1,...,k.

Proof. Follows from the standard properties of safe Petri nets and proposition 4.4
Which ensures that for each t; no time token involved in the enabling of ¢; is -

Involved in the firing of the preceding transitions ¢i,...,t;-1. 0
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5.1.1 Represeﬁting global behaviour of at-boxes

As in the case of at-expressions, there are different representations capturing the
overall behaviour of an at-box ©. The first one we already introduced is that of
reachability tree, RTg. We will also need the following.

o A full reachability tree of an at-box © = (X, 1), denoted by fRTe, has
nodes labelled by token timings and arcs annotated by executed transition
steps or time moves. More precisely, the root node is labelled by the initial
token timing p and, if a node is labelled by 4/, then for every move p/[z)p”
there is a unique descendant labelled by p”; the arc leading to it is labelled
by / if z =+/, and by U if z = U is an executed transition step.

o A full transition system of an at-box © is fTSg £ (V, Arcs, init), where
V £ [©) is the set of states with init = © being the initial state, and Arcs
is the set of all labelled arcs of the form (®’,U, ®") and (@', /, ©") such
that @', ©” € [®) and, respectively, ®'[U)©"” and ©'[,/)@".

o A transition system of an at-box ©, denoted by tsg, is obtained from fTSe
by replacing each arc @'[U)®" by ©'[I")©”, where T is the multiset of
communication labels of the transitions in U.

5.2 Preparing for the main result proof

5.2.1 Why reachability trees?

In the original PBC the main result stated that the reachability graphs of ex-.
Pressions and the corresponding boxes are isomorphic. Unfortunately such result
cannot hold in this case as it can be seen in theorem 6.4. The main result of
this thesis is formulated in terms of reachability trees because the reachability
~graphs are not isomorphic, though they are strongly bisimilar [46]. Isomorphism
of reachability graphs fails to hold because, in general, there is no one-to-one
correspondence between the expressions reachable from G and the token timings
reachable from the initial token timing of Box(G) To illustrate this, we consider

the at-expression G = ((aOO I bOl) | c11); dOl ® and the corresponding at-box
Box(G) shown in figure 5.1.
It may be easily checked that this at-box allows the followmg two sequences
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p1 (0)—00 ()P4
€ a i

01

Ds .
€ b i d X

o1
ps(0)—n (s
e ¢ i

Figure 5.1: An at-box corresponding to the expression ((a00 || 501) || c11) ; 01 ®

of moves, both starting from the initial token timing:

scenariol scenario?2
(1) (0,0,0,L,1,1,1) [{t:,ta}) - (0,0,0,1,4,1,1)  [{t:})
(2) (L,L,0,0,0,L,1) [V) (1,0,0,0,L,1,1) [V}
(3) (L,4,1,1,1,1,1)  [{ts}) (L, 1,5,1,4,1,1)  [{tz,ts})
4) (4,4,1,1,1,0,L) [{ta}) (L,4,4,1,0,0,4) [{ts})
(5) (L,L,L,1,1,L,0) (L,L,14,1,1,1,0)

The two corresponding execution sequences for the expression G are shown
in figure 5.2. One may further observe that the left marking in line (4) above
corresponds to the expressions in lines (4’) and (4a’), and that the right marking
in line (4) above corresponds to the expressions in lines (4”) and (4a”). However,.
the two markings are different yet we have (4') = (4a') = (4a") = (4"), which
indicates that the expressions in lines (4/,4a’,4”,4a") represent the same state
of the system. It is therefore impossible to show that the reachability graphs of
G and Box(G) are isomorphic. This should not be treated as a cause for concern
the main results of this thesis still establish very strong relationship between
the behaviours of the at-expressions and the corresponding at-boxes. The above
discussion also means that a proof of the main results presented in this research
cannot be obtained by a simple adaptation of that used in [9] since dynamic
at-expressions cannot be unambiguously mapped to at-boxes. In the following
sections we will explain how we cope with this problem.

5.2.2 Clusters
For every composite at-net ¥, its clusters are defined as:
CL(Z) £ {°Z,2°} U cl(T) U cli(T),

where the entry clusters cle(X), and the internal clusters ck(Z), are defined com-
positionally below.
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scenariol
(1) ((@00 [T 501) | c11);d01°° | o
(@) (@0 || Wlg) | TTT®)501  —
(3) @0y 301y AT Yd0r
(4') ((@_@11 “ QQ_ln) ” C_l_loo) ;d01 o =
(4a") ((a00 || b01) || c11) ; 01 @
(5 ((a00 || 01) | c11) ;d01
scenario2 ‘
(1) ((a00 || 01) || c11) ;d01°° _&,
@) (@00 | 30T [T 5d0 —Y s
() (@0 BTV AT —
(4") ((@004; [l 801g) || €11gg) 3d01 =
(4a") ((00 || 501) || c11) ; d01"" 4,
(5") ((a00 || bO1) || c11)5d0L

Figure 5.2: Two execution sequences corresponding to scenario 1 and 2.

Basic Net: I = N,g. Then cle(Z) = {°T} and c}i(Z) £ 2.

Parallel composition: X = I;||Z;. Then

(D) £ sz{e“ <uf «cl]|cl € cle(Zk)}

H

[N

ci(x) £ kU {vf «cl|cech(Z)}.

Sequential composition: ¥ = ¥;;%;. Then

ce(n) &£ {e;<v}! «cl|cl € cle(Z4)}

o
-

() = sz{v;’c <cl|clech(Z)}u{i,a(v] €I}, «cl) | cl€cle(Ty)} .
' k=1 ,
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Choice operator: X = X,0%,. Then

() £ {eo<(vh <cl,v? €°S; | cled ()} U
{eo<(v} €°Zy, 0% «cl) | cl € cle(Z2)}

cdi(z) £ kL:Jl{v,’; acl|cechi(Z)}.

Iteration: X = (T;® X, ® Z3)). Then

cle(T) = {ee<vd wcl]|cl € cl(Sh)}

RS

cli(X) U {vE «cl|cech(Zi)} U

{z®<1(v® <« T3, «cl vl € Z5,03 €°8;) | cl €cle(T)} U
{ig<(vl € T3, €4 °5;,v3 €4 55,03 «cl)|cl€cl(T;)}.

Scoping: T — Y;sc A. Then
cde(D) £ {ecaUscs wcl|cl € (D))}

ch(T) £ {vea acl|clech(Zy)}.

Visiting back the running example from figure 4.2 we will present every available
cluster in this at-box. At first, we begin with clusters coming from the entry
and exit places of at-box I, cly = {p1,p3} and cly = {p7}. The outmost operator
is iteration and we continue with the cluster cl, of the iteration which comes
from the first part of the iteration £; = (a;b) || ¢. Since in this part we have
parallel composition, the cluster cl, of ¥; will come from both cl, of the parallel
components. The first parallel component is a sequence of action a followed
by action b. The cl. of sequential composition comes from the cl, of the first
component which is basic action a. As a result cl3 = {p3}. Moreover from the
sequential composition, there is also a cl; cluster, which is cly = {ps}. The second
parallel component is basic action ¢, so cls = {p;}. Coming now to the cl; clusters
of the iteration, to begin with we have the cluster coming from the cl, cluster of
the second component of the iteration (basic action d). This is clg = {pz, ps}.
Furthermore to the cl; clusters of the iteration, we have the cl, cluster of the third
component of the iteration which is a choice composition between a basic action
e and a sequential composition of f and g. In this case, this cluster is the same
as cluster clg. Finally, we have a cl; cluster from the sequential composition in
the the third part of the iteration, cly = {ps}.

Proposition 5.4. Let ¥ be a composite at-net. If cl € cl(X) then cl C °%, and
if cl € cli(Z) then cl C L. Moreover, in the latter case, there is a unique interface
region @ € IR(X) such that cl C Q.
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Proof. Follows from the definitions of net refinement and clusters, by a straight-
forward induction on the syntax of the expression from which ¥ has been gener-
ated. The uniqueness property follows from proposition 4.3. , O

Proposition 5.5. Let I be an initial composite at-net, cl € cli(X) be one of its
internal clusters, and MyUIMUs ... MU, Myyq be a sequence of markings and
steps such that My = My = °Z and M{U;)M; 1, fori=1,...,n. Moreover, let
M= M;nNcl, fori=1,...,n+1.

Then there are indices ky < ko < ... <k, such that ky = 1, ky, = n+2 and, for
each j < m, one of the following holds:

Case 1: @ = Mk Cc Mk 1S MIQJH-I
Case 2: Q=M 2 M, 22 M, ..
Moreover the two cases strictly alternate, beginning with Case 1.

- Proof. Follows from propositions 4.4 and 5.4. O

5.2.3 Pre-clusters of a transition

For every composite at-net & and a transition ¢ € Tz, the pre-clusters of t are
defined compositionally below. '

Basic Net: X = Nue. Then, for t = vy, Ot = {°Z}.

Parallel composition: £ = %;||Z,. Then, for ¢ = vf<u (k = 1,2):

£ {eﬁqv{f ad|cdeunc(Zk)}U {vl’f <c|ce Sunch(Ti)} .

Sequentiél composition: X = X;;Z,. Then, for t = v;l <Qu:
Ot £ {e,<v! wcl|ce®uncl(E)}u{v! «d]|de®unch(E:)}
and for ¢t = v2<qu:
Ot = {i,}a(v} 45,02 «cl) | cde%unde(T;)} U
{v? «cl]cle®un cli(Z2)} .

Choice: I = X,0%;. Then, for t = vjqu:
Ot £ {eg<(vh «cl,vd €4°Zy) | cl € uncdl(T;)} U
{vd «cl|cl€®unch(Z;)}
and for ¢ = v3 <u:
%t £ {eg<i(vh'€4°Ty,v3 «cl) | cl € Cuncl(Sy)} U
{v3 wcl|cl€®unch(Z,)}.
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Iteration: ¥ = ((Z}i ® Xz @ T3)). Then, for t = v} qu:
Ot £ {ep<vy «d|c e und ()} U{v} «cl|de®unch(Z)}
for ¢ = vd<u:

Ot = {ig<(v) €T3, 03 «cl, v} 455,03 €°%;) | € Quncdl(Tg)} U
{vZ «cl|cl € ®unch(Zz)}

and for ¢t = v} <Qu:

Ot = {ig<(v) €T3, 0% 4°;, 03 455,08 «cl)|ceun cle(Z3)} U
{v3 «cl|deunch(Zs)}.

Scoping: ¥ = X;scA. Then, for t = v 4 <u: '
0t & {esca<veca acl|cl € Cuncle(T1)} U{vsca wcl|cl€®unch(T))}
and for ¢ = vge 4 <{u, w}:

Ot L {ega<Vsca wcl|cl e (CuUw)Nc(S)} U
{veca wcl|cl € (PCuUw)Nek(T,)}.

Coming back in the example in figure 4.2, we will present the pre-clusters of
' every transition. Once again due to compositional definition of pre-clusters we
are starting from the outmost operator and we follow the rules until we end
up with a basic net. We start with transition a. This transition belongs to
the first component of the iteration operator. Inside the first component of
iteration operator, it belongs to the first component of the parallel composition
and finally is the first component of the sequential operation between action a
and b. Consequently, the pre-cluster of this transition is ®a = {p,}. Following
the same pattern for the rest of the pre-clusters, we have: ®b = {p4} , ®c = {p:1},

°d = {ps,ps}, e = {p2, 05}, °f = {p2, 25} » ®9 = {ps}-

Proposition 5.6. Let T be a composite at-net, t € Ty and cl € ®t. Thencl C *t
and As(p,t) = Ax(q,t), for all p,q € cl.

Proof. The proof proceeds by induction on the structure of the expression from
which ¥ has been derived. Below we assume that t € Ty, ¢l € ®t and p, g € cl.

Base net: ¥ = N,. Then t = v,¢ and the property clearly holds.
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Parallel comp051t10n L =3 Z,.
Case 1: t = v“ <u where u € Ty,. Then, by the definition of ©t, we have two
possibilities:

o cl= eﬁdvﬁ < cl’, where cl' € “uncl(Z;).

By the definition of net refinement, we have: (i) ¢l C *t & ¢’ C *u. And, by
the induction hypothesis: (ii) ¢’ C *u; and (iii) An, (7, u) = Mg, (¢, u), for
all p/, ¢ € cl. Moreover, we have that p = ¢y<v;<p’ and ¢ = €<w|<q’ where
7, q € cl', and by the definition of net refinement: (iv) Az(p,t) = Ax, (¥, w)
and As(g, 1) = As, (¢, v). :

Now, ¢l C *t follows from (i) and (ii). Moreover, Ag(p, u) = As(g, u) follows
from (iii) and (iv). ' :

o cl = v} «cl, where cl' € “unch(Zy).

By the definition of net refinement, we have: (i) ¢l C *¢ < cl' C *u. And,
by the induction hypothesis: (ii) ¢/’ C *u; and (iii) Az, (P, u) = Ag, (¢, u),
for all ', q' € cI'. Moreover, we have that p = Y| lgp’ and ¢ = vi}Qq’ where
?',¢' € c', and by the definition of net refinement: (iv) Ag(p,t) = Ag, (¢, u)
and /\E(% t) = Ag, (q ) )

Now, cl C *t follows from (i) and (ii). Moreover, Ax(p, u) = Ag(g, u) follows
from (iii) and (iv).

Case 2: t = v,"|’<1u where u € Ty,. lThen we proceed similarly as in Case 1.

Sequential composxtlon =55,
Case 1: t = v <u where u € Tx,. Then, by the definition of ¢t, we have two
Ppossibilities:

o cl =e,<v! «cl, where cl' € “uncle(Zy).
By the definition of net refinement, we have: (i) ¢l C *t <> ¢’ C *u. And, by
the induction hypothesis: (ii) cI’ C *u; and (iii) As, (P u) = ,\z;1 (¢',u), for
all p ',¢ € cl'. Moreover, we have that p = e, <1v <p’ and q = e, <1v <¢’ where
?,q € cl', and by the definition of net reﬁnement (iv) As(p, t) = Ag, (P, u)
and )\g(q, t) = Ag,(q,u).

Now, ¢l C *t follows from (i) and (ii). Moreover, Az(p, u) = Ax(gq, u) follows
from (iii) and (iv).

o cl=0v! «cl, where cl' € <>ur‘lcl ().
By the deﬁmtlon of net refinement, we have: (i) ¢l C *t & cI’ C *u. And,
by the induction hypothesis: (ii) cl’ C *u; and (111) /\z,( yu) = /\21 (¢, u),
for all p’, ¢’ € cI'. Moreover, we have that p = v <Qp’ and ¢ = v <q’ where
p',q € cl', and by the definition of net refinement: (iv) Ag(p, t) = Ag, (P, )

and /\z(q, t) = As, (¢, u).



CHAPTER 5. A NEW TYPE OF TIMED-ARC PETRI NETS 53

Now, cl C *¢ follows from (i) and (ii). Moreover, As(p, u) = Ag(q, u) follows
from (iii) and (iv).

Case 2: t = v <u where u € Tx,. Then, by the deﬁmtlon of ¢t, we have two
possibilities:

o ol =14,<(v! € I5,0? «cl), where c' € Cuncle ().

" By the definition of net refinement, we have: (i) ¢l C *t < ¢l C *u. And,
by the induction hypothesis: (ii) cl’ C ®*u; and (iii) Ag,(p,u) = )\g, (¢, u),
for all p,q € cI'. Moreover, we have that p = i, <l('u <w,; 24qyp') and
g = 4,<(v}<w’, v?<g’) where w,w’ € X{ and p',¢' € cI' and by the definition
of net reﬁnement (iv) As(p,t) = )\g,(p u) and Ag(g,t) = Ag, (¢, w).

Now, ¢l C *t follows from (i) and (ii). Moreover, As(p, u) = Ag(g, u) follows
from (iil) and (iv). ' ~

o ol =2 «cl, where cI' € “unch(Z,).
By the definition of net refinement, we have: (i) ¢l C *¢ < ¢’ C *u. And,
by the induction hypothesis: (ii) cl' C *u; and (111) As, (P u) = /\g2 (¢, u),
for all p/, ¢’ € cI'. Moreover, we have that p = v <p’ and ¢ = v <q' where
P, ¢ € cl', and by the definition of net reﬁnement (iv) As(p,t) = Ag, (P, w)
and ’\E(q> t) = Any(d, ).

Now, cl C *t follows from (i) and (ii). Moreover, As(p, u) = Ag(g, u) follows
from (iii) and (iv).

Choice: ¥ =X,0%,.
Case 1: t = v} <u where u € Tx,. Then, by the definition of ¢, we have two
DPossibilities: ' ’

o ol = eq<(vh «cl,v3 «°5y), where cl' € Suncl(Zy).
By the definition of net refinement, we have: (i) ¢l C *t < ¢l C u. And,
by the induction hypothesis: (ii) cI' C *u; and (iil) Ag, (P',u) = Ag, (¢, u),
for all p', ¢’ € cI'. Moreover, we have that p = eg<(vi<p’, v3<w) and ¢ =
en<(vi<q, vi<w') where w,w’ € °L, and p/, ¢’ € cl’, and by the definition
of net refinement: (iv) Az(p,t) = Ag, (¥', u) and Ag(q, t) = Ag, (¢, u).

Now, ¢l C *t follows from (i) and (ii). Moreover, As(p,u) = Ag(g, u) follows
from (iii) and (iv). ’

o cl = v} «cl, where ' € Cuncl(Zy). ,
By the definition of net refinement, we have: (i) ¢l C *t & ¢l C *u. And,
by the induction hypothesis: (ii) cI’ C *u; and (iil) Ag, (p/,u) = Ag, (¢, v),
for all p, ¢’ € cI'. Moreover, we have that p = v} <p’ and ¢ = v} <q’ where
p',¢' € ¢, and by the definition of net refinement: (iv) Ag(p,t) = As, (¢', 1)
and Ag(g,t) = Ag, (¢, u).

Now, cl C *t follows from (i) and (ii). Moreover, Ag(p, u) = Ag{q, u) follows
from (iii) and (iv).
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Case 2: t = vi<u where u € Ty,. Then we proceed similarly as in Case 1.

Iteration: T = (T; ® I, ® Ls)).
Case 1: t = v@<1u where u € Tx,. Then, by the definition of <>t we have two
possibilities:

o cl=eg<v} «cl, where ¢l € Cuncle(L;).

By the definition of net refinement, we have: (i) ¢l C *¢ & ¢!’ C *u. And, by
the induction hypothesis: (ii) ¢l C *u; and (iii) Ag, (', u) = As, (¢, u), for
allp', ¢’ € cl. Moreover, we have that p = eg<wg<p’ and ¢ = eg<wl<y’ where
p',q' € cI', and by the definition of net refinement: (iv) Ag(p, t) = As, (p/, v)
and As(g,t) = Ag, (¢, v).

Now, cl C *¢ follows from (i) and (ii). Moreover, As(p, u) = As(g, u) follows
from (iii) and (iv).

o cl =v} «cl, where ¢l € Cunch(Z;).
By the definition of net refinement, we have; (i) l C*t ¢ c C*u. And,
by the induction hypothesis: (ii) cI' C *u; and (111) )\gl(p u) = /\zl (¢',u),
for all p/, ¢’ € cI'. Moreover, we have that p = vg<p’ and g = v} ¢’ where
?',¢ € c!', and by the definition of net refinement: (iv) Ag(p, t) = Ag, (v, u)
and /\z(q, t) = Az, (7' u).

Now, ¢! C *t follows from (i) and (ii). Moreover, As(p,u) = Ag(q, u) follows
from (iii) and (iv).

Case 2: t = v3 <u where u € Ty;. Then, by the definition of ©t, we have two
possibilities:

o cl=ipga(v) € I3,v2 @l v} € I3,0) €°%;), where cl' € Cundl(L;).
By the definition of net refinement, we have: (i) ¢l C *t & ¢/’ C *u. And,
by the induction hypothesis: (ii) cI' C *u; and (i) Ag, (p’ u) = /\g,(q, u),
for all p/, ¢’ € cl'. Moreover, we have that p = ig<(vg<w, v@<10 v@<ly, v3<z)
and ¢ = z@q(v®<1w v3 ¢, vE <y, v <2') where w,w' € %, y,y’ € 3,
2,2 € °T3 and p',¢' € ¢!, and by the definition of net reﬁnement (iv)
Ae(p,1) = Mgy (9, u) and Ap(g,) = Ar, (', ).

Now, ¢l C *t follows from (i) and (ii). Moreover As(p, u) = Ag(q, u) follows
from (iii) and (iv). :

o cl =12 «cl, where ¢l € Cuncl(Zy).

By the definition of net refinement, we have: (i) ¢l C *t < cl’ C *u. And,
by the induction hypothesis: (ii) cl' € *u; and (iii) Ag,(p',u) = Ag,(¢',u),
for all p/, ¢ € cI'. Moreover, we have that p = v} <p’ and ¢ = v <1g’ where
p',q € cl’, and by the definition of net refinement: (iv) Ag(p,t) = As, (¢, u)
and As(g,t) = As, (¢, u).

Now, cl C *t follows from (i) and (ii). Moreover, Ag(p, u) = Ag(g, u) follows
from (iii) and (iv). '
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Case 3: t = v3 <u where u € Tx,. Then, by the definition of ®t, we have two
possibilities:

o c =ig(vl € I3,02 € °%;,v3 € I3,v3 «cl), where ¢l € Cuncl(Ts).
By the definition of net refinement, we have: (i) ¢I'C *t < ¢l' C *u. And,
by the induction hypothesis: (ii) ¢l C *u; and (iii) Ag,(p,u) = As, (¢, ),
for all p', ¢’ € cI'. Moreover, we have that p = ig<i(vi<w, vi<y, v3<e, vi<p')
and ¢ = ig<(vl<Qw',v3 Yy, 13 <7, v3 <¢') where w,w' € 3, y,y’ € °Z,,
2,7 € T3 and p/,¢ € cl, and by the definition of net refinement: (iv)
/\E(p: t) = )‘Ea (p’$ u) and AE(Qa t) = )‘23 (q” U)

Now, ¢l C *t follows from (i) and (ii). Moreover, Ag(p,u) = As(q, u) follows
from (iii) and (iv).

o cl =03 «cl, where ' € “uncl(Ts)
By the definition of net refinement, we have: (i) cl C °t < cl’ C *u. And,
by the induction hypothesis: (ii) I’ C *u; and (iii) Ag, (¢, u) = Ag, (', u),
for all p', ¢’ € cI'. Moreover, we have that p = v} <p’ and g = v3 ¢’ where
7', ¢ € cl', and by the definition of net refinement: (iv) Ag(p,t) = Ag, (¢, )
and As(g,t) = An, (¢, u).

Now, ¢l C *¢ follows from (i) and (ii). Moreover, As(p, u) = As(g,u) follows
from (iii) and (iv).

Scoping: I = I;scA.
Case 1: ¢ = vsc 4 <<u where u € Ty,. Then, by the definition of ®¢, we have two
Possibilities: h

o cl = e 4 QU 4 A cl, where ¢l € Cuncl (). )
By the definition of net refinement, we have: (i) ¢l C *t <> ¢l' C *u. And,
by the induction hypothesis: (ii) ¢l € *u; and (iii) Ag, (p', u) = Ag, (¢, u),
for all p',q’ € cl'. Moreover, we have that p = e 4 Qv s <1p’ and ¢ =
esc A<Wsc 4<lq’ where p', ¢’ € I, and by the definition of net refinement: (iv)
)‘E(p’ t) = )‘21 (p,: u) and )‘E(Qa t) = /\El (q’a ’LL).

Now, ¢l C *t follows from (i) and (ii). Moreover, As(p, u) = Ag(q, u) follows
from (iii) and (iv).

o cl =wv,4 wcl, where ¢l € Cunch(T;).
By the definition of net refinement, we have: (i) ¢l C *t < ¢’ C *u. And, by
the induction hypothesis: (ii) cl' C *u; and (iii) Ag,(p',u) = Ag, (¢', u), for
all p/, ¢’ € cI'. Moreover, we have that p = vs. 4 <ip’ and q = v 4 <’ where
P, ¢ € cl', and by the definition of net refinement: (iv) Ag(p,t) = Ag, (p', w)
and )‘E(q’ t) = /\21 (ql1u)‘

Now, cl C *t follows from (i) and (ii). Moreover, As(p,u) = As(g, u) follows
from (iii) and (iv).

Case 2: t = ve 4 <{u,w}. Then we proceed similarly as in Case 1. O
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Proposition 5.7. Lét 3 be a composite at-net, t € Ty, and p € *t. Then there
is cl € Ot such that p € cl.

Proof. Follows by induction on the structure of the expressmn from which ¥ has
been derived, similarly as proposition 5.6. O

5.2.4 Intuition behind the cluster-based approach

We are now revisiting the example presented in the previous section in figure 5.1
having in mind the new cluster-based approach. By the ,deﬁnition of clusters,
there are six clusters in this at-box cl1 £ {p1,pa, p3} cly £ {pl} cy £ {pg}
cly £ {p3}, cls < {ps, ps, 26} and cls = {p7}. Assummg this ordering of clusters,
our two scenarios can be re-written as follows:

scenariol . scenario2
(1) (00,00,00,00, L, L) [{ti,t2}) (00,00,00,00, L, L) [{t:})
(2™ (00,1,1,00,00,1) [v) (00, 1, 00,00,00, L) [/)
3" (LL,1,11,11,1) [{ts}) (11,1,11,11,11, 1) [{ts, £})
(4™ (L,1,4,1,01,1)  [{ta}) A4 (L4101, 1) [{ta))
(5"  (L4,1,4,1,.1,00) (L,1,L,1,.1,00)

Note that the problem encountered before with line (4) in the execution
scenarios is no longer present in line (4"). Effectively, this means that we can
suitably adopt the proof technique used in, e.g., [9], to justify the main results
of this thesis.

We will now start the introduction of the auxiliary algebra of arc-timed boxes
which will serve as a bridge between at-boxes and at-expressions.

5.3 Cluster-based timed-arc boxes

A cluster at-boz (or cat-box) is a pair 2 £ (Z, M) such that £ = box(J), for
some static or dynamic at-expression given by the syntax (3.1,3.2) and

M:CLg —» D
is a cluster filling (state) such that the following consistency conditions hold:
e For every cl in CLg, M(cl) = 1 if and only if Mg(p) = {0},Vp € cl.
e For all cl and cl' in {°T}Ucl,, if M(cl) # L # M(cl') then M(cl) = M(cl).

We say that 2 is static/ dynamic if so is J and denote % € T,;. We then introduce
some useful notations:

o |2%] £ and (2] = (|Z],N), where N always returns 1.



.CHAPTER 5. A NEW TYPE OF TIMED-ARC PETRI NETS 57

e For every transition ¢ € Tx and cluster cl € ©t,
Acht) = As(p,t)
for any p € cl.
o The state MV is defined so that, for every cluster cl in T,
M‘/(d) d=f { (]E+ 1)(L+1) lfM(d) = [EIL

1 otherwise

and the cat-box Y is then defined as (£, MVY).

The above notions are well-defined. This is immediate in all but one case, namely
A(cl, t) is well-defined by proposition 5.6.

Proposition 5.8. Let A be a cat-boz in T;.
1. || is a static cat-bozx in T yy.
2. If U is static, then || =
Proof. Follows from the properties of the standard box algebra. O

A set of transitions U C Ty is enabled by A if it is enabled by ¥ and, for every
transition ¢ € U and every cluster ¢l € ©¢, we have that M(cl) tsat A(cl,?). We
denote this by U € enabled(®). This enabling is urgent, denoted U € urgent(2A),
if U is not enabled by 2V.

An enabled step may be ezecuted and yield a follower cat-box X = (', )
such that L[U)%’ and, for every cluster cl in %, : .

L isz;l Ncl=
N(cl) & OL if clNU*® # 0 and M(cl) = EL
D=9 00 if N U* # 0 and M(cl) =

M(cl)  otherwise .

We denote this by A[U)X.
A time move is enabled if there is no urgent enabled step; it then can be
executed and yield a follower cat-box: 2A[v/)2AY.

Proposition 5.9. Let 2 be a cat-boz and A[U)X or A[/)X.
1. If U is static, then U = & and A = X.
2. If A is dynamic then so is X.

Proof. Follows from the properties of the standard box algebra and, additionally,
we need to check that the two consistency conditions from the definition of at-
boxes are satisfied. The latter is straightforward (ex-directedness of at-nets is
again important here). O
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Proposition 5.10. Let A[U)X, where U = {t1,...,tx}. Then there are cat-bores
Qlo, e ,Q[k such that Qlo = 2[, Qlk =X and Qli-l[ti)Ql,-, fO’l"i = 1, ey k.

Proof. Follows from the standard properties of safe Petri nets and proposition 5.5
which ensures that for each f; no time token involved in the enabling of ¢; is
involved in the firing of the preceding transitions ¢;,...,%_1. O

5.3.1 Representing global behaviour of cat-boxes

As for at-boxes, we have four different ways of capturing the overall behaviour
of cat-boxes, namely RTq, fRTgy TSy and fTSy. Their definitions are a straight-
forward adaptation of those for at-boxes.

5.3.2 An algebra of cat-boxes

We define an algebra of cat-boxes following the syntax (3.1,3.2). To start with,
the basic at-box N2t (Nget, M), where for every cluster ¢l € CLy,., we have:

ael = ael

M) E L (5.1)

is a basic building block of the algebra. In what now follows, we assume that
A=(Z,M)e%Ty, X=(T,N) €T, and V= (P,P) € T are cat-boxes.

Overbarring and underbarring: If H is a static at-expression and EL € D,
then A" = (E,R) € Te where, for every cluster cl € CLy, we have:

a [ EL ifcd €cle(X) or cl=°%
R(cl) = { 1 otherwise . ' (5:2)

Similarly, % g, = (Z,N) € Ta,, where, for every cluster ¢l € CLg, we have:

df EL if C| =3°
R(cl) = { 1 otherwise . (5.3)

Choice: 20X is defined if HOJ is generated by the syntax (3.1,3.2), and then
Anx £ (Z0OP,R) € Tyoy where, for every cluster ¢l € CLyny, we have:

e when H is a dynamic at-expression,

([ M(°Z) if d=°(Z0V7)
M(Z°)  if o = (TOT)°
M(cl) if d=eq<(v} €cl,vi €4°0)
M(E)  if ol =eg<(v} €°Z, 02 @ cl)
M) if =0l acl
L if o= <cl

R(cl) £ ¢ (5.4)

\
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e when J is a dynamic at-expression,

([ N(°T)

N(T°)

df N(O\I;)
N(cl)
L

| N(el)

e when both H and J are static at-expressions,

if ol =°(S0%)

if o = (DOU)°

if cl=ep<(vh «cl,v} €°T) (5.3)
if ¢l =en<(v) €°%, v «cl) '
if cd=0v} «cl

if cl=123 «cl

Rc) = L. (5.6)

Sequence: A;X is defined if H;J is generated by the syntax (3.1,3.2), and
then ;X £ (T;9,R) € T p, s where, for every cluster cl € CLy, g, we have:

¢ when H is a dynamic at-expression,

([ M(°T)
1
M(cl')
M(cl)
L

| M)

R(cl) = ¢

e when J is a dynamic at-expression,

(L
N(T°)
4
1
N{(cl)
[ N(cl')

R(clj £

e when both H and J are static at-expressions,

ifd=°(Z;¥)
if ol = (S;0)°
if ¢l = e, <1 (v} «cl)
if cl=v «cl (5.7)
if ol =? «cl
if cl =i, <(v] 42°,02 @l
if c =°(2;7)
ifcl =(X;0)°
if cl = e;<(v] @ cl)
if cl = v «cl (58)
if cl = v? @ cl
if o = 4;<1(v] 4 X°,0? «cl)
R(cl) £ L. (5.9)

Parallel Composition: 2I||X is defined if H||J is generated by the syntax
(3.1,3.2), and then || X £ (TY|¥, R) € T )s where, for every cluster ¢l € CLgyy,
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we have;

R(cl) £ ¢

M(cl')
N(cl')
M(cl')
N(cl')

\

( MEZ)ON(T)  if d=°(Z|7¥)
M(E) BN (T°)  if ol = (] T)°

if ol =ej<v; @l
if ol =ef<vf @cl
if c=v; «cl

if =0} «cl.

Note that when both H and J are static at-expressions, then
R(c) EL. o

for every cluster ¢l € CLg)g.

60

(5.10)

(5.11)

Iteration: (A®X®DV)) is defined if (H ® J® K)) is generated by the syntax
(3.1,3.2), and then

(Aex@V) < ((E® ¥ @ P),R) € Trnesox)

where, for every cluster ¢! € CLyzeves), We have:

e when H is a dynamic at-expression,

\

[ M(°E) ifd=°(T®V® o)

L if dl = (Z® ¥ @ 3)°
ML) ifcd=eg<(vy wcl)

M) ifd=v} acl

L if cl =0 «cl

1 if =03 «cl _
M(E)  ifdl =ie<(vl 4 Z°,02 <l

vs 4 0°,03 €°0)

M(E®)  ifd=ipg<(v] € T° 02 «°F,

vi 40,0 «cl)

e when J is a dynamic at-expression,

[ L

1

L

1

N(cl')

L

N(d") & N(T°)

N(CT) ® N(T°)

ifcd=°(X® ¥ ® o)

ifcl = (Z@ ¥ ®a))

if cl = eg <1 (v} «cl)

if =0} «c

if =02 «cl

if cl =23 «cl

if cl = i< (vl € Z°,v2 «cl,
v €4 0°, 03 € °9)

if d =ig<(vy €4 Z°,03 €°7,
vi 49,03 «cl)

(5.12)

(5.13)
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e when K is a dynamic at-expression,

(L ifd=°"(T® VT ® o)
P@°) ifd=(Z@®T®ao)°.
L if ¢l = eg (v}, wcl)

L if cl =0} «ad
. —_ 2 !
L if ol = vg, « cI, (5.14)
Plcl) ifc =103 «cd :
P(°®) if cd=ig<(vy € Z°,02 «cl,
’ v €4 0° v €°d)
P(cl) ifd =ig<(vg 4 Z°,vE €4°F,
: ve 4008 < cl)

e when H,J and K are static at-expressions,

ReHE L. ‘ (5.15)

Scoping: f2sc A is defined if HscA is generated by the syntax (3.1,3.2), and

then AscA = (EscA,R) € Tusca where, for every cluster ¢l € CLgc 4, we
have: ;

e when H is a dynamic at-expression,

M(CZ)  ifcd =°(EscA)
M(Z°)  ifcl=(EscA)°

ii___f_
R(c]) M(cl')  ifel =eca<(veen wcl) (5.16)
M(cl)  ifcd=veq acl
o when H is a static at-expression,
R(ch) = L. _ (5.17)

Note that for each of the above operatiqns, one can easily check that the
result is indeed a valid cat-box corresponding to the at-expression given in the
definition.

5.3.3 Static properties of cat-boxes

An important result from the point of view of developing a correspondence be-
tween cat-boxes and at-expressions is given next (see also table 3.1).

Proposition 5.11. Let %, X and U be static cat-bozes and EL,E'L' € D. Then
the following hold.
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1. For choice composition:

OX gy, = Ap OX = ADX gy, .
2. For iteration: - —EL
(exeT) =(A oxXey)
(Aox0%), = (A6 X0 Vn)

(A ®XOTY) = (AOE " ©TY) = (A X ®TY) = (Ao X0T"

8. For sequence composition:

A3

Ap ;X = X

A3 Xpp s X o
4. For parallel composition:

gl-”—x-m e

gl—EL“—x—E’L’ = 2[”%

5. For scoping:

Asc A =A™ sc

min{E,E'} max{L,L/} *

QlSCAEL =ﬂELSCA .

62

")

Proof. 1t follows from the standard box algebra results that the underlying at-
nets are in each case equal. Therefore, all we need to do is check whether the

cluster filling mapping are also identical.

Case 1: ADE - =A"“0X = ACE . After denoting AOE "~ =
B and 240%™ = C, we have a number of sub-cases:

e For cl =°|ADX]| we have the following:
Ma(c) & EL
and
Mpg(d) = g iEL(°ﬂ_QlJ) D EL
and

Mc(c) © Mz (| X]) & EL.

A TA%0ox =
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e Forcl = |LﬂD%j° we have the following:
Ma(el) 2 1L

and .s
M(;ig(cl) D Mgm([]°) E L
an

Mc(d) E Men(1X]°) € L.

e For cl = eg<(v), < cl',v3 € °|X]) we have the following:
Ma(ch) & EL
and
MB(C|) (E‘é) ME‘EL (CI') (2) EL
and

Mo(d) B Men(°|%]) 2 EL.

o For o= egq(vé «°|2],v3 «cl’) we have the following:

Ma(c) 2 E
and
Md g(cl) = R Mge e D EL
an

Mo(dl) ‘E Mze(cl) 2 EL.

e For cl = v} < cl’ we have the following:

My(cl) = @

and
Mp(el) 2 Mgm(c) & L
and 59
Me(cl) =" L.
e For cl = v2 < ¢!’ we have the following:
Ma(cl) 2 1L
and
MB(CI) € 4
and

Me(cl) R MEEL(CII) ).

Case 2: A0X g = A OX = AODX g . After denoting AOX gy = A, A g OF =
B and 20Xy = C, we have a number of sub-cases:

e For cl =°|A0X] we have the following:

Ma(ch =2 1L

and 54 (53)
Ma(el) 2 My, ([2)) = L

and

Ma(cl) B Mg, (C12]) = L.



- CHAPTER 5. A NEW TYPE OF TIMED-ARC PETRI NETS

e Forcl= [I_Q(D.%JP we have the following:

Mu(cl) € EL

and

Mp(cl) = Ma, (12)°) = EL
and

Me(cl) B Mg, (12]°) & EL.

e For cl = en<i(v) «cl,v} €°|X]) we have the following;
Ma(ch) & 1L
and

. MB(CI) (E__A) M_Q_iEL(CII) (§__'_3) 1
and

Mc(CI) (88) Mim,(o“.x.") (53 1.

e For cl = eg<(vl € °|™],vZ «cl’) we have the following:
Ma(e) & 1L
and -
54 ° .
Mp(cl) = Mo, (CL2]) = L
and

Mo(cl) 2 My, () @ L.

e For cl = v}, < ¢!’ we have the following:
Ma(cl) € L
and

Ma(cl) 2 Mgy, () & L

and - :

Mc(cl) .

e For cl = v2 <« ¢!’ we have the following:
Ma(d) & 1L
and
Mp(c) & 1L
and

Me(cl) 2 Mg () & L,

Case 3: (A@X® V) o ((ﬁm' ®X® ‘U)) After denoting

)E]L

(A®X®V) =A and ((ﬁEL®x@m))=B,

we have a number of sub-cases:

e For ¢l =°| (A ® X ® V)| we have the following:
M(cl) 2 EL
and
Ma(cl) "= Mgn(|2]) € EL.
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e For cl = (¥ ®xX® ) |° we have the following:
M) € L

and

Mp(el) = 1.

o For cl = e}, (v}, « cl') we have the following:
Ma(c) 2 EL

and

Ma(ch) 2 Man (" |24]) 2 EL.

e For cl = v}, « ¢’ we have the following:

M a(cl) Rl
and .
Mp(cl) "2 Mgm(cl) € L.

e For cl = v2 <« cl’ we have the following:

M_A(Cl) & L
and
Mp(cl) = L.

e For cl = v} « cl’ we have the following:

Ma(el) & 1
and
Mp(cl) = 1.

o For cl = ig<(v) « [2A]°, v < cl,vd € [X]°, v} «°|B]) we have the
following: : :
Ma(el) € L
and

M (cl) 2 Mam(|2]°) & L.

o For cl = ig<a(v} « |U]°,v3 «°|X],v3 « |X]°, v} « cl') we have the
following:
Ma(cl) 2 1
and
M (cl) = Mgm([2]°) 2 L.

Case4d: (AS®X®D) = (UAS®X®Y gy,). After denoting (A ® X ® V) .
A and (A ® X ® Vg ) = B, we have a number of sub-cases:

e For cl = °| (A ® X ® V)| we have the following:
Myu(c) & L
and
Mp(cl) = L,
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e Forcl= (A ®X® 0) |° we have the following:
Ma(e) € EL

and

Ms(cl) 2 M, (1)°) & EL.

) For cl = el <i(vg acl) we have the following:

Ma(cl) &2 L
and

Mp(cl) = L,

e For cl = v}, < cl’ we have the following:

Ma(c) & 1L
and

Mp(cl) & 1,

o For cl = v <« cl’ we have the following:

M a(cl) @,
and '
MB(C|) (5-'-—1-4) 1.

e For cl = v3 <« cl’ we have the following:

Ma(cl) & L

and (5.14) (6.3)
614 5.3

Mp(cl) "= Mgy (cf) = L.

66

o For cl = ig<(v} « |[Qlj| g «c vl <« [X]° v® < °|B]) we have the

followmg
M) & 1L
and

Ma(el) = Mg, C1BD) = L.

o For ¢l = ig<(v} « [A]°,v3 «°|X],v3 « |X]°, v} « cl') we have the

following;:
S Ma(e) € L
and

M (cl) = Mg, () € L.

~ Caseb5: (Ap ®@X®@T) = ((21@3% o) = «Ql@xm.@m» (Aex®T
After denoting ((_’L%EL ®XOVY) =4, (ASF ~® V) =B, (A® X, @T)) =
and (A®X®Y ) = D, we have a number of sub—cases.

o Forcl=°[(A®X®V)| we have the following:
Ma(el) 2 My, CL2AD = L

and

=3 EL

)
Cc
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Mp(cl) = L
and
Mo(cl) & L
and
Mp(cl) 2 L.

e For cl = [ (Y ® X ® V) |°> we have the following:

Ma(el) & 1L
and
Mp(cl) 2 L
and
Me(ch) 2 L
and

Mp(el) *2° M (D)) 2 L.

o For cl = el <(v} «cl’) we have the following:
Ma(c) 2 Ma,, (C12)) = L
and ‘

Mp(cl) 2 1L

and

Mo(cl) 2 1L

and

Mp(ch) & 1.

o For cl = v} «cl’ we have the following:

M) D g ()2 1
an

Mp(el) = 1

and

Me(c) = 1L

and

Mp(el) 2 1.

e For cl = vZ <« c!' we have the following:

Ma(el) 2 1

and

Mp(cl) 2 Man () € L
and v
Me(el) 2 Mg, () E L
and

Mp(dcl) =¥ L.

e For cl = v « cl’ we have the following:

Ma(cl) = L
and
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Map(c) & 1

and

Mo(c) & L

and

Mp(cl) = Mge(cl) 2 L.

e For cl = ig<a(v) <« [A]°,v3 < cl,v] €« [X]°, v} «°|D]) we have the
following;:
Ma(dl) 2 My, (120]°) © EL
and : o
Mp(cl) = max{Mzm(cl), Mgu([X]°)} © EL
and
Me(dl) “F max{ Mz, (), Mz, (1%]°)} = EL
and '

Mp(cl) E° Mga(°|D]) ¥ EL.

e For cl = ig<(v] < [A]°, v} «°|X], v} <« [X]°, v} «cl) we have the
following:
Ma(el) *2 Mg, (12]°) = EL
and :
M (cl) = max{Mze(°| X]), Mzu (| X]°)} & EL
and
Mo(cl) L max{ Mz, (1%]), Mz, (1X]°)} = EL
and
Mp(cl) "= Mgr(cl) € EL.

Case 6: . m;x“ = ﬁ“;x. After denoting Q(;XEL = A and m;x”‘ = B, we
have a number of sub-cases:

e For cl =°|A; X] we have the foﬂowing:

Ma(cl) €@ EL
and
Mp(cl) 2 Mgu(°|2]) 2 EL.
e For cl = [A;X]° we have the following:
Ma(cl) 2 1L
and

Mp(cl) E 1.

e For cl = ¢,<(v} «cl’) we have the following;:
Ma(cl) E EL

and
Mp(cl) E Mgu(d) & EL.
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e For cl = v;l <« ¢!’ we have the following:
M A(Cl) (E‘—Z) 1
and
Mp(cl) B Mgm(cl) € L.

o For cl = v? 4 cl’ we have the following:

M) 2 1L
and

MB(CI) (E—"’-') d.

e For cl =i;<1(v} « [2]°,v? «cl’) we have the following:
MA(CI) (5—;3) 1

. and

M (cl) 2 M ([2]°) & L.

Case 7: Up ;X = Ql;fm'. After denoting gy 1 X = A and A s g B, we
have a number of sub-cases: '

e For ¢l = °[%; X] we have the following:
Ma(c) B Mg, Cl2)) & L

and
Mp(ch) 2 1.

. For cl = |2;X]° we have the following:
Ma(eh) &' L |

and

M(cl) 2 Mgm(ll‘xj °) @,

e For cl = ¢;<(v] < cl') we have the following:

Ma(cl) & s Mg, ()& L
and

Mp(c) & 1

e For cl = v} «cl’ we have the following:

MA(C|) (g) Mgm(cl’) (5—;?) 1
and

Mp(cl) = L
@ For cl = v? @ cl’ we have the following:

M a(cl) @,
and

Mp(c)) € Mgm(cl) & L,
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e Forcl= i;<l(v;1ﬁ < [2]°,v? «cl’) we have the following:
Ma(cl) & My, (12)°) = EL

and

Mp(cl) & Mgu(c) P E

Case 8: A;Xg = Ql X - After denoting ; Xg;, = A and A; X, =B, we
have a number of sub-cases
. For cl =°[2;%X] we have the followmg
Ma(e) & L
and
Mp(cl) @ 1.
e For cl = |2; X]° we have the following:
Ma(e) @ My, (1%]°) 2 EL

and
Mp(cl) & EL.

e For cl =¢;<(v] «cl’) we have the following:
Ma(el) & L
and
Mp(c) € L
e For cl = v} «cl' we have the following:

My(el) & L
and
Mp(e) € L.

) For- cl = v? < cl' we have the following;
Ma(el) € 2 Mg, () L
and
Mp(cl) & 1.,
e For cl =i,<(v} « |2%]°,v? «cl’) we have the following:
Ma(el) @ Mg, () & L

and

Mip(cl) % 1.

Case 9: X~ =A|E™. After denoting X"~ = A and A-|F™ = B,
we have a number of sub-cases:
o For cl = °|2A||X] we have the following:
M) 2 EL

and
M) 2 min{E, E}maz{L,L} = EL.
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e For cl = ||| % J]° we have the following:
MA(C|) 2 1
and
M ( I) (5 10)

e Forcl= e” <vj «cl’ we have the following:
M y(cl) & EL

and

Mp(cl) = Mgm(d') 2 EL.
e For cl = ef <o} «cl’ we have the foliowing:

Ma(cl) € EL
and
Mp(cl) = Mxe (cl)(”)]E]L

e Forcl= v" <« c!’ we have the following:

MA(CI) ('5="3) A
and

M (el) F M (cl) & L.
e Forcl= vﬁ <« cI’ we have the followiﬁg:

Ma(el) €@ L
and

M (|)(510)M_ (I)(sz)

Case 10: UAg || Xpy = mnxmmm £} max(L L} After denoting

QLEL”xE/L/ = A and Ql”x =B ’

— — min{E, ]E’} max{L,L'}
- we have a number of sub-cases:

e For cl = °|2||X] we have the following:
Ma(cl) = L
and
MB(C ) R 1. ’

e Forcl = |[§2l||3€_[| we have the followmg
Ma(el) 2 min{E, E'} max{L, L'}
and
Mz(cl) Z min{E, E'} max{L, L'}.

e For cl = ej <vj « cl’ we have the following;
MA(Cl) (5;0) Mg_{m (C|l) (5—'—3) 1

and
Mp(e) E 1.
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e For cl = ef Qufl 4 cl’ we have the following:

MA(CI) (5-é0) Mzm(cll) (b-;f) 1
and
Mp(cdl) @ 1.

e For cl = vj < cl’ we have the following:

Ma(el) = My () = L
and

Mp(ch) & 1,
e Forcl = 'uI'T’ < cl’ we have the following:

Ma(el) & Mg, () = L
and '
Mp(cl) & 1.

Case 11: AscA = =%U"scA. After denotingdscA - = B andA " sc A = C,
we have a number of sub-cases:

e For cl =°|Asc A| we have the following:
Mp(cl) = Mge(c|2]) & EL
and
Me(cl) € EL.

o For cl = |Asc A|° we have the following:
M(cl) = Mage:(12)°) € L
and
Me(cl) € 1.

¢ For cl = eg. 4 <1(vec 4 4 cl') we have the following:
Map(cl) 2 Mgm (') ¥ EL
and
Me(cl) @ EL.

e For ¢l = v, 4 « cl' we have the following:
Mp(cl) = Mgm () € L
and
Me(el) @ 1.

Case 12: AscAp = Ag scA. After denoting
QlSCAEL = B and gl—ELSCA = C ,

we have a number of sub-cases:
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e Forcl = °|[2t sc A] we have the following:
MB( ) (5 = M_EL( H.Ql.“) < 1

and

Me(el) 1L

e For cl = |Asc A]° we have the following:
M(cl) = Mg (12]°) € EL

and

Me(cl) € EL.

o For cl = e 4 <I(vsc 4 4 cl') we have the following:

Mi(cl) = Ma,, ()= L
and

Mc(d) @ 1.

o For cl = v, 4 «cl’ we have the following:

Ma(dl) *F My, () € L
and :
Me(el) & L.

5.3.4 Structural equivalence

We now want to capture s1tuat10ns where different applications of a same opera-
tor box lead to the same cat-box. We start by defining three auxiliary relations
which are the smallest equivalence relations on pairs of cat-boxes satisfying the
following (below 2, X and 0 are static cat-boxes and EL € D):

o(ﬁ L %) =0 (A, F ) and Rgr, X) =0 (U, Xg).

~=EL
o (g, X) = (U,X7).
o (Ag, X, V) = (A, zm m) =@ (Ql Xp, V) = =e (A, X, ‘IJ )
Moreover, = is the identity on the pairs of cat-boxes.

Proposition 5.12. Let A, A, X and X' be cat-bozes.
1. A0X = A'0X' iff (A, X) =0 (W, X).
2 A X=X I (U, X) =, (A, %)
3. X = WX iff (U, %) = (W, X).
4 (AOX@TY) = (W @ X ®T) iff (U, X, D) =¢ (W, X, D).

Proof. 1f (A, X) = (A, X') then the proof is trivial. We therefore assume that
(%A, X) # (A, %) and then consider four cases.
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Case 1: A0X = 0¥ iff (%, X) =a (A, X').
(<) Without loss of generality
A= and X' =% .
Then W "0% = AOE"" follows from proposition 5.11(1) .
(=) We first observe that 40X = 2'0X’ implies
[2jolx] = [2jolx) .

Hence, from the results of the standard box algebra it follows that, without loss
of generality, || = [&] and |¥'] = [¥]. Consequently, &’ and X must be of

the form: ,
A=A and X' =F" " ,

for some EL, 'L’ € D. All we need to show now is that EL = E’L’. From our
hypothesis and the proof of proposition 5.11, we know that:

M'Q?%Dx(d) = QI’DEEIU (C') < EL = FE'L/ ,
for the cluster ¢l = en<1(vh € °|],v3 «°|X%]). Hence EL = E'L.

Case 2: ;X =2;X if (U, X)=, (A, X).
(<=) Without loss of generality

A=Wg and X' = X",

Then W g ;X =2'; T follows from proposition 5.11(3).
(=) We first observe that 20; X = 2’ ; X’ implies
(2] 1) =12]5 1% .
Hence, from the results of the standard box algebra it follows that, without loss

of generahty, (2] = 2] and | X'} = [Z]. Consequently, 2 and .'£’ must be of

the form: -
2[=&,EL and xl=x y

for some EL,E'L’ € D. All we need to show now is that EL = E'L’. From our
hypothesis and the proof of proposition 5.11 we know that: '

Moy i x(cl) = Mw;‘i“"" (c) <= EL =FE'L’
for any cluster ¢l =, <1(v;1 < [A]°, vf <« cl'). Hence EL = E'L/.
Case 3: | =21 %' iff (2, %) = (¥, X).

(=) Then 2% =2’ and X = ¥, and so 2||X = A'||X".
(=) We first observe that 2||X = 2'||X’ implies

L&) = (=2 LX)

Hence, from the results of the standard box algebra it follows that (2] = j2']
and | X] = [X']. It is then easy to see that % =2’ and X = ¥X".
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Case 4: (A@X®VY) = (A @ X @V iff (Y, X, V) = (W', X, V).
Without loss of generality

A=W and X' =T andQI=‘1\I’.
Then ((2[ ®X®Y) = (Y ®X ®Y') follows from proposition 5.11(2).
(=) We first observe that (A ® X ® U)) = (A' ® X' ® V') implies
(I elxje D)) =(2]e X |T]).

Hence, from the results of the standard box algebra it follows that, w1thout loss
of generality, %] = (2], |¥'] = 1X] and, moreover, |B] = ||_‘II’_|] is a static
at-net. Consequently, 2l and X’ must be of the form:

Q[-"=_QL'EL and xl;zEL’ y

for some EL,E'L’ € D, and U = U’'. All we need to show now is that EL = E'L’.
From our hypothesis and the proof of proposition 5.11 we know that:

Mg g oxemy(cl) = M g gzov o (cl) <= EL =EL/

for any cluster o = ig<(vy <« [A]°,v3 «cl,v] < [X]°,v3 «°|V]). Hence
EL =E'L'. ‘ ‘ O

5.3.5 Structural execution of transition steps

We now provide a characterisation of steps executed by cat-boxes which reflects
the compositional way in which they have been defined, providing a direct link
to the execution rules of the corresponding at-expressions. -
Proposition 5.13. Let Q4 € {Q0, Qe, 4, Q) } be any n-unary (n > 2) operator
boz and A = (s, ..., A,) be a tuple of static and dynamic cat-bozes in its domain
of application.

1. If AU (fori < n), then X =(%1,..., %) is in the domain of applica-

tion of Q,p and Qup(A) U Y0p (%), where

U= (Uap<U1) U (U:pﬂUn) . (518)
2. IfQ (ﬁ)[U YR, then there are tuples X, of cat-bozes in the application

domain of Qop as well as steps Us, ..., U, (some of them possibly empty)
such that (5.18) holds, & =q,, %, % [U)‘ZI (fori<n)and & = Q,,,,(m)

Note: As a consequence, enabled(Q ,,,,(Ql)) comprises exactly all sets
(vipalh) U... U (v} «Uy,)

of transitions such that there is X = (%;,.. ., %,) satisfying X =q,, AandU; €
enabled(X;) (fori <n). :
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Proof. Follows from similar results holding in the standard box algebra, propo-
sition 5.12, and the fact that the age of tokens and the time annotations are
consistently inherited thrOugh the composition operation speciﬁed by Q.. O -

Proposition 5.14. Let A be a dynamic cat-box and A C A.

1 If U {t, uay e iy Uk, W, - W )X where Mgy (t) = ,\m) € A for all
i <k and A\gy(w;) ¢ A for all j < m, then Qs 4(A)[U) Qe 4(X), where

U= {'Usch{tl; ul}’ e )Usch{tkauk}; Vsc AWy, ..., VUsc A <1'UJm} . (519)

2. If Qe a(A)[U) R then there are transitions t1,uy, .. .;t,;,uk,wl, ‘oo, W and
a cat-box X as in part (1) which satisfy R = Qs 4(X) and (5.19).

Note: As a consequence, enabled(Qsc 4(2A)) comprises ezactly all

U= {veea<t{ts,u1}, .+, Vsca<{tk, U}, Vsc AW, .. ., Vsc 4 QW }

such that \jg (t:) = ANy () € A for all i < k and \gg(w;) ¢ A for all j < m.

Proof. Follows from a similar result holding in the standard box algebra, and the
fact that the age of tokens and the time annotations are consistently inherited
through the composition operation specified by Qs a. 0

5.3.6 Structural characterisation of urgent transitions

We now provide a composxtlonal characterisation of urgent transitions of cat-
boxes.

Propos1tlon 5.15. Let Qop € {Qn, e, 4, Q) } be any n-unary (n > 2) operator
boz and A = (s, ..., U,) be a tuple of static and dynamic cat-bozes in its domain
of application.

1. Ift € urgent(2;), for some i < n, then vf,p<1t € urgent(Qap(ﬂ)).

2. If vi, <t € urgent(Qop(ﬁi)), for some i < n, then there is a tuple ¥ =
(X1,...,%5) of cat-bozes in the application domain of Qp such that 2A =

X and t € urgent(X;).
Proof. Follows from the note in the formulation of proposition 5.13, and the

fact that the age of tokens and the time annotations are consistently inherited
through the composition operation specified by §,, |

Proposition 5.16. Let A be a dynamic cat-boz, A C A and ve 4<U € Tou a(2)-
Then
Vs a<dU € urgent(Qc a([2])) <= Unurgent(2A) #£ .

Proof. Follows from the note in the formulation of proposition 5.14, and the
fact that the age of tokens and the time annotations are consistently inherited
through the composition operation specified by Qg 4. a
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5.3.7 From at-expressions to cat-boxes

We now provide a compositional translation from at-expressions to cat-boxes. _
The mapping cBox from at-expressions to cat-boxes is defined so that:

{13

Ncat

cBox(ael) o

EL

cBox(HEL) £ Box(H)

Box(Hp) = cBox(H) .,

cBox(HscA) = cBox(H)scA

cBox(HOJ) £ cBox(H)OcBox(J)

‘Box(H||J) £ cBox(H)|[cBox(J)

cBox(H;J) £ cBox(H);cBox(J)
Box((H®J®I)) = (cBox(H)® cBox(J)® cBox(I)) ,

where NS is Nog with the token filling mapping returning only L. The seman-
tical mapping always returns a cat-box, and the property of corresponding to a
static or dynamic box has been captured by the syntax (3.1,3.2).

Proposition 5.17. Let H be an at-ezpression.
1. cBox(H) is a static or dynamic cat-boz.
2. cBox(H) is a static cat-boz iff H is a static at-ezpression.

Proof. Follows by induction on the structure of the at-expressions, using similar
results holding in the standard box algebra. O



Chapter 6

Behavioural Relationships

6.1 Relationship between at-expressions and
cat-boxes |

The consistency between the denotational and the operational semantics of at-
expressions will be formulated in terms of the full transition systems they gener-
ate. We now have a fundamental result which demonstrates that the operational
and denotational semantics of an at-expression capture the same behaviour.

Theorem 6.1. For every at-expression H,
isop = {([J]E,chx(J)) | [J]= is a node of fTSx}
is an isomorphism between the transition systems fTSy and fTScgous).

Proof. We proceed by induction on the structure of H. The result clearly holds
when |H| = ael. In the inductive step we do not need to consider H which is
completely overbarred or underbarred (since then a rewriting, based on the rules
in table 3.1, can be applied to push the bar inside the expression). After that
we consider various cases for executing (transition or time) steps from H as well
as cBox(H), and derive the appropriate steps in the counterpart node using the
operational semantics rules, propositions 5.13, 5.14, 5.15, 5.16 and 5.17 as well
as cBox(HV) = cBox(H)V. O

From the above result, a number of immediate corollaries can be derived, as
stated next.

Theorem 6.2. For every at-expression H and the corresponding cat-boz Box(H),
we have that:

1. TSy and TSgu ) are isomorphic.
2. fRTy and fRTeex) are isomorphic.
3. RTx and RTgox(a) are isomorphic.
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Proof. Follows from theorem 6.1 and the fact that, for both expressions and
boxes, moving from a transition-based graph representing global behaviour to a
label-based graph amounts to replacing in the original arcs all the U’s by their -
multisets of communication labels (duplicate arcs are then deleted). - O

6.2 Relationship between at-boxes and
cat-boxes

We are now going to relate the global behaviour of at-boxes and cat-boxes. This
time, however, the main correspondence result will be expressed in terms of

reachability trees rather than transition systems.
Let © = (X, u) be an input-reachable at-box. Then ¥(®) = (T, M) where

¥(u): CLy — Dt
is a cluster filling mapping such that, for every cl € CLg:

D2 {1 e,

with E = min(u(cINMx)) and L = max(u(clN Mg)). It is easy to see that ¥(©)
is a cat-box since the two conditions from the definition of a cat-box are satisfied
due to the two corresponding conditions in the definition of an at-box.

Proposition 6.1. Let © = (I, u) be an input-reachadle at-boz, Y = ¥(O) =
(E,M), and t € Ty.

1. t € enabled(®) iff ¢t € enabled(2).

2. t € urgent(®) iff t € urgent(2A).
8./ is enabled in © iff \/ is enabled in A.
4. If O[{t}E then A[{t})¥(E).

5. If O[\)E then A[N¥(E).

Proof. (1,2) (=) Suppose that ¢ € enabled(®) and c! € ®t. Then, by propo-
sition 5.6, we have that cl C °t and Ag(cl,t) = As(p,t), for all p € cl. Thus,
since p(p) tsat Az (p,t), for all p € cl, we have M(cl) tsat Ay(cl,t). Moreover, if
t € urgent(©) then ¢ € urgent(2) since, for any set of integers K = {k,,..., ki},

we have
min{l+ky,...,1+k} = 1l+mink

max{1+ k1,...,1+ k} l+max K.

(=) Suppose that t € -enabled(?) and p € *¢. Then, by proposition 5.7, '

there is cl C °¢ such that p € cl. After that we proceed by essentially reversing
the argument for the (==) implication.

(6.1)
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(3) Follows from part (2). :

(4) Let Z[{t})¥ and E = (¥,v). By part (1), there is a cat-box X = (¥, N
such that A[{¢t})X. All we need to show is that A" = ¥(v). To this end we take -
cleCLg. If (*tUt*)Ncl = & then

N (cl) = M(cl) = ¥(u(cl)) =¥()(cl)

clearly holds. So, we assume that (*tUt*)Ncl # & and then consider three cases.
Case 1: cl C °E. Due to the ex-directedness of I, we have that *t Ncl # @
and t* N cl = @. Hence we have the following:

o If My = @ then N(cl) = L =¥(v)(cl).

o If My # @ then N(cl) = M(dcl), by definition of a step in cat-boxes. On the
other hand, the second condition in the definition of an at-box guarantees

that ¥(v)(cl) = ¥(u)(c!). Hence N(cl) = ¥(v)(cl).

Case 2: cl C ¥°, Due to the ex-directedness of X, we have that ¢* Al #* &
and *tNcl = &. Hence we have the following:

o If M(cl) = EL then N(cl) = OL. On the other hand, v(cl) = p(cl) U {0}
and so ¥(v)(cl) = OL.

o If M(cl) = L then M(cl) = 00. On the other hand, v(cl) = {0} and so
¥ (v)(cl) = 00.

Case 3: ¢l C ¥. By proceeding 51m11ar1y as above, we may verify the property
when Mz Ncl = @ or My Ncl = @ or t* Ncl # & (which, by proposition 4.4
means that *¢ N cl # &). The only situation which needs consideration is when:

MsnNc #@# MyNnd and *tNcl#2=t"Ncl.

We then have MV(cl) = M(cl), and so it suffices to show that v(cl N My) =
/L(Cl N M, )3)

From proposition 5.5 it follows that we had Case 2 situation when t was
executed. Moreover, if we look at the tokens residing in the places of ¢l we
observe that they age uniformly and, crucially, if two tokens were produced by
firing of the same transition filling the cluster, and they are still present in ©
then their age given by u is exactly the same.

From proposition 5.5 it follows that we must have had Case 2 situation when
executing t. Therefore, we have that v(cl N My) C p(c! N Ms). Suppose now
that p € (cIl N Mg) \ (¢l N My) and that u was the transition which for the last
time filled p with a timed token. Furthermore, without loss of generality, assume
that ¢l (or, more precisely, its predecessor) has been formed by an application of
the sequence operator on nets, ® ; ®'. We therefore had a number of transitions
t,...,tm which were predecessors of the transitions emptying the cluster cl since
the last time it has been filled. We note that there was at least one place q in
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°®'\ *{t1,...,tm} because My Ncl # @. Let r € ®° be any output place of
a transition which was a predecessor of u. In the interface region ®;®’ there
existed then a place resulting from a combination of r and ¢. Its successor is -
then present in ¢l N My and it has been filled for the last time by transition
u at the same time as p. It therefore follows that u(p) € v(cl N My), and so
p(elN Ms) € vic N My)

(5) By part (3), y/ is enabled in ¥(©). Moreover, we have ¥(©)[/)¥(E) by

property (6.1). 0

Theorem 6.3. Let © be an input-reachable at-box. Then the following hold.
1. fTSe is strongly bisimilar (see [46]) to fTSxe). '
2. TSe is strongly bisimilar to TSye) |
3. fRTe is isomorphic to fRTye)
4. RTe is isomorphic to RTxe)-

Proof. (1) Follows from propositions 5.3, 5.10 and 6.1, using the mapping ¥ to
relate the nodes of the two transition systems.

(2) This is an immediate consequence of part (1).

(3) Follows from part (1) and the fact that both transition systems are de-
terministic (no annotation can label two different arrows outgoing from a node
of the trees; this follows from the properties of transition systems of Petri nets,
and the properties of the evolutions in the box algebral).

(4) This is an immediate consequence of part (3). O

6.3 Relationship between at-expressions and at-
boxes

After showing the relationships between of at-expressions with cat-boxes and
of at-boxes with cat-boxes, is now posmble to formulate the main result of this
thesis showing the strong relation of at-expressions with at-boxes.

Theorel(')n 6.4. Let G = E be an initial dynamic at-expression and © =
Bc:x(E)0 be the corresponding at-box. Then the following hold.

1. fTS¢ is strongly bisimilar to fTSe.
2. TSq is strongly bisimilar to TSe.

3. fRT¢ is isomorphic to fRTe.

r r
'In particular, that if G — H and G — J then H = J, which is easily re-stated in the
at-expressions framework as well.
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4. RTq isomorphic to RTe.

Proof. Follows from theorems 6.1 and 6.3.
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The relationships between the corresponding transition systems presented in
this chapter together with links to the supporting definitions and theorems are

depicted in the following graph
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Theorem: 6.4
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at-expression G

Definition: Syntax 3.1, 3.2

Propertiea: Proposition 3.1, 3.2
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at-box © of G

Definition: Chapter 5.1

Properties: 4.1, 4.3, 4.4, 5.1, 5.2, 5.3

¥

cat-box 2% of G

Definition: Chapter 5.3

Properties: 5.8, 5.9, 5.10, 5.11, 5.12




Chapter 7

Applications and Extensions

After obtaining the main consistency result, in this chapter, we will present sev-
eral possible extensions of the newly proposed framework. Based on the existing
proofs, these extensions will be able to cover different scenarios and applications
and increase the modeling power of the timed-arc Petri Box Calculus.

7.1 Overview of possible extensions

In the original model, several assumptions have been made. These assumptions
were imposed to somehow restrict the modeling power and make it easier to
obtain the necessary equivalence results and proofs. On the other hand, these
assumptions are not that restrictive since this type of timed-arc Petri nets was
used in the past to model some interesting complex systems.

Starting the discussion about these assumptions, the time restrictions im-
posed on transition incoming arcs are supposed to be hard. Tokens that reached
their maximum waiting time must either be used to fire the corresponding tran-
sition (if their corresponding transition is enabled) or they will become dead in
the next time move (if their corresponding transition is not enabled). When a
token is ’dead’ for a transition means that it cannot be used to fire this transi-
tion anymore but it is possible to be consumed by another transition. Moreover,
there was no consideration for some clock reset type of move. As a result, it is
not possible to actually revive a dead token for a specific transition. The time
Is passing uniformly and the age of tokens can either increase with the help of
a time move or be set to 0 for newly created tokens. Finally, time moves were
meant to be global, meaning that by the execution of a time move, the age of all
existing tokens will be increased by one time unit.

The possible extensions will be derived directly from the existing assump-
tions. To begin with, instead of hard time restrictions and urgent transitions,
deadlines can also be soft. In this case, a time move will still be possible, even if
the maximum waiting time for a token has been reached (and the corresponding
transition is enabled) and it will lead to a disabled transition. Another interesting
extension might be to introduce local clocks. Instead of having one global clock
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and forcing the age of every available token to be increased when this clock ticks,
there can be a number of different locally-based clocks. These locally-based clocks
correspond and affect a specific place or most likely groups of places. In case a
locally-based clock ticks, then the age of tokens belonging to the corresponding
groups of places will be increased and the age of the remaining available tokens
will remain unaffected. Yet another extension consists of the clock reset moves’
introduction. Several types of such moves can be added. One may consider re-
setting the clock only when no other moves are possible. In conjunction with
the soft deadlines rule, this resetting may give some new behaviours from pre-
viously disabled transitions due to the age of tokens. A different reseting move
will reset clocks at any time without any special reason. Such a move is always
possible but one has to treat this type of move with care since it is possible to
disable several currently enabled transitions at once. The final reseting move is
a very interesting one, especially when used in conjunction with local clocks. In
this case, time resets happen after a specific number of ticks of the clock (either
global or local). When local clocks are used, time resets in specific intervals for
every locality. o :

In the following sections, we will present the operational semantics for some
interesting combination of extensions.

7.2 Introduction of local clocks

This type of extension with locally-based clocks seems really interesting since
this way it is possible to represent Globally Asynchronous Locally Synchronous
systems, see e.g., [43]. Areas (places and transitions) that are affected by a
specific locally-based clock are grouped together and they form a synchronous
block SB. Each synchronous block can be considered to be an at-expression and
several synchronous blocks are composed in parallel to describe the complete sys-
~ tem. Moreover, in order to ensure communication between different synchronous
blocks, some communication (synchronisation) actions are present in each block
and it is possible to execute them via the scoping mechanism. Finally, a global
clock that will affect the age of every token in the complete system may or may
not be present. These new at-expressions will be called lat-ezpressions. For an
example, we want to consider a GALS system with three synchronous blocks will
look like the one in figure 7.1 and the (simplified) corresponding lat-expression
will be

G= [SBi | 9B: 9By A ™ =
SB™ || 5B, | 5B; VscA =
SB™ || S8, || 5B P sc A

where A is the set of communication actions between synchronous blocks and
EL; € D is the age of the youngest and oldest token of synchronous block i that
is being affected by the corresponding locally-based clock.
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S

B,

N,

Figure 7.1: A simple representation of GALS system with three synchronous
blocks.

Once again, we are using the same way to define operational semantics as
in standard PBC but with the necessary modifications to address the timing
restrictions. Since the lat-expressions are essentially a parallel composition of
standard at-expressions with some scoping mechanism in place, = is the least
equivalence relation on dynamic lat-expressions such that the rules in table 3.1
are satisfied. '

SOS rules

In the case of lat-expressions three kinds of operational semantics moves are
possible, namely action moves, global-time moves and local-time moves. A global-

time move has the form y
G— H

a Iocal time move has the form
v
SB;, — SB)
where SB; is the ith synchronous block and an action move has the form
.
G— H

where T is a finite multiset of communication actions. We now define various
types of moves of the structural operational semantics of dynamic at-expressions.

Empty moves

The following rules deal with the empty action moves.

G=H ¢5Z%J5H ¢S5 J2H
¢S H ¢ H ¢ H
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Basic action

A basic action can occur if the timing restrictions of the synchronous block SB;
are satisfied by the age range of its overbar: :

clock; tsat el;

— gL {a}

ael;  — aelz aeli o

Note that the age range of a newly created underbar is always set to (00).

Scoping

There is a single rule for scoping:

{a1,@1 }++{ax ak}+I‘

yH, (AUANT =0, ay,...,ar € A

k-{a}4T
GscA ——s Hsc A

Other operators

There is no real difference in the rules for the remaining operators when compared
with the standard atPBC.

G- H
r I’
¢G—G,H—H ((G®E®F))—F_—»((H®E®F»
/ r
GlH =5 oH (E®G®F) — (E®@H®F)

(E@F®G) — (E®F® H)

G H | e PR
EOG —— EOH . GiE——H;E
: r
GOE —— HOE E;G— E;H

At this point we need to decide whether soft or hard deadlines will be present
in this model. This decision will affect the SOS rules for time moves together
with the need to define urgent labels of lat-expressions. Both approaches will be
presented in the following sections.

7.2.1 Time moves With soft deadlines

When soft deadlines are used in this model, there is no need to define urgency in
the execution of actions. The age of tokens can increase without consideration of
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the timing restrictions. The only consequence is that the transition corresponding
to the exceeded maximum waiting time will become disabled. But even then a

time move will still be possible.

Global-time moves

We have a time rule for global-time moves:

¢ L av

¢ g

where GV is G with each time annotation IEIL at an over- or underbar changed
to (E + 1)(1L+ 1).

Local-time moves

There is a time rule for local-time moves:

- Vi

where S’Bi‘/ is the synchronous block ¢ with all of its time annotations EL at an
over- or underbar changed to (E+ 1)(LL + 1).

7.2.2 Time moves with hard deadlines

When hard deadlines are used in the model, if a token belonging to synchronous
block i has reached its maximum waiting time for a specific enabled action then
we have the following options. Time cannot increase anymore in this synchronous
block by the execution of either a global or a local-time move to this SB. The
corresponding token must either be used to execute this action, or it can be con-
sumed by another action thus disabling the previous urgent action. Furthermore,
it is obvious that local-time moves in synchronous blocks different from i are still
possible since, these type of moves do not affect the age of tokens in SB; and
consequently there is no violation of the hard deadlines rules.

Urgent labels of lat-expressions

To identify cases when time moves can be applied, we need the notion of urgent
labels which can be executed by a lat-expression and especially by its synchronous
blocks. Urgent labels of dynmamic lat-expressions are defined by

urgent e (G) = {a | a° € enabled ., (G)},
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where enabled,,,(G) is a set defined by induction on the structure of G. This
denotes that no further global-time moves are possible, but there may be some
local-time moves still possible. Urgent labels of specific synchronous blocks of
lat-expressmns are defined by :

urgent,,;,(SB;) = {a | o® € enabled . (SB;:)},

where enabled,,.(SB;) is a set defined by induction on the structure of $B; and
this denotes that neither local-time moves nor of course global-time moves for
the SB; are posmble There are two kinds of objects which enabled,,.(G) can
contam namely of and a, where o € AU {1}, a € Aand § € {0,1}. Intultlvely,
a® means that the label a is enabled and urgent in expression G, a! means
that the label o is enabled but non-urgent, and @ means that there is a pair of
conjugate labels (a,d) enabled simultaneously and at least one of these labels is
urgent. The same two kinds of objects are also contained into enabled ., (SB;).
Similarly to the global-time case, a® means that the label « is enabled and urgent
in synchronous block SB;, o' means that the label o is enabled but non-urgent,
and a means that there is a pair of conjugate labels (a, @) enabled simultaneously
and at least one of these labels is urgent. This pair of conjugate labels (a, @) can
be either in different synchronous block or in the same. Since the global-time
case is contained in the local-time one, for the base case, we have:

{a®} if EL;tsatel and [=L
{a'} if EL;tsatel and I>L
7] otherwise .

enabled ., (EEI“) £

enabled . (aely) = ©

For more complicated expressions H, we define enabled a.,;(H ) as the smallest set
such that, whenever H = G then

enabled, . (G) = enabled ,; (H)

and then the following hold for individual cases of composition operators For
scoping, if a € enabled g, (G) and a € (AU A) then:

20 € enabledg,;(Gsc A)

as well as

-~

{a® € enabledy: (G) | @ ¢ (AU A)} € enabledyy,(G'sc A)
{a € enabled,,,(G) | a ¢ (AU A} ¢ enabled . (Gsc A) .

For concurrent composition,

énabledaw(G) U enabledaw(J) C enabled . (G||J)
{a | a® € enabled s (G) A € enabled,y; (J) A S - 6" = 0} C enabled,,, (G| J) .
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For concurrent compoéition between different synchronous blocks,
enabled 4, (SB;) U enabled ., (SB;) C enabled 4, (SB;||SB;)
{a | a® € enabled,.;(SB;) A@® € enabledgy, (SB;) A -8 =0} C
enabled (S B;||SB;) .

For the remaining operators, we have that:

enabled,,,(G) C enabled.({(G® E ® F))) Nenabledy, ((E ® G ® F))
: N enabled;.., ((E ® F ® G)))

enabled .. (G) C enabled,,, (GOFE) N enabled ., (EOG)
enabled;:(G) € enabled,,;(G; E) Nenabledy, (E;G) .

Global-time moves

There exists a global-time rule:

urgent,,, (G) = @

G—\/+G§/

where GV is G with each time annotation EL at an over- or underbar changed
to (E+1)(L+1).

Local-time moves

We have the following local-time move:

urgent;,,(SB;) = &

sB; -4 sBY

where SB‘/ is the synchronous block ¢ with all of its time annotations EL at an
over- or underbar changed to (E + 1)(L + 1).

In both cases (soft or hard deadlines), both global and local time moves can
only be applied at the topmost level of an expression as it cannot be ‘propagated’
through the expression using action rules. This ensures that time progresses
uniformly. Finally it can be seen that the rules of operational semantics do not
lead outside the set of dynamic lat-expressions.

7.3 Introduction of reset moves

The addition of reset moves is another possible extension to the existing model.
Like mentioned before, in the overview section of this chapter, several types of
reset moves are possible according to the modeler’s needs.
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7.3.1 Unconditional case

To begin with the most general case, it is possible to reset time (essentially
resetting the age of available tokens to zero) at any given moment. No special
conditions must be present for such move to occur and there are no restrictions
to the number of possible repetitions of such move. Based on the original model,
action moves do not increase the age of tokens (firing of transitions are supposed
to be instant) and the only way to increase their age is by the occurrence of a
time move either global or local. As a result, in order to affect the state of the
system it only makes sense for an additional reset move to take place only after
the execution of either a global or a local time move. Furthermore, when local
clocks are present in the model, a reset move can either affect every available
token (global reset move) or affect a specific locality of tokens that corresponds to
a specific locally-based clock (local reset move). These new timed-arc expressions
with reset moves will be called rat-ezpressions. Since the structure of the rat-
expressions remains essentially the same as in the at-expressions model, = is
again the least equivalence relation on dynamic rat-expressions such that the
rules of structural equivalence in table 3.1 are satisfied. In the following sections,
in order to avoid as much as possible repetitions of the SOS rules from previous
sections, we only present the new different rules together with rules necessary
for the readability of chapter.

SOS rules

In the case of rat-expressions where global and local clocks are present, five
different operational semantics moves are possible, namely action moves, global-
time moves, local-time moves, global-reset and local-reset moves. It is obvious -
that when no local clocks are present in the expressions, we cannot have local-
time and local-reset moves. Like before, a global-time move has the form

¢ H

a local time move has the form
v
SB; — SB!
where SB; is the ith synchronous block and an action move has the form
r
G— H

where T' is a finite multiset of communication actions. The additions to these
three moves are the two reset moves. A global-reset move has the form

|1 gL g
G5 H
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where GV is G with eVery available tokens’ age reset to 0 and as a consequence
each time annotation EL at an over- or underbar changed to 00. Finally, a
local-reset move has the form

SB; X4 SBY
G-I H

where SB; is the synchronous block ¢ with the age of every corresponding token
reset to 0 and as a consequence the time annotation EIL; at.an over- or underbar
changed to 00.

The SOS rules for both local and global time moves are essentially the same
as in lat-expressions and thus we avoid repeating them. Some discussion is
necessary about the ’critical’ case where a transition has reached its maximum
waiting time. In both soft and hard deadline cases, the transition can fire before
the occurrence of a time move. When soft deadlines are used in this model, the
age of tokens can increase without consideration of the timing restrictions and
as a result a time move is always possible. Once again the consequence is that
the transition corresponding to the exceeded maximum waiting time will become
disabled, but even then a time move will still be possible. This disabling might
be only temporary in this case since a reset move is also always possible. If the
necessary tokens are still available in the preset of the disabled transition, a reset
move and a number of time moves will make the transition active once more.
When hard deadlines are used, a time move (global or local to the corresponding
synchronous block) is possible until an enabled transition becomes urgent. At
this point we have the following options. Either the urgent transition must
fire consuming every corresponding token or the urgent transition must become
disabled by the firing of another transition or we can have a reset move. This
reset move may disable the transition if the minimum waiting time is greater
than zero. Furthermore, a reset move at this stage may not allow further time
moves if the maximum waiting time is zero. To depict these possibilities, let us
consider the following two evolution scenarios of a rat-expression:

™ X, a3 2 099,
or

a2® X om? L, 0™ N e 2, 9,

The only available move at the initial state is a time move. Actually, two time
moves are necessary in order to reach the minimum waiting time. At this point,
no further time move is possible and we have the following options. Either
action a can fire and the expression will reach its final state or a reset move
can occur. The age of token(s) will reset to zero and now action a cannot fire
since the minimum waiting time has not been reached. After two time moves,
action is enabled and urgent once again. Now, let us consider a slightly different
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. —==00 s < . . .
expression a00 . In this case, a reset move is without meaning since it cannot
allow any additional time moves.

7.3.2 Controlled reset moves

In this section, we will investigate reset moves that are somehow used in a con-
trolled manner. By controlled manner we mean that this moves cannot occur at
any time but only when certain conditions are satisfied. For example, we may
include a reset move that becomes activated only when no other action moves are
possible. This type of reset moves are interesting when soft deadlines are used.
In this situation, dead tokens can be present in the system and a system that
is deadlocked because of time restrictions will be able to make some additional
moves, since some of its transitions may still be enabled in the usual Petri nets
way. This type of reset move not only occurs in situations where a system is
deadlocked because of time restrictions. There are cases where a system is not
deadlocked but only time moves are possible, for example a22%. Before action
a becomes ready to fire, two time moves must be executed. A reset move in this
case will cause a delay in the firing of a.

In another case, we may want to model resetting the age of tokens in a system
after a specific number of time moves.

SOS Rules

Similar to the unconditional case, when global and local clocks are present, there

are five possible operational semantics moves, namely action moves, global-time

moves, local-time moves, global-reset and local-reset moves. It is obvious that

when no local clocks are present in the expressions, we cannot have local-time "
and local-reset moves. Action, global-time and local-time moves are the same as

in the unconditional case and we present only the two different reset moves. A

global-reset move has the following form

T
-4 G — H

G_Y_+GY

where GY is G each time annotation EL at an over- or underbar changed to 00.
Finally, when local clocks are used a local-reset move is possible when no action
moves are possible in the corresponding synchronous block. A local-reset move
has the form

-3 $B; — SB!
Yi
SB,' I— SB,Y

where SB)' is the synchronous block i the time annotation EL; at an over- or
underbar changed to 00.



CHAPTER 7. APPLICATIONS AND EXTENSIONS 93

Example

In the example in figure 7.2, we have one evolution of the same at-expression as
the one in figure 3.2. The difference is that we now allow reset moves when no
other moves are possible. In line (5), action a is urgent, but its counterpart @
is not enabled yet due to the time restrictions. As a result, the synchronisation
action of the scoping operator is not possible and there are no other possible
action moves after that. A global-reset move is now possible in line (6) and
after the passage of one time unit in line (7), the synchronisation action is now
possible. and the expression reaches its terminal state.

(1) (all | (b11; all))sc{a} =
@) (@I® | (BTT%;811)) sc{a} ~—2—s
@) @IV EIY;a)sefa)  —o
4 (57T || (8114 ;@11))sc{a} =
G) (@I (011;31 7)) sc{a} = ——s
(6) (@™ | (6115 3T1")) sefa) v,
™) <6'1‘1“ | 1153 ) sefa})  —s
(8) (ally, || (b11;@1l4)) sc{a} =
9) (allgo || (b11 §51100)) sc{a} =
(10) (all || (b11;311)) sc{a}

Figure 7.2: An evolution of the expression (a00 || (b11;a01)) sc{a} o



Conclusions

In this thesis, we proposed a new framework to model concurrent computations.
To be more precise, we managed to provide an extension of framework presented
in [9] to support timing restrictions on the resources of a concurrent system. This
framework introduced a new compositional model of timed-arc Petri nets, and a
corresponding process algebra of time expressions. This type of time restricted
Petri nets and the process algebra co-exist and we managed to establish the
existence of a strong relationship between them.

In chapter 3 we presented the syntax for the new algebra of process expres-
sions which is based on the syntax of standard PBC. Furthermore, we defined
the label based operational semantics of these process expressions. In chapter 4,
we extended the algebra of expressions to an algebra of nets by the compositional
definition of mapping from at-expressions to at-boxes. Additionally, we defined
transition based operational semantics for the at-expressions since this type of
semantics were necessary for the proof of the main results. Finally, we identified
interface regions in at-boxes. The monotonic behaviour of these sets of places
cleared our perception about the evolution of composite nets.

In chapter 5, we have explained the nature of the correspondence between .
the two newly created algebras, in terms of their respective reachability trees.
We highlighted arguments showing that, in general, there can be no direct trans-
lation from dynamic at-expressions to at-boxes since, informally, there are fewer
of the former than of the latter. Consequently, our main result showing be-
havioural relations between at-expressions and at-boxes could not be obtained by
a simple adaptation of that used in standard PBC since dynamic at-expressions
cannot be unambiguously mapped to at-boxes. In order to prove the correspon-
dence between at-expressions and at-boxes and take advantage of existing strong
results from standard PBC, an intermediate cluster-based representation was
introduced. Following the same pattern as before, we extend the algebra of at-
expressions to cat-boxes. The main result of this thesis is presented in chapter 6
and shows the necessary strong behavioural relationship between at-expressions
and at-boxes. Since we used the intermediate cluster-based representation, a
couple of secondary results were required, in order to obtain the necessary proof
for the main result. These results revealed a strong behavioural relationship be-
tween at-boxes and cat-boxes, together with isomorphism between at-expressions
and cat-boxes. Finally, in chapter 7 several possible extensions were presented
in order to increase the modeling power of the framework and address further
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modeling needs.

Future work

In this thesis it was possible to obtain all necessary results to support the newly
presented framework, but we also managed to reveal several new directions for
further research. The extensions presented in chapter 7 although they come
directly from the presented theory are not thoroughly explored. For the support
of these extensions, a comprehensive investigation is necessary together with the
development of complete proofs. Furthermore, several new extensions can be
considered, i.e., nested time cases. On a different front, the obtained results
made it possible to combine the verification techniques developed independently
for process algebra and Petri nets with timing, and to give a syntax oriented
semantics of real-time specification languages. At this point, it must be clear
that at-expressions are more abstract than the corresponding at-boxes. This,
as we expect, can be used to improve model-checking of behaviours specified
by at-expressions, by providing an equivalence relation between reachable token
timings of at-boxes which could be used to improve the efficiency of the unfolding
of at-boxes (with the resulting unfolding being smaller). The development of
model checking algorithms and the corresponding tool support tailored to the
presented model is currently under investigation. The basis for this investigation
is the general scheme for generating net unfoldings presented in [35, 36].
Furthermore as part of the future research ideas, someone may want to con-
sider different translations from the algebra of at-expression to some different
formalisms that can handle time restrictions. This way it will be possible to
take advantage of existing model-checking tools for these formalisms. One such
example is timed automata [2,3]. This is a well known formalism used for the
analysis of systems with timing information and has been extensively studied in
the past. A timed automaton is an w-automaton coupled with a finite set of
clocks recording the passage of time. Moreover, any transition of the automaton
can reset these clocks (which is similar to the model presented here) and the
timing constraints in this model are expressed by comparing clock values with
time constants found in transition enabling conditions. Essentially actions are
composed in parallel with different time annotations. The reasons behind our
choice of timed-arc Petri nets instead of a translation to timed automata are that
the structure of Petri nets is richer, the timing constraints are easier to handle in
Petri nets, and we are also losing the ability to represent concurrency explicitly.
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