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Abstract

Ambiguities of the particle concept in non-Minkowski spaces are reviewed. To study this and other aspects
of quantum field theory y in curved spaces, an operationalist approach is adopted through the use of
particle detector models. A precise definition of this general concept is given and shown to include many
different types of detector models. Five particular models are studied in detail and their responses in
Rindler and Schwarzschild spaced are evaluated. In the Rindler case it is explicitly shown that acceleration
radiation is anisotropic and time independent. Direct comparison of detectors’ responses is seen to be
unsuitable for determining whether two different detectors ‘perceive’ a given situation identically. A
method for comparing different detectors is constructed and applied to the models previously introduced.
This leads to the notion of equivalence of different detectors, thereby circumventing the problems of direct
comparison of their responses. In addition several general results about quantum fields in non-Minkowski
spaces are proven. By studying the details of how particle detectors work, the reasons fordifferent
detectors being (in)equivalent are revealed. Model detectors of the charged scalar field and spinor fields
are then introduced and several problems of “overly simplistic” models are discussed: in particular
problems arising from the fact that these fields contain several species of particles. Particle detector
equivalence is then applied to these models and used to construct an elementary symmetry between the
charged scalar and spinor field many-particle states in the Minkowski Fock space. Finally, a general
discussion of several philosophical and practical aspects of using particle detectors to study quantum fields
in curved spaces is presented and some points of general confusion are clarified. The particle detector
model is operationalist and as such is seen to be most productive when used with close adherence to the
Copenhagen interpretation of quantum mechanics.

The notation and sign conventions used in this thesis follow those adopted in Birrell & Davies (1982).
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1 Introduction

The study of quantum fields in curved space-time has always been classified as a topic of “theoretical
physics”. There is good reason for this. AlImost all (experimentally) observable effects require such extreme
physical conditions that there is little prospect, if any, of being able to set up a “laboratory tests” to check
the theory either today or in the foreseeable future. The only “laboratories” available at present are the
early universe and black holes, both of which are rather distant from us (in space and/or time) making their
practical use difficult and inexact. Due to this paucity of direct experimental tests the development of this
theory is largely founded on self-consistency, the discovery of unifying links with other fields of physics
(notably thermodynamics) and agreement with accepted theories in the “weak field” limit.

A widely used approach for studying the properties of quantum fields in curved spaces is to evaluate and
analyse the expectation value of the energy stress tensor <T,,> for a given quantum state. An alternative
technique, originally introduced by Unruh (1976), is to study the responses of model particle detectors of
the quantum field in a curved space background. This latter approach avoids some of the calculational
problems the stress tensor technique intrinsically suffers. (In particular, the requirement of
renormalisation.) Apart from being more convenient, there are good philosophical reasons for utilising
particle detector models in this field.

The purpose of studying quantum field theory in curved space-times is to enquire into the nature of
quantum phenomena in the presence of gravitational fields. Being quantum in character, we are
immediately confronted with interpretational difficulties similar to those faced by the founders of quantum
mechanics. Therefore, a “philosophical position” must be taken by us (as researchers) on how to interpret
the techniques used and results acquired. In this thesis a fairly strict Copenhagen interpretation shall be
adopted, it being the most widely accepted view amongst physicists today. This step elevates the study of
particle detectors to an even higher level of importance because, according to the Copenhagen
interpretation;

In a quantum phenomena, ...., measurement does not determine a property of the object so much
as essentially define it in the first place, as far as possible. (Scheibe 1973)

From this it is apparent that the Copenhagen view is fundamentally operationalist since a property of
quantity has no clear meaning unless it can be measured. Further, such measurements must be using some
apparatus setup expressly to measure that particular quantity.

Therefore, in the final analysis, no matter what approach is used to study quantum fields in curved space
(including the <T,,> method), we must study the detector model approach. Our calculations can only ever
be related to the physical world through the experiences of detectors. At present such machines as cloud
and bubble chambers, scintillation counters, photo-multipliers etc. fulfil this vital role. Unfortunately, as we
have already noted, these machines are not quite suited to the regime of physical conditions in which we
are interested. So, we must seek other ways of relating the quantum effects we wish to study to
measurable quantities which have meaning for us. This is where the Unruh “box” detector and
subsequently the DeWitt “monopole” detector (DeWitt 1979) have an important role to play.

In both these models the complications of fine detail have been either stripped away or conveniently
pushed aside, leaving only the essential of the interaction between the detector and the field. This is how it
should be (at least as an initial step to modelling the “real thing”) since it is the interaction Lagrangian
relating the quantum field to the detector that makes the apparatus a “measuring device” of the field.
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Further, as we shall see, the nature of this coupling between field and device is fundamental to the
character of the detector’s response to the field.

The Unruh and DeWitt detectors are very similar in that they both couple linearly to the quantum field. It is
therefore no surprise that these two devices give identical results. However, there certainly is no reason to
expect (a priori) that only linear couplings occur in nature and there are many other interactions available.
Considering the fundamental role particle detectors play in developing physical theories (particularly
quantum theories) we should also study detectors that couple to quantum field through other Lagrangians.
This task is undertaken in the chapters that follow.

Chapter 2 presents a brief survey of basic quantum field theory (of the neutral scalar field) in curved space-
time. This survey is used to highlight an initial motivation for introducing particle detector models into the
theory. A precise definition of the concept “particle detector” based upon physically realistic notions, is
presented. In Chapter 3, five different particle detector models are introduced and their respective
responses to a many-particle state in Minkowski space are evaluated. Their responses show that these
models do in fact satisfy the definition of a particle detector. Chapters 4 to 7 study each of the five models
in detail and their responses to Rindler and Schwarzschild space-times are evaluated. The isotropy of
acceleration radiation is also discussed in some of these chapters.

By this stage, it will be quite evident that each detector model responds in a fundamentally different way
when placed in the same circumstances. Thus, any attempt to directly compare their responses will be
fruitless. In Chapter 8 a method of meaningfully comparing different detector models is introduced and a
concept of detector equivalence is defined. These techniques are then used in Chapter 9 to compare the
five detector models as well as prove several general theorems about quantum fields in non-Minkowski
spaces.

The effect of non-trivial topology on particle detector responses is the subject of Chapter 10. It is shown
that linear (DeWitt) detector uniformly accelerating in a R* X S* flat space-time will respond differently to
twisted and untwisted fields. Chapter 11 returns to the question of particle detector equivalence by
studying, in close detail, how these devices work and why different detectors may be (in)equivalent.

So far, the thesis has considered only detectors of the neutral scalar field. In Chapter 12, detectors of the
charge scalar and spinor fields are defined and discussed. The notion of comparing detectors of different
qguantum fields is introduced and developed. The possibility of using this detector-equivalence to construct
symmetries between scalar and spinor fields is also considered. Finally, in the Conclusion several practical
and philosophical aspects of using particle detectors to study quantum field theory in curved space-times
are addressed.

During the production of this thesis | published (or jointly published) four research articles (Hinton et al.
1983, Hinton 1983, 1984 and Copeland et al. 1984), all of which form parts of this thesis. The first and last
of these four works are contained in Chapters 4 and 10.

| would like to take this opportunity to express my sincere gratitude to my supervisor, Professor P.C.W.
Davies for the many and extensive discussions we had, his encouragement and patience. | must
acknowledge the initial guidance provided by J. Pfautsch during the year we were both at Newcastle Upon
Tyne. Other people who have assisted me during the preparation of this thesis area: S. Bedding, E.
Copeland, I. Moss, S. Unwin, W. Walker and A. Wright. | was also fortunate to have participated in helpful
discussions with the following people: P. Broadbridge, L. Ford, P. Grove, C. Isham, A. Ottewill, W. Unruh and
J. Wheeler. Finally | must acknowledge the endless patience, understanding and encouragement of my wife
Rita. This work was funded by the Association of Commonwealth Universities through a British Council
Commonwealth Scholarship.



2 Particle Detectors in Quantum Fields in Curved Space-times

2.1 Why Study Particle Detector?

The main aim of quantum field theory, as with most mathematical models of nature, is to represent and
describe structures observed in nature. Prime candidates for such tasks are “particles”. Elementary particle
theory is a major field of modern theoretical and experimental research.

The study of quantum fields in Minkowski space places significant emphasis on the representation of
particles. The importance of the Fock representation of the Hilbert space exemplifies this. Minkowski space,
as compared to arbitrary (flat or curved) space-times, possesses special features that greatly facilitate the
construction of representations of particles which accord quite well with our intuition. The Poincare
symmetries of Minkowski space play a fundamental role in this since the particle states in this space carry
the irreducible representation of the Poincare Group (Schweber 1961, Davies 1984). These symmetries and
representations lead to the Fock representation in a natural way.

However, in any arbitrary space, such a high degree of symmetry may not always exist, resulting in there
being no particular representation which stands out as the above representation does in Minkowski Space.

In this chapter we will show how, in Minkowski Space, the Fock representation leads to a concept of
particle which accords well with intuition. In will be shown, however, that in an arbitrary space this intuitive
approach is found wanting.

Consider an n-dimensional Minkowski space, the field equation for a scalar field ¢[x] is;
(D+m2)¢[x] =0 (2.1)

where O= naﬁaaﬁﬁ =n% (@/ﬁxa)(ﬁ/ﬁxﬂ) is the Minkowski metric and m is the mass of the field quanta.

We can express ¢[x] as a mode integral
p[x)=[d" K (u,(x)a, +u, (x)a; ) 2.2)

In which the field basis functions u, (x) satisfy the scalar equation and can be written in the form

1, (x) = exp ik x —iot) / (20(22)" )m (2.3)
The operators a, and a, satisfy
(4, ]=[ 4], ]=0
[ak,a,’:.] =" (k—k") (2.4)

Where [a,b] = ab — ba and 8" (k-k’) is an (n-1)-dimensional Dirac delta function. We define an inner
product for the scalar field by

(¢.4.)=i[ {#[x]0.6:[]- (0,64 [x]) s [x]}d " "x 2.5)

SI
S, denoting a space-like hyper-surface of simultaneity at instantzand 0, = 8/61 .

The functions u(x) are orthogonal in that they satisfy



(uk (x),u, (x)) =5""(k-k")
(u,t (x),u,t,(x))=5(”_l) (k—k'") (2.6)

The basis of the Fock representation can be constructed from a unique vector |0M> by repeated

application of the operators az . The state |0M> has the unique property

a,|0,,)=0 Vk (2.7)

A typical basis vector has the form

-1/2 * \ 'k * \ i

A ,nk>:(nk Loy, !) (akl) ..... ( k/) 0M> (2.8)

—-1/2
where the n, are positive integers and (nk! ..... nk_') is the normalisation factor required to
i J
accommodate Bose statistics. The basis vectors are normalised according to
(n-1) ' (n—1) ]
(R - D=8, 20, s B, 8 (=K )8 (K=K ) (29)
P

Where the sum is over all perturbations P of integers 1, 2, .....,s. Also we have
1/2
n, > = (nk_ +1) ‘nkv + 1>

a; ‘”k,> = (”k, )1/2 ‘”k, —1> (2.10)

s

a

The “particle” interpretation of the Fock basis arises from the consideration of energy and momentum of
the field. The energy content of the field is found from its Hamiltonian, (Birrell & Davies, 1983)

H= Id”_lk(aZak +%}a)

Although this expression is formally divergent, it can be made finite by one of several well-known
regularisation techniques. (See, for example, Bogolubov & Shirkov, 1980, Bjorken & Drell, 1965). With this
done the renormalised Hamlitonian H,.,, is given by

H= J.d”’lka;:aka) (2.11)
The momentum of the field in the i-th direction is found to be
P = Id”flka,takk[ (2.12)
If we define number operators N; and N by
N, =a,a, (2.13)
and
N =[d"kaya, = [d"kN, (2.14)

We have



[N, H]=[N.£)=0

Hence the eigenstates of N are also eigenstates of H and P,. Furthermore both number operators are
Hermittian (being self-adjoint) and so can be used to label (i.e. observe or measure) eigenstates of H and
P,

Other properties of these number states include:

(04 | N, 10,,)=0 vk

<nkl,....,nkj |Nki |nk1,....,nki>: n, (2.15)

i

Therefore the expectation of N, for the field in the state ‘nkl, ...... ,nkl> is the integer n, , that is, the

entry in the ket state vector under the momentum label k;. Similarly

Now, in Minkowski space quantum field theory it is standard practice to associate energy-momentum with
particles, that is, each particle carries with it a momentum k and energy w. (Bogolubov & Shirkov, 1980, is a
good example of this practice.) If we adopt such a standpoint form (2.11), (2.12), (2.13) and (2.14) it can be
seen that interpreting N, as the operator which counts the number of particles in state X makes good
sense. With such an interpretation of N, (2.11) shows that the total energy of the field is found merely by
summing over the contribution to the energy provided by each particle in the field. Similarly the total
momentum P; as just a sum of the contributions %; of each particle.

From this intuitive approach it follows that:

- Njis the number of particles in state k

- ‘nkl eees Ty > is an n-particle state with 7, - particles in state k;, .... and s particles in state ;.

- |0M>is devoid of particles (which is consistent with <0M|H|0M>=<OM|P|OM>=0) and hence
called the Minkowski vacuum state.
- az .is the creator of a particle in the state k.

- a, isthe annihilator of a particle in the state k.

This construction provides a representation of the quantum field ¢[x] in Minkowski space that arises
naturally due to the high degree of symmetry of the space-time, and further provides a good mathematical
representation of “particles”.

Now consider a non-Minkowski space (e.g. a space with gravitational curvature or a flat space with non-
inertial coordinates). An almost identical procedure can be followed resulting in a Fock representation of
the Hilbert space of the quantum field. However, this new Fock representation need not be equivalent to
the Fock representation in Minkowski space.

Referring back to (2.1), the operator owill have a different mathematical form in the non-Minkowski space
since the metric, g, is not the Minkowski metric. Therefore the new field basis functions, vi(x), in general
will not be the complex exponentials of (2.3). The field can still be expanded in terms of these basis
functions (this condition is part of their definition as a basis), so we can write;

#[x]= j "k (v, ()b, + v, (x)b; ) (2.16)
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Where
[b4.b]=[ by.by. | =0

[ bty | =0"" (k—k") (2.17)

As before a vacuum state, 6> , can be defined satisfying

b, ‘6> =0 vk (2.18)
From which a Fock representation can be constructed. We can also define number operators
]vk = b;bk
N =[d""'kbyb, = [d" kN, (2.19)

To demonstrate how two vacuum states defined over the same space-time (patch) need not be identical,
let us consider a particular example. Minkowski coordinates are not the only coordinates with describe flat
space. A well-known alternative is the Rindler coordinatisation (Rindler, 1969). The field equation (2.1) can
be solved with the Rindler metric and a mode sum of the form (2.16) deduced. From this the Rindler

operators b, and b; can be defined as well as the Rindler vacuum ‘6> which satisfies (2.18). Finally the
number operators Nk and N are still defined formally by (2.18) and (2.19).

Since the Minkowski and Rindler operators are defined over the same space-time patch, their vacuum
states can be compared and, as in general, we find

(0, IN]0, )0 (0|N[0)=0

Therefore, although there are no particles corresponding to the Minkowski operators a; in the Minkowski
vacuum, there are particles corresponding to the Rindler operators b; in that vacuum. Similarly, although
the Rindler vacuum is devoid of Rindler particles, it does contain Minkowski particles.

To find the relationship between the corresponding quantities, we use the completeness of the sets of
basis field functions. The new modes v,(x) can be expressed in terms of the old (Bogolubov 1958)

v () = [ "1 (@, () + Byt ()
and conversely
4, (x) = [ "1 (e (X)v, (X)+ By, () (2.20)

These are called Bogolubov transformations and the quantities ¢,,, f,,, called Bogolubov coefficients.

Using the ortho-normality of the modes it follows that

ay = (Vk (x),u, (x)) B = _(Vk (x),u,* (x))

The relationship between the operators is

a, = [d"1(a,b,+Bib;)



b, = [d"I(ea, - Bra)) (2.21)
Finally, the Bogolubov coefficients satisfy

Id’Hk (%a;k - BB ) =" (1-)
j A"k (e, B~ Brar, ) =0

Using (2.21), we find

P

(0|N,10)=[a""1|B, (2.22)

If B, # 0identically, then the ‘6> vacuum will contain jd"_ll|,81k|2 particles in the kth-mode. It is only if

L = 0 that the two vacua will be identical.

This result can be understood from the point of view of mixing positive and negative frequencies. The
Minkowski modes (2.3) are said to be positive frequency with respect to the time coordinate, ¢, since they

are eigen-functions of the operator /0t

(/¢ )1, (x) = =i, (x) @>0

Similarly, if the modes v, (x) are positive frequency with respect to some time-like Killing vector field,

0/0n , they satisfy
(0/01) v, (x) = —idw, (x) >0

If the u, (x) are a linear combination of the v, (x) alone (no v,t (x)), then from (2.20) S,, =0.Thatis, the

u, (x) are also positive frequency (mixtures) with respect to /07 . From (2.21), a, ‘6> =0 and

b, | 0M> =0, thus the two sets of modes have a common vacuum state. However if 3, # 0 identically,
then the u, (x) will be a mixture of positive and negative frequency v, (x) modes and, by (2.22), the ‘6>

vacuum is not empty (i.e. devoid of particles) with respect to the g, operators.

In the study of quantum fields in curved or flat space-times, there are available many different
coordinatisations of the same space-time (patch). In some cases a high degree of symmetry will lead, in a
natural way, to the adoption of a particular coordinatisation. (E.g. Minkowski and De Sitter space). If we
desire to adopt the spirit of General Relativity in our investigations; given a space time we should be free to
choose any coordinatisation we wish. (Weinberg 1972) However in approaching this topic from such a
standpoint, the concept of “particle” immediately becomes ambiguous because the vacuum state of one
coordinatisation need not be identical to that of another.

Over the years there has been some debate about the “physicalness” of various vacuum states. (See for
example, Parker 1969, Davies 1984, Dray and Renn 1983.) There have been attempts to define, or in some
“natural” way determine that, given a space-time a particular vacuum state is “the vacuum” for that space-
time. So far, none of these attempts appear to be particularly convincing (Davies 1984).
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Referring to the above example, a question which is often asked is: “Do Rindler particles really exist?”, since
they seem to fill the Minkowski vacuum. In an attempt to clarify the issues of the physical status of in-
equivalent particle definitions, Unruh (1976) and later DeWitt (1979) introduced the use of “particle
detectors”. As DeWitt (1979) stated:

... one has to fall back on operational definitions ..., for example, one must ask: How
would a given particle detector respond to a given stimulus?

Since most observations and measurement in elementary physics is performed using detectors of some
form or another, attempts to assign objective physical significance in the absence of specified detector
arrangements, as far as the Copenhagen Interpretation of quantum mechanics is concerned, are mis-
guided.

The study of particle detector models in quantum field theory has not been a major area of activity over
recent years. That which has occurred has centred on the detectors Unruh and DeWitt invented. (These
two detectors are essentially identical since Unruh treats his box detector as a point object with respect to
the local space-time length parameter.) There has also been a study of extended detectors by Grove and
Ottewill (1983) and some work on spinor detectors in Rindler and Schwarzschild space-times by lyer and
Kunar (1980).

All the above cited works only consider the response of detectors that interact with the quantum field in a
particular way. To the author’s knowledge no published works so far have addressed the question of
comparing the behaviour of detectors with are coupled to the field through different interaction
Lagrangians. Such an analysis will be given here.

2.2 Definition of a particle detector

First, the concept of particle detector must be clarified. This will restrict the selection of mathematical
constructs available for us to use as a “particle detector” model. It is important to appreciate that, in the
context of this thesis, a particle detector is only a mathematical construct in which we have removed, or
put aside, all the complicating details required to model such machines as bubble or cloud chambers.
However this in no way detracts from the importance of studying these mathematical constructs since, in
the final analysis, it is the interaction Lagrangian between these machines and the fields they detect that
dictates how they respond to a given field configuration. Similarly it is through the interaction Lagrangian
the particle detectors considered in this thesis are defined.

Here, when using the term “particle detector”, we have in mind a mathematical model involving a point-
like entity, M, which can be described by a classical world-line, but which nevertheless possesses internal
degrees of freedom having a quantum description provided by energy levels E. Such model detectors can
essentially be described by the interaction Lagrangian for the coupling between the internal degrees of
freedom and the quantum field. The world-line of the detector is prescribed; it is not part of the dynamics.
The detector is initially set in an initial state (e.g. its ground state) E,, and the probability that, as a result of
its interaction, it will eventually be found in a different particular (excited) final state, E, is examined.

To qualify as a “realistic” or “useful” particle detector, such a model must satisfy the following conditions: If
the detector’s initial state is its ground state, then:

a) When moving inertially in Minkowski space through the vacuum state |0M>, the detector must

remain in its ground state, thus failing to register the presence of any field quanta.
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b) Ina many-particle state in Minkowski space in which there are n, particles in mode k, the

probability that the detector will be excited to energy level E should be a one-to-one function of at

least a (weighted) mean energy state occupation number n, , where k = | k| (i.e. the detector must

at least be able to resolve a mean number of particles in each energy state.)
In connection with b) one can divide detectors into two classes: omni-directional detectors in which the
response is a function of n, alone and directional detectors in which the response is also a function of k ,
where k = k/|k| (i.e. a function of n, ).
The DeWitt and Unruh detectors are examples of the former, several examples of the latter type will be
introduced below. From their definition it can be seen that an omni-directional detector cannot provide

information about any anisotropies of a particle bath into which it has been placed, however a directional
detector may.

3 Five Detector Models

With the definition of a “particle detector” given in the previous chapter, quite a wide variety of possible
detector models is available. This is so even with restrictions such as PCT-invariance and renormalisability
etc.

In this chapter five detector models (i.e. their interaction Lagrangians) will be briefly introduced and shown
to satisfy the definition of a particle detector. The models shall subsequently be studied separately and in
greater detail by deducing their responses in several different situations.

3.1 The Linear Detector
The first detector to be introduced is the well-known DeWitt detector (DeWitt 1979). We shall, however,
call it the “linear detector” since this reflects the structure of its interaction Lagrangian, which is

L= cm(r)¢[x(2')] (3.1)

In this equation c is a small (dimensionless) coupling constant, m(17) is the (point) monopole operator
describing the semi-classical entity M introduced above, ris the detector proper time and x(7) is the
trajectory its trajectory through space-time. The time evolution of m(7) is assumed to be

m(7) = exp(iH,7)m(0) exp(—iH,7) (3.2)

Where H0|E> = E|E>, H) being the Hamiltonian for the internal dynamics of the detector with energy

states represented by|E> .

Assuming the quantum field is initially in state |‘PO> and the detector in state |E0> , the transition

amplitude, A', for a transition of the field to state |‘P> and the detector to state |E> , over the extent of its

world-line is, to first order perturbation theory (DeWitt 1979)
A =ic(M) [ dze™ <‘P ¢ x(7)]| ‘P0> (3.3)
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Where AE = E — E,, and <M> = <E|m(0)|E0> represents the matrix element for the internal degrees of

freedom of the entity M. the transition probability P' of the detector to final state |E> for the field in a

given state |‘P0> is found by summing the modulus squared of (3.3) over a complete set of states |‘P> .

P'=c ‘<M>‘2 T drT dr'e ™" <‘PO ]¢[x(r)]¢[x(r')] \ ‘P0> (3.4)
Where Ar=7- 7.

Calculating this detector’s response to an n-particle state in Minkowski space with the detector stationary
enables us to check that it satisfies the definition of a particle detector. Using (2.8) and expanding the field
as a mode integral as in (2.2) it is easily shown that

<nkl ey | ¢[x]o[x]| My seees My, > =G (x,x")+ Id”_lknk (uk () (x") +u, (X)u, (x ')) (3.5)
Where x = x(7) and
G+(x,x')=<OM |¢[x]¢[x']|0M> (3.6)
Is the Wightman Green function of the neutral scalar field in the Minkowski vacuum state.

Since the detector is stationary, plane wave modes (2.3) may be used. Doing this and using (3.5) in (3.4)
gives a total transition probability of

Pnlk =c’ ‘<M>‘2 (2-n) 2(3-n)/2 {F((n _1)/2)}71

2 (n=3)/2 _ T (r+7) (3.7)
x((AE) —mz) n((AE)zmz),/zﬁ(AE—m).[od 5
In which m is the mass of the field quanta; also we have used
< < % < (z‘+r')
de'|dr=|dAr | d
[art]de=Jane[a=
And have defined
7, = [dQn, [[ a0 (3.8)

In which the dQ-integral is over all angular directions in k" space. (NB: n, is an example of the ‘mean’
energy occupation number referred to in condition (b) of the definition of a particle detector.) It is
immediately obvious that I‘Zlk is formally divergent due to the (7+ 7')- integral. The reason for this is well

known. Since (3.5) is a function of Az only, this divergence represents a constant flux of particles interacting
with the detector over all (infinite) time. Factoring out the divergence results in the transition rate: i.e. a

transition per unit detector time, which we shall denote as Rik .

The quantity n, defined in (3.8) is the average over the n-2 sphere of directions of the total number of

particles in energy mode k = | k|.
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From (3.7) it is obvious that the linear detector satisfied conditions (a) and (b) for an omni-directional
detector.

In evaluating (3.7), the Arintegral was performed before the momentum integral. Swapping the order of
integration provides a form for the response that will be of use later.

) G (Ar)+
R, = [(M)f [dace ™y 2 T .
. (47)" 2T ((n-1)/2)5 ()

(3.9)

5 )(n—3>/2

12 (a)z_m COS(COAT)

Where G'(A7)=G" (x,x')‘x:x' =(0,, |¢[x(r)}¢[x(r')]|0M>‘ _, isafunction of Az= 7 7 only and
we have used k* =@’ —m’”.

3.2 The Quadratic Detector
The quadratic detector is described by the interaction Lagrangian

I’ zcm(f)qﬁ2 [x(r)} (3.10)

Where c is a small (dimensionless) coupling constant and m(z) has the usual evolution equation (3.2). (Note:
the dimensions of m(0) are adjusted in these Lagrangians so that the coupling constants c are always
dimensionless.) Repeating the above procedure yields total transition amplitude

A? :ic<M>T dre™” <‘I’\¢2 [x(z')]|‘1’0> (3.11)

It is well known that when \‘P()) = ‘LP>, the integrand in (3.11) is formally divergent. Since (3.11) summed

over a complete set {“P)} , @ way must be sought to make that expression meaningful.

This is done by assuming that the particle detectors respond only to renormalised expectation values. Such
an assumption is motivated ty the philosophy that in nature we can only ever observe remormalised field
guantities. Therefore (3.11) is replaced by

ren

A = ic<M> T dre™* <‘P | [x(r)} | ‘PO> (3.12)

where the subscript “ren” represents the renormalised expectation value. Summing the modulus squared
of (3.12) over a complete set of states yields the total transition probability

P =c’ ‘<M>‘2 j'idrj[ dr'e " <‘P0 | [x(r)] ¢ [x(r')] | ‘P0> (3.13)

ren

Where the subscript “ren” now means that only the renormalised values in (3.12) have been used.

This mathematical construct can now be tested to see if it satisfies conditions (a) and (b). For this purpose
the expectation value in (3.13) can be expressed in the form
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<nkl ,.,.,l’lk/ | ¢2 [x] ¢2 [X'] | M, ""’nk/ >ren -
=2{G" (0.0 + [ o (00 ) 0, 0) -
+4.[d"_lknk |Uk (x)|2 Id"‘lln, |u,(x')|2

Using modes (2.3), substituting (3.14) into (3.13) and factoring out the (7+ 7)-integral gives the transition
rate

I don ) n/zﬁw = ((AE—a))2 —mz)(H)/2 (a)2 —mz)(H)/2 O(AE—2m)+ (3.15)

. . 1 () I .
Since (3.15) has the form of an autocorrelation of the function nkk(n ) it is easily seen that the construct

(3.10) satisfied the conditions prescribed for an omni-directional particle detector.

Recasting (3.15) into the alternative form gives

G" (Ar)+ ’
2(472')(1%)/2 F 5 5 \(1-3)/2
——2  _|don nlo —m cos(wAT
& <2 far) fanceos || D02 o (7] el
—0 2
2(47[)(1%)/2 . 5 H\(1=3)/2
+| ————|d " —
F((I’l—l)/Z);[ ( 2 z)/ (a) )
3.3 The Derivative Detector
The derivative detector is described by
) 0
L zcm(r)b” o ¢[x(r)] (3.17)

Where cis a small coupling constant, m(z) has the usual time evolution equation and b is a unit n-vector
which gives a fixed, arbitrary orientation in the detector’s frame.

For this detector
A =ic(M)b* T dre™ o, <‘I’ 1¢[x(7)]] ‘I’0>

Where 0, = 8/8)6” . The transition probability is
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P =c*|(M) b”ijdrjdre*AE“aa <l{f EGIELS )]|‘PO> (3.18)

—00

Inthis 0" = 8/8)6 " . Since the detector is point-like, in evaluating (3.18) the derivatives are taken first and

then the spatial parts of x(7) and x(7') are set equal.

Applying the test to see of (3.17) satisfies the conditions for a particle detector, we find

2 ) (2
R = i) 27 ((AE)2 )" o(aE-m)

r((n- )/2)
()7 ") )‘/2 +be’ 2,712)'/2,4_/_((AE)2—m2) (3.19)

i,j=1
X

12b i " .AE((AE)z —mz)

0i

1/2

where the following measure has been used on the (n-2)-sphere

n—-1
dQ=]]sin"" QdQ,

i=2
= |k| cos QMILI sin Q)
j=2
With

0<Q,<m, i=2,...,n-2;0<Q, ,<27; Q, =0

Further the quantities 7, ,, and 7, ;, are defined by

My Edenk cosQ),,, costHl_!sin Qpl_!sin Qq/de (3.20)
p= q=
o szan cosQMHsian/ dQ (3.21)
j=2

Although the response (3.19) of this detector depends on the orientation of the vector #”, given this
direction the response satisfies the conditions for an omni-directional detector.

As before the response can be rewritten in the form
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0
owort'

(0") ()2 o, +
2(47) J'dcoa)zﬁ(wz_mz)l/2 ((02 —-m? )(H)/z COSWAT

"T((n-1)2)}

G (A7)+

ot ox'ox "
+ (3.22)

R =c|(m) Tdm + .
- b J-da)ﬁ " (a)z—mz) cos WAT

_+F((n—1)/2)m (o?-m?)"5

n—1
+26° ) b’
A (coz -m’ )(H)/z cos WAT

(2

In this equation (82/8xi8x 'j)G+ (Ar)‘ denotes the process of taking the derivatives of G* (x(f),x(f'))

and then setting the spatial parts of x(z) and x(7') equal.

3.4 The Spike Detector
The spike detector is constructed so as to respond only to those modes which have a certain fixed direction
in momentum space. The interaction Lagrangian can be written as

r =cm(r)¢[x(r)]g (3.23)

In which the symbol represents the restriction on the set of modes of the field ¢[(x)] which can

Q
interact with the detector. Mathematically this translates to a restriction on the modes of the field that
appear in the calculation of the detector’s response, as shall be seen below.

To check (3.23) qualifies as a particle detector we apply the usual test of evaluating its response to an n-
particle state in Minkowski space with the detector at rest.

The field is expressed as a mode integral, however a restriction is placed on the modes that appear in the
Lagrangian (3.23). To represent this restriction in a mathematically convenient way a spherical-polar
coordinatisation of the Minkowski momentum space is adopted. In this coordinatisation the measure on
the (n-2)-sphere of directions in (n-1)-dimensional momentum space is denoted by dQ. The remaining

“magnitude” component of the measure is the usual dk k" . This re-coordinatisation can safely be made

because the vacuum state corresponding to the spherical-polar coordinates is identical to the Minkowski
vacuum (Pfautsch 1981).

The mode integral (2.2) for the field is now written in the form

¢[(x)] = Idk /’c"fzj.a’Q(uk’Q (x)a,q +u, o (x) aZ’Q) (3.24)
The restriction on the direction of the modes which can interact with the detector may now be represented

using the Dirac delta function 5(Q—Q’) satisfying
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[aor(Q)s(Q-Q)=r(Q)
The restriction in (3.23) may be written as
L(x)], = [k & [dQ(u; o (¥) a0 +140 (x) ;0 )0 (Q-0)
= Idk k" (uk,Q. (x)a, o +uy o (x) az,g,)

Using this, the evaluation of A? for this detector follows the usual lines;

(3.25)

At = ic<M>I;dr e <‘P|¢[x(7)]‘g W)=

=ic <M> J. dr &™° <‘P |Idk k" (uk’Q, (x)a, o+ o (x) aZ’Q,)|‘PO>

The transition probability is

Pt=¢? KMW T dTT dr'e ™ <\Po |Jdk k" (uk,Q' (¥)a, o +”Z,Q' (x) aZ,Q‘)X
lar) (3.26)

xI di 1 (um, (x) a, o + uZQ, (x) aZQ. ) | ‘P0>

Placing the detector in an (anisotropic) n-particle state gives for the expectation value in (3.26)

<nk‘_,...,nkj_ gﬁ[)c]‘Q ¢[x']‘g ”k,.""’nkj> = 5.27)
= Idk kK", (x)u;Q (x") +J.dk k"n, (uk,g (x)u;Q (x")+ Uy ¢ (x)uq (x'))
Using plane wave modes (2.3), only the final term contributes to the response
2 M 2
R - M [ k2, 5 (- AE)
C22n) e ’
for .
_c M 2 s (n-3)/2
- 2(27[)/172 ((AE) -m ) n((AE)Zimz)]/z’Qg(AE_m)

The response shows that this construct satisfies the criterion for a particle detector, and furthermore this
detector can resolve any directional dependence of the n-particle state. This is, in contrast to the previous
detectors, the spike is directional. This detector gives the occupation number, n;, for each mode k. (Note
that n; will be given in spherical coordinates, 7 o)

Recasting (3.28),

(Z—n) ©

R = KM)‘Z ]idAT /AT {G+ (Ar)‘g +%;[dw n(wth)‘/{Q (0)2 —m? )(,,,3)/2 cos CUAT} (3.29)

Mk

in which

G* (AZ’)‘Q = '[dk K"y o (x)ug o (x") (3.30)
18



Is the Minkowski Wightman function with the Q-integral “removed” and Q set due to the delta-function
introduced into the momentum integral.

3.5 The Cone Detector

A more “realistic” detector (i.e. one that could conceivably be manufactured) is the “cone detector”,
constructed so as to respond only to those modes within a given range of directions in momentum space.
This interaction Lagrangian may be expressed as

r =cm(r)¢[x(z‘)}

In this equation the |S represents the restriction on the modes that may interact with the detector. As
Q

(3.31)

Sa

with the spike detector this restriction is on the direction of the modes.

The Lagrangian (3.31), mathematically speaking, is merely the integral of the Lagrangian for the spike,
(3.23), over the range of angles described by S, on the (n-2)-sphere. Therefore from (3.23)

#(x)], = [tk k2] dQ(u,0(x) a0 +ua(x)a;a)

Giving
A = ic<M> T dr "™ <‘P|Jdk k”_zjs dQ(uk’Q, (x)a, o +u; o (x)aZ,Q,)|‘PO> (3.32)
P =c ‘<M>‘2 T drT dr'e T <‘P0 Udk kHJ-S dQ(um, (x)a, o+ o (x)a;Q,)x
O e (3.33)

<[l [ dO (0 (x)a e g (x)aro)| ¥,)

Placing this detector into an (isotropic) n-particle state gives

nkt_,...,nk/>:

o], o[x],

= Idk k"’ZJ‘SQ dQu, ()c)u;;Q (x)+ jdk k"2 ISQ dQn, (uk’Q (x)u;;g (x")+ uz,g (x)u; (x'))

<nki,...,nk,

Using plane wave modes the response is

R = )((AE)2 S . O(AE—m) (334)

Where

7, = ISQ dan/ dQ (3.35)

The cone is seen to satisfy the definition of a particle detector and further can resolve anisotropic over a
solid angle larger than Sq. If S were taken to be the entire (n-2)-sphere, such a cone would reduce to the
linear detector. On the other hand, if we evaluate the response per unit solid angle and then let Sq shrink
to a single direction Q, the response of the spike detector will result. So the cone is a kind of half-way
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house between the directionality of the spiked detector and the omni-directionality of the linear detector,
respectively.

As usual the response is recast

G+(AT)S +
R =M [ dAze ™ . - 3.36
m =€ K >‘_J; e = 2 Idmﬁ L e (a)z—mz)( 3)/zcos(a)Ar) (3.3
(47)" "D ((n-1)/2)5 ) s
Where
G* (AT)SQ :Idk k”’ZJ.SQ dQu, o, (x)u; o (x") (3.37)

Finally, a variant of the cone detector has been introduced by Israel and Nester (1983), in which an
arbitrary angular “screening” function is introduced. This detector is easily recovered from the spike by
integrating (3.23) over the (n-2)-sphere with the screening function inserted into the integrand. For the
cone this function is merely a characteristic function on Sg,.

It can be seen from the responses of the various detectors introduced in the chapter that even with
identical trajectories in identical particle baths, they will respond differently. This should be expected since
their interaction Lagrangians differ. In the following chapters each detector will be studied in greater detail
and in situations more interesting than those above. We shall find that the differences in the responses of
these detectors cannot be simply factored out nor compensated for.

4 The Linear Detector

4.1 General Remarks

In Section 3.1 the linear detector, described by Lagrangian (3.1), was shown to satisfy the conditions for a
particle detector. This detector (as well as others, in subsequent chapters) will now be studied in closer
detail. In particular, its response in several well-known situations will be evaluated. These responses will
later be compared with those of other detectors and from this the question of detector equivalence will
arise.

In all of the cases to be discussed here, the quantum field is in a vacuum state which will be denoted by |0>
. From (3.4), it follows that the transition probability, Plis:
P'=¢’ ‘<M>‘2 T dTT dr '™ <0|¢[x(r)]¢[x(r')]|0>
’Z “Z (4.1)
=c? ‘<M>‘2 J- dz'J. clz"e"AEATGy+ (x(r),x(r'))

In which

G; (x(z).x("))

<O|¢[x(r)]¢[x(r')]|0> (4.2)
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Is the positive frequency Wightman function for the state |O> given the detector trajectory x“(2). The
subscript indicates the Wightman function must be evaluated along the (detector) trajectory 7.
Mathematically, this corresponds to writing G in a coordinate system that is co-moving with the detector.

This follows from the fact that the detector “observes” the state |0> from this frame.

Let the n-tuple (,0,...., /') represent such a coordinate system where zis the detector’s proper time and

pl, ..... ,,0"’1 are the spatial coordinates, which shall be abbreviated to p. In the (7,0) system the detector’s

spatial coordinates are fixed for all 7; let them be ﬁl, ..... ,[)”'1 (abbreviated to o ). Since the Wightman

function in (4.2) is evaluated along the detector world line , it follows that we may write

G, (x(r),x(z"))EGy+ (r,,b;z",b') (4.3)

However, for a point detector stationary in the (z,p) system, p = p', giving in (4.2)

G;(r,,b;r',,b')EG;(z',r';ﬁ) (4.4)
Where

G, (r,ﬁ;r',,b')‘ﬁ:ﬁl =G, (z.7p) (4.5)
It is important to note that the (7,p)-coordinate system is not unique. To be suitable as a coordinate patch,
the only extra condition it must satisfy is that along the world line, ¥, it is co-moving with the detector. This
point has caused some confusion in the past, with people claiming that certain coordinatisations “naturally”
suite a given observer world line. However, associating an entire coordinate patch with a single trajectory
should be done with care. This point is best illustrated by an example. The uniformly accelerating observer
may be studied using Rindler coordinates, but equally effective is the so-called K, coordinate system
introduced by Brown, Ottewill and Silkos (1981). Of course, the field must be in the Minkowski vacuum

state when using either coordinatisation.

An extensive discussion of this question appears in Davies (1984) from which one can clearly see the
freedom available in the choice of the (z,p)-coordinate system.

Now, given the Wightman function (4.5) corresponding to some situation, and using it to evaluate the
response (4.1), it is convenient to split these functions into two classes. The first consists of those functions
that are dependent upon rand 7’ only through their difference. That is

G (7,7p)=G; (AT; D) (4.6)

From Section 3.1, we have already seen that in such cases the total response of the detector, (4.1), will
diverge and must be interpreted as a constant rate of detection.

2 T —i T ~
R =c*|(M)| [ dAze ™™ G (Az;p) (4.7)
Wightman functions of the form (4.6) describe time independent situations.

The second class consists of the remaining Wightman functions. For these the concept of transition rate
which varies with time by be introduced as follows (Pfautsch 1981).
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The transition probability of the detector at proper time 7 is
1 2 2 t t [t T “ =
P (TO)=C ‘<M>‘ J. drj dr'e ™ G;(r,r ,p)
Therefore the rate per unit proper time is

0
R‘(M:EP1

- o a6 () e )|

=1, —0

Changing the variable of integration to 7= 7— 7 in the first integral and 77= 5 — zin the second

R'(z7,)=¢ KM}‘Z I dne ™" {G; (7+70,70:0)0(-11)+ G, (74,7, —77;/3)6’(77)} (4.8)

In considering (4.8), it must be recalled that R'is now a function of proper time, 7, as well as AE. This latter
label is supressed for convenience throughout these calculations.

4.2 Response in two and four dimensional Rindler Space
In this and the next section we shall be dealing with a massless scalar field only.

This is the well-known calculation of the response of a detector undergoing uniform acceleration through
the Minkowski vacuum. Because the calculation has been thoroughly discussed elsewhere (DeWitt 1979,
Birrell & Davies 1982) attention here will be restricted to a number of subtle technical points.

In two dimensions the co-moving frame of a uniformly accelerating detector may be represented by the

Rindler coordinates (f, §) related to Minkowski coordinates (z,x) via (Rindler 1969)

t=¢&sinh 7 x=<&cosh7T (4.9)
The Rindler coordinate 7 is related to proper time zby
T=¢(7 (4.10)

The two dimensional Minkowski vacuum Wightman function is (Birrell & Davies 1982)

G+(x,x')=;—;ln[(Au—i£)(Av—i5)J (4.12)

Whereu =t—x, v =t + x are null coordinates.

Substituting (4.9) into (4.11) and setting £= & gives

-1
G’ (f,f';ﬁ) =—1In 4§2
V4 4 . ~ ~ ~ 2 ~ =~ =1
d —Esinhﬁcosh tre —g——sinhzﬁsinh2 tre

& 2 2 2

The detector’s response, (4.7), is calculated using a contour along the real A7 - axis. In such a calculation,
the positioning of those poles near the real A7 - axis is crucial, and any manipulation of (4.12) must
preserve the pole positions relative to the contour.

22



In simplifying (4.12) it can be seen that the pole structure is maintained if we absorb the cosh((r~ + f')/Z)

term into the gsince the hyperbolic-cosine is positive definite, and the role of the £terms is to merely
(temporarily) marginally shift the poles off the contour. This function is still fulfilled with the hyperbolic-
cosine function absorbed. Therefore (4.12) becomes

G (AF;¢)= ;—;ln 452 (sinh (AT%J —~ ig)

Again the pole structure of this quantity is preserved if we write in tin the more convenient form

G’ (A7) = ;—lln{%‘z sinh’ (%f—igﬂ (4.13)

T

Substituting this into (4.7) gives (See the Appendix for details)

2 2
M
R; ¢ K >‘ (4.14)
AE — -1
(exp(ij J
In which
kT:i (4.15)
T

Referring back to (3.7), setting n = 2 and n; = 1/(exp(w/kT)-1), we see that the response of the linear
detector undergoing uniform acceleration through the Minkowski vacuum is identical to that when placed
in a bath of radiation, in Minkowski space, having a Planck spectrum with temperature 1/(2 z&k) (k being
Boltzmann’s constant).

The Planckian nature of the response remains true for four dimensions. In this case the Minkowski vacuum
Wightman function is

-1
) 47[[(At—i5)2 —|x—x'|2}

G* (x,x')

Assuming the detector accelerates in the z-direction, (4.9) can be used with x = x" and y =y’. This gives,
after a procedure almost identical to the two dimensional case,

-1

G (Ar;&)= 4.16
}/( ¢ é:) 22 . 2 Af . ( )
167°&7 sinh” | — —i¢
2
Placing this into (4.3) results with (see Appendix for details)
(M AE

)
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Which can be seen from (3.7) to correspond, once again, to a bath of (isotropic) Planck radiation, in
Minkowski space, of temperature given by (4.15).

4.3 Response in two and four dimensional Schwarzschild Space

Several special vacua have been discussed in this space. (For example, see Candelas 1980.) We shall use the
Hartle-Hawking vacuum (Hartle & Hawking 1980) and assume the detector’s world line is at a fixed radial
distance outside the event horizon (with fixed dand ¢in four dimensions). This being a Killing vector

trajectory, the resulting Wightman function will have the form G; (Ar;ﬁ) .

For a two dimensional black hole of mass M, the appropriate Wightman function is (Birrell & Davies 1982).

G (x,x') :;—IIn[(AE—ig)(AV—ig)] (4.18)
T
Where
__ —exp (—Ku) . exp(xv) @19
K K

With k= 1/4My (the surface gravity), u =¢t—r*,v=1¢+ r* and

()

The Hartle-Hawking vacuum is defined with respect to the u, v coordinates. Substituting (4.19) into (4.18)

(4.20)

r¥=r+2MIn

gives

Gy (x,x'")= ;—;ln {% exp(2r *k)sinh’ (%—isﬂ

This function has the same structure, apart from a non-contributing additive term, as (4.13), therefore it is
easily seen that the transition rate per unit proper time will be

2 2
M
R, = < K Ai (4.21)
M(exp()—lj
kT
Where
2M 1/2
kT{647r2MS2 (1— Sﬂ (4.22)
r

In this instance the linear detector’s response is identical to when it is immersed in a bath of Planckian
-1/2

radiation in Minkowski space, of temperature T = [k2 647 M’ (l —(2M /r))} . This is often

interpreted as the Tolman (goo)'l/2 redshift factor (Sciama et al. 1981) arising from red-shifting of radiation

due to the gravitational field of the black hole.

Again, this identity of responses carries over to four dimensions. In this case the appropriate Wightman
function has the form (Christensen & Fulling 1977)
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I Y, (0.9)Y, (00K (a]r)
(1 exp( —27:(0/1( )
%, (0:0)Y,, (99" K (i)

(1 exp( 27ra)/K))

R (elr) ]
R (o)

exp (—iwAt) " +

G, x x ;ﬂ: '[047m) (4.23)

+exp (iwAt) -

In which Y,,,(6,¢) are the usual spherical harmonic functions and the R{®|r) functions have the asymptotic

forms
R (o]r)~ ™ exp(icr*)+ 4, (@) r™" exp(—ior*) r—2M, a.2a)
4.24
~ B, (w)r™ exp(iar*) F—>
1’§I(Cz)|r)~B,(a))r"1 exp(—ia)r*) r—2M; 2.25)
- 425
~r exp(—ia)r *) + 4 (a))r"1 exp(ia)r *) 7 —> 0
Setting the spatial coordinates equal in (4.23) gives
B - 2
o 21+1 R
exp za)A z )‘ ,(a)|r)‘
. 2 dw = (1—exp(—27m)//<))
Gy, (At;r,0,p) = j i X (4.26)
167°w S (20+1)|R (o)
At
_+exp(la) );(CXP(ZECO/K)—I)

In the asymptotic regions » — o= and r — 2M, the following can be shown to hold (Candelas 1980).

o _ 5 40*
;(21+1)‘R1(a)|r)‘ ~m l"—)2MS
1 o0
~r—2;(2l+1)‘BI(a))‘2 F = o0
. ) |«
;(21+1)‘R,(a)|r)‘2 STTE ;(21+1)‘B,(a))‘2 r—2M,
~ 40’ r— 0

Substituting these expressions into (4.26) which is then used in (4.7) and performing the Azintegration
yields

do S(@+(1-(2M,/r)” AE) o
(l exp( 27:@/1{))(1—2]\35)

~c? 2000,_0) 5(a)_AE)a)
KM>‘ [027; (exp(27f60/’f)_1)

R~ farf [ 52

r—2Mg

vV —> 0

Therefore the detector’s response is
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(M) aE

Ri ~ 27r(exp(AE/kT)—1)

(4.27)

where Tis given by (4.22).

From those calculations we can see that immersion in a bath of isotropic Planck radiation in Minkowski
space, uniform acceleration through the Minkowski space vacuum and an r, 6, ¢ all constant trajectory in
the Hartle-Hawking vacuum all give rise to identical responses (both in two and four dimensions) for the
linear detector. We shall now proceed to see if this is also true for the other particle detectors introduced
in the previous chapter.

5 The Quadratic Detector

5.1 General Remarks

When the quadratic detector was introduced in Sec. 3.2, the question of the divergence that appears in
(3.11) was only briefly addressed. This shall now be considered in greater detail. The discussion in the first
part of this chapter will apply to any neutral scalar field, though the explicit examples then given will be
restricted to the massless case.

As stated in Sec. 3.2, the motivation for assuming that the (quadratic) detector responds only to
renormalised expectation values is the general philosophy that we can only observe renormalised field
guantities. This assumption accords with the condition (a) for a particle detector since using the ‘bare’
expectation values would result in the inertially moving quadratic detector in Minkowski space giving a
non-zero (in fact divergent) response. Although in Minkowski space the removal of the vacuum divergence

<OM |¢2 [x]|0M> merely by normal ordering may be sufficient, in non-Minkowski spaces a more general

renormalisation method is required.

In summing over a complete set of states {|‘P>} to deduce the total transition probability P?, (3.13), from
the amplitude 4%, (3.11), the ‘offending’ term that gives rise to the divergences is <0M |¢2 [x]|OM> . For the

non-Minkowski space situations considered in this thesis, the state |‘PO> will always be a vacuum state |0>

. Thus we are confronted with the well-known problem of making sense of the formally divergent vacuum
expectation value <¢2 [x]> .

The standard approach is to split <¢2 [x]> into its divergent, <¢2 [x]>d_ , and finite <¢2 [x]> , parts. A well-

ren

known method (amongst several) is dimensional regularisation. (See Birrell & Davies 1982 for details of this
and other methods). Using

<l92 [x]> =—ilim G2° (x,x")

x—>x'

Where G?S (x,x") is the DeWitt Schwinger expansion of the Feynman Green function; we have (Birrell &

Davies 1982)

(#[x]), =2(4n)"" {(n -2y +%[y+ In (m*/ 1 )}}{(;2_17122) +&_§jR(x)} (5.1)
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And by definition

), = D)~ {7 [+1),, (5.2)

In (5.1), m is the mass of the field,  is the dimension of the space-time, R(x) the Ricci scalar at the space-
time point x, is the conformal coupling constant and g an arbitrary scale introduced for dimensional
consistency. The renormalised quantity in (5.2) can be expressed as an asymptotic (adiabatic) expansion
(Birrell & Davies 1982)

<¢2 [x] > 7 ia, m* /T (1) (5.3)

j=2
where a;(x) are curvature dependent quantities which vanish for zero curvature.

From (5.3) we can see that in Minkowski space <¢2 [x]> vanishes as required for the quadratic detector to

satisfy condition (a) for a particle detector. Although in any flat space situation there will be no
contributions to the quadratic detector’s response from the renormalised vacuum expectation, in a non-flat
space-time there could be a contribution arising from the curvature.

In the discussion immediately above it can be seen that the philosophical viewpoint adopted in Sec. 2.2 can
be mathematically implemented with a procedure well known in the general theory of quantum fields in
curved spaces.

Since |0> is a vacuum state the expectation value in (3.13), recalling that it is a sum over {|‘P>} , may be

FEIELA) - X O L) e o)), (1), e

Expanding ¢#[x] as a mode integral, with operators such that a, |0> =0 for all k, gives the first term in (5.4)

* * * *
@, @, 0> wy, (X (x ')}

‘P>Z:0>{,[d"1k,._[d”1ks <0‘akraks “P>uk (x)uk.y (x)J'dnqqu'd”flkp <‘P

All other terms vanish because of mismatching between the number of creators and annihilators. From the

various possibilities of creation and annihilation of particle out of the state |0>, and allowing for double

counting, we find

(o 116 = e e, [ [l 4, ok, =)+ 5(k 4, )o(0, 8, )]
wy (g (O, (s D+ []) (8 [x)
=2[G" (o) +{# 1), (#[+T),,

(5.5)

Therefore
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P =c’ KM)‘Z derdr oA {2[G; (r,r';,B)}2 + <¢2 [x]>m <¢2 [x']>m} (5.6)

As with the linear detector there are time dependent and independent situations. In a time dependent

situation the vacuum expectation contribution to (5.6) vanishes because in such cases <¢52 [Z'; /3]> is not
ren

a function of time. That is
(#[=2)),,=(#[P))

Hence their appearance in (5.6) has the form 5(AE)<¢2 [,5]> which gives no contribution since, by

ren

assumption, AE #0. Therefore for time independent situations the transition rate is
2 2 2 7 —IAEBz [ v+ =\
R =2c ‘<M>‘ J. dArte [Gy (Ar,p)] (5.7)
For a time dependent situation the transition rate is easily seen to be

R o= fane 2[G: (reemp)] +([n+=2)),, (#172]),, Jo(n) .

+(2[G7+ (z.z-m; /5)]2 + <¢2 [z: /3]>m <¢2 [z —m; /3]>m )9(77)

5.2 Response in four and two dimensional Rindler Space

We now consider the response of a quadratic detector, of a massless scalar field, undergoing uniform
acceleration through the four dimensional Minkowski vacuum. Since this is a time independent situation,
(5.7) is appropriate. From (4.16)

o0 —-AEAT

R =c*|(M)f [daz < (5.9)
~ {167@52 sinh® (AZT —igﬂ

Although (5.9) could be calculated directly with the method used to evaluate the corresponding linear

detector calculation, we shall take this opportunity to illustrate an alternative procedure which utilises the
already known response of the linear detector to the same situation. In doing so, this alternative can avoid
some of the calculational problems that may appear when using the direct contour approach. From the
linear detector calculation in the Appendix

2
IdAre’iAEA’ sinh ™ £—ig = 87AES
2& exp(27AEE) -1

Using the convolution theorem for Fourier Transforms the response (5.9) can be evaluated directly

T dAFe ™% sinh™ (ﬁ—ig) —64r” T dx X(EAE - X)
bt 2 i (exp(27rX)—1)(exp(27z[§AE_X])_l)

Setting x = exp(27X) and b = exp(27AE$);
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J-dxlnx]n x/b) 8 47r2+(]nb)2 . _327[2AE§(1+(AE§)2)
74 b) x| 6(h-1)  3(exp(272AE)-1)

(See Gradshteyn & Ryzhik (1980) No.4.257.4) Applying this result gives

16 () (kr) (1+(AE/27rkT)2)AE o
) (exp(AE/KT)-1) (510

Using kT = 1/(2 74

o 4 LM (1) )a
" 3r & (exp(27EAE) 1)

To compare (5.11) with the response of this detector when immersed in a bath of isotropic Planck

(5.11)

radiation, in Minkowski space, we could compute (3.15) with n; = 1/(exp(a@/kT)-1), m = 0 and n = 4.
Unfortunately, the integrals are not easily evaluated. Therefore, an alternative approach is taken. We shall
use (3.16), in which the final term makes no contribution since it is independent of Az. If it can be shown
that, with the parameters appropriately set, this first term gives the same result as (5.10), then the
response in the two situations will be identical. This reduces to showing that

-1 . 1 ]‘3 wcosa)(AT—is)_+ 1 (5.12)

4’ (Ar—ie)  (27) % v (exp(@/kT)-1) 167°&? sinh’ (A2~_lej

Which, from (5.9), will give the required result. Evaluating the integral (Gradshteyn & Ryzhik (1980), No.
3.951.5) gives

= R . ) B —(kTY’
4r* (Ar—ig)’ (2x)'| 2(Ar—ig) sinh®(7kTA7—ic) 47’ sinh® (7kT Az —ig)

With kT=1/(27x&) and AT =A7 /& (5.12) is indeed seen to be satisfied. Therefore the quadratic detector

responds identically to immersion in a bath of (isotropic) Planck radiation, in Minkowski space, and uniform
accelerated through the Minkowski vacuum.

In this section we have studied the quadratic detector’s response only in four dimensional Rindler space.
Unfortunately, the calculation of the response of this detector for the two dimensional case is not as
straight forward as for the linear detector. Referring to the Appendix, it can be seen that an infinite
logarithmic term is discarded in the calculation by exploiting the fact that AE # 0. Such a manoeuvre is
acceptable for the linear detector. However in the case of the quadratic detector that term is multiplied by
a non-trivial terms arising from the infinite product representation of the hyperbolic-sine function and
there is no obvious justification for discarding all the divergent terms.

This is not related to renormalisation (the vacuum divergence has already been removed). Nor is it related
to the infra-red divergences characteristic in two dimensional field theory as may be seen by the
compactifying the space-time. This is a common method of removing such divergences, however the
Wightman function for an R* x S* space-time has the form
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D (xx)= L 1{%111(@}%@]}W{I_M}

4 L L

which, when placed into (5.7), will still give rise to similar divergent terms in the detector’s response. The
difficulty in calculating the quadratic detector’s response in two dimensional situations is seen to be related
to the logarithmic form of the Wightman functions of these situations. To calculate the response of this
detector in these cases requires a more indirect method that circumvents the problem of dealing directly
with the logarithmic factors.

In point of fact one such method was employed in the above four dimensional calculation. Rather than
perform a contour integral to evaluate (5.9) (a method that involves the evaluation of residues of second
order poles) we used the convolution theorem. This approach is tantamount to evaluating the auto-
correlation of the linear detector’s response, thus allowing us to write the quadratic detector’s transition
rate in terms of that of the linear detector. If the linear detector’s response in R'(AE) from the convolution
theorem and (5.7) the quadratic detector’s response will be,

R*(AE)=2(R' *Rl)(AE)zzT dX R'(X)R'(AE - X) (5.13)

which is the auto-correlation of the linear detector transition rate.

When using (5.13), the role played by terms of the form JAFE) x (constant) must be considered, especially
in view of the possibility of the constant being infinite. This problem is avoided by evaluating the terms in
R’ for the ranges 0 > AE > -o0 and 0" < AE < +oo only. This is in accordance with the statements made in the
concept of a “particle detector” was first introduced in Sec. 2.2. In that passage it was stated that interest is
attached only to the probability of the detector under-going a change from its initial state £, to a different
final state E. As a result terms of the form &AE) x (constant) have no calculational role to play and hence
will not appear in (5.13).

Using this auto-correlation technique we can calculate the response of the quadratic detector in a two
dimensional Rindler space. Referring to the Appendix, it can be seen that in this case

. , % ax
R =e*f(m) _[c{x(AE—X)(eXp(X/kT)—l)(exv([AE—X]/kT)—l)}

This integral is manifestly divergent, but it is now clearly seen to be due to the usual infra-red divergence
characteristic of the two dimensional Planck spectrum. Compactification of the space dimension does not
remove this divergence from the response.

5.3 Response in four dimensional Schwarzschild space
From (4.23) and the asymptotic values of the Wightman functions we can see that (4.27) is valid at least for

AE # 0. Also, in the evaluation of [G; (x,x')] the leading terms in the asymptotic regions area exactly

those that produce (4.27). Therefore (5.13) may be used to evaluate R* and is easily seen to give (5.11) with

-1/2
kT = [647ZZMS2 (1 _2M; ﬂ (5.14)

r

as with the linear detector.
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With Schwarzschild space being curved, it is worth checking that the vacuum expectation does give no
contribution to the detector’s response. For the Hartle-Hawking vacuum this expectation value is (Candelas
1980)

(lx]) ~(1922°M ) r—>2M
~ L]’i do w s w
27y exp((Zﬂa)//c) - 1)

And since the detector’s world line is given by 7, §, ¢ all constant no time dependence will appear and so
with AE # 0 there will be no contribution in these asymptotic regions.

Even outside these asymptotic regions, because the detector’s trajectory is described by a time-like Killing
vector of the space-time, the vacuum expectation will be constant over all time thus not contributing to the
response. This relationship between Killing vector fields and the quadratic detector’s response is obviously
quite general.

From the calculations in this chapter, it is apparent that the quadratic detector responds identically (in four
dimensions) in Rindler space and when immersed in a bath of isotropic Planckian radiation in Minkowski
space. In these cases this detector exhibits a behaviour in common with the linear detector. On the other
hand in four dimensional Schwarzschild space, for the quadratic detector to respond similarly to the linear
detector, it must follow a time-like Killing vector trajectory corresponding outside the black hole.
Furthermore, in two dimensions the response is undefined due to the form of the two dimensional Planck
spectrum.

We shall see below that these similarities and differences are particular cases of rather general statements
about the comparative behaviour of different detectors.

6 The Derivative Detector

6.1 General Remarks

The derivative detector differs from the linear and quadratic detectors in that it is “orientable”. Inspecting
its interaction Lagrangian (3.17) we see that the definition of this detector involves a four-vector b*.
Although the Lagrangian is covariant (b being contracted with another four-vector), this covariance is
“broken” if b" is fixed in the co-moving frame. Such a choice defines an “orientation” of the detector in the
co-moving frame. When evaluating the response of the detector its orientation (i.e. 5*) must be specified.
With this done the detector is still receptive to the full (n-2)-sphere of momentum mode directions and so
an omni-directional detector.

With this detector’s orientation specified, the evaluation of its response follows the usual lines. However to
make the calculations easier it is convenient to evaluate the response in the frame for which the
orientation is fixed (which is usually the co-moving frame). For the previous detectors this manoeuvre is of
no major help since those responses involve calculations only with scalar quantities. If b” is fixed in, say the
co-moving frame, in general it will be time dependent in any other frame.

Fortunately, by using the (7, 0)-coordinatisation introduced in Chapter 4, the co-moving frame evaluation of
this detector’s response is particularly easy for a fixed orientation in that frame. In the co-moving frame a
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convenient fixed n-ad can be constructed local to the detector’s world-line using the approach outlined by
Misner, Thorne and Wheeler (1973). For the (7,0)-system the resulting n-ad {¢} has the form

p=p

The (fixed) components of b“ in the n-ad are deduced by contracting the four-vector b with each of the n-ad
basis vectors ¢”.

As stated by Misner, Thorne and Wheeler, the coordinate systems constructed form the n-ad {¢"} is well
behaved only in the region local to the trajectory (which is described by p = p), since in more distant
regions the “coordinate lines” sent out form the trajectory may cross. Because the orientation four-vector
b" need be defined only along the detector trajectory the behaviour of these (local) co-moving coordinates
far from the trajectory is unimportant. Similarly, the exact nature of the (7, p)-coordinatisation far from the
trajectory is of little importance and in general there will be many different possible coordinatisations all of
which correspond along the trajectory.

In the following sections of this chapter, comparisons will be made of the derivative detector’s response
when placed in different situations. To fully describe and compare these situations, the orientation of 4
must be stated in each case. For many cases relating the orientation of the detector in two different
situations is most easily done using the vierbein (or n-bein) formalism (Weinberg 1972). This will relate the
(7,0)-coordinate system with an appropriate instantaneously co-moving inertial frame. The coordinate
derivatives (of the quantum field) in the two frames are related by

8, >0,=V, (6.1)

Where the a subscript refers to the inertial frame and the u subscript to the (7, 0)-frame. The use of
vierbeins in evaluating the detector’s response is best demonstrated by the Rindler space example given
below.

From (3.18) with |‘P0> vacuum state the total transition amplitude (to first order in c) for this detector

moving along a trajectory described by x*(7) is

A= ic<M>b” .T dre™™o, <‘P‘¢[x(r)]“1’o> (6.2)

which gives transition probability

P = (M) bb’ ]0 drT dr'e™™9 o', <‘PO #[x()]o[(x)] ) (6.3)

—00 —00

Using the (7, 0)-coordinates,

P =c ‘<M>‘2 b*b" T drT dr'e™0,0', G (r,p;r',p')‘ (6.4)

p=p'=p
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In (6.4) the derivatives are evaluated at different spatial coordinates p and ¢ which are both set equal to
P, the fixed spatial coordinate of the (point) detector. For convenience, henceforth the following

abbreviation will be used:

' + ey ' — ' + 1. '
0,0, G (t,p;7',p )‘p:p':ﬁ =0,0', G, (r,7%p )‘
The vertical bar indicating the method of evaluating the derivatives. The transition rate of this detector, at

time 7, is
R (r)=c*|(M)[ b"b* T dne™{0,8', G} (n+7.7:5)|0(~n)+0,8", G; (.01 5)|0(n)} (6.5)
For the time independent situations,
R (r)=c|(M) b"p* T dAte™™0,0", G; (At p) (6.6)

Before presenting the Rindler and Schwarzschild space examples for this detector, a rather important
technical point must be addressed. By definition the derivative detector is non-local. Its response depends
upon the derivative of the field which, although defined at a point, is evaluated on a non-local way. This
follows from the definition of the derivative. In particular the spatial derivatives involve (the limit of) space-
like separations. (For the purposes of this study the detector is assumed to be a point object, this being an
idealisation of a detector with infinitesimal spatial extent with respect to the (local) length scaling of the
space-time.)

Given (6.6), if we naively evaluate the (spatial) derivatives in the stipulated manner, we find that evenin a
manifestly stationary situation the detector’s response is apparently time dependent. The reason for this
can be traced to the Tolman factor (Tolman 1934) in the metric. This factor describes the redshift resulting

from the variation of g, in the metric. For stationary situations this variation is purely spatial and will

appear when evaluating the spatial derivatives of G; (Af;lb)‘ .

To make this point more explicit, consider a derivative detector at a fixed radius outside a black hole. Since
the detector’s trajectory is along a Killing vector of the space-time, it must perceive the situation as time
stationary, and hence have a time independent response. The appropriate Wightman function (4.23) is
manifestly time independent, having the form

_exp[_im[l_sz”mj (‘9‘/’>(( £ (ar >)7( ),
r)

r 1-exp(—27w/Kk
R (]r)

2
= Arwiy 2y (0,9)Y,,
l +exp(z’a{1 — 2MS} Ar} i (0:9)%, (00K (@]

r (1—exp(—27m)/1<))

In which the Tolman factor is explicit. It is easily seen that taking radial derivatives of this function will
introduce factors not solely dependent on 7— 7, resulting with this detector’s response being time
dependent when placed in a manifestly time independent situation.

We shall now demonstrate that the Tolman factor should not be differentiated when evaluating aﬂa’vG; .

Referring to the well-known Rindler space result, it has been shown that if the quantum field is in the
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Minkowski vacuum state the expectation value of observables on the Rindler (or Fulling) Fock space is
identical to its ensemble average in thermal equilibrium at temperature T = (proper acceleration)/2 7k

(Sciama et al. 1981). For example the Rindler number operator Nk for the momentum mode & has an

expectation value given by (Fulling 1973, Davies 1975)

1

exp(27wé —1) (67)

<0M Wk |0M> -
Where §'1 is the proper acceleration. Without appreciating the role of the Tolman factor, (6.7) seems to
imply that the region close to the event horizon (£ —0) in the Rindler wedge cannot be in thermal
equilibrium with a region more distant form the horizon (£ —<<) due to the apparent temperature gradient
with respect to & (This “gradient” arises from the x-derivative of the Tolman factor.) However, as Sciama et
al. point out;

Two bodies can be in thermal equilibrium at different points in a gravitational field if and only if the
ratio of their temperatures is equal to the gravitational redshift that light would suffer in travelling
from one point to the other. Thus the dependence of temperature on position should cause no great
surprise...

This temperature dependence is given by the Tolman factor (Birrell & Davies 1982).

So, referring back to the evaluation of Gyﬁ;G; (Ar;,b) , to account for the Tolman “redshift” factor, the

following procedure must be followed: Without loss of generality we can assume G(T, you Z",,O') has the

form

G (r.p7'p") =G (r.f (p). it f (p"). ")
Where f{p) is some function of the spatial coordinates p. Assume the Tolman factor is given by g(p) (i.e.

g(p)= (goo )71/2 ), then G; may be written as

G (.7, p")=G; (f.h(p),p;f'.h(p'),p') (6.8)
Where 7 =7/ g(p) and h(p) = f(p)g(p). The quantity 7 includes the Tolman factor, so when
evaluating the spatial derivatives of G;, 7 is not differentiated with respect to the p-coordinates since

doing so will fail to take account of the gravitational redshift.

6.2 Response in two and four dimensional Rindler space

The two dimensional Wightman function for Rindler space is given by (4.9) - (4.11). The derivatives are to
be evaluated in the manner stipulated above. The acceleration occurs in the (only) spatial direction and in
the co-moving frame this corresponds to the &direction. (This follows from (6.1) with the veirbein V =
diag(&1)). Also using (6.8), g(&) = Eand T =17/ . Taking the derivative, we can set &= & giving

0, {(—1/47r) 1n{4§2 sinh® (AT{-— z'gﬂ} = %coth (%{- - igJ
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N 1 . L(AT .
0,0,G, (Az‘;f)‘ = s sinh™ (7—15j (6.9)

From the Appendix the transition rate is seen to be

) (o) e

3

= (6.10)
" (exp(AE/KT)-1)
Where kT = 1/2 7. The evaluation of R;,u is much more drawn out, so only the major steps will be
presented. With the points split, the Wightman function is
-1 C o~ C ey - ~
G (7,678 = 4—ln[(§s1nhr —f'smhr'—zg)2 —(&cosh? —f'coshr')z} (6.11)
v
The & —and £— derivatives are evaluated with the points split, resulting in
0.0.G; (v,.&;7.¢") =
—2sinh 7'sinh 7 + 2 cosh 7 'cosh 7
(&sinh 7 —&'sinh 7'- ie;")2 —(§c0shf—§'coshf')2
1 C s C s ey ~ ~ ~
o —[2smhr(§smhr —¢&'sinh 7'—ig)—2(& cosh 7 — & 'cosh 7') cosh r]x
T
| -2sinh #'(&sinh 7 - &'sinh ' i) '+ 2(&£ cosh 7 — & 'cosh 7 ') cosh 7' |
X
2
((f: sinh 7 — & 'sinh 7' ie;")2 —(§c0shf—§'coshf')2)
After a rather large amount of manipulation and pairing of terms this expression reduces to
+ _1 . -2 AT .
0.0.G, (Ar,f)‘ = 8o sinh (T—hﬁ‘j
Which is identical to (6.10) and so
Ll () s
= (6.12)

o (exp(AE/kT)—l)

The 0,1 - and 1,0 — cross terms in the response are evaluated by differentiating (6.11) with respect to 7,

then with respect to & and then setting £= £. After a calculation similar to the 8585, evaluation, we find

0,0,G; (A£,&)|=0
Therefore

R, +R,,=0

7,01 4

Referring back to (3.19) we see that (6.10) and (6.12) are thermal responses for this detector. Therefore the
derivative detector responds thermally (for all orientations) in two-dimensional Rindler space.
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To calculate this detector’s responses in four dimensional Rindler space the approach adopted by Unruh
(1976) will be used. This involves evaluating the transition amplitude (6.2) instead of (6.6) and makes the
calculation much neater.

The massless scalar field equation in Rindler space is written in the form (Pfautsch 1981)

s o (o0 & _
e g 2ot St

which gives mode solutions, in the right hand wedge,

(sinh ﬂd))m

uR(x;d),kl,kz)z =

e—zrurel klﬁkz)’ (ng) (6.13)

Where K;,(Q4) is a Macdonald function (Titchmarsh 1958), Q* =k +k; and @ > 0. The field can be

expanded in terms of Rindler modes and operators a, ((T), kl,kz), a, (c?), kl,kz) :

$[x] = [dadkdk, | ay (@ k.k, )u, (x:0,k,k, )+ ag (@,k &, )uy (x,@,k,k,) | (6.14)

Substituting this into (3.3) (for the linear detector) and following the calculation through as in the Appendix
gives the already known response for the linear detector in four-dimensional Rindler space. Note that in the
calculation, a logarithmic divergence characteristic of such equilibrium situations has been removed (Birrell
&Davies 1982). We should expect to remove identical divergences from the response of the derivative
detector.

Substituting (6.13) and (6.14) into the transition amplitude expression (6.2) gives
o) L epr j A [ dadk,di, %
7 2

<‘P|{aR (a.,), kl,kz)ﬁ |:(Sll’1h 7[0))1/2 e—i(brei(klirkzy)K[w (Qg):| + (615)
+ay (&,k.k,)0, [(smh w@) " e IK | (0F }}|o )

Choosing the orientation of the detector in the co-moving frame to be, in turn, 0, = (l/f) 0; =0,, 0, =0,

0, =0,, 0. =0, and taking them in sequence;

0
Ay = c(M)b [ déddkdi,d (sinh ) &K, (0£) 5 (AEE = &) (¥ |ay (@K ,k,)[0,, )
T

Where the AT - integration has been performed. The second term in (6.15) makes no contribution because
of the resulting delta function 5(§AE+0~)) cannot attain its argument since £AE > 0. Performing the

@ - integration immediately gives

0
A;,O:MAEf(sinhﬂAEf v j dk,dk,e" K L (0E) (P ay (AEE k,,K,)|0,, ) (6.16)
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Using a Bogolubov transformation the Rindler operators a,, a; can be related to the Minkowski operators

ay , a;l by (Pfaustch 1981)

aR@@k“@)zId%ﬂ?ﬂw(l—é”@HAQ{w%k£}m5ﬁa—hj5(@‘%bj 617)

x{a, (k 'k, k") +eay, (k'
Which in (6.16) yields

-1/2

0
A;,O = MAEé:(SIHh ﬁAEé—')l/z e*ﬂAE? |:27Z'(1 _ efz;;AEg )j|
T

k'l o'+ k'
XJ- vl/2|: Qv3

0]

IAEE
} ei(k]'XJrkz'y)KiAEf (Q§)<IP|1k>
To arrive at the transition probability Py3,oo we have
3 s T
P}/,OO = %,Ay,o [A}/,O:I

Where |‘P> is a complete set of states. Only the one particle states can contribute to the transition

amplitude and probability. That is,

‘P> = ‘1k> hence <‘P|1k> =5 (Ig —lg') . Therefore it follows that

P o= ¢’ ‘<M>‘2 (bo )2 (AEg)z sinh (7Z'AE§) o 2mEE
7,00 = 27 (1—exp(—27zAE§))

[ K 08)]

Where we have used K ,(x) = K,(x). Simplifying and using Q = (k12 +k; )1/2 = ksin@, where k :|]f Cw=k

since the field is massless. Writing the integral in spherical coordinates,

2 20,0)\? 2 2MEE 2r 2w
e |(a)f (6 )4(3AE5) e [ dp[ao|dk ksin6[ K,,,. (k&sing)]
7 0 0 0

3 _
P,oo_

7
The ¢ —integral is straight forward and the k£ —integral is evaluated in the Appendix. The result is

& () (a2 ==

Pl = F(1+iAE§)F(1—iAE§)'T a0

sin @

473

Manipulating the Gamma function as with the linear detector calculation gives

cz ‘<M>‘2 (bo)Z (AE)3 ]E d0§

Py =
7,00 207 (eznAE.f _ 1) . sin @

The logarithmic divergence is identical to that for the linear detector as calculated in the Appendix,
therefore the transition rate per unit detector time is

37



2 (5°) (AEY
P;,oo = ‘ Kz;le(mm)r _(1) ) (6.18)
With T=1/27&

The same procedure is followed with the x - and y — derivative responses and using the symmetry of the
situation, these will be identical. From (6.15)

A, =—c(M)D'E(sinh 7AEE) ” [ dkdi,e ™K . (0E Ve (W] ay (@,k, K, )]0, )

Using the Bogolubov transformation

A;,l =—C <M>b1§(sinh 7ZAE§)1/2 o EE [27[(1 _ o )i|1/2 y

INEE
dk' T e .
| k{“’;} IR (0" Y (P1,,)

X
172 71
a)|
Giving

2 201V g2 —mAEE 5y »
P, - 1) (41;2 o 1d¢cosz ¢£d9! dik’ sin® O K . (k& sin6) |

Calculating the ¢—and k —integrals

o C (M) (6') ¢ ™T (2+iAEE)T (2~IAEE) 7 g9
o 1272 jsint9

0

Using I'(14x)=xI"(x), the Gamma function terms can be evaluated as before

] (6) aB(1+(ABE) )2 4o
Al 675 (ezﬁAE§ _1) ) sin 0°

Therefore

L) (8) aE(1+(aEE) )
67[52 (ez”AE5 - 1)

3 _
7l

(6.19)
27 € (b') (M) AE(1+ (A 27kT ) ) (KT )
T3 (eAE/kT _ 1)
RL,=(0*) R, /(5') (6.20)

The cross term ff,o] is given by
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P73,10 = iRe{%A;,O [A;JT}
— e ) e [ dgeosgfao] diksin* 0] K, (02)] =0
0 0 0

Where iRe{.} is the real part of the argument. Thus there are no 0,1 — or 0,2 — cross terms in the

o 3 .
detector’s response. Similarly there are no 1,2 — cross terms, as can be seen from the form of Ayi fori=

1,2.

To evaluate the response in the direction of motion, the z-direction in the commoving frame, the vierbein
approach discussed above is used to deduce which derivatives must be calculated in the Rindler coordinate
system to correspond to the z-direction in an instantaneous commoving frame. For the Rindler metric

=8 (de) (@ () ~(d)
The vierbein is Vﬂa = diag(ﬁ,l,l,l) giving
0.0,

Therefore, from (6.15), the only contributing term is

i

L= C;f:@ b’ ]0 Edze™ [ dadkdk, (sinh ) " e """ (W] a, (@,k,k,)[0,,)0,K,, (0F)

Where 7 has not been differentiated with respect to £in line with the prescription above. From Gradshteyn
and Ryhzik (1980)

ax 2

( 8 j K. (x)= ~{K, L (x)+ K, (x))

Using this, performing the 7-and & - integrals and using the Bogolubov transformations (6.17) gives

-1/2

e} (M)b (sinh ﬂAErf)l/z e ™ [27r(1 —e e )] X

3 _
4= 2

Ik [k T
J| wQ{ o } MNK e (0'6) + Ko (')}

For xreal, K . (x) = (Kv (x)) * and KV (x) = K_V (x) , therefore
P,=c \(M)\Z (»’ )2 gze-”MffdeT dkk? sin® 6»{[1@&5‘5+1 (&ksin 9)]2
0 0
2K ey (EkSIn O) K e, (EK5in )+ Ky (SR sin 9)]2}

Again using Gradshteyn and Ryhzik as above
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¢[()f
733 = Toart

3

(b3)2 ¢ ™ (AT (2—IAEE)T (2+iAEE) + T (3+IAEE)T (1-iAEE ) +

d¢9
sin 0

+F(1+1AE§) —zAE/f ]E

0

Evaluating the Gamma function terms and removing the logarithmic divergence
2
, AE(4+(AEE))
1278 (€™ 1)

 AE(4+(AE/KT))(kT)’

:%Cz ‘<M>‘2 (b3) (eAE/kT _1)

R = (M) (2)

(6.21)

The 1,3 —and 2,3 — cross terms are zero due to the angular integrals. However the 0,3 — cross term is
nontrivial;

7/ 03 Z I: ]*
—ic’ KM >‘2
4’
<{K e (KEsin0)+ K ., (KEsin6)}

= —ic® (M| 65 E*AEe ™5 [T (2~ iAEE)T (1+AEE) + T (2 +IiAEE)T (1~ iAEE)) x

D EAEe ™ [ dO[ dkk’ sin® 0K, (k&sin 0)
0 0

T
xJ‘.
, sin &

“ic? (M % (AE) =
_—ic*|(M)] 0" ( )fdgf

27é (e 1) qsind

Thus the total cross term contribution to the response is

R7303+R7330_Ry303 [Ry303:| =0

Comparing the various responses with their corresponding components of a derivative detector’s response
in an isotropic Planck bath in Minkowski space (see (3.19), (3.20) and (3.21)), we see that although the 0,0 —
component and the total cross terms of the response are identical, the others are not.

Therefore, it seems that immersion in an isotropic Planck radiation bath and uniform acceleration through

the Minkowski vacuum give rise to the same response in this detector only if it is coupled solely to the time
derivative of the field.

6.3 Response in Two and Four Dimensional Schwarzschild Space
The full Hartle-Hawking vacuum Wightman function in two-dimensions is
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Gy (x,x") =
(6.22)

_—11n {K‘2e(r*”*')” [2 cosh A7k —cosh (r*—r*')x - Zig(e_r*" sinh 7x — e """ sinh f'K) —&? ]}
A

Where k=1/4Mgand 7 = T(l -2M /r)l/2 is the time coordinate with the Tolman factor included. To

evaluate the 0,0-component response, for a detector stationary outside the black hole, the logarithmic
function is used to split away and discard any 7 -independent terms, since they do not contribute, leaving

G;, (x,x') = %ln {coshAfK - cosh(r ¥t )k — ig(e”*" sinhfx —e™"™* sinhf'lc) - 52}

Since the detector is at a fixed distance from the black hole,

-1/2
0. :(1—%J 0, =(constant)x 0. (6.23)
r

Proceeding as before

. ~ . ek ~
0.6 (x x')—(_l) xsinh A7k —iexe”” * cosh Tk
T H o - ~ . Y . ~ % . ~
: 4x coshArK—cosh(r*—r*')lc—zg(e " fsinhix —e" ’“smhr'/()—g2

—x? cosh Afl{)

~ . e . ~ ek . ~
i coshArK—cosh(r*—r*‘)lc—zg(e " sinh Tk —e " "smhz"zc)—g2
0,0.G,, (x,x') =— ) L . ) L .
dr (K‘SlnhATK'—lé‘K'e cosh TK‘)(—KSIHhATK’+l€K€ cosh? K)

2

~ . ek . —_ L . ~
(coshArK—cosh(r*—r*‘)x—zs(e "*sinhzx —e™” ”s1nhr/c)—52)

Setting * = *’, absorbing some positive functions into the sterm and using some hyperbolic identities
results in

2

0.0.G;; (x,x')‘ = _KA — (6.24)
8z sinh? (ﬂ( - is}
2
Using (6.23) and (6.24) the 0,0-component of the response is
| ey ar
RH,OO = (6.25)

eAE/kT -1

Where kT = [64 7 M*(1-2M/r)] 2. Looking back at (3.19), this component of the response is identical to that
due to immersion in a Planck bath of radiation in two-dimensional Minkowski space.

For the spatial component of the response, the r-derivative is used. We have
dr* oMY
0, =|—1(0.=|1- £1 0.
dr r
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r

St (x,x') _ ( _lj (—KSinh(r*_r*')K_l-gefr*'K Sinth)

0..G — = " (6.26)
" 4r coshAfK—cosh(r*—r*')K—ig(e*’ *sinhfx —e ™" "sinhf‘ic)—g2

cosh(r*—r*")x

~ . o . ~ e . ~
( sz coshArK—cosh(r*—r*')K—zg(e "Fsinhfx —e "smhr'x)

(—sinh (r*—r*") ik —ice” " sinh f'l{)(sinh(r *—r*') i +ige” “sinh flc)

~ . e . ~ e . ~
(coshArK—cosh(r*—r*')lc—zg(e TR sinh Tk —e "smhr'ic)—gz)

setting r* = r*’ and discarding the £and & terms in the numerator, since they make no contribution once ¢
is set to zero, gives

8’ (1 - ZMJ smh(Azm - igj
r

2

. _ ol (e aE
Run=r—om
(1_ j(eAE/kT _1)
r

This is not identical to the 1,1-component of this detector’s response in a Planck bath of radiation in two

8.0.G;, (x,x')‘ =

which in turn gives

(6.27)

dimensions. Note that agreement does occur in the region r — oo. Following an identical procedure, we see
directly from (6.26) that

3
RH 10

3
+R; =0
This is also identical to the corresponding responses to a Planck bath of radiation in two dimensions.

For the four-dimensional case, the Wightman function is given in (4.23). The evaluation of R .00 IS Straight

forward

00,6 ()| f ’Wi (20-1) ‘Iiﬂjy‘ o i) (20- 12m/K(_a)1 |r)‘

—00

Using the asymptotic values of the summation yields

12
3/2 a)35(a)+(1—2M5j AEJ
32 »

2M
B Y (1-2E] Jao— oy — roam,
% S(w—AE
_ el (Y jm% ro>oo

giving
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o (1) (2

27z(eAE/kT - 1)

R} 0 ~ (6.28)

Where kT=[64722M52(1—2M5/r)]'”2. Comparing this with (3.19) we see that the Hartle-Hawking vacuum and
isotropic Planck radiation, in Minkowski space, produce the same response for the time-derivative

detector. For RIB,,11 we require 0,0,.G, (x,x')‘

To evaluate this quantity in the asymptotic regions, we follow the method used by Candelas (1980). The
quantities of interest are

oror' = -
& =
arar'g(zlﬂ) (@]7)R (a)|r)r_r‘
From (4.24) for r —> 2My
_Bl(a)) —ior* l_ i®
R (@|r) » » (1_2Ms)
r
—iB, (w)e" "
i r—>2M;
2M (1— SJ
r
where
dr (1_2M }
dr r
Therefore
0° = - ‘B,(a))‘2 w’
WRZ ((()|I”)Rl (a)|r') ~ 5 V' —> 0 (629)
e 4M2(1—2M5)
r

The asymptotic form for this quantity for r — oo requires some work to calculate, so the details are
presented in the Appendix. The result is

- TS 2141 (] )R, (] )

1=0

~ % ' F—> (6.30)

Using (4.24)
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R -~
z(a)|l’) . 7’+(1_2M5j
r
_iB,(») we"” o
r
Giving
2 9
el

82 ok =
P R(o|r)R (o]r)

From the Appendix the other asymptotic form is

5/2
—® 2wk
24M ¢ (1-e” )(2Ms_lj
AE(1+4MS2( 2MS)(AE)ZJ
r
247M (MM 1)
2 AE

—1}2 (¥ 1)

S

247M (2}(4

Where kT=[647M*(1-2Mg/r)]"”. For the region r —

o 35 _
= () [awd 2

\<M>r<bl>2%ﬂl_l)

Next we consider the angular derivatives. The quantities of interest are

im 0'.9)

0600 =, -

2
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(6.32)

(6.33)

(6.34)

(6.35)



&
Y (6,p)Y (6,0' .
5(/)5(0' ,,;[ Im ( ¢) Im ( (0 ) (6 36)

0=

(This can be confirmed using the appropriate vierbein.) Using the identity

(27+1)

!
Z‘[ Y, (0.9)Y,,(6.90)= " B(cosy)

Where cos y=cos @cos 8’ + sin @sin 8’cos(p— @’) and P(cos ) is a Legendre Function (Gradshteyn &
Rhyzik, 1980, N0.8.820). (6.35) can be written in the form

Rav

(cos@cosO'+sinGsin b))

9=0'

To evaluate this we note that
1-x
P (x) =F —l,l+l;1;T

Where F(.) is the hyper-geometric function (Gradshteyn & Rhizik,1980, No0.9.100)

i ,(x) =_—1iF(—l,l+l;1;z) =l(l—+1)
ox - 20z i 2
Hence
& I(1+1)(20+1)
Y (6,0)Y (6, = - 6.37
8989',”:2_1 ml( ¢) ml( ¢)90' 872' ( )
For (6.36)
2 (21+1 2[+1 P
o (a+ )P,(cos249+sin29cos((/)—(0')) =( [ )sin2 2 l(x)|
opop' 4r o 2 x|
_l(l+1)(2l+1)sin20
B 87
Therefore
0? Lo, l(l+1)(21+1)sin29
Y (60 Y (6,0' = 6.38
aw¢|’;l ml( 7¢) ml( 7¢)$_(p' 872' ( )

The equations (6.37) and (6.38) are actually equivalent since the sin@term represents the fact that
coordinates of the two-sphere has a coordinate singularity at 8= 0, 7. These two expressions are related in
a manner we would expect due to the spherical symmetry of the situation. Only the &-derivative terms will
be evaluated, those for the ¢-derivative follow automatically. These components of the detector’s
response are deduced using
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1(1+1)( 2z+1)

o0
—za) rz
B —272&)/1(

=0

(o] )

62 G+ (x xl) :LT
0600 "7 72

e 3272'260

~

1(1+1)(20+1)|R, (o] r)|

o0
’Z
272&)/1(

=0 -1

The 1/r” term has been introduced into the expression because (from the vierbein) it is to this that the
detector is coupled. Just as with the above asymptotic forms

%21(”1)(2”1)\1%,(@4\2~r_ﬂgz(z+1)(zz+1)\3,(w)f r oo
=)

2
r

(1+1)(2+1)|R (0] )] - 16]1\44 S+ +)|B (@)  r>2M

=0

Il
o

The other two asymptotic forms are more difficult to evaluate and the calculation is done in the Appendix
The result is

® 4
LS )2+ )& (o] r) ~ 8o —
roi 3

o - 1+16M°0* @’
L3+ 1)|R (o)) - (14163707 )o r o> 2M,
Y=o

2
r
6M —~
2M
Using these quantities in (6.6) yields for the response in the asymptotic regions

2

2 (12
R, ~ ‘M>‘ (b ) r—2M, (6.39)
C96M, ;z( MS) (e
-
‘672-(‘ EE/kT) 1) 7 —> (6.40)

with kT as before with the Hartle-Hawking vacuum. For the ¢-derivative terms the sin’#dependence is only
due to the coordinate system adopted. Thus

3 3
RH,22 = RH,33 (6.41)

Finally, for the cross terms, since

a !

— .7, (0.0)7,,(09) =0
a9/71:—] ! ) 0=0"
03 ¥ (0.0)1, (0.0)

— > Y (0,0)Y (0,0 =0
awm:—l : p=0"

There will be no such terms involving the angular derivatives. This leaves the 0,1-cross term. For the limit
r — oo, from the Appendix
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S (21 +1)R (0] ) K (o] )

T do |10 .
_G;(x’xl)~j ioAT r=r
0

+i 20+ )R (@|r)R (o] r")
1=0

r=r'

~ (r=r) ‘ =0 r—> 00
2
27| (AF=ig) (r=r) |
Therefore
a o0
— > (2+1)R (0| r)R (w|r") =0 r— o0
or 1= e
Also, from the Appendix, for » — 2Ms,
2
0 - - © j(2/+1)|B
§2(21+1)R;‘(a)|r)R](a)|r') ~z’( 1) ’(”)L“’ r—2M,
" i1=0 oyt 120 4MS2(1_2M j
r
0 & o’
—> (2+)R (@| )R (0]|r") ~—F—— r—2M;
al” 1=0 o ( 14 j
r=r MS _1
2M

Giving

(20+1) BI(AE(I— 2M; jm]zAE

7

R jo+ R gy = (M) 5. F M, (6.42)

T 2 (T — 1)(1_2Msjm

r

Comparing the respective responses with those in chapter three, we see that in the limit » — o this
detector’s response to the Hartle-Hawking vacuum is identical to that resulting from immersion in an
isotropic bath of Planck radiation. However, as »r — 2Mg the spatial components become non-Planckian, as
shown by (6.33) and (6.39), also the cross term (6.42) appears. So, although for the derivative detector in
the four-dimensional Hartle-Hawking vacuum and isotropic Planck radiation appear identical in the region
r — o, only for the 0,0-component does this identity also hold for » — 2M.

7 The Cone and Spike Detectors

7.1 General Remarks

Due to the close similarity of these two detectors, they shall be discussed together. The key difference
between the cone and spike detectors and the other three detectors introduced above is the restricted
access the former have to the (n-2)-sphere of momentum mode directions. The introduction of this
“screening” gives rise to directionality in these two detectors and (as with the derivative detector) the
resulting problems of “orientation” of the detector. Also, with the screening and directionality, the
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guestion of their time variance in a general reference frame must be addressed. Unfortunately, the answer
to this question is far from straight forward and (to the author’s knowledge) no complete resolution has
been published.

The transition amplitude, to first order, for the cone detector moving along trajectory x“(z), with the field in

vacuum state |0> is (formally)

& =ic<M>chreiAET (lo[x()]. o) (1)

Qr)

where represents the restriction on the modes that can interact with the detector. For the spike

5o
detector the set of directions Sq(, in the (n-2)-sphere of momentum space is restricted to a single direction,
Q(7). As stated in Sec. 3.4, the screening is best represented by a restriction of the modes over which the
field ¢[x] in (7.1) is expanded. In general representing this restriction mathematically can be very difficult
and has been a major stumbling block for the common use of this detector model. However, proceeding at
a purely formal level, the transition probability for this detector is

P =c ‘<M>‘2 T dr_T dr'e G, (7.7 p)

—0 —00

Sa(r.7')

Where Sa(e.r) represents the fact that G; has been evaluated with a restriction of the momentum modes
ol\7?,

to Sq(y at time zand Sq,) at time 7. That is

G;’ (T’T';ﬁ)‘SSZ(T,TI) - <0|¢|:X(T)] Sa(7) ¢[X(T'):HSQ(TV)

= J‘ d" ", (x)uy (x")

Sa(r)NSa()

0)

(7.2)

Where u;(x) are the field mode equations. The general time dependence of the screening is manifest in
(7.2). Of course, this dependence vanishes in the frame for which the screening Sy, is fixed. Unfortunately,
usually the integral in (7.2) is not manageable in that frame. It is because of this difficulty that this detector
will only be discussed in Rindler space. In Schwarzschild space the restriction over the momentum space
integral in (7.2) becomes a very complicated restriction over the /, m-summation of the spherical
harmonics.

The relationship between the responses of the cone (R’) and spike (R*) detector may be represented by the
following equation

5
R*(Q) = lim <50
Sa=0 S
Where R*(Q) is the response of the spike detector with its orientation given by Q and R*(So) is the response
of the cone which has access to the hyper-solid-angle S of momentum modes around the hyper-angle Q.
Thus the spike’s response equals the response per unit solid-angle of the cone (as its aperture shrinks to
zero). Given the response of the cone (as a function of Sq) the response of the spike detector can be
deduced and vice versa.
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7.2 The Spike and Cone Detectors in four dimensional Rindler space

Using the directional discrimination of these detectors we can now discover whether or not acceleration
radiation is truly isotropic, as some have implied. (See for example, Gerlach 1983). In fact the study of the
isotropy of this radiation is of greater interest than the actual detector response and so we shall initially
aim our enquiry more so at revealing the directional nature of the radiation than at a particle detector
model. The mathematics is greatly simplified by using the spike detector model which has a fixed
orientation, Q, in an inertial frame and so varying orientation in the co-moving frame. A discussion of the
detectors with a fixed orientation in the co-moving Rindler frame appears later in this chapter.

If the acceleration radiation bath is isotropic in the co-moving frame, then the response per unit solid angle
will be constant and independent of orientation. Hence the total transition probability will be infinite,
reflecting the time independence. However, if the radiation is anisotropic the spike detector’s response will
be time dependent due to the changing orientation of the detector in the co-moving frame.

For the spike detector, in an inertial frame G* (x,x')‘g. with orientation Q’ is
' 3 * ' '
G (x,x )‘Q :Jd kuy (x)u, (x')S5(Q-Q)
Using plane wave modes (2.3), and orienting the spike to accept only modes in the 8, ¢ direction gives

1
167°

2z T
G (x.x') = [ dpd(p—¢")[dOsin65(cos 6 ~cos )| dk e br-steoso-t-rvie]
0 0

where @is the angle between the propagation vector k and x-x’. The result of the integration is

1
167°

{|x—x'|cos6’—(t—t'—i8)}

Substituting in the Rindler trajectory

'

t=¢&sinh7t X=X y=y' z=~¢cosh7 (7.3)
Where 7 :(propertime)/.f and fixing #and @in the inertial frame at 7 =0 yields,

G;(f,f';f)\ = -1 (7.4)

~ ~ 2
16%34‘2{ cos@—(sinhA;coshz_'—ig)}

sinh AZT sinh 7T

where 7 = (f+f')/2. Due to the presence of the moduli when (7.4) is substituted into (3.26), to give the

transition probability, the ranges of the integration over A7 and T must be appropriately split. For
AT>0,7>0 and A7<0,7 <0

G; (2,85¢), = -l (7.5)

@ AT AT ’
167°E° {sinh %sinh 7 cosd —(sinh;cosh T - ie)}

andfor A7>0,7 <0 and A7<0,7 >0
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G (2,85¢) = L (7.6)

° AF AF ’
167°E° {—sinh;sinh T cosf— (sinh %cosh T - ig)}

Considering (7.5), the pole in the complex A7 -plane has been shifted up by the —igterm. The same effect
is achieved by writing that expression in the form

-1
A7 (7.7)
647°&? (cosh7 —cos@sinh ?)2 sinh? [; — ig}
Repeating this manipulation with (7.6) gives the form
— (7.8)

647°E? (cosh7 +cos@sinh ?)2 sinh® (AZT -~ ie}

From (7.7) and (7.8) the detector’s response will be

} dAfe ™™ T a7
% sinh? (Azf 15)“0 (cosh 7 —cos @sinh ?)2
+T dAFe BT 7
2| ©sinh? A—f—ig 0 (cosh?—cosesinh?)2
o —cf(m) 2
- 6472'3 0 dA ;L:'e—iAEAﬁf ES dr
+

o ginh? (Af _l-gj 0 (cosh T +cos@sinh ?)2

T dAFe MEAE j)- dz
0 sinh?2 (M _l-gj-m (Cosh?+cos @sinh ?)2
2

Substituting T — —7 in the first and fourth integrals gives

dt

(cosh 7 +cos @sinh f)z

janges

—CZKM>‘2 —°°smh2(AZT ig]

T 32 T dAFe MENE T
0 0

smhz( 2 zej

T K dt

S —y 8

(cosh7 —cos@sinh 7 )

Evaluating the 7 - integrals

0 COShT * cosé’smhr) 0 (;(1 +cos? 0)cosh 27 +cos@sinh 27 + ;sin2 0]

'—:8
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Using Gradshteyn and Ryhzik (1980) No.3.513.4

1
(I1+cos6)

Thus

1 T dAFe MR
1+cos@

.o AT
P4__cz‘<M>‘2 0smh(2 zgj

A } dAFe ™
1-cos0 % Gnp? (AZT —ig)

Although this expression is difficult to evaluate at it stands, the nature of the acceleration radiation can be
adequately demonstrated by using a “double spike” consisting of two spikes, one having orientation #and
the other 7— 6. The total response of this bi-spike is

P4be1e__cz‘<M>‘2 T dAre EAE { 1 1 }
o J

+
327° —wsinhz(M—ig 1+cos® 1-cosf
2

] T e
16727 sin* @ 7 sinh? (Azf _l.gj

¢ KM)\Z ENE

277 sin? H(em‘% —1)

(7.9)

So, provided 8% 0, 7, this detector’s response is finite and hence the acceleration radiation is anisotropic.
For a bi-cone accepting modes with 0 < <27, o < €< & fixed in the 7 = 0 inertial frame

4 (M) AE
P; = jdﬁj dpsin 6’Py4 =W mtan(ﬁ]—lntan(ﬂj (7.10)
M 272'(6 e —1) 2 2

To recover the linear detectors we require o — 0 and a, — 7/2. The latter limit gives zero (In(tan(7/4)),

but the ¢ limit gives the characteristic logarithmic divergence intrinsic in the linear detector (equilibrium)
response to uniform acceleration.

Although the spike detector used above demonstrates in a simple and direct way, the anisotropy of the
acceleration radiation, it does not address the question of its time dependence. The detector itself
introduces a time dependence (in a co-moving frame) due to its changing orientation in that frame.
Intuitively, we would expect the radiation to be time independent (since the trajectory is stationary) and
anisotropic. Israel and Nester (1983) have published a result that supports this expectation; however their
calculation assumes time independence of the detector’s response. It is not mathematically deduced. We
shall now correct this oversight, and study the question of time dependence of the cone detector or any
“screened” detector on a Rindler trajectory.
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Consider a monopole detector linearly coupled to a quantum field but through a directionally dependent
screen which has a transmission coefficient S (such that 0 < S < 1) held constant in the detectors rest
frame. Assume that .S = S(cos 8,) where 6, is the angle of the incident modes in the co-moving frame with
respect to the direction of acceleration (in the z-direction). This gives for the total transition probability of
the screened detector

P=c’ ‘<M>‘2 T dTT dr'e_iAEA’Gg (x(r),x(r')) (7.11)

—00

Where G is the screened Wightman function given by

Gy (x,x")= Id3kuk (x)u, (x")S(cos 6, (7)) S(cos, (7))

For the detector’s response to be time independent G; must be a function of Az only. Using the plane

wave modes and evaluating the momentum integral in spherical coordinates

~1%  sin@S(cosd,(r))S(cosb, (7))
=—[do /
0 (t—t'—ie—‘x(r)—x(r')‘cos@)
It is at this point that Israel and Nester assume time independence and fail to include the [x(¢)-x(¢")|cos 8

term. This equation is written in an inertial frame (due to the use of plane wave modes) and the S(cos 6y(¢))
functions represent the co-moving fixed screening function as observed in the co-moving frame.

Substituting in the Rindler trajectory (7.3) gives

1 .’f sinHS(cos@o(T))S(cosé’o(r')) (7.12)

3272_2 2 2
d cosﬁj

Again, the —igterm in the denominator merely relates the direction in which the poles of G; are shifted

0 (sinh A; cosh7 —ig —|sinh A; sinh7

(i.e. upward in the complex A7 - plane) when performing the contour integral to evaluate (7.11).
Alternatively, the contour may be deformed around (below) the poles achieving the same result. (See

Fig.13.) Taking this approach G¢ may be written as follows: for A7 >0,7 >0and A7 <0,7 <0

- n in 45 7 S o,(7'
G (67738 =) 1 i 10 sin (cos O(r)) (cos 02(r )) 713
32722 sinh? (Af_l-gj 0 (cosh7 —cos @sinh )
2
For A7<0,7 >0and A7>0,7 <0
- ” in &S 17 S o ('
G (A FiE =) 1 i 10 sin (cos 0(7)) (cos 02(r )) 1)
30722 sinh? (M—igj 0 (coshT +cos@sinh T)
2
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For G to be a function of A7 only, we require its value with A7 >0 to be the same for both 7 >0 and

7 <0.That is for these values of A7 and 7, (7.13) and (7.14) may be equated. Re-arranging this

equality gives

sin@S(cosﬁo(?jLA;DS(COSQO(?—A;D . sinHS(cos@o(F+A;DS[COSQO[?—A;D

[do S = [do S
0 (cosh7 —cos@sinh 7)) 0 (cosh7 +cos@sinh7)
Since 7 >0 in the left hand side and 7 <0 on the right, we replace 7 in the right with —7 . This yields

. ' S(cos 6’0(?+%DS(COSHO (?—%D
jd@ sind

— — =0 (715
o (cosh7—cos@sinh7) —S(cos@o (—erEJ]S[cosHO (_?_ﬁn
2 2
This equation applies when A7 =0, giving
= sin@| S*(cosd,(7))-S(cos, (-7
fap oS st (@) -Sleosty ()]
0 (cosh7 —cos@sinh7)
This condition is satisfied
S(cos 6, (r)) = S(cos 6, (—r)) (7.16)

We now show that (7.16) is satisfied by all screening functions, S, held constant in the co-moving frame.
This function S'is defined in the three spatial dimensions and so, when referred to an inertial frame, it must
represent the effect of Lorentz contractions on the physical structure of the screen. This should not be
confused with the aberration of the momentum modes in (four dimensions) momentum space. However,
either can be used to represent the effects of the detector’s acceleration on its accessibility to the field
modes.

Writing cos 6, (f) as a function of 7, with respect to the inertial frame defined by 7 = 0, gives

cos, (7)= (1 —v(r)2 )1/2 cos 6, = (1 —tanh’ f)m cos @, =sech7 cos 6,

which is even in 7. Therefore (7.15) is satisfied for any screening function fixed in the co-moving frame.

From (7.13) and (7.14) we may write Gy in the form

—F (Af)

Gs (AT;E) = -
3277 sinh? (A; - igJ

(7.17)

where Fy (Af) represents the screening function terms in (7.13) and (7.14). Comparing (7.17) with the

Wightman function for the unscreened linear detector, given in (4.16), we see that the screened Wightman
function is (7.17) which consists of a thermal part and the screening term Fs. Using the convolution
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theorem and noting the form of the unscreened linear detector’s response (4.17) we see the response of
the screened detector has the form

ol T 5T (AE )
2r 5,

e27r£jx _1

where
— g ~
Fy(x)= [ dAze ™% F, (A7)

The screened detector’s response is a linear superposition of Planck responses of varying (positive and
negative) energies x. The Planck nature of the response is still evident, although in the total response it may
be hidden due to the Fsterms. This is consistent with the general thermal nature of Rindler observables
operating on the Minkowski vacuum state. (Sciama et al. 1981) The Israel, Nester conclusion that the

detector’s response is non-thermal, although correct in that G; generally does not have a thermal form

(and need not even be periodic in imaginary time), fails to expose the deeper characteristics of the
response.

We now consider a cone detector for which
S(cosd,)=1 0<0,<a
=0 a<f,<r
is held constant in the co-moving frame. This gives

"o 1-M(7')
* cosh’ 7 +(1+M (7"))cosh7 sinh 7 + M (#')sinh’ 7

(7.18)

Where the addition in the denominator corresponds to the range A7 <0, 7 <0 and the subtraction to

the range A7 <0, 7 >0 and

cosa —tanh x

M(x)=
(x) 1—cosa tanh x

For the other regions

1-M (%)
Fy=—75— . — R (7.19)
cosh® 7 i(1+M(r))coshr sinh7 + M (7)sinh® 7
Where the addition corresponds to A7 >0, 7 > 0and the subtractionto A7 >0, 7 <0. After an
extensive algebraic manipulation, both (7.18) and (7.19) reduce to
~ 2
Fy (A7) = (7.20)

14 e I+cosa
l-cosa
From this we can see that the transition rate per unit solid-angle of the cone is proportional to
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@ —iAEAF,
e 5

j dAF (7.21)

o sinhz(AZT—igj[He_M +cosa(e“”‘ —1)}

If the acceleration radiation was isotropic (7.21) would be a-independent. Thus, again the anisotropy of

acceleration radiation is demonstrated.

8 The Definition of Particle Detector Equivalence

The five mathematical constructs introduced above all qualify as “particle detectors” since they satisfy the
required conditions. To ascertain whether or not they concur on what they “see” when placed in the same
situation we must somehow compare their respective responses. It is clear from the foregoing that in a
given situation their actual responses will differ due to their different interaction Lagrangains. To compare
the “effective particle content” that these detectors perceive, we must introduce some reference
standpoint that avoids direct comparison of their responses.

In a more general context, since the use of particle detectors in this field is based on an
“operationalisation” standpoint (c.f. DeWitt (1979) as quoted in chapter 2) any method of comparing
particle detectors should also be operationalist in the same sense. Therefore the method of comparison
should, as much as possible, be based on detector responses and not on the (mathematical) details of
studying them. This approach has the added advantage that it frees the method of comparison from being
tied to the “state of the art” of studying quantum field theory in curved spaces. It is a general hope that
ultimately the present perturbative techniques used in this field will be replaced by exact methods. An
operationalist approach to comparing detector models will be equally suited to either of these
mathematical techniques.

The response of a detector will depend upon a variety of factors:

The state of the quantum field
The motion of the detector
The space-time geometry

The space-time topology

vk wnN e

The orientation of the detector (if it has some sort of directional dependence).

The approach adopted here, to avoid direct comparison of detector responses, will be to compare the
various responses of a given detector when placed in a variety of situations.

Let D be the detector under consideration. Define the set S by
S = {all situations into which 2 can be placed} = {s;: i €/}

where [ is an index set. Let D(s,) be the response of detector 2 when placed in situation s; € S. Define
“detector equivalence of this situation” as follows;

Definition: Let s;, 5; € S. Then s; and s; are said to be D-equivalent if and only if
D(s,)=2(s,) (8.1)

D-equivalence is an equivalence relation and hence partitions S into disjoint equivalence classes (Birchoff &
MacLane 1963). Denote these equivalence classes by S,, a € 4 an index set. It follows that
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Vs,,s, € Sa,D(Si):D(Sj)
and

s=Js, S8, =0 Vazb

acA

Now define the set S° by
5% ={S, :a € A} ={D-equivalent classes in S|

SPis the quotient set of S produced by the D-equivalence relation.

Now suppose we have a second detector, 2. Repeating the above will yield another quotient set s?

Definition: Two detectors 2 and 2’ are S-equivalent if and only if

s?=35” (8.2)
This will be our definition of “particle detector equivalence on S”. Although the definition is stated for the

set S of all situations into which the detectors can be placed, it can obviously be restated for a subset S of
S.

From this definition it follows that if 5; and s; give the same response for D (i.e. D(s;) = D(s;)), then they
belong to the same equivalence class S, € S? . Further, if Dand D" are S-equivalent, then S, S? and
D '(s;) =D '(s;). Therefore s, and s; also give identical responses with 2. Clearly the converse is also true. If

two detectors are S-equivalent then the sets of situations which give the same response for each detector
is identical. If the two detectors are not S-equivalent, then they will be referred to as “S-in-equivalent”.

Note that there has been no direct comparison of detector responses. Instead, the comparison is in the way
each detector splits S into quotient subsets, S,. An important consequence of this is that it is meaningless
to compare two detectors for a single situation (e.g. S, having only one element for some a€A4.) This may
be understood in the following way.

Provided a model satisfies conditions a) and b) in Sec. 2.2, it qualifies as a particle detector. There is no
guarantee that the <M> -dependent term (i.e. <E|m(0)|EO> = <M> in the above detectors) can be
separated out from the terms dependent only on the coupling to the quantum field. The detector could
merely be a “black box”. Therefore, given only single situation, one cannot tell whether or not the different

responses are due to different <M> -dependent terms or differing coupling between the detectors and the

field. Only when there is more than one situation in the equivalence classes S, can the <M> -dependent

terms be identified, allowing meaningful comparison between detectors. Unless such a standpoint is
adopted, only detectors with exactly identical construction can be equivalent. This is undesirable because in
the use of particle detectors to study quantum fields in curved spaces, importance is attached primarily to

the <M> -independent terms in the detector’s response (Birrell & Davies 1982).

To illustrate this point, consider the linear and derivative detectors in Rindler space. (In using this as an
illustrative example, we must recognise and put aside the unusually high degree of symmetry special to the
Rindler situation and thermal particle states.) Assume the orientation of the derivative detector dipole is
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fixed in the co-moving frame. If we compare the responses of these two detectors in the situation alone,
we could not know the linear detector is responding thermally because we are only studying their
responses in the Rindler situation. Therefore, since we already expect the two detectors to give different
responses, there is no way we can determine whether or not the derivative detector is also responding
thermally. As a result it cannot be ascertained if the two detectors perceive this situation as the same thing
(i.e. both responding thermally).

However, our predicament changes significantly once a second situation which gives rise to the same
response for one of the detectors is included. For the purposes of this illustration let this second situation
be immersion of the detector in an isotropic bath of Planckian radiation in Minkowski space. Now we will
be aware of the thermal nature of the linear detector’s response in the Rindler situation. Further we can
evaluate response of the derivative detector to the particle bath and decide whether or not it is responding
identically as it did to the Rindler situation. Only now are we able to determine if the two detectors
perceive the same particle content in the Rindler situation.

DeWitt (1965) introduced the distinction between so-called “elementary” and “complete” measurements.
Elementary measurements deal merely with the correlations between the system on which the
measurement is being performed and the response of the apparatus. Complete measurements are
concerned with analysing the response of the apparatus through comparison with other measurements. It
is from complete measurements that conclusions about the system (such as its particle content) are drawn.
From the discussion immediately above, it can be seen that the definition of particle detector equivalence
involves these comparisons and hence defines detector equivalence at a “complete” level. Only when the
equivalence classes contain more than one member can comparisons be made at this level. If the
equivalence classes contain only a single element, then the measurements are elementary and no
conclusions can be drawn about the system.

Another aspect of the concept of detector equivalence introduced above is its applicability to fields of
arbitrary spin. Since no specialisation to a particular quantum field occurs in the formalism used to define
“particle detector equivalence”, it follows that this method of comparing detectors can be applied to
detectors of any quantum field. Further it is the quotient sets S° produced by the detector responses that
are compared. If it is possible to avoid mentioning the field statistics when applying the concept, can we
take the extra step and discuss the equivalence of detectors of fields of different spin? To do this we must
be able to describe all the situations in S without referring to the statistics of the field involved. Further
discussion of this question will be deferred to Chapter 12 where detectors of higher spin fields will be
considered.

9 Application of the equivalence criterion

Five different “particle detectors’ were introduced in chapter 3 and in the subsequent chapters it was
shown that they each respond differently even in a single given situation. An application of the criterion of
detector equivalence introduced in the previous chapter will now be demonstrated by using it to study the
equivalence of these detectors in the following sets of situations:

S, = {time independent particle eigen-states in Minkowski space with the detector stationary}
S, = {time-like trajectories through Minkowski space in the Minkowski vacuum}

These two sets have the following subsets;
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Sy’ = {isotropic particle states in S}
S,’ = {stationary trajectories in S,}
Finally 55 = {time-like trajectories through non-flat (empty) space-time vacuum states}

Through this chapter we shall frequently encounter the following integral transform:

F{f(x),y}= '[f(x)cosxy dx (9.1)

where 0 < m < o and f{x) is a function defined only for m < x < co. This This is a Cosine-Fourier transform
truncated at the lower limit m. One can easily show that the inverse of this this transform is

2 o0
F {h(y),x} == j h(y)cosxy dy (9.2)
0

due to the special nature of f{x). This inverse transform shall be used several times.

9.1 Comparing Omni-directional detectors

Due to the intrinsic structural differences between omni-directional and directional detectors, we shall first
apply the equivalence formalism to compare only the omni-directional detectors. The directional detectors
will be discussed below.

In the following sub-sections the linear, quadratic and derivative detectors will be compared using the sets
of situations introduced at the beginning of this chapter.

9.1.1 Equivalence in S/’
The response of the three detectors for the situations in S;” are given by (3.7), (3.15) and (3.19). For 57,
(3.8) gives

n,=n, (9.3)

Similarly from (3.20) and (3.21)

M =nkF((nz_1)J5y/2F (n;rl)]=nk5l.j (n—l) (9.4)

no: =0 (9.5)

From (9.3), (9.4) and (9.5), we see that for the set S/, the detector equivalence classes S, for all three
detectors contain only one element each since the responses are uniquely determined by the occupation
numbers n,. Therefore, for the reasons given in the previous chapter, the M-dependence of the detectors
cannot be factored out and hence one cannot apply the concept of detector equivalence on the set of
isotropic particle states s;’.

9.1.2 Equivalence in $;
There will now be more than one element in each equivalence class since one can envisage a variety of
differing anisotropic particle states, n,, which when placed in the integrands of (3.8), (3.20) and (3.21) give
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identical results, respectively, upon performing the integrals. In fact, the following result holds for any
omni-directional detector.

Theorem 1: Let D be an omni-directional detector. Then the set of isotropic particle baths, n, € 5, form a

transversal of S,°. Furthermore, every S, € S,° contains at least two elements.

Proof: For {n, €S,’} to form a transversal of S,°, there must be one and only one n; in each S, € S,°.
Consider an equivalence class S, for some a € A. Let n;, € S, be an (anisotropic) particle state. By definition,
the response of the detector 2 is a function of the average n, over the (n-2)-sphere of directions. Let this
averaging of n; be denoted by A(n;) where A4 is an average over the (n-2)-sphere of directions.

This means A(n;) can be written in the form
A(n )= (Q, odQ

Where the integral IdQ is over the (n-2)-sphere of directions and k,Q2 is the magnitude, angle

decomposition of momentum vector k. Finally, W(Q) is the weighting function for the averaging over the
(n-2)-sphere of directions in n-dimensional momentum space.

Therefore we may write for the response to
D(n,)=2(A(n,)) (9.6)

Define the particle state
i, = A(n )] A(1) = [n oW (Q)dQ [ [W (Q)d0 (9.7)

Where A(1) = A(n; = 1) V k. Now A(1) # 0, otherwise 2 does not satisfy conditions (a) and (b) of a particle

detector, so ﬁk is well defined. Furthermore, ﬁk is isotropic since, by its definition, it has no directional

dependence. The detector’s response to 7, is

[n.o7 (Q)a0
[w(Q)dar

2(i)=2(4(“5))=2| | W (Q)dQ
[w(Q)aa

=D Ink’QW(Q')dQ'IW(Q")dQ"

=D(4(n,))

Therefore n, € S, ; each equivalence class S, has at least one isotropic particle state as an element. Now,

suppose there are two isotropic states 7,,7, €S, . Then from (9.6) and the assumption that they are 2-

equivalent

D(ﬁk ) = D(ﬁk)
From requirement (b) in the definition of a particle detector, 2(.) is a one-to-one function of the weighted

mean of particle states n; € S;. Given the definition of ﬁk above, it is a weighted mean of particle states in
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Si. Therefore D(.) is one-to-one for states 7,,7, €S, and so has an inverse. Therefore we have 1, =7, .

Hence the ﬁk are unique and Sy’ forms a transversal of S;°.

To prove that every S, € S;° has more than one element, assume there is some S, for which this claim is
not true. (i.e. 3 a € 4 such that S, has only one element). If this element, n, is anisotropic, then using (9.7)
we can define an isotropic particle state n, € S, . If the lone element, 7, of S, is isotropic we can construct

an isotropic state m; defined by

m, =m g = ﬁkW'(Q)
Where W’(Q) is a directionally dependent weighting function such that A(W’(Q)) = A(1).
Q.E.D.

Returning to the three detectors under study, since S;’ forms a transversal of 5,7, (9.7) can be used to
deduce D-equivalence of situations. That is, the D-equivalent groupings n; € S; are made on the basis of
which isotropic states n; € S’ give the same response in D. For the linear and quadratic detectors, the
definition corresponding to (9.7) is statement (3.8)

7, = [dOn, [[a0 (9.8)
For the derivative detector, from (3.19), (3.20) and (3.21), it is

2

i, = ' — (9.9)

(@b') +(0 =m*)(n-1) " S (b') | a2

1
J=1

.[dan a)b°+§bi(a)2—mz)l/zcosQHlﬁsinQp
~ i=1

Since the conditions for linear and quadratic detector equivalence in S, are identical, these two detectors
are S;-equivalent. Neither of these two are S;-equivalent to the general derivative detector. However, if
the derivative detector has #° =1, =0,i=1, .., n-1, then (9.9) reduces to (9.8). So a pure time-derivative
detector is S3-equivalent to the linear and quadratic detectors. A space-derivative detector is obviously not.

9.1.3 Equivalence in S;

The elements of S, include situations that give a time-dependent response. The comparison of detector
responses for such situations must be made along the entire world-line since it may occur that, although
their total transition probabilities, P,, agree in the asymptotic regions 7— oo, there transition rates, R,, are
not identical for all points along the world-line y. Therefore (as with the equilibrium situations) it is the
transition rate per unit detector proper-time that is utilised when comparing detectors in time-dependent
situations.

Using the notation and results from Sec’s 4.1, 5.1 and 6.1 we can compare the three detectors for
situations in S, as follows. From (4.8) the response of the linear detector to the element yof S, is

R (r)=¢’ ‘<M>‘2 I dne """ {G; (n+7,7:9)0(-n)+G; (z.7 —77;[)):9(77)} (9.10)
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For two trajectories 7, 5 € S, to be linear detector equivalent, we require Ry1 (z‘) = R% (T + ,6) forall ¢

and some fixed, finite # which represents a time translation relating the origins of the proper-time
coordinates of the two trajectories. We are free to set =0 my merely shifting the origin of the proper-
time scales on either of the trajectories. From (9.10), taking an inverse Fourier transform, this requirement
reduces to

G;(n+r,r;ﬁ)=G;(77+r+,3,2'+ﬂ;§) Vn>0,Vr

Where p denotes the spatial coordinates of the detector in the coordinate frame corresponding to the

trajectory 5 and é‘: is likewise for the trajectory 5. The arguments of the Wightman functions in this

equality span the entire world-line, therefore this condition reduces further to

G; (r.755)=G;, (v + .0+ p:é) (9.11)

At this point a check must be made that (9.11) does not imply 7 = » since this means the equivalence
classes S, in S,° contain only one element each. As demonstrated above, this means the concept of
detector equivalence (applied to the linear detector at least) is void on S..

The Wightman function in Minkowski space is a function of the point separation cwhere
0':(t—t')2—|x—x'|2 (9.12)

In which ¢ and x are Minkowski coordinates. For any y € S,, the relationship between the Minkowski

coordinates and co-moving coordinates can be expressed as

t=f(z,p) x'=x'(z,p) (9.13)

As functions of the point separation, for time-like trajectories, the Wightman functions are one-to-one
(Bogolubov & Shirkov 1980). Hence for the Wightman functions corresponding to the two trajectories to
satisfy (9.11) the point separations must be equal, that is

o, (T,r';,b)zaz (T+,6’,T'+ﬂ;§) (9.14)
where ¢; is the point separation for the trajectory . Let (9.13) correspond to y; and for y, write
t=h(r:€)  »' =y'(z:€) (9.15)
Further, because S represents a time translation, it follows that

h(r +,B;§) = h(r;f) + constant

Substituting (9.13) and (9.15) into (9.14) gives

¥ () (58]

Therefore, y; and y; are related by a Poincare transformation. Treating trajectories related by such

(£(5:)- £ (2:8)) - LA+ (:5) - (e} ={h(:€)-h(E)]

2 n—1
i=1 i=1
transforms as distinct, the concept of detector equivalence can be applied to S,. Note, however, that the
concept cannot be applied to S,(modulo Poincare transformations of the trajectories). This symmetry in
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the detector responses is quite expected because the Minkowski vacuum is invariant under Poincare
transformations. A more general transformation mixes the positive and negative frequency modes with
resulting particle creation. (See Chapter 2.) With this technicality settled, the form (9.11) can now be
applied as the condition for detector equivalence of trajectories in S,.

For the quadratic detector, following the same approach, we use (5.8) with the renormalised vacuum
contributions set to zero (since S, consists exclusively of flat space situations). Thus for this detector

Ry2 (T) =2c’ ‘<M>‘2 dene"“” {[G; (77 + T,T;ﬁ)}z 0(—77)+ [G; (T, T —77;,5)}2 9(77)} (9.16)

From this, for 3, 5> €5, to be quadratic detector equivalent the condition is

+ [ 2 + £ 2
(6, (nrp)] =[G (rr]]
which obviously reduces to (9.11). Thus the linear and quadratic detectors are S,-equivalent.

For the derivative detector, (6.5) gives the transition rate for y € S,.

R (z)=c*|(M)[ bb" [ dne™{0,0', G} (n+7,7:5)|0(-n)+0,0', G; (z.0=m; )| 0(n)}
From this response, the condition for derivative detector equivalence of y;, 7, €S, is
bb’ 0,0, G, (1.05p)|=d"d 0,0', G (r+B.r'+ ﬂ;f)‘ (9.17)

In (9.17), b” need not equal d" since orientation of the detector is part of the description of the situation in
which the detector is placed.

From (9.17) it is not obvious that the concept of derivative detector equivalence can be applied to the
elements of S,. Even so, by comparison with (9.11) it is straightforward to see that the linear and derivative
detectors are S,-inequivalent. Considering the time-derivative detector, from (9.17) the condition for

detector equivalence of y;, 7 €5, is given by setting °=d°=1and b'=d' =0fori=1, ..., n-1. This yields
G; (z,7p)= G, (r+ B0+ B p)+H(7)+K(7")

However, the time-derivative detector responds only to the G;l and G;z terms (the H(7) and K(7') give

A AE) terms) and so the condition for detector equivalence reduces to (9.11) as for the linear detector.
Therefore these two detectors are S,-equivalent.

9.1.4 Equivalence in S’
Since the trajectories in S’ are stationary, it follows that the corresponding Wightman function will be a
function of At

G/ (r.pit',p")=G (AT p,p') (9.18)

More precisely they will have the form
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jd”'lkeii”A’H; (p,p%k) (9.19)

Where wis the frequency parameter in the co-moving frame and H(p, o’;k) is a function only of space-like
coordinates and momentum components (i.e. no 7or @ dependence). Since S,’ C S,, S,’-equivalence of
the linear and quadratic detectors automatically follows. What of the linear and derivative detectors? From
(9.11), using (9.19), the condition for linear detector equivalence on S’ can be written as

J.dn—lkeiia)ArH; (ﬁ,ﬁ';k) _ Idn—lkeiid)ArH;— (5,5';16) (9.20)

and from (9.17) the condition for derivative detector equivalence is
bﬂbvalu@'v [Idn—lkeii(uArH; (ﬁab'ak)j” — d/ldvaﬂavv [J.dn—lkeiiLDArH;—z (C_;Ea g‘,k):” (921)

As with 5,, these two equations in general do not reduce to the same statement. However, for the time-
derivative detector we have $°=d’=1and b’ =d'=0fori=1, ..., n-1 and (9.21) becomes

[d" ke ™ H} (p,p'sk) = [d" ka*e™™ H (E,E k) (9.22)

One can see that (9.22) and (9.20) are, in fact, equivalent. Therefore, the linear and time-derivative
detectors are S,’-equivalent. This result concurs with that of the previous section and those in Chapters 4
and 6.

9.1.5 Equivalence in 51US?’
So far the application of the definition of equivalence has only been within simple sets. We shall now use it
to consider how the detectors under study associate the elements of 5; with those of S,’.

The response of the linear detector in n;, € S, is given in (3.9) and to y € S, is given in (4.7). From these two

equations the condition for n; to be linear detector equivalent to y, which is given by erlk = R; , reduces to

(1’”)/2 0
2(47) jdmﬁ " (a)2 —mz)(H)/2 cos WAT (9.23)

F(n-2)

Since the linear detector equivalence classes in S; and S,” contain more than one element, those in 5;US,’

G’ (A7 p)=G" (A7)+

must likewise contain more than one element. Consequentially the concept of linear detector equivalence
is applicable to 5,US5".

For the quadratic detector, the response to n;, € S is given in (3.16) and to ¥ € S’ in (5.7), with the

vacuum term set to zero. Therefore the condition for quadratic detector equivalence on 5,US,’ is

2

[G; (Ar;,&)}z =| G (A7)+ 1,2 (a)2 —mz)(H " coswAT (9.24)

T{((n=172)2 " o

Where the final term in (3.16) has been discarded because it is independent of Arand therefore will not
contribute to the detector’s response since AE # 0.

It is immediately seen from (9.23) and (9.24) that the linear and quadratic detectors are S;\US,’ -equivalent.
Further, from (9.23) the following theorem can be proved;

63



Theorem 2: In four- and higher-dimensional space-times, linear detector equivalence on S;,'US,’ produces

an isomorphism between

{nk eSl':de k"n, <oo}
and

{ V€S, '(modulo Poincare transformations on the trajectories)}

Proof: Inspecting (9.23) we note that the right-hand side of this is a Cosine Fourier transform of the type
discussed at the beginning of this chapter, hence taking the inverse transform gives

_ (47[)('171)/2 F((n —1)/2)TdAz- {Gy+ (Az;0)-G* (Az‘)} cos C()AT/ﬂ' (9.25)

For the transform to provide an isomorphism between n; and , the only requirement that must be checked
is the absolute integrability of the arguments (Spiegel 1968, Poularikas 2000). That is, we require

Idco k"n, <o (9.26)
Where k> = & — m*, and
[dAz|G; (A7 p)-G" (A7) <0 (9.27)
0

The condition (9.26) is assumed and (9.27) will now be shown to hold for the set designated in the
theorem.

Firstly, it must be noted that in evaluating the response of the linear detector to a trajectory yeS,’, the
integral in (4.7) is improper since the Wightman function has a pole at A7= 0 which is shifted, by amount ¢,
into the upper-half complex Azplane. This quantity (-ig) is set to zero only at the end of the calculation
(Birrell & Davies 1982). Therefore (9.27) must be evaluated with the pole shifted. This will give convergence
of the integral at the lower limit. For 0 < A7< o, since the trajectory is time-like both Wightman functions
are finite for this range. Convergence at the upper limit is guaranteed for n > 4 on dimensional grounds
since the Wightman functions have dimensions (length)*™.

Q.E.D.

Turning our attention to the derivative detector, the response of this detector to n,€S; is given in (3.22)
and to y €5,’ by (6.6). Equating these two responses produces a condition for derivative detector
equivalence which is manifestly not identical to that for linear detector equivalence on $;US,’. Therefore

these two detectors are S;US, -inequivalent.

This need not mean that there exists no subset of $;US,’ for which these two detectors are equivalent. In
fact, we can use the definition of equivalence to enquire as the existence of such sets. This shall now be
done.
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Assume that such a subset .§ of 8,/US, exists, .§ -equivalence of the linear and derivative detectors can

be used to study the properties of y S . Note that S is a subset of 5,/US, not 5,US, . Since the general
derivative detector and linear detectors are S;-inequivalent, it is not possible for them to be 5,US,’-
equivalent. However, we can use S;’ because, by itself, the concept of detector equivalence is void in that

set, hence the two detectors are not S;’-inequivalent. The conditions for linear detector equivalence in s

will be (9.23) since §:°8,’. For the purposes of studying the implication of s -equivalence of the two
detectors, we use (9.25) for the linear detector.

The response of the derivative detector to n,€5;’ is given by (3.22) and to ye 5, by (6.6). Hence the
condition for derivative detector equivalence on S will be R,fk = R;’ which gives

b*b’ 0,0', G (At p)|=d“d” 0,0, G (A7)|+

n d° 2 at 22 did'n B
2(4ﬂ)(1 )2 Tda)(wz_m ( a)) n(wz_m_) (a) m )z n(wz_mZ) 028

F((n—l)/Z)m +2a)(a)2—m2)1/2 dOZdi_

2 )(n—3)/2

Where the ﬁk’aﬂ are given by (3.20) and (3.21) with 7, is defined in (3.8). Also, in (9.28), the unit b* vector

represents the orientation in the co-moving frame for y €S,’, where-as d” represents the orientation in the
(non-moving) Minkowski space frame. (Recall that the specification of n; is frame dependent due to
Doppler effects.)

Re-writing (9.28) for ny, isotropic will give, from (9.3) to (9.5)

n, =n, =mNy,
My :@ynk/(”—l)inki\’,, i,j=1..,n-1 (9.29)

n o =0=n.N, i=l..,n-1

Due to the isotropy of these states, the spatial orientation of d” is irrelevant. Therefore, there is no loss of
generality if we introduce a pre-defined co-moving coordinate system into both S," and S’ situations such
that

b = 5"d" (9.30)

Just such a coordinate system was introduced in Sec. 6.1 and corresponds to the transform

In which Vﬂ“ is the n-bein discussed in that section. Thus (9.28) may be re-expressed in the form

wa(coz -m’ )(H)/2 n " {(boa))z +N,b'b’ (a)2 -m’ )} COSWAT =

(471_)("*1)/2
ST ((n-1)/2)p (0,0, G; (A;p)-8:00 0,0, G (A7)}

Taking the inverse transform gives
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Tdm{aﬂa \ G, (Az p)| =056 0,0', G (Az)|cosonr  (9:31)
T ((n-1)/2)b"b" 2
((I’l )/ ) {(boa))2 +Nl-jbibj (0)2 —m? )}

By the assumption of s -equivalence of the two detectors, the n; in (9.25) for the linear detector must be
identical to the n; given by (9.31), so equating these two gives

(47[)(”_1)/2

]gdAr{Gy+ (Az;p)-G” (Ar)} COSWAT =

TdAT{aﬂa'v G, (AT;ﬁ)‘ -6:600,0',G* (Ar)‘}cos wAT (9:32)
b“b" L

0\ iz 2 2
(') + N5 (o8 )|
Although the functions n( ) 2)1/2 are not defined for w < m, since they have been eliminated from the
equation immediately above, we may allow @ to have values less than m provided both sides of (9.32)

remain well defined. Taking the inverse Cosine Fourier transform of both sides, with the integral from zero
to infinity, gives

G (At p)-G" (Ar')=

2b"b” I cos AT cos wAT'
dAti0,0', G, (A 5°57 0, 0',G" (A dow (9.33)
I g (arip)-2 ( TM {(boa))2+]\7ljbibf(a)2_mz)}

Fortunately the w-integral is well defined and can be evaluated as follows. Define y =A7—Ar7' and

¥ =A7+At', this gives for that integral

1 %, cosyw+cosyom
24 !d (0" - B)

where 4 and B are defined as

A2 =(b") +N,b'b’ = N, ,bb"
B =m’N,b'b’ /N, b°D’

From Gradshteyn and Ryzhik (1980) No.3.723.9

jd COSba)z = " sinbB bh>0,B>0 (9.34)
a) B) 2B

Therefore, for ¥ >0, y >0

66



T . COs yw+cos ro -«
'Idw (a) —Bz) B(sm;(BJrsm;(B)

andfor ¥y <0, >0

Td COS yw+COS Yo —7

0 ® (a)z—Bz) —E(—sin;(B+sin;?B)

Placing these terms into (9.33) and using some trigonometry results with
+ [ + "\ _
G’ (A7 p)-G" (A" =

At'
e |TBAT) ] d6e{0,0',G; (Arip)=0;610,2', " (arfcos(Bar)+| o .

A’B

+cos(BAT") T dAc{a,0', G; (At; p)|- 518/ 8,0', G' (Az)|sin(BAr)
AT’

(N.B. This equation is not a tautology reflecting the 5;US, -inequivalence of linear and derivative
detectors.) This equality (9.35) is a mathematical representation of the condition required to be satisfied by

all trajectories y s , for the linear and derivative detectors to be s -equivalent.

In its present form, it is not obvious from (9.35) what the structure of G; (Ar;p) must be for the equality
to hold. To simplify matters, for the general derivative detector, we shall take the massless limit of (9.35),
hence giving the condition on the massless field Wightman function D; (Az‘;p). Before this can be done,

a check must be made that all the steps deducing (9.35) from (9.32) are valid in the limit m = 0. In
particular, the integral (9.34) as written requires m > 0. However, taking the limit m — 0 both sides of that
equation yields

=— b>0 (9.36)
2

This result is easily verified since the left-hand side is the Fourier transform of ”.

R b 1
o=t ) fane

0

l

Evaluating the Fourier transforms by a contour integral gives

wa cosbw

2

/A
e 7|b| (9.37)

0

Which agrees with (9.36). Since all the other manipulations used to deduce (9.35) are manifestly valid for
the massless field and since 0 <A7<oo, for the massless field (9.35) yields
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D’ (At p)-D*(Az')=

ArvAJf'dAz'{(a#a'v D; (Ar,ﬁ)‘_gzé‘f 606'K D* (AZ’)‘}+
0

—b"b¥ (9.38)
b*b* N <
7|+ [ daracle o', D) (At p)|-5785 0,0, D' (A7)}
AT’
Differentiating with respect to Az’ and dropping the primes;
82 + [ + ' —b"b" ' + .= o oK ' +
T (D; (Ar%p)-D* (AT ))=m{aﬂa , D} (Az:p)|-8767 0,0'. D (Ar)\}
Since A= 7— 7/, this can be written as
i (D; (At p)-D (A7) = b {0,0', D) (A;p)|-5755 0,0, D" (A7)} (9.39)
owor's 7 b“b”‘Naﬂ ovo povoe

Although (9.39) was deduced for 0 <A7<w, the steps used to produce this equality can easily be repeated
for -0 <A1<o by using the fact that cos is even in Az. Therefore (9.39) holds for all Az.

In an n-dimensional Minkowski space, the Wightman function D"(x,x’) has the form

D* (x,x')=—F(n)[(Ar—i8)2 —|x—x'|2J(2”)/2 n>?2
=—F(2)In [(Ar —i5)2 —|x- x'|2J(2_n)/2 n=2
Where F{(n) is a constant dependent upon the space-time dimensionality.
Therefore
o* o?
D" (A7)= D" (A7) =
oot' ( T) oo’ ( T)
=F(n)(n-1)(n-2)(Ar—ie)" n>2
= 2F(2)(Ar—is)” n=2
Andforij=1,...., n-1
0 _
i D (A7)|= F(m)(n-2)5, (Ar—ic)"  n>2
=—2F(2)(A2'—ig)_2 n=2
o’ 0’
— D" (A7)|= -D" (A7) =0
ox'or' ( T)‘ omox" ( T)‘

Substituting these into (9.39) gives for n>2
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82
°b*N, ———D! (Ar;p)-b°b*0,0' D" (Ar;p) =
bbNUKaTaT' (A7 p)-bb"0,0", D ( r,p)\

=F<n><n—2)<n—1>babK{N sog0_ | "2151-5,}
(Az‘—ie)" R VB )

Using (9.29), the right-hand side of this equality vanishes. This leaves

nl o, 82 n-l 82 82 nl 82
> (%) D! (A7;5)=(n-1) bOZb’( + j+2b’bf [—J D; (At: p)|(9.40)

p 007’ = \owp" op'or') F op'op"

In general this condition will not be automatically satisfied, hence if there exists a set .§ C 85,/'US; such

that the linear and derivative detectors are S -equivalent, then Sisa proper subset of 5,'US,’.

For the two-dimensional case, the condition of equivalence is

N2 0 + ~ 0g.1 ’ o’ N 0 + ~

(b ) D (A7 p)=1b°b' | ——+ +(b ) D; (Ar;p)‘ (9.41)
owrt' op' 0Opot' opop'

Referring back to Sec. 6.2, we see that the Wightman function for two-dimensional Rindler space satisfies

(9.41). This is consistent with the results of that section where the derivative was found to respond
thermally in two-dimensional Rindler space. Therefore, although the linear and general derivative detectors

of the massless field may not be S5,"US,’-equivalent in two dimensions, the subset S of 5, us,’ for which

they are equivalent contains at least two members (i.e. Planck radiation and Rindler space).

This example beautifully illustrates the fundamental role these Killing vectors play in determining the
response of a detector. It responds only to those modes that are not positive frequency with respect to its
own trajectory. The importance of these vector fields goes beyond the above example because it is only in
such stationary (or time independent) situations that the concept of “particle content” can be associated
with the detector’s response.

Consider a space-time in which there is no time-like Killing vector field, except in the asymptotic future and
past regions. Then an “in-vacuum” may be defined with respect to the Killing vector in the asymptotic past
and an “out-vacuum” with respect to the Killing vector in the asymptotic future. A detector with registers
no particles in the in-vacuum will register particles in the out region (Birrell & Davies 1982). Furthermore,
the response (rate) of the detector in the intermediate region, between the two vacua, will not be a
measurement of the particle content or rate of creation of particles in that region. In fact, in the
intermediate region the concepts of “particle content” and “particle creation rate” become vague if not
meaningless.

The reason for this comes directly from the role of the time-like Killing vectors. To define “particles” (time
independently) a Fock space is required which, in turn, requires a well-defined vacuum state. Without a
time-like Killing vector, no such state can be constructed. Even if, for reasons of symmetry, a particular
definition of particles can be achieved, the particle number will not be constant and hence its
measurement is intrinsically uncertain. Parker (1969) has shown that if the average particle creation rate, of
particles mass m, over an interval At is 4, then the total uncertainty in the particle number, AN, over At is

AN > (mAt)" +| 4| At
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Which has a minimum value 2(|4|/m)"? when At = (m|4|)""*. Therefore, provided 4 # 0 and m # oo, the
inherent uncertainty in N is non-zero. So, it can be seen from the above that, except in time independent
situations, the response of a particle detector at some time 7 cannot be considered an accurate measure of
the (rate of change of) particle content at that instant.

Having noted this, it must be remembered that here we are primarily interested in comparing the
responses of different detectors, rather than trying to associate direct physical meaning to these responses.
So we can apply the criterion of detector equivalence to these time dependent situations.

The actual application of the criterion is quite simple. In Chapter 5 the quadratic detector was shown to

couple to the (renormalised) vacuum expectation <¢2 [x(r)D , Whereas the linear detector and derivative

detectors do not. Further, in Sec. 5.1, we saw that only in time independent did this vacuum expectation
not contribute to the quadratic detector’s response. In the set of such situations, from comparing (4.7) and
(5.7), the linear and quadratic detectors are equivalent. Although these two detectors are not S;-

equivalent, defining 85’ — S; by

S5’ ={all time independent situations in S}

the linear and quadratic detectors are S3’-equivalent. The derivative detector’s S;-inequivalence to the
linear detector follows immediately from the respective responses (4.7) and (6.5) of these two detectors in
S,. These responses correspond to conditions for detector equivalence given by (9.11) and (9.17)
respectively. Again, for the same reason as with S,, the time-derivative and linear detectors are Ss-
equivalent.

9.2 Comparing orientable and directional detectors

Orientable detectors, such as the derivative detector, and directional detectors, such as the cone and spike,
have in common the fact that they can be “pointed” in a certain direction (with respect to a suitable chosen
reference). Therefore, when describing a situation into which these types of detectors are placed, the
orientation of the detector must be specified.

9.2.1 Equivalence in s/’

Since Sy’ consists of isotropic particle states the idea of orientation is, strictly speaking, meaningless since
all orientations are equivalent due to the symmetry of the state. However, by introducing a (spherical)
coordinate system this symmetry can be (artificially) broken. For each of the detectors under consideration
there are now an infinite number of orientations which, for a given n;, may be viewed as different
situations.

This is basically the same manoeuvre as that used with S, above. In that case situations that were identical
modulo Poincare transformations were viewed as distinct. In this case, situations that are identical modulo
rotations of the detector orientation are being viewed as distinct. This step was of little use when
comparing omni-directional detectors in Sec. 9.1.1 since two of the detectors being studied were non-
orientable.

For the derivative detector, from (3.19), (9.4) and (9.5) with a given (isotropic) particle state, n,, Rnk will be

uniquely determined. The same is true for the spike detector (from (3.28)) and the cone (from (3.34)).
Therefore it follows that for all three detectors each detector-equivalent class of situations will contain an
infinite number of elements. The classes will be indexed by the particle state n, and their elements by the
orientation of the detectors. Furthermore, it also follows that the detector-equivalent classes for each
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detector will be identical to those for the other two detectors and so these three detectors are 5;’-
equivalent.

Although detector equivalence on S’ can be made meaningful for orientable detectors and directional
detectors, it is rather artificial.

9.2.2 Equivalence in 51

For the set of anisotropic particle states, these three detectors are in-equivalent. This follows from the dis-
similar forms of (3.20), (3.21) for the derivative detector, (3.28) for the spike and (3.35) for the cone. These
differences are basically due to the fact that each detector has access to different subsets of the mode
directions in momentum space.

Due to the calculational difficulties of explicitly describing the spike and cone detectors for situations in S,
and S;, equivalence on these sets will not be discussed at this point. However, in Chapter 11 we shall see
that by studying the details of how detectors work, general statements about the cone and spike detectors
on these sets can be made.

10 Topological effects

In Chapter 8 a list of five factors which describe any situation into which a particle detector may be places
was presented. Item four of that list was the topology of the space-time. In this chapter, the effect of a non-
trivial topology will be investigated by considering the response of a uniformly accelerating detectorin a

flat two-dimensional space-time with R'x S ' topology.

This situation is interesting in its own right because a uniformly accelerating observer in this space-time has
no event horizon. So, we can gain some insight into the relationship between the thermal character of the
acceleration radiation and the presence of event horizons in the frame of the observer. Gibbons and
Hawking (1977) as well as Sciama et al. (1981) state that there is an intimate association between the two,
whereas Sanchez (1981) apparently disagrees.

In a normal R flat space-time, a uniformly accelerating observer follows the hyperbolic trajectory shown in
Figure 1. For such an observer, the lines u =0 and v = 0 represent the future and past event horizons,
respectively. The region to the right of these two lines is often called the Rindler Wedge and it has been
generally assumed that the thermal acceleration radiation is best regarded as a global phenomenon owing
its origin to the causal structure of this region. On the other hand, in an R'xS! space-time shown in Figure
2, due to the compact spatial section, the global causal structure of the space is drastically altered. Locally,
however, it is still identical to R? Rindler space.
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u=0

o = const
t
X
7= const

v=0

Figure 1 The Rindler wedge is the right hand region between the null lines u = 0 (future event horizon) and v = 0 (past event
horizon). The detector trajectory is represented by the hyperbola which is the world-line of the particle moving with constant
acceleration (a = const). The line 7= const is a line of constant proper time.

Figure 2 For the R'xS ! space-time, the uniformly accelerating trajectory winds around the “cylinder”. The winding results in
regions of the space-time being causally connected to the trajectory of the detector. Hence there is no event horizon.

With the compactified dimension, the space no longer possesses event horizons in the frame of the
accelerated observer. This fact is easily appreciated from Figure 2 since the asymptotic null ray, to which
the detector’s world-line tends at infinite proper-time, winds around the space-time cylinder. Thus there
are no events causally disconnected from the detector’s world-line lying above u = 0 or below v = 0. By
contrast, in the Rindler Wedge some of the information about the quantum state in the region to the left of
the diagram will forever be inaccessible to the accelerating detector. This forfeiture of information is neatly
identified with the thermal nature of the detector’s response. The question then arises as to what extent
the thermal acceleration radiation can be attributed to the existence of the event horizon. In this example
it will be shown that in the absence of the event horizon, a uniformly accelerating linear detector still
responds as though immersed in a time independent bath of radiation with a continuous Planck spectrum if
the field is untwisted (i.e. periodic boundary conditions ¢g[x+nl] = ¢[x], where n is an integer and L the

length associated with S "). However, for a twisted field (in which case the boundary conditions are ¢g{xtnl]
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= (-1)"¢[x]), there appears to be an extra time dependent term in the response in addition to the steady
Planck factor.

The continuous nature of the detector’s response was emphasised above because the particle states in
R'xS ! space have a discrete energy spectrum due to the compactification. Therefore, strictly speaking, the
response is not an R'xS " Planck response since this has occupation numbers, n;, with k& discrete (k = 2nn/L

for untwisted, 2n(n+1/2)/L for twisted). This is another example of the effects of non-trivial topologies on
detectors. In this particular case it arises from the fact that although the momentum modes for the inertial
observer may be discrete, the mixing of the positive and negative frequency modes, due to the non-inertial
motion, can result in a continuous spectrum.

This effect is not unique to these topologies; it occurs even in flat space in the Rindler situation. Calculation
of the massive scalar field linear detector response, when undergoing uniform acceleration, shows that
there is no mass cut-off in the resulting spectrum (i.e. the JAE-m) term) in (3.7) does not appear).
Although the response of the stationary detector to an isotropic Planck bath has this cut-off, that of the
uniformly accelerating detector does not. (Midorikowa 1981, Walker 1983) This effect is also due to the
mixing of positive and negative frequency modes not respecting restrictions on the modes in the inertial
frame.

To evaluate the linear detector’s response when undergoing uniform acceleration in flat R'x S' space, we

can use the equations in Chapter 4, however in this case the vacuum state |O> must be the Casimir vacuum

(Birrell & Davies 1982). Using (3.3)

A =ic<M>jdreiAE’ <‘P|¢[x(r)]|‘1’o> (10.1)
In this equation the field ¢[x] can be expanded in terms of discrete modes
. . 1/2

u, (x) = exp(zkx—zwt)/(ZLa)) (10.2)
with

k=2xn/L n=0+1,%2,.... (10.3)
Introducing null coordinates u = t—x and v =t + x we have

i, (t,)c):exp[27mi(x—t)/L]/(2La))U2 w=k,n>0
= exp [—27miu/L]/(2La))1/2

u, (t, x) = exp[—27mi(x + t)/L]/(2La))
=exp [—27miv/L]/(2La))l/2

1/2
o=-k,n>0

In this equation, u, represents modes propagating to the right and i, represents the modes propagating to

the left. Splitting the ¢-field in a corresponding way, one may write for the expectation value (10.1)
<Tk ‘¢[x]|0> = exp[27rinu/L]/(47m)l/2
<Ik ‘¢[x]|0> = exp[27zz'nv/L]/(47m)l/2
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In which ‘Tk> represents a one particle right moving momentum state and ‘Tk> represents the

corresponding left moving state. The world-line of a uniformly accelerating detector in R'x S space is
described piecewise by

x=¢&cosh7 —mL

C g~ (10.5)
t=¢sinh 7

where the proper-time7 =¢£7, 51 is the proper acceleration and m in integer with the interpretation of

“winding number” (i.e. the number of times the detector has orbited the cylinder). The compactification of
the space breaks the Lorentz symmetry and introduces a privileged frame. We choose the winding number

m = 0 to include the portion of the trajectory (10.5) at which the detector is at rest with respect to the

privileged frame ( 7 =0 ). So m > 0 corresponds to 7 > 0 . The integral in (10.1) decomposes as follows

Tdr:éi

Where 7, =arccosh(mL/&)

for m>0;7 =-arccosh

> "m

m+l

j df:gi

=0 £
T/ll

Tyl

j dr +
z_-/ll

- Tm

J

which is then placed into (10.1) and using (10.6) we obtain

“Tmsl

dt

(10.6)

(mL/&)for m<0. Substituting (10.5) into (10.4)

A =ic(M)¢ i j]Lm exp 2zing (sinh  —cosh 7) +2minm |exp(iAEET)  (10.7)
m=—0 7 (472-7’1) L L |

A :1c<M>§ i [ =1 €Xp 27zz'n§(smhr+coshr)+2mnm exp(iAEff) (10.8)
—t (47m) i L |

where A4' and A' are the contributions to the amplitude from the modes ‘TA> and ‘Tk> respectively.

To evaluate (10.7) and (10.8) the sums are split into two parts; the m = 0 strip and |m| > 0. The m = 0 part

for A' gives
arccosh(L/&)
J d7 exp [—27rin§e"f/L] exp (i¢AET) (10.9)
—arccosh(L/&)
Let z = exp(—f) and b= arccosh(L/gg) , then (10.9) becomes
b
I dz z%* " exp(-27inéz /L)
-b
Using
Idx x“et ™ = g 4T (,Fiay)  Repu<1
y
(10.9) yields
exp (~7EAE [2)a™" [F(—iéAE,iae’b )T (~iéAE iae” )] (10.10)
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Where a =2m&/L. For A component, the m =0 term is

arccosh(L/¢)
'[ dz’exp[27zin§e'f/L] exp (iEAET)

—arccosh(L/&)

Using z = exp(—f) this becomes
b
I dz 2 exp(27inéz /L) = exp (—7EAE[2) a [F(ifAE, —iae™ ) —F(iafAE, —iae” )] (10.11)
-b

We note that (10.10) and (10.11) are complex conjugates. The m > 0 contributions to A' is, from (10.6) and
(10.7),

i T df exp (—2m'n§e_f/L) exp (iAET )+ T d7 exp (—27rin§e’f/L) exp (iEAET)
m=1 7 E

The integrals in this sum can be evaluated in the same manner as those for the m = 0 strip.

exp(—ﬂéAE/2)aiAE§§ I (—iéAE,iaf (m))—T (—iéAE, ia/ f(m)) (10.12)
ot | —T(—iZAE, iaf (m+1))+T (—iéAE, ia/ f (m+1))
Were fim)=exp[arccosh(mL/&)]. Similarly, the m > 0 contribution to (10.8) is
exp(—aENE/2) —zAEfz I (iAE,—iaf (m))—T (iéAE,—ia/ f (m)) (10.13)
wot | —T (iEAE,—iaf (m+1))+ T (iAE,—ia/ f (m+1))

These sums are readily evaluated by noting that the first two terms in the summands, for each m, cancel
the second two terms for the previous value of m. Evaluating the infinite sums using

m

z::l X, =lm, Z X,, and noting that the remaining m = 1 terms are exactly cancelled by the
m =0 terms, we find (10.7) and (10.8) give

1/2

A =icg(M)e™™  lim,, | T(~iAEE, i) f (m+1))~T (<AEE,iaf (m+1)) | a 0 (4

=-{4]
Using the integral representation of the Gamma function, we analytically continue into the complex plane
as shown in Figure 3. Taking the limit gives

A =ics <M>e’”§AE/2 F(—iAEf)/(47m)l/2

4]

(10.14)
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Im ¢

X

C2 Re ¢

Figure 3 Using the integral representation of the incomplete Gamma function given in the text, the contour c, represents the
complete Gamma function and the contour c; represents the analytic continuation of the incomplete Gamma function into the
complex t-plane, used to evaluate I'(a,ix) where x € R.

The transition probability is given by

2 2 .
P =Y|af +[a] == g‘zgﬂ‘ e (AEE) Y. (¢/n) (10.15)
" n=1
Using the identity
. \[2 T
‘F(ZX)‘ - xsinh 7zx
(10.15) reduces to
2 2 w
P =%m(§/%) (10.16)

The total transition probability is divergent, as expected since the detector is accelerating (and responding)
for all time. Dividing out the Zj=1(§/2n) yields a constant, finite transition rate identical to the usual
Planckian spectrum and is continuous. In summary, in spite of the absence of an event horizon, the

(thermal) Rindler character of the detector’s response emerges.

The existence of a non-trivial topology in this model allows the possibility of anti-periodic boundary
conditions, or a twisted field configuration (Isham 1978). Interest then attaches to the response of the
accelerated detector to the twisted vacuum. In particular, will the detector differentiate between the
twisted and un-twisted vacua.

The anti-periodic boundary conditions may be achieved by replacing (10.3) by
k=2r(n+1)/L (10.17)

The calculation of the detector’s response then proceeds along the lines of the un-twisted case above.
However, in this case the transition amplitude summations analogous to (10.7) and(10.8) cannot be
evaluated by simply noting the cancellation of successive terms, due to the alternating sign arising from the
anti-periodicity of the boundary conditions. Never the less, an approximate calculation of the transition
rate for L >> £ can be performed.

In the twisted case we have, in place of (10.4)
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(1, #[x]|0) =exp[ 7i (2n+1)u/L]/(47n)""
<Tk ‘¢[x]|0> = exp[m‘(2n + I)V/L]/(47zn)”2

Using (10.5) and (10.6) we obtain

(10.18)

0

G fe(M)¢ Z{Tird{'(—l)mexp —7i(2n+1)&e” exp(iAEé:f)} (10.19)

(27(2n+1))" = | 5, i L |
e ic<M>§ i fi'r' d# (-1)’ exp__ﬂi(2n+l)§ef_exp(iAng) (10.20)
(27[(211 + l))l/2 m=—o | 7 L L i |

where 7, is defined as before. These expressions are evaluated as before by splitting the sums into the

m =0term and the |m| >0 terms. The former is
exp (—7EAE [2) d™* [r (iEAE,ide™ )~ (~iEAE, ide" )]

and its complex conjugate respectively, with d = 7(2n+1)&/L. The m > 0 sums are identical to (10.12) and
(10.13) respectively, with “a” replaced by “d” and a factor of (-1)" now appears in the summands arising
from the anti-periodicity of the boundary conditions. This presence precludes the immediate evaluation of
the sums. We proceed by splitting the sums into even and odd parts; re-arranging we find the two sums

become
ir(—igAE,idf(m))— (~iEAE,id] f (m)) ]
wol| =T (—iEAE, idf (m+1))+ T (—iéAE, id] f (m+1))

= ! (~igAE, idf (2m))~T (~iEAE, id] f (2m)) ]
1| T (~iEAE,idf (2m—1))+ T (—i£AE,id/ f (2m -1))

exp(—7EAE[2)d"™™ (10.21)

m=

and its complex conjugate respectively.

The first sum in (10.21) is identical to the corresponding sum in the un-twisted case (10.13) and leads to a
term similar to (10.14). The total transition amplitudes are therefore
A =
I'(—i¢AE)
(z(2n+1)&/L)™ < [ (~iEAE, idf (2m))—T (=idAE,id/ f (2m)) ] (10.22)
—I(—iéAE, idf (2m —1))+ T (—iéAE,id] f (2m—1))

ic& <M > o T
(27(2n+1))"

=[]

Unfortunately the remaining sum in (10.22) cannot be evaluated exactly, however for L >> £an

m=1

approximate expression can be obtained. In this limit

f(m)= exp[arccosh(mL/§)] ~(mL/&)+ ((mL/f)2 —~ 1)1/2 ~2mL/&E
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From the definition of d this implies
idf(m) ~ 27rim(2n+l)
id/f(m) ~ —27rim(2n+l)

Using the analytically continued integral representation of the Gamma function gives an approximation for
the summand (10.22)

—iEAE-1 —idAE-1
o t+4rxim(2n+1 —| t—4rxim(2n+1
jdt e [ im( )] [_w_l ( )J e b (10.23)
0 —[t+4xi(2m=1)(2n+1)] " +[t-47i(2m—1)(2n+1) ]

The sum in (10.22) may now be evaluated explicitly using

> G -=27¢(5,0/2) ¢ (5, (a+1)/2)] (10.24)

m=1 (m + a)
Where {’is the Riemann Zeta function (Gradshteyn & Ryzhik 1980, 9.521)

With (10.23), the sum in (10.22) can now be recast in the form

—iAEE-]
< m t
-1 [
% ;( )[m+27ri(2n+l)j "

2 (272'1' (2n + 1))7[AESLI Idt —iAE£-1
)T 2 (m ) 27Zi(2tn +1)]

0

Then (10.23) gives

c(iIAEE+1,t/4mi(2n +1))
[dede 2| —c(iAEE+1[t+27i(2n +1)] [47i(2n +1))
| —(27i(2n+1)/e)""
[27i(2n+1)] ™ (22 + 1))
¢ (iIAEE +1,~t/47i(2n+1))

[ "dryet 2 (<) g (AEE + [t + 27 (2n+1) | f47i(2n +1))

—(27i(2n+1)/t

c(iIAEE+1,1/4mi(2n +1))
~6(iAEE +1[ t+ 271 (2n +1) | [47i(2n +1))

)i§M+1
= [271'1'(211 + 1):|7[AE§71 2k I: dte™ [

A AEE +1,—t)47i(2n+1
+[—27Z'i(2n+1):|lAE§lziﬁgj(:odte[g(l S+ l‘/ 7n( n+ )) ]

~¢(iAEE +1,[ =t +27i(2n+1) ] [47i(2n+1))
—2I'(iéAE) (10.25)
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The integrals in this expression are manifestly convergent and from (10.25) A'is easily found using its

relationship to A'. Let the first integral be denoted by B(EAE,(2n+1)) and the second by B(EAE,-(2n+1)),
then (10.22) may be written as

(z(2n+1)/L)™ |-T(iAE) + [ 27i(2n + 1) 279 B(EAE, (204 1)) +

A" =icE(M)e ™" . o (10.26)
(27(2n+1))" | +[27i(2n+1) ] 279 B(EAE,~ (20 +1))
From the relationship between A" and gll, we have
R=fif+[af =23
Using (10.26) this gives
2
o Sllm)
T
e g[emfﬁ |B(EAE, (20 + 1))\2 + 7 |B(EAE,~(2n + 1))\2}
[T (i8AE) + X .
(2n+1) 47°(2n+1)
— ieAE  nEAE 3 (10.27)
S m{ I (igAE) 47 (20 +1)] ™ (B(EAE,(2n-+1)) e = B(6AE,~(2n 1))
P z(2n+1)’
: Re{B(AE,(2n+1)) B(AE,~(2n+1))}
27(2n+1)’
All of the sums in this response are finite except for the first which, as with the un-twisted field, represents
a constant flux of particles. Comparing this term with (10.15) we see that the total response has the form
| 2(8/(2n+0)
P'=¢? KM ‘ = + finite terms
AE exp(erfAE)—l)
As a result the transition rate is
R'=c¢ KM>‘2 ! + transient terms (10.28)
? AE(exp(27r§AE)—l)

The transient terms must be located around 7 = 0, since its integral over all proper-time is finite.
Therefore the detector’s response consists of the usual steady Planckian flux plus a time dependent term
which goes to zeroas 7 — 0.

The presence of this extra term in the twisted field case might be taken to suggest that the detector could
determine the R' x S' topology of the space (by detecting the presence of the twisted terms) from a local
experiment. It must be remembered though that the treatment discussed here refers to the detector’s
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response over the entire world-line (—oo < 7 < 00 ) during which the detector will encircle the “cylinder”
repeatedly. In that sense it will be aware of the non-trivial topology, even though the “twist” term is
independent of L.

It may be argued, on grounds of physical consistency, that for the twisted field one should use a detector
coupling that is “gauge invariant” in the sense that it remains unchanged as the field twist flips the sign of ¢
with successive circuits around the cylinder. The quadratic detector satisfies this condition of “gauge
invariance”, however it is easily shown that formally this detector also responds to the field twists.

The transition rate per unit proper-time, 7 , for the linear detector was given in (4.8). From (10.27) we
know that this detector’s response at time 7 consists of 7 -dependent and 7 -independent components.
Furthermore we can split away the 7 -dependent twist terms of the response. Therefore, for the linear
detector in this situation (4.8) has the form

¢[(a)f zd'? e {[A(n)+C(n.7)]0(-n)+[ 4(n) + C(-m.7)]6(n)]

Where A(7) contains the time-independent (thermal) part of the response and C(7,7) is the twisted =
dependent part. For the quadratic detector, from (5.8), the transition rate per unit detector time at 7 is

2 (m)f Iodn e {[A(n) +C(n.7)] 0(-n)+[A(n)+C(-n.7) T 9(77)}

The vacuum expectation makes no contribution since it is translation invariant (c.f. Chapter 5). Now for the
quadratic detector to remain unaware of the field twists, it must respond to the twisted and un-twisted
fields in the same way. This requires taking the inverse Fourier transform and assuming C# 0,

24(n)+C(n,t)=0 Vp

which is obviously not the case. Therefore, in general, if the linear detector responds to the field twists, the
“gauge invariant” quadratic detector also recognises whether or not the field is twisted.

We can understand why an apparently “gauge invariant” detector will respond to the twits by noting that a
detector’s non-zero response occurs when there is mixing of positive and negative frequency field modes
with respect to the detector’s “zero-response” vacuum state. Although the quadratic detector responds to
¢2, this does not mean the modes mix in even pairs so as to cancel out the effect of the twist. In fact there
is mixing of modes with even m (giving (-1)" = 1) with modes with odd m (giving (-1)" = -1). This mixing of
even and modes will cause the quadratic detector respond to the twisted field differently to the untwisted
field. Although the quadratic detector may be gauge invariant with respect to the field for inertial motion, it
does not remain so for non-inertial motion due to the mixing of positive and negative frequency modes.

11 How particle detectors work

From the above chapters, it is obvious that not all particle detectors are equivalent. To appreciate, in detail,
why this is so we shall now look at how particle detectors work. From this study we shall see that detectors
do not merely count particles. The fact that detectors are not merely “particle counters” will lead to an
understanding of why different detectors are in-equivalent.
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In carrying out this study we will initially confine out considerations to situations in S, S,” and S3’. This
restriction merely simplifies the discussion and the conclusions drawn will easily be seen to be quite
general.

11.1 Omni-directional detectors
Consider the set 5, = 5,/US5’. The set S, consists of time independent situations which means the wave

equation can be separated giving mode solutions of the from

u, (x)=e"" . (p) (11.1)

Where the (7, p)-coordinates have been used and y(p) is the spatial part of the mode solution of the wave
equation expressed in that coordinate system. The quantity wis naturally defined as the energy of the .-
mode (Pfautsch 1981). Also, in (11.1) the subscript “k” is merely a mode label. In general the requirement
of positive norm, (2.5), for the modes is not identical to the condition w> 0. These conditions correspond if
the space-time is static and the surfaces 7= constant are Cauchy surfaces (Pfautsch 1982, Grove & Ottewill
1983).

Expanding the field as a mode integral with operators b, and, b,: ,
x]zjdk(uk (x)bk +u, (x)b;:) (11.2)

For the set S,, the transition amplitude of the linear detector for a transition from its initial state, £y, to a
final state, E, has the form given in (3.3). Using (11.1) and (11.2) gives

*

A =ic(M) j drjd”’lk{ei(AE_w)er (p)(¥|b|¥,)+ M) o (p)(¥|b,

—00

‘PO>}

Thus the transition probability is

P =c|(m)f ;T d(r;zr')j dc[dk[d"

{eii(ufw)rllt (P)(¥, )+ e, (P)(¥olb, |\P>} X

(L () (®[B[ 0 + T g () (BB )
where the |‘I’> sum is over a complete set of states and
T T T (T+T')°°
_Ldr_jdr —_J;dT_J;dAr

has been used. Performing the |‘~P> sum, only the terms with one annihilation and one creation operator

survive, so

e—i(AE—w)TH'(AE—E)r'Z; (p);{l ( )< >

_i(AE+w)T+i(AE+(7))7'Zk (p < 0|bkbl |\P0>

P =c(m)f T d@ T dAcfd"k[d"l
z —oo +e
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For calculational convenience we assume the state |‘~P0> is an eigen-state of the number operator

N, = b;bk . (This assumption does not restrict the generality of the conclusions drawn.) With this

assumption the expectation values on the right-hand side of (11.3) above can be written as

(¥,
(Po|bibi

bib|W,) =" (k= 1)n (¥,)

W)= (k=1)(1+n,(¥,)) (11.4)

Where n, (‘PO) = <\I’O|Nk |‘I’O> = <‘~P0

b.b, |\PO> is the number of “b-particles” of the k-th mode in the

state |‘P0> Using (11.4) in (11.3) and performing the l-integration;

P =c(m)f ]c a77) T dAc[d"'k
2 2 (11.5)

7 (,0)‘2 n, (\Po) " e—i(w+AE)Ar

i(w—AE)AT 2
feter 7o) (1o (9,)
As expected with a time independent situation, (11.5) is divergent due to the (z+7')/2-integral. Factoring
this out in the usual way gives the transition rate. Also the Az-integration may be performed;

R =27 |(M)[ | d”‘%{&(w—AE)‘ 2(p) n,(¥,)+5(w0+AE)| ;(k(p)‘z(1+nk(‘1'0))} (11.6)

If the detector merely toted up the number of h-particles in the modes with energy @ = AFE in the state

|‘PO>, its response would have the form

R' =(constant)x ¢? KM>‘2 Id"_lk5(a)— AE)n, (¥,)

Which manifestly does not correspond to the actual response given in (11.6). Therefore we see that the
linear detector does not merely “count particles”. To see exactly what it does do (to first order perturbation
in the coupling constant), refer back to (11.6). To first order there are two terms which contribute to R*
depending upon the relative ranges of wand AE. The first term in (11.6), i.e. the J w-AFE) term, shall be
called the “absorption” term and the second the “emission” term. These names arise from the fact that, in
the detector’s frame, they may be represented by Feynman diagrams which correspond to the process of
b-particle absorption and emission respectively. (See Figure 4. )

(a) (b)

Figure 4 (a) The Feynman diagram corresponding to the absorption term in (11.6). In this diagram the world-line of the detector is
the solid straight line representing its classical trajectory. The quantum mode is represented by the wavy line. (b) The Feynmann
diagram corresponding to the emission term in (11.6)
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The range of values AE may take is determined by the choice of the initial state |E0> of the detector. If

|E0> is not the ground state, the detector will be able to de-excite by emitting a h-particle. This emission

will be stimulated by quantum fluctuations of the field (Sciama et al. 1981). It is usual practice to avoid this
process by preparing the detector initially in its ground state. This then requires AE > 0. However, this
precaution does not necessarily prevent emission term contributions to the response. Situations for which
@ may go negative will give emission term contributions. (An example of such a situation is a detector
undergoing constant rotation about an inertial axis in the Minkowski vacuum. In this case the detector’s
response arises solely from the emission terms. See Pfautsch 1981, Grove & Ottewill 1983).

Even if >0 and AE > 0 so that only absorption terms contribute (11.6) shows the detector’s response is,
in fact, a weighted sum over the modes with energy AE. For the linear detector this weighting is provided
by the functions y,(p). Thus, in general the linear detector’s response will not be proportional to the b-
particle content (or b-particle number) of a quantum state. In the several well-known situations where its
response is found to be proportional to this quantity (e.g. Rindler, Robertson-Walker space-times) close
inspection of the calculation reveals symmetries in the quantities involved (i.e. yi(p), B;). These symmetries
are special to those situations and conspire to yield direct proportionality. (For examples of this see the
Appendix for the Rindler space-time calculation and see Birrell & Davies (1982) for the Robert-Walker
space-time calculation.)

If |‘P0> is not an eigen-state of the number operator, the weighted averaging process still occurs, in

addition to other contributions to the detector’s response. Thus it is seen that in general the linear detector
does not merely count the number of particles in a given momentum mode(s).

For the quadratic detector we have

£ =ic(M) L defd"k[d" I (11.7)

\PO >ren

Due to the assumption of time independence, there will be no contribution from the <¢2> term.

ren

(Wl(e™ 2 (p)be+€ 2 (P)b ) (e 1, ()b + €™ 2. (P)b))

Removal of this contribution from (11.7) merely requires excluding the |‘P> = |‘P0> term from the sum over

the set of field states. (See Sec. 5.1 for details.) Therefore, from (11.7)

P =2 ‘<M>‘2 Td(f—;f') T dAz_J‘dnflkSJ‘dnflkrIdnflkpJ‘dn71kqe—iAE(r—r')

B(r,s;—p,—q)<‘P0

Y. <+B(r,=s;p,—q)(¥,

[¥)= ¥,
+B(—”,S§_paq <\Po |bk,bk$ bkpbkq

X, |‘I’0>+B(r,—s;—p,q)<‘l—’0 ‘PO>+
|‘I’ >+B —r,8;p,— <‘Po|bkrb,:bzpbkq |‘I’0>+
0>+B —r,—S; P,q <To|bkrbk3b/:pb;q Y >

(11.8)

where

(@, +o, )r-i( @, +o, )’

B(r,s;—p,—q) = Z; (P)ZZ (p)?{kﬁ (p)qu (p)

The expectation values in this equation are evaluated as follows:
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( o) =1 (Wo)(n (W) +1 5"1(p k)" (k, —k,)
(¥, o) =n (¥)(m, (W,)+1)0"" (k, — k)" (k, ~k,)
<‘P0|bkybksbkpb (Wo)=(n, (Wo)+1)m (W,)8"" (k,—k,)o"" (k,—k,)
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<

Substituting these into (11.8), performing the k,- and &, -integrals as well as the |‘P> sum

P =2c (1) Tj’@idw o)l (e)

ei(rum—AE)Arnk (\Po)nz (TO)+ei(w—a—AE)Arnk (LPO)(nl (\Po)+l)+
A (¥

£ (i ()4 1), () T o () 41)(m, () +1)

This gives for the response of the quadratic detector

R* =4zxc’ ‘<M>‘2 j

) |x (o)
S(w+@—AE)n, (¥,)n (¥,)+5(0-@—AE)n, (¥,)(n, (¥,)+1)+ (11.9)
+6(@—w—AE)(n, (W,)+1)n,(¥,)+5(0+@+AE)(n, (W,)+1)(n,(¥,)+1)

From (11.9) it is seen that in general the quadratic detector’s response is not proportional to the square of
the b-particle number [1,(¥,)]>. More importantly, to any given order of perturbation, the quadratic
detector’s interaction with the field involves processes which have no analogue in the linear detector.
Figure 5 depicts the various interactions that may occur between this detector and the field (to first order).
Although there is an obvious correspondence between Figure 4(a) and Figure 5(a), in that they both depict
only absorption of h-particles, and similarly between Figure 4(b) and Figure 5(b), the interaction in Figure
5(c) has no analogue in the linear detector. Even at higher orders of perturbation, this process has no
analogue in the linear detector.

This extra process will occur with @ > 0, @ > 0 and AE > 0 since it only requires @ > @ + AE or

@ > w+ AE . That is, the quadratic detector can absorb a mode of energy @ (or @) and decay into a lower
internal energy state (of AE), emitting a mode of energy @ (or wrespectively). Although this does not
occur in the linear detector, the equivalence of these two detectors should not be surprising. Viewing (11.3)
and (11.8), it can be seen that, in general, both detectors’ responses involve the same basic “unit” which

has the form y, (p) 7 (p)bkbl* . Since these units are determined by the situation into which the

detectors are placed, we would expect the detector equivalence sets (of equilibrium situations) to be
identical.
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(a) (b) ()

Figure 5 (a) The Feynman diagram corresponding to the pure absorption term in (11.9) which contains the 5(a)+ E)—AE) term.

(b) The Feynman diagram corresponding to the pure emission term in (11.9) which contains the 5(a)+ W+ AE) term. (c) The

Feynman diagram corresponding to the processes involving both emission and absorption. This process corresponds to the

5(@—@—AE) and 5(@—(0—AE) termsin (11.9).

This conclusion can be intuitively guessed from the fact that the quadratic detector is very similar in form to
the second order perturbation term of the linear detector’s transition amplitude. We have (DeWitt 1979)

A :<E,‘P|T{exp(z’_]idr cm(r)¢[x(r):|H|Eo,‘Po>

Where TI[..] is the chronological ordering operator. Expanding to second order in the coupling constant
gives

Al="czdf<E|m<r>|Eo><w|¢[x<r>J|wo>—

(11.10)

-] faearEinteym(e) ) vlgTa(e oL ] )|

—00 —0

The first term in (11.10) is the usual linear detector transition amplitude. Comparing the second term with
(3.11) for the quadratic detector, the similarity is obvious.

Referring now to the derivative detector, the transition amplitude for this detector is given by

» A (—in®w+ b0 )y (p) (b, | W, )+
A =ie(M)[dr{ ( (o) %)
L +e’<“+”>f(ib°a)+b"a ) 7 (p)(¥

o

*

bk

¥,)
From this, using the identical approach as with the linear detector, we find
R =228 (M) [d" k{6 (0-AE)n (¥,)+5(a+AE)(n, (¥,)+1)}

X {(—iboa)+ b"ap,- )Zk (p)(ib°w+b"apﬂ. )ZZ (p,)} (11.11)

p=p'

The reason for derivative and linear detector in-equivalence is now obvious. The weighting functions
involved in the summing process is in (11.6) and (11.11) are quite different.

For two situations to be linear detector equivalent, the weighted sums (given in (11.6)) for those two
situations must be identical. However, that does not necessarily mean that the weighted sums given by
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(11.11) for those situations will also be identical. Note, however, that for the time-derivative detector,
(11.11) gives

R =278 (M) (b°) [d" ke {5 (0 AE)n, (¥, )+ 80+ AE) (n, (,)+1)} |z () (1212)

Due to the delta functions (and using x&x-a) = adx-a)) the averaging occurs only over the spatial
components k of the momentum modes in both (11.6) and (11.12). Therefore the weighting function for
the time-derivative detector is identical to that for the linear detector. Thus these two detectors are
equivalent.

It is now clear why different detectors may be in-equivalent. Since detector responses are derived from
weighted sums (such as (11.6), (11.9) and (11.11)) different detectors using different weightings will resolve
sets of situations into different equivalence classes. Furthermore, interaction processes may occur in some
detectors that do not occur in others, as with the quadratic detector. These extra processes may involve
couplings between the detector and quantities such as, say <¢2> . These detectors will obviously be in-

ren

equivalent to detectors that do not couple to such quantities.

A slightly different way of viewing the workings of a detector when placed in situations in S’ is Sciama’s
“fluctuometer” approach (Sciama 1979). In this approach the linear detector coupled to the quantum field
vacuum fluctuations and its response is a measure of the power spectrum 2(E) of these fluctuations which
is given by

P(E)ox [dz e (0,](7)9(0)]0)

Referring to (4.7) the similarity is obvious. Using this notation, the quadratic detector’s response is related
to the auto-correlation of 2(E). That is, the quadratic detectors measures

e ™ [(0,,|4(x)$(0)]0,))]

From this we would expect S,’- equivalence of these two detectors. However, the derivative detector’s

response is related to

b”bvjdr e_iEraﬂa'v <0M |¢(7)¢(0)|0M >‘

which would lead us to expect this detector to be S,’-in-equivalent to the other two. This fluctuometer
interpretation appears to be applicable only in time independent situations.

11.2 Directional and orientable detectors

IM

So far in this thesis the terms “omni-directional” and “orientable” and “directional” have loosely used to

classify the detectors discussed. The screening function concept introduced in Chapter 7 will now be used
to make these classifications precise. Firstly, the idea of a “screening function” S(€2) will be made definite;

Definition: Let D), represent a hypothetical monopole detector such that when placed in an n-particle state
ny in Minkowski space (stationary with respect to n;), the response of 2,, has the form

Dy (1) =2, ([dQn,)
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where the Q-integral is over the entire (n-2)-sphere of momentum space. Now consider a second detector
D that differs from 2, in that

2(n,) =2, ([dQW, (Q)n,)

Then W,(Q) is defined to be the “weighting” or “screening” function of the detector 2 and D, is the
“hypothetical monopole” detector corresponding to 2.

This definition is a generalisation of the concept of receptivity used in microwave engineering (Ramo,
Whinnery & Van Duzer 1965). Some examples may help clarify this definition;

Example (1): It automatically follows from the definition that, for the hypothetical monopole detector,
W, (€)=1 (See Figure 6(a).)

zjM
(2): For the cone detector, the hypothetical detector D, is the linear detector and W,(Q) is given by

w,(Q)=1 QeS§,

=0 QegdS,
Where Sq is as shown in Figure 6(b) for 2 spatial dimensions.
(3): For the spike detector, D,/ is the linear detector and
w,(Q)=6(Q-Q")
Where )’ is the single mode direction accessible to the detector. (See Figure 6(c).)

(4): The linear detector is not the 2,, for the derivative detector as can be seen on dimensional grounds.
The time-derivative detector is the D), for this detector. For the spatial-derivative detector the screening
function is

W, (Q) = cos® 4,
Where @, is the hyper-angle between 5" and the direction Q in the (n-2)-sphere. (See Figure 6(d).)

(5): The quadratic detector is its own hypothetical monopole detector because it has W(Q2) = 1.

(a) (b)
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W, (€Q) =cos*Q

Q=0

(c) (d)

Figure 6 (a) A graphical representation of the screening function W(Q2) of a monopole detector (in two spatial dimensions). The
function W(Q) is given by the red line indicating equal receptivity of momentum modes from all directions. (b) The screening
function of the cone detector in two spatial dimensions. The set S, represents the subset of the (n-2)-sphere of momentum mode
directions that may interact with the detector. (c) The screening function for the spike detector which may interact only with
modes of direction Q’. (d) The screening function of the spatial derivative detector in two spatial dimensions.

With the screening function defined three types of detectors can also be defined.

Definition: A detector 2 is omni-directional if its screening function W,(Q2) is non-zero almost everywhere.

(That is, the Lebesgue measure of the set of directions such that W,(Q2) = 0 is zero.)

Definition: A detector that is not omni-directional is said to be directional. That is, a detector is directional if
the subset of (n-2)-sphere for which W,(Q) = 0 has non-zero measure and is not pathological. (This last
condition is inserted to avoid screening functions which are unphysical and effectively omni-directional. An
example of such a function is W,(Q) =0, Q € {(x}, x, ..., Xn.1) € R™: x;is irrational} and WxQ) =0

IM

otherwise. We will not side track into discussing the technicalities of what is “pathological” since it adds

little to the main argument.)

Definition: A detector is orientable if it is omni-directional and W,(Q) is not constant for all 2 € (n-2)-

sphere.

Examples of omni-directional detectors included the linear, quadratic and derivative detectors. Examples of
directional detectors include the cone and spike detectors. The derivative detector is orientable and, finally,
the linear and quadratic detectors are non-orientable.

The distinction between directional and omni-directional detectors is fundamental when comparing or
discussing the use of particle detectors. Omni-directional, non-orientable detectors cannot be used to make
statements about the isotropy or otherwise of a particle state. (It was most likely a failure to recognise this
fact that led to much confusion regarding the isotropy of acceleration radiation.) On the other hand, it is
possible to use directional and orientable detectors to probe anisotropies of a quantum state.

The equivalence criterion introduced above, when applicable, reflects these fundamental differences since
the detector equivalence classes of an omni-directional detector will always be different from those of a
directional detector resulting in their in-equivalence. This fact can be made manifest by using Theorem 1.

- For an omni-directional, non-orientable detector, D, the screening function W(Q) = constant, so
D (nk)z D, (J.dQ nk)
=2,(n,)
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where 7, = de n, /I dQQ is the corresponding isotropic state. No matter how the detector is
“held” with respect to some chosen direction in the particle bath n,, the response will be identical
to that for ﬁk . So, as stated above, no information on the anisotropy of n; can be deduced.

For an orientable detector, D,, W((2) is not constant and an “orientation” of the detector may be

defined by, say, the solid angle Q' for which W(Q') = Sup W(Q) . For a given (anisotropic)
Q

particle state n,, the corresponding isotropic particle state is defined by

2,(7) =D, (de W(Q)nk) (11.13)
will now depend upon the orientation O’ of the detector, since for different orientations the weight
of the “screening” given to each mode will differ. So, (11.13) should be re-written defining ﬁk (Q')
by;

i, (Q)= [daw (Q,Q)n, ) [dOW (Q,Q)
where W(Q,QY’) represents the screening function W(Q) with orientation Q'. It can be seen that for
a given ny, different orientations Q" will (by Theorem 1) give different D,-equivalent isotropic states
1, . Only when ny itself is isotropic does the Q' dependence of the response disappear. Thus

orientable detectors can discern between isotropic and anisotropic states. (In fact this is how the
derivative detector was used in Sec. 6.2 to show that acceleration radiation is anisotropic.)
Because orientable detectors are receptive to modes from all directions in momentum space,
although they can discern anisotropy, they cannot probe the modes of a quantum state only in a
particular direction or set directions.

A directional detector, D3, can be used to probe n; in only a particular direction or set of directions.
Since for 25, the screening function has the form

W(Q') #0 Q'e§,

=0 Q'e¢S,
where Sq is a proper subset of the (n-2)-sphere of directions in momentum space, this detector can
be used to make statements about the modes incident to the detector from directions S, only. This

is how the cone and spike detectors were used to demonstrate the anisotropy of acceleration
radiation.

From the above it follows that directional detectors can provide information about the quantum state that

other detector types cannot. Similarly, orientable detectors can provide information non-orientable

detectors cannot.

We shall now relate the general screening function W(Q,€2’) which the averaging procedure introduced in

Theorem 1, denoted by A4(.) and the weighting functions introduced in Sec. 11.1. Firstly, from Theorem 1, it

is seen that for a screening function W(€,QY’), the averaging A(.) is defined by

A(n) = [dQW (Q,Q)n, [[dO (11.14)
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This does not mean that all averaging functions, A4(.), can be written in terms of a screening function even
though (11.14) shows the converse is true.

Turning now to the weighted sums introduced in the previous section of this chapter, for the purposes of
comparison let us assume that the detector’s response for time independent situations can be written in
the form (c.f. (11.6), (11.11) and (11.12))

Roc e |(ur)f [dk{5(E-AE)n, (W,)+8(£+AE)(n, (W,)+1)} 7, (11.15)

where W, is the weighting function. Due to the delta function in the mode energy the momentum integral
is effectively over the spatial modes k. Assuming this detector has screening function W((2) (ignoring
orientation), for a particle state n; in Minkowski space with the detector, we may write

Roc (M) [d" k6 (0 - AE)n W (Q) F (o) (11.16)
= (M) F(AE) K" [aaw (Q)n, (11.17)

where n; is such that &* + m* = (AE)* and F(w) is a function of the mode energy o only. Note that in
Minkowski space @ > 0 thus only one of the delta functions in (11.15) contributes, giving (11.16). However,
in general ® may be negative (Pfautsch 1981) and both delta functions may contribute. We shall ignore this
complication since our main interest is with the directional screening of the modes, which is represented by
Wi in (11.15) and W(Q)F(w) in (11.16).

The step from (11.16) to (11.17) uses the high symmetry of Minkowski space (represented by the quality
K+ m?= a)z). However, in the more general response (11.15) such symmetries need not exist in the mode
functions that contribute to W} and so the screening component of ¥, cannot always be expressed as
explicitly as in (11.17). In fact, even though the momentum space integral in (11.15) can be formally

represented as Id”_lk , in general the actual form will be such that it cannot be split into “magnitude” and

“angular” integrals as in Minkowski space. This fact is nicely illustrated by the four-dimensional Rindler
space calculations in which the momentum space splits into the form (c.f. (6.14),

[dk— Td&)T dk, T dk,

where there is no relation between the mode energy @ and the momentum components k; and k. Also,
the modes in this space do not have a well-defined direction in the 2-sphere of momentum space. As a
result the angular functions and integrals are not well defined in Rindler momentum space. In particular a
screening function cannot be represented in this momentum space.

From this it can be seen that although the screening function may be explicitly expressible in a simple form
for situations in 53, in a more general situation (represented by (11.15)), this will not be possible. In other
words, in general we cannot expect to be able to write an equation analogous to (11.14) explicitly and
directly relating W, and W(Q)). This problem is referred to in Chapter 7 where it was noted that, in general,
one cannot find a simple mathematical for representing the restriction on the modes accessible to the cone
and spike detectors.

Given the significance of the screening functions of a detector in determining its response, we shall now
see how strong the nexus is between screening functions and detector equivalence. Although the
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relationship between these two is close, it is not direct. To demonstrate this point, consider the following
detectors;

The linear detector (which has W(Q) = 1)

The time derivative detector (W(Q2) =1)

The quadratic detector (W(Q2) = 1)

The spatial-derivative detector (for which, from the above, W(Q) = cos’Q)

vk LR

A screened linearly coupled detector with W(Q) = cos’Q.

We already know that the linear and time-derivative detectors are equivalent and the both have W(Q) = 1.
However, the quadratic detector also has W(Q) = 1 but is not equivalent to the other two because it

couples to <¢2> . The reason for this in-equivalence is that the quadratic detector’s response includes
processes the other two do not, i.e. coupling to <¢2> . This is further supported by the equivalence of all

three of these detectors for situations in which <¢2> does not contribute.

ren

It has already been demonstrated that these three detectors are in-equivalent to the spatial-derivative
detector due to the different screening and weighting functions which determine their responses. This
leaves comparing the spatial-derivative detector with the screened linear detector introduced in 5 above.
Can the comparison of screening functions be used to prove equivalence or otherwise of these two
detectors?

Theorem 4: The spatial-derivative detector and screened linear detector (with W(Q) = cos’Q)) are
S,US,US;s- equivalent.

Proof: Firstly, from the forms of the interaction Lagrangians of these two detectors, the same quantum field
annihilation and creation processes contribute to their responses. (i.e. both their Lagrangians are linear in
the quantum field.) Due to their simple design this only leaves consideration of the screening functions of
these two detectors to determine equivalence. Let D, and 2, represent the spatial-derivative and screened

linear detectors respectively. The theorem is proven if it can be shown that for all 5;, 5; € S1US,US5,
2,(s,)=2,(s,) (11.18)
if and only if
D,(s,)="2, (S,-) (11.19)

Let W represent the screening function of these two detectors. Also note that the linear detector (denoted
2)) and the time-derivative detector (denoted 2,) are the “hypothetical monopole” detectors corresponding

to D, and D, respectively. Therefore for all 5, € $,US,US; we can write

2, (Sk):Dt(W(Sk)) Ds(sk):‘D](W(Sk))

Where W(s;) represents the effect of the screening of modes in situation s;. Using the equalities in (11.18)
and (11.19) gives
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2,(s,)=2,(W(s)) Dd(s./):Dt(W(S./))
2.(s)=2(r(s)  2(y)=2("(s))

Now, from Chapter 9, we know that the linear detector and time-derivative detectors are 5,US,US;-
equivalent. Thus we have

So it follows that

Q.E.D.

Although for these simple detector models the screening function is a powerful tool, this need not be true
in general. As was seen with the quadratic detector different detector’s responses may involve
fundamentally different processes and so even with the same screening functions, such detectors will be in-
equivalent.

With the simple detector models considered so far in this thesis, questions of how these detectors work
and their equivalence have been effectively reduced to questions about their corresponding hypothetical
monopole and screening function. The hypothetical monopole describes the quantum annihilation and
creation processes that contribute to the detector’s response and the screening function gives the
weighting of the (spatial) mode contributions. For more complicated detector models there may be other
factors involved in determining their responses.

As an example, we note at this juncture that in this thesis only minimally coupled fields are considered.
More generally the scalar field wave equation could have the form

(D+§R(x) +m’ )¢[x] =0

which results with a direct coupling between the field modes and the background curvature R(x). Although
in a flat space-time the responses of a linear detector of this field may be identical to those of the minimally
coupled field detector, this will not be true in a curved background. Of course, we are comparing detectors
of different fields (see the following chapter for a discussion of this), however this example clearly
illustrates that there may be more to describing a detector than just its screening function and hypothetical
monopole. (The two detectors described here have identical screening functions and hypothetical
monopole detectors.) Even so, the fundamental concepts of particle detector equivalence are still
applicable.

12 Detectors and quantum fields
Although the definitions of a particle detector and detector equivalence adopted in this thesis are quite
general, so far only detectors of the neutral scalar field have been discussed. This quantum field is special in

that only one “species” of particles is present, that is, there is only on set of creators a,t for constructing

particle states in the Fock space. However, for charged and higher spin fields there are at least “species”
present and particle states can be mixtures of particles of different charge and/or spin. The presence of
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these extra species has a subtle but significant impact on the use of (overly simple) particle detector
models.

For any “particle detector” (be it a mathematical model or actual device), if it is coupled to some field it will
respond to all species of particles present of that field. For example, a machine that “clicks” when it detects
an electron will also click with a positron. This follows from the PCT-invariance of the interaction Lagrangian
of the detector which, in turn, arises from the requirements of invariance under Lorentz transformations
and Hermiticity (Pauli 1968, Bogolubov & Shirkov 1980). Of course, this is not to say that no particle
detectors can distinguish between particles and anti-particles. Modern detectors used in high energy
physics obviously do. However, such detectors are quite complicated in design; far too complicated to
model with the simple mathematical constructs discussed in this thesis.

Fairly simple detector models which can distinguish between, say, electrons and positrons may be
constructed. For example, a (three dimensional) lattice of (regularly spaced) monopole detectors with a
uniform background magnetic field would do the job. Although this model may be simple, its mathematical
analysis is not. To study this particular model requires the analysis of correlations between the transition
probabilities of the various monopoles in order to deduce the nature of the particle detected.

On the other hand, if we proceed using the simple monopole type detectors it will quickly be realised that
such models will generally fail to satisfy condition (b) for a particle detector. (See Sec. 2.2) This condition
requires that the response of the detector be (at least) a one-to-one function of the mean energy state
occupation number n; (where k = | k|). To demonstrate this problem and a way of partially circumventing it,
we shall consider simple monopole detectors of the charged scalar and spinor fields.

12.1 The charged scalar field

The charged scalar field is represented by a complex operator ®[x] which satisfies the Klein-Gordon
equation

(|:|+m2 )d) [x] =0

The conjugate operator ®*[x] also satisfied the field equation and is linearly independent of ®[x].
Therefore this field consists of two oppositely charged species of particles (Bogolubov & Shirkov 1980). As
with the neutral field, ® and ®* may be expressed as mode integrals

®[x]= J.dnflk(bkuk (x)+ agu, (x))

" [x]= Id"_lk(quZ (x)+a,u, (x))
where u;(x) are mode solutions of the field equation and

[aw.ap. | =] by |=8"" (k-k")

with all other commutators equal to zero. The construction of a Fock space follows the same lines as for the

(12.1)

neutral field, however there are now two sets of operators; a, and a;: which may be respectively
interpreted as annihilation and creation operators of the anti-particles of the field, while b, and b; play

the same respective roles for the particles. The vacuum state |O> is now defined by
a,|0)=5b,]0)=0
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(For details about the Fock space representation of this field see Itzykson & Zuber 1982.)

When constructing a particle detector of the charged field, the interaction Lagrangian must satisfy charge
conservation which requires invariance under simultaneous phase transformations (Bogolubov & Shirkov
1980).

CD[x] — ei“CI)[x] @’ [x] e D [x]
This requires the interaction Lagrangian to be bilinear in ® and ®*, hence the simplest form is
I’ =cm(z')CD* [x(r)]q)[x(r)] (12.2)
The Lagrangian (12.2) must be checked against conditions (a) and (b) required of a particle detector.

The particle states of a charged scalar quantum field are particle and anti-particle mixtures which may be
represented by

-1/2
Mp s My 5ees My 5 1y ,mkz,...,mkx>: (nk1 g, Loy ey Yy L my, !) X

()" () () ()" (k)™ (s )™ o)

where n, are the number of particles in the momentum mode k; and m, the number of anti-particles in

that mode. Since the interaction Lagrangian is quadratic in the field operator we assume (as with the
guadratic detector) that it responds only to the renormalised expectation values of the quantum state.
Thus

A° =ic jdre’AET (¥|o [ ]q)[ )]|\P0>ren

where the subscript “ren” signifies the renormalised expectation value. The transition probability is

P6=c Ia’r_[dr ’AEAT 0|<D[ :'CD [ }D*[x(r')]q)[x(r')]|‘1’o>ren (12.3)

—00 —00

For a particle state in Minkowski space, the expectation value in (12.3) is

O[x] " [x] 0 [x]D[x]

Following the same approach used with the quadratic detector and noting that the particle states now

<”k, RN (e RN N ,....,mk‘x>
ren

contain two species, this expectation value reduces to
J-d”“k ngy (x) (x')jdn_ll myuy (x) , (x')+
e mn (x)u (x7) [ @1 (m,+ 1) (x)e () +
+Id"‘1k (n +1) u, (x)u, (x')jdn_ll m (x) uy (x") +
+Id"‘1k(nk +1)u, (x)u; (x')jdn_ll (my + 1) (%) (x")

For a detector initially in its ground state, only the first three terms will contribute to the detector’s

(12.4)

response which, using plane wave modes (2.3), is given by
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Tda) ((AE + a))2 —mz)(H)/2 (a)2 —mz)(H)/2 X

m

n n+l|n T
( ((AE+w)2 —mz) ] (a)zfmz)
X o (AE) +

mmy 2 2 +("_1 , Zm+lj%2 2 (12.5)
2(4n) 7 [T ((n-1)/2)] | L\ lessor=] ()" |

R R

x| n 1/2ﬁ 12 9 AE—2WL
|:((AE—a))2—mz) (wz—mz) :| ( )

Where
P, =[dQn [[aQ @, =[dQm,[[d0 (12.6)

From (12.5) the Lagrangian satisfies condition (a) (i.e. no response for n;, = m; = 0 Vk, the Minkowski
vacuum), but it is also obvious that condition (b) is not satisfied. The detector’s response is not a one-to-

one function of the mean occupation numbers 7, and m, . (We could view (12.5) as an equation in two

unknowns admitting an infinite number of 1, and m, giving the same response.)

However if the set of situations into which this construct (N.B. it is not a particle detector) is placed, is

restricted by the requirement n, = m, then condition (b) is satisfied and (12.2) may be used as particle

detector. Only situations which satisfy this condition will be considered.

Although this restriction is rather strong, we adopt it for the following reason: Firstly, all the elements of S’
satisfy this condition and a major part of this chapter discusses situations in that set. Secondly, the spinor
field detector introduced below has a form analogous to (12.2) and so fails to satisfy condition (b) in the
same way. This detector has already been studied by lyer and Kunar (1980).

Using 1, = m, in (12.4) the response of the detector may be expressed as

(1=n)/2 o, 2
%Idm n Y (coz —m? )(H)/z coswAT}+ (12.7)

o)
(N.B. without assuming 7, = m, , the response of this construct is much more complicated.) The response

R =¢c’ ‘<M>‘2 T dAze™ 1 G* (AT)+

of this detector when on a trajectory y € S5’ is
R =¢ ‘<M>‘2 j dne {[G; (n+7.7; /3)}2 0(-n)+ [G; (r,7- 77;,5)]2 0(77)} (12.8)
For a stationary trajectory
R; =c’ ‘<M>‘2 ]3 dAre AT [G; (AT;,&)T (12.9)
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For an element of 53, the following vacuum expectation values must be added to the response (12.8)

: (@[x(n+r)]0 [x(n+7)]) (@ [x(z)]o[x(c)]) 6(-n)+

(M >\2 j dne E o (12.10)

= +{o[x(0)]0 [x(7)])_ (@ [x(c-n)]o[x(z-n)]) o(n)

ren

The G; functions appearing in (12.7) to (12.9) are identical to those appearing in the corresponding

equations for the quadratic detector of the neutral field. This follows from the fact that the mode functions
in both cases satisfy the same (scalar field) wave equation. It is easily that this particle detector will
associate any given trajectory y € S, with the same particle occupation number n; (= my;) that the quadratic
(and linear) detector associates. In particular, a uniformly accelerating charged scalar field detector
described in (12.2) will respond as though immersed in an isotropic bath of Planck radiation of both species
(particles and anti-particles), in Minkowski space, with temperature T = (proper acceleration)/(2 7k). (N.B.
since the field under consideration is a free field, there will be no particle anti-particle annihilation or
scattering which would cause modification of the spectra.)

Applying the definition of particle detector equivalence to the quadratic detector (of a neutral scalar field)
and the charged scalar field detector, we can also see that these two are S,-equivalent even though they
couple to different fields. (See Sec. 12.3 below.) It immediately follows that the charged scalar field
detector is also S,-equivalent to the linear and time-derivative detectors. Obviously, the charged field
scalar detector is not S;-equivalent to those detectors.

Equivalence in S; of the quadratic and charged scalar field detectors also follows provided

(), = (el ),

This equality does hold because the same Green function G(”(x,x ') can be used to construct both
quantities. Apart from this, both these expectation values have the same functional dependence on the
gravitational curvature (Birrell & Davies 1982).

12.2 The spinor field

The spinor field may be represented by the operator Y[x] which satisfies the equation
(iy"v,—m)Y[x]=0 12.11
7'V, =m)X[x] (1211)

This field consists of spin % particles with mass m, the operator Y carrying a spinor label Y* (a =1, 2, 3, 4)
which has been suppressed. Similarly the Dirac matrices gm have suppressed labels y7, . These matrices

satisfy
{r'.r}=2¢"1

Where {a,b} = ab + ba and I is the unit matrix. The adjoint operator Y[x] can be defined by Y= YU/O

where Y7 is the transposed conjugate of Y and satisfies

Y[x](ﬁy}/” +m)= 0
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where Vﬂ means the covariant derivative operates to the left. For an extensive introduction to spinor

fields see Bogolubov & Shirkov (1980) or Itzykson & Zuber (1982).

The quantisation of this field in Minkowski and non-Minkowski spaces is well covered elsewhere (a good
starting point is Birrell & Davies 1982) and so will not be presented in detail. The solution Y[x] to (12.11)

can be expressed as the mode integral
Y [x]= Id" lkZ by uy , (x +dksvks(x))

a a . . * .
where u, (x), Vis (x) are spinor mode functions and b, , d,  are field operators. The only non-

vanishing anti-commutators between the operators are
* * n-1 '
{bk,s’bk’,s'} :{dk,s’dk',s'} :5( )(k_k )55,5'

It is immediately seen that, like the charged field, the spinor field contains more than one species of
particles.

As before, the Fock space can be built up from a vacuum state |O> , Which satisfies

bk ,8

0)=d,,

0)=0  Vk,Vs,

by using creation operators b;:’s and d;’s . These field operators may be interpreted as follows: b, _ as the
annihilation operator of a particle with momentum k and spin s; b,:s as its the creation operator. Similarly
dk,s can be interpreted as the annihilation operator of an anti-particle with momentum —k& and spin s with

d;,s as its creation operator. (Thus there are in fact four species of particles in this field.)

The spinors u,f,s (x) and v,f,s (x) respectively represent positive and negative energy mode solutions and

are normalised according to
T (x)u,‘(’b (x) ==V, (x)v,‘j’s, (x) =0, (12.12)

Where i, (x) represents the adjoint spinor of u;  (x). Also

2 ()i, (x )_{MTZV+MTLA+(,€)@ m0

2m 2m
U ab r ab
A7 B B NPT m#0
20k | [ 24 1213)
Z a —b _ 7#kﬂ_m_ab_ —-m ab_ _ [ \ab
Vk’S(X)Vk’S(X)— T = 7 =A (k) m=0
U ab _— ab
S B ) N m 0
21kl | [ 2K




The particle states are constructed as usual except that, due to the anti-commuting operators, the states
must satisfy Fermi statistics. A particle state may be represented by

nk] ,81 ’nkz_vz 2000 nk/-,x/- 4 mk] 52 mkz,sz LR mk-,s, >

i

* Mk 5 * Mky sy * ;s * My s * My 59 * My i
(bk1 S ) (bszz ) '"(bkf’sf ) (dkl = ) (dkzssz ) "'(dkwsr ) |0>

Where the particle occupation numbers (for the state k,s) n; s, my; are either one or zero. The state is anti-

(12.14)

symmetric in the operators hence if k; = k; and s; = s; for any i #j, then the action of »’s and d’s on the state
is zero. The states (12.14) form the basis of the Fock space and are normalised according to

Dy ss Pre soeeos Pre s s Qi o Qi ) ’“"qk',,s',> =

<nk1,sl > nkz.sz 200 nkj,sj 4 mkl .8 mkz,sz LR mk,,s,

— _ I A
=5,8, 25%%%....5%[,1]%5(1(1 kpl(l))a;]w ..... S(k, k@l(,))ésﬁm x

1

1 1
x Zamh,qkw....5mkj,pk,mm§(k1 kpz(l))ﬁw,mm ..... 5(kj km,))cssjs,w)

22

where the sums are over signed permutations @, and @, of the integers 1,....,r and 1,....,¢ respectively. The

number operators are given by
Nk s = blt Sbk,s fOf' partides

M, = d;:,sdk’s for anti-particles

which give the number of particles (anti-particles) in momentum state k with spin s. For the total number
operators

N= J.d”_lkZN“ for particles
ts
M= J.d"_lkZMk’S for anti-particles
ts

The interaction Lagrangian must satisfy the usual requirements of invariance. The simplest interaction
Lagrangain is

L = cm(r)?[x(r)]Y[x(r)] = cm(r)?" I:X(T):I Y [x(r)] (12.15)

where the spinor index is summed over. Since this detector is quadratically coupled to the field we assume,
as usual, that it responds only to the renormalised field expectation values. To first order in the coupling
constant the transition amplitude is

7 =ie(ur) [ e (o]0 (0] [0 ),

Where |‘~P> and |‘~P0> are now spinor field states. The transition probability is
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Ha’rjdz' e (g Y () [P [ (2) ] Y [ () e [x () ]|, (12.16)

To calculate the response of this detector to a particle state in Minkowski space we write

<n,‘l,sl SN (RN RPN (A ‘Yb [x]?b [x] Y [x']r[x']

nkl,sl ERR nk/,s,» 4 mkl,sl tt mki,s, >

Using the anti-commutation relations and removing the vacuum divergence yields
[, (), () A () ()
+| d”‘lk_an,,LT,f,r (x)ug, ()" llz n, 1wy (x)ig (x")
+f d”‘lkink’,u,f’r (x)ig, (x)[d" 1ZZm, T (v ()
+jd“ki(nk,—1)uk, x)if, (x jd” VZ my, =) v, ()i, (x)
+far 1ank,uk,(x b (e)far llzm,,m,s x)v (x)
+[d 1kka,v,i’, (x)vi, (x)]d" llZ”z i (xu (x')

jd" lkkarv,‘jr(x) o (x)[d" ‘lZm,,sv,,s x')vi (x)

o ()9 (x)

(12.17)

jd” llz m, )v,bé (x)vy's (x")

From (12.13), all the terms involving quantities of the form u;’ (x)u;, (x) and vi  (x)v, (x) are

independent of rand 77 and so make no contribution to the response. These terms shall be discarded.
Introducing plane wave modes

uy, exp(ik.x —iot)

[(22)" (w/m)]

v, , exp(—ik.x +iot)
[(22)" (w/m)]

with the detector the detector stationary, the contributing terms (12.17) reduce to

u;  (x) =

vis (%)=
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ol(@P)AT

J'dn lkjdn IIWan,rb_l,f’,.uz,,,zs(l’ll,s —l)uf’ﬂ,‘;
+[d"k[d" VMZ@ ~)up it > (m, ~1)7 v
a)p(2 )2n72 c ko kUi, c Ls 15V0s
+_[d" lk_[d" iy ”’*szfz an M, ruerm“v,bv“
wp(2
n-l n-1 e p)Ar b —a —b_ g
+Jd kjd IW;mk,rVk’rkazs(mm _l)vl,svl,s

Assuming the probability of a particle being in the +s spin state equals that of being in the —s spin state, we
have ny, (=ni/2) and my ; = (m;/2). Also, using (12.13) the above expression can be written as

2 _i(w-p)AT
| d”lkjd“ank (n,—2)Te[ A" (k) A" (1)]

n-1 n-1 mze l(w+p)A7 + —
mzei({u+p)Ar (12.18)
wp (27
mzei(w—p)Ar

a)p (27[)2n—2

+[dk[art nm,Te[ A" (k) A~ (1)]

2n-2

+[dk[art m, (m,=2)Tr[ A~ (k) A~ (1)]

Again using (12.13) and noting that (ltzykson & Zuber 1982)
Trl:ﬂl{] =4g¢g”a b, =4a"D,

The traces can be evaluated

Tr[ A" (k) A (1) | = Tr[ A (k) A~ (1)]
k1

=—++1 m=#0

m
— kﬂlﬂ
-
~Tr| A" (k)A (1) ]
— kﬂlﬂ

2
m

_ K1,
wp

m=0

(12.19)

-1 m#0

m=0

To proceed further it is convenient to use the spherical coordinatisation of Minkowski space

j d" 'k = j dk k™! j dQ (12.20)
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Also, define the angular quantity g, by

k.l=klcos0, (12.21)

Where k = | k|. Using (12.19) to (12.21) in (12.18) yields

(71 =2) o ) Hdy (o) &
(472.)(1711) k22 +|:(ﬁk — 2)(7’}_11 — 2)(a)p —m? ) _ klAkl (nk’ m, ):|e—i(ru+p)Ar

dk\|dl |
[F((n _1)/2)]2 J. I “w +[ﬁkn_11 (a)p—mz)—k]Akl (nkaml)i| ei(m”)m (12.22)

+| i, (= 2)(@p —m? )~ kidy (m,m,) |
where
7, = [dQn, [[d0
and
Ay (neom;) = [ €2, [d@n,m,cos 8, /[ [a] 1229

From (12.22), the response of this detector when initially in its ground state is

7
ny ,ny

*[(ar)f
2(47)"[T((n-1)/2)]
[ﬁk (m —2)+m, (m, - Z)J(C‘)(AE ro)+ mz)
_kll:Akl (ne,m;)+ A, (my,m, ):'

+AEJ:m dok™ " {ﬁ,ﬁi (a)(AE —w)-m’ ) — kA, (nk,mi)} O(AE —2m)

2X

[dwkr 0(AE) (12.24)

172 1/2

in which [ = ((AE + a))z —mz) and [ = ((AE— a))z —mz) . For the massless case
corfoter)
8(47)"*[T((n-1)/2)]

waa)nz (AE + a))H {[ﬁk (ﬁk - 2) +m, (”_7k - 2)] } (12.25)
0 _A{up(nk’nl)_Awp (mk’ml)

7
ny,my

+Afda)a)“ (AE—o) {7 - 4,, (n,m; )} 0 (AE 2m)
0

From (12.24) and (12.25), the Lagrangian (12.15) fails to qualify as a particle detector for the same reason
as the charged field detector. Therefore, the situations are restricted by requiring n; = m,. Further, since
this detector is omni-directional, by Theorem 1 its responses in this set of particle states can be labelled by
its response to the isotropic particle states in that set. Requiring n; (= m;) to be isotropic greatly simplifies
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the form of the response since, from (12.23) 4,,(n,m;) vanishes for such states. For these states the
response can be written in the form

2
n—1
Id—ink cos oAz —2i- G (A7)
(27) dr
(12.26)

—0 dnflk ) o
+m’ ImnksmwAr—ZlG (A7)

where we have used
S* (x,x') = (i}/”ﬁﬂ + m)Gi (x,x')

The momentum integrals can be converted to spherical form (c.f. (12.7) for the charged scalar field
detector), but there is little advantage in doing this for our purposes.

With these simplifying assumptions it is still not immediately obvious that condition (b) for a particle
detector is satisfied (although (12.25) does have the form of an auto-correlation function of #,). In
particular, (12.26) does not have the simple form characteristic of the corresponding scalar field detector
response (12.7) which manifestly satisfied condition (b). However, it will now be demonstrated that (12.26)

does satisfy that condition. This requires proving that if RZk = R,Zk then n, =7, . From (12.26), if we

7 7
assume R, =R. , then
k k

2 2
n-1 n—1

————n, coswAT-2i—G (A7) | +m"| | —————n, sinwA7-2iG" (AT
(272_)/11 k C;ZT " ’ (27[)n1a) k '

) 5 (12.27)

dn—lk . ] d . 5 dn—l ) ) o
= I—ancoswAr—Zz—G (A7) | +m IﬁnksmwAr—hG (A7)
(27) dr (27) o

This equation is meaningful only if the integrals converge, which in turn requires
[dewkn, <o [dokh, <o
m m

We shall assume these inequalities are satisfied. Expanding (12.27) and cancelling like terms yields an
identity which contains real and imaginary parts. The imaginary part of the identity can be written as

d"'k
0]

jd”‘lk(nk — 7, )cos WAT %e{%Cf (Ar)} = mzj (n, — 7, )sinwAT SRe{G+ (Ar)} (12.28)

In Minkowski space the Wightman function is (Birrell & Davies 1982)

2
2

7 2im "

G* (A7) :W(E] HY (mAt) (12.29)
7T

The function iRe{G+ (Ar)} depends upon the dimension of the space-time, so the case n = 4 will be

considered. Even so, the argument will be seen to hold for al | n > 2. In four dimensions, (12.29) becomes
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im

G (A7) = — [Jl (mAT)—iN(mAr)]
And
m
Re G" (A7)} = N, (mA
e{ ( z')} e | (mAT)
Re{i@(m)} =iRe{G*(Ar)} -7 N (mAz')+m—2N (mA7)
dr dr 47z(Az')2 ! 8Ar
Using these identities in (12.28)
—Nl(mAr) m - .
————+—N,(mAt) Id k(n,—n,)coswAT =
At 2
(12.30)
) d"'k AN
=—m Nl(mAr)j (n, —h, )sinwAT
)

Assuming n, # ﬁk, (12.30) should hold for all Az. However, in the region Az~ 0 the Bessel functions behave
like;

N, (x)~-2/7x No(x)~£lnx x~0"
Vs
Which when placed into (12.30) yields

2 m
— = + " In(mA d"k(n, —n, )coswAT =
{m(Ar)z 5 (m r)]j (n,—1ny,) T

_i dn—lk
AV

(n, —h, )sinwAT

The only way for this equality to be satisfied if is for both integrals to be zero, which in turn requires

n, = n, .Thus condition (b) is satisfied.

Turning now to the set S, this detector’s response will be given by

P =¢ KM>‘2 T dTT dr'e ™ <OM

Y [x(r)] Y [x(r)]?b [x(r')] Y’ [X(T')]|OM>
which gives
Tr[(S; (n+7, r;b))z}e(—n) +

R =c’|(M) Ldﬁ e +Tr[(S;(TaT_77;'5))2}0(77)

For stationary trajectories

R; =c’ ‘<M>‘2 T dn e"iMATTr[(S; (Ar;ﬁ))z} (12.31)
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where S; (x,x') is the spinor field Green function expressed in the detector’s frame.

Using (12.26) and (12.31) a correspondence between trajectories in S, and isotropic particle states 7, (with
ny = my) which satisfy

[dewkn, <o
m

can be constructed for the spinor field. Using the results from Sections 9.1.5 and 12.1, a very similar
correspondence can also be constructed for the charged scalar field. We shall now study these
correspondences in more detail, particularly the possibility of constructing symmetries between fields of
different statistics.

12.3 Particle detectors and field statistics

When defining particle detector equivalence in Chapter 8, the concept of “detector equivalent situations”
was introduced and utilised in that definition. This concept is applicable to any particle detector,
irrespective of its complexity and the fields to which it is coupled. One could day that, at this level, we are
merely comparing detector read-outs when placed in different situations. In fact the actual nature of the
quantum field being detected appears only in the specification of the “situation” into which the detector is
placed. Again, referring back to Chapter 8, a list of five factors required to specify a detector’s situation was
presented. In reviewing that list, we see that only the first factor (the state of the quantum field) actually
refers to the field to which the detector is coupled. If a quantum state could be found that may, in some
way, be considered identical for all quantum fields, then the specification of that situation will become truly
field independent. This may then lead to the construction of correspondences or symmetries between
different fields and possibly fields of different statistics.

There is (at least) one very good candidate for this quantum state; the Minkowski vacuum. The
mathematically rigorous construction of the Minkowski vacuum is now well understood (see Segal 1963,
Bogolubov, Logunov & Todorov 1975), as is the construction of the Fock space in Minkowski quantum field
theory. The Fock space for a quantum field can be represented by the Hilbert space J{ thal975)t is

constructed as a direct sum of (n-particle) Hilbert spaces A1, (Bogolubov, Logunov & Todorov)
H=0eh,
n=0

For a bosonic field, the f1, are symmetrised direct products of one particle states

h =sym| A ®..®h,

nspaces

For a fermionic field the re anti-symmetrised direct products

h, =anti-sym| 1 ®...Q A
| —

nspaces
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For both types of fields, the (Minkowski) vacuum is represented by the space /A, which is isomorphic to the
complex numbers C. Therefore, although the Fock spaces of bosonic and fermionic fields are different, the

vacuum states (i.e. their Minkowski vacua) are isomorphic.

From the nature of their Fock spaces, the field statistics are reflected in the construction of all particle state
except the vacuum state. Hence, in this context, the Minkowski vacuum can be considered field
independent. With this standpoint, the situations in S, (and more particularly S,’) are now field
independent. Thus the equivalence (or in-equivalence) of detectors of different quantum fields in S, can be
discussed. To illustrate this point, consider the charged scalar field and spinor field detectors introduced
above. In Sec. 9.1.3 it was shown that a quadratic detector equivalence class in S, consists of all trajectories

related by Poincare transformations. Now the condition for y, 55 € S, to be spinor detector equivalent is

Tr[(S;] (r,r';ﬁ))z} = Tr[(S;2 (r + B,7'+ ,B;/f))z} (12.32)

For the charged scalar field detector to be S,-equivalent to this detector, the condition (12.32) must be
satisfied if and only if y4 and y; are related by a Poincare transformation. A proof that this requirement is
satisfied cannot be constructed in the same way as for the scalar field detector because of the more

complicated structure of the spinor Green function S; and the presence of the trace.

For the scalar Green function, the transformation resulting from a change to new coordinates X from old x
is a bi-scalar transformation;

G" (x,x') -G (x()?),x()?'))

However, the quantity S*(x,x’) is a coordinate bi-scalar and a Lorentz bi-spinor (Weinberg 1972). Therefore
it transforms as

S*(x,x") > D(A(X))D(A(x")S" (x(x),x(x")) (12.33)
where D(A(x)) is the spin % irreducible representation of the Lorentz group
D(A)=1++w"s,,
2
and
5, =577
The matrices y, are the appropriate Dirac matrices for the new coordinatisation and are given by
7h =Ty
In this V* is the n-bein and 7 the Minkowski space Dirac matrices (Weinberg 1972).

Now if
S; (r.058)=5, (v + f.o'+ fi&) (12.34)
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then (12.32) is satisfied and further, using (12.33), it follows that 1 and »; are related by a Poincare
transformation. This result corresponds to that for the scalar field. However, the equality (12.32) does not
exclusively imply (12.34) since for matrices A and B, with A # B, we can still have A*=B?and/or

Tr[A] = Tr[B]. Thus the spinor detector equivalent classes could quite conceivably be different from the
charged scalar detector equivalent classes.

This S,-inequivalence of these two detector seems counter-intuitive for the following reasons;

1. Assume that two trajectories 1 and ; are not related by a Poincare transformation but satisfy

(12.32). With this we have, from Sec. 9.1.3 G;l # G;z .Both G; and S transform as coordinate

scalars (where G; also transforms as a Lorentz scalar where-as S; transforms as a Lorentz spinor).

It is difficult to see how the Lorentz spinor transform relating 7 and » can somehow “cancel out”
the effect of the coordinate scalar transformation relating the two trajectories so as to give (12.32).
Especially in view of the fact that the spinor transformation is merely a (faithful) representation of
the transformation relating the two trajectories (Weinberg 1972).

2. InSec. 9.1.3 we saw how for 1 and » with G;l = G;z , the relationship between the two

trajectories can at most be a Poincare transform since only with these transformations is the
Minkowski vacuum invariant. (All other transformations result in mixing of positive and negative
frequencies.) It is difficult to see how this would not also be the cased for the spinor field.

3. Considering the stationary trajectories in interpreting S; (x,x') as a measure of the vacuum

fluctuations it seems counter-intuitive that two trajectories that are not related by a Poincare
transformation should have identical vacuum fluctuations power spectra. However, this point is not

as strong as the above two because the detector does not respond directly to S; (x,x') but to the

trace of its square.

Apart from the above reasons for believing the charged scalar and spinor field detectors are S,-equivalent,
their equivalence (if it is true) has some interesting consequences. Let us assume S,-equivalence and
consider some of these consequences. Since S,’ C S,, these two detectors will then also be S,’-equivalent.
From Theorem 2, the charged scalar field detector’s response can be used to construct an isomorphism

between S;" and the set S/ defined by:

isotropic charged scalar field particle eigen-states withn, =m,

sh={ =
: and'[da) " n, < oo

m

Similarly, defining a corresponding set, Slf , for the spinor field detector

isotropic spinor field particle eigen-states with 7, = m,
S

B andJ.da)kHﬁk <o

m

Equating the responses (12.26) and (12.31) sets up a transformation between Slf and S’ given by

RZ = RZk , which gives;
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2

n—1
Tr[(S+ (Ar;ﬁ))z} = I(jﬂ—)nklnk cos AT —21’%G+ (A7) | +

) (12.35)

k . .
—————n, sinwA7 - 2iG" (A7)
T)
This relation can be seen to be an isomorphism given the following; both sides of this equation and their

integrals with respect to Dt are finite; for » # 5 (12.31) gives different responses and similarly for (12.26)

. 1
with n, #n', .

Using S’ as an intermediary, an isomorphism between Slb and Slf can be constructed. This isomorphism

can be represented diagrammatically;

(isomorphism),

Using (9.23) this scalar field particle state

€S p— ,
S = mapsto y€ S,

(isomorphism); =

(isomorphism),o(isomorphism), (isomorphism),

Using (12.35) this trajectory
maps to spinor field state 71, € S’

This isomorphism between Slb and Slf works for the Rindler trajectory. From Sec. 5.2 and Sec. 12.1 it is

easily seen that n; will be Planckian for the charged scalar field and lyer & Kunar (1980) have shown that
the spinor detector under-going uniform acceleration also perceives Planck radiation. Boyer (1980) has
shown that for the photon field, a uniformly accelerating detector does not perceive radiation with a Planck
spectrum.

It must be emphasised that this isomorphism is (in its present form) rather speculative because it has been
intuitively assumed that (12.35) produces an isomorphism between S,’ and Slf . Further, even if this

isomorphism does hold it must be noted that;

- Had different (in-equivalent) detector models been used, the resulting isomorphism would be quite
different. Hence this correspondence between scalar and spinor fields is possibly one of many
which may be constructed.

- The correspondence is only between isotropic states. Although in principle it may be extended by
using different detectors, in practice this would not be easy, primarily due to the complicated form
of the spinor field detector’s response to anisotropic states. Further, for omni-directional detectors,
this correspondence would no longer be an isomorphism if extended to anisotropic states due to
Theorem 1.

- The correspondence is presently restricted to sets of particle eigen-states Slb and Slf which do

not include all elements of their respective Fock spaces, nor mixed states.
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Although the isomorphism between scalar and spinor field states constructed here is not very general, it
does raise the possibility of using non-Minkowski quantum field theory methods to probe possible
symmetries between fields of different spin. In this particular case, the quantum fluctuations of the fields
for non-inertial trajectories through the Minkowski vacuum have been used to construct such an
isomorphism (or symmetry). A more sophisticated use of this (rather natural) correspondence could
provide a more sound basis to present super-symmetric theories which so far have been completely
founded on an “incredible postulate” (Salam 1984).

13 Conclusions

An initial motivation for the use of particle detectors in curved space-time quantum field theory was an
attempt to use operational methods to overcome the ambiguities the “particle” concept suffers in non-
Minkowskian spaces. Although not successful in this aim, the use of detector models has provided
researchers with important insight into the subtleties and complexities of quantum phenomena occurring
in background gravitational fields. Due to these achievements, and for various philosophical reasons,
particle detector models have seen wide use for a variety of purposes. In particular, they have often been
used to deduce what an observer will “see” (i.e. measure) when placed in some situation. (See, for
example, Isham 1977, Sciama et al. 1981, Birrell & Davies 1982, Hinton, Davies & Pfautsch 1983, Israel &
Nester 1984.) Although most researchers who use detectors do so to give some idea of what a situation
“looks like” from the detector’s rest frame, none have considered in detail what this application entails.
Statements such as:

“.. the equilibrium between the accelerated detector and the field in the state |OM> is the

same as that which would have been achieved had the detector remain un-accelerated, but
immersed in a bath of thermal radiation..”

(Birrell & Davies 1982, also see Unruh 1976, Sciama et al. 1981) tacitly construct a correspondence between
some non-Minkowskian situation and (pure or mixed) particle states in Minkowski Fock space. In other
words, using a detector to discuss what a situation “looks like” is tantamount to constructing a detector-
equivalence mapping between the set of situations S into which the detector may be placed and the set of

situations $ of placing the detector inertially in some quantum state of the field in Minkowski space.

This is a more general case of the isomorphism constructed in Theorems 2 and 3. There the mapping was
between S,” of stationary trajectories through Minkowski space and S’ of isotropic particle states in
Minkowski space. The set S;’ consists only of pure particle states in the Fock space, more generally all pure
and mixed quantum states should be included. Either way, this use of particle models represents an
attempt to utilise (particle) concepts that are well defined and suited to our every-day (Minkowski space-
time) experience in (non-Minkowskian) situations where the concept becomes ambiguous. This is very
similar, in essence, to the ambiguities that result from using (classical) concepts well defined and suited to
our (macroscopic) experience in (sub-microscopic) situations where these concepts breakdown. (Bohr
1928, Schiebe 1973)

The problems with the particle concept in non-Minkowskian spaces have been widely discussed (Unruh
1976, Isham 1977, Sciama et al. 1981, Grove & Ottewill 1983, Davies 1984). In line with the Copenhagen
interpretation most researchers believe that these problems and their resulting paradoxes arise;
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only if one attempts to use classical language to describe what is a strictly operational purely
guantum mechanical process. Thus questions such as “are the particles there?” must be
understood using quantum not classical notions of reality” (Isham 1977)

Adhering even more strictly to the Copenhagen doctrine Davies (1984) asserts that;

Any discussion about what is a “real physical vacuum” must ... be related to the behaviour of
real, physical measuring devices, in this case particle-number detectors. Armed with such
heuristic devices, we assert the following. There are quantum states and there are particle
detectors. Quantum field theory enables us to predict probabilistically how a particle detector will
respond to that state. That is all there can ever be in physics, .... We can’t meaningfully talk about
whether such-and-such a state contains particles except in the context of a specific particle
detector measurement.”

In the uniformly accelerating observer case the Minkowski vacuum, which is a pure state for an inertial
observer, is a mixed thermal state in the Fulling-Rindler Fock space (Sciama et al. 1981). The use of a
particle detector in this case associates with that state, via its detector-equivalence classes, a set of (mixed
and pure) thermal states in Minkowski space. It is through this association that we decide what a uniformly
accelerating observer would “see”. Such an interpretation of the detector’s response raises an issue that
has been widely discussed in the literature. Whether or not the “particles” observed by a non-inertially
moving observer (in Minkowski space) are “real”. For example Isham (1977) states;

“The particles measured by the accelerating observer are not “fictitious”; indeed, if at the
same time he measured his normally ordered energy momentum tensor he finds genuine
energy.”

On the other hand according to Sciama et al. (1981)

“... while it is sometimes convenient to describe the readings of the detector by saying that
the detector perceives itself to be immersed in black-body radiation, this is in part just a form of
words that need not be interpreted as meaning that the detected “particles” are “real”.”

Sciama et al. support their claim by noting that the acceleration radiation does not exhibit any Doppler
shifting when comparing measurements of two neighbouring observers with the same acceleration but
different velocities.

This result is true for all non-inertial stationary motions through the Minkowski vacuum, a fact that follows
from the discussion in Sec. 9.1.3. There it was shown that two trajectories 4, » € S’ give the same
response (in the linear detector case) provided they are at most related by a Poincare transform. This
result, in turn, follows from the Poincare invariance of the Minkowski and its Wightman function. Observers

moving along different trajectories through |0M> are merely observing the same (coordinate free) state

from different reference frames. Therefore observers whose reference frames are related by a Poincare
transform must ‘see” the same thing without any Doppler effects.

To this extent the “particles” observed by an observer travelling along y € S,” are different from the usual
concept of particle (which break the Poincare invariance of the Minkowski vacuum and hence suffer
Doppler shifts). Note, however, a unique Poincare invariant many-particle state can be constructed in
Minkowski space (Boyer 1980). Still, the point made by Isham (and later expanded upon by Davies (1984)) is
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valid, in that by adopting an operationalist Copenhagen viewpoint, objects that register on apparatus built
to detect “particles” are, for all intents and purposes, particles.

We must also realise that our definition of a “particle detector” is based upon Minkowski concepts and
intuition. As Davies (1984) states;

If somebody’s model detector failed to give a zero response in this situation [i.e. inertial
motion through the Minkowski vacuum], we should reject the model as “an unreliable

instrument”. There is an element of circularity here. If the state |OM> is defined physically to be

that which produced zero response in a “reliable” detector, what does it mean to say that a

“reliable detector” is one which doesn’t respond to |0M> ? This situation is common to all

branches of physics and is resolved by external criteria of a professional and philosophical
nature.”

Furthermore, this “professional and philosophical nature” has been shaped (perhaps even dictated) by the
fact that we are classical beings living in a weak gravitational field. When we try to apply (operational)
concepts defined in this (special) situation to phenomena which involve quantum and (general) relativistic
processes we should expect ambiguities.

So we can see that, as with all quantum phenomena, we must acknowledge the ambiguities resulting from
applying classical notions at the quantum level. This is true even in Minkowski quantum field theory. In
addition to this, in non-Minkowskian spaces further ambiguities arise because we are attempting to apply
concepts constructed in and based upon essentially Minkowski space-time experience to non-inertial and
general relativistic situations. Even if there is a high degree of symmetry (e.g. DeSitter or Robertson-Walker
spaces) these notions can become misleading. A good example is the use of a linear detector in DeSitter
space. This detector responds thermally, but the energy stress tensor is far from thermal in form. (See
Sciama et al. 1982 for details, also see Birrell & Davies 1982).

Another widely debated result arising from the use of particle detectors, in flat space-time in particular, is
the apparent disagreement between a detector defined vacuum (i.e. states for which the detector does not
respond) and the canonically defined vacuum (based upon the Bogolubov coefficients with respect to the
Minkowski vacuum). After studying and comparing five different stationary coordinatisations of flat space,
Letaw and Pfautsch (1981) concluded that;

The correspondence between vacuum states defined via canonical quantum field theory and
via a detector is thus broken for more general stationary motions, and we must conclude that the
two definitions are in-equivalent.”

Contrary to this Myhrvold (1984) states;

It is not possible that the response of a particle detector and the particle content under
canonical quantisation differ because the formalism allows us, even compels us, to directly relate
the two.

Statements like the above two arise from the misunderstanding of what particle detectors do and how they
operate. As shown in Chapter 11, particle detectors do not merely count canonically defined “particles”.
When considering situations in S;’, this means that detectors do not respond solely to the f3; Bogolubov
coefficients. This fact alone means that the experience of a specific detector is in general no guide to the
canonically defined “particle content”. Davies (1984) also warns that;
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“... one must resist the temptation to divide up detector motions into “reasonable” and “screwy”
on the basis of their compatibility with Bogolubov transformations. Let me repeat; there are
guantum states and detector measurements. What we mean by a “particle” cannot sensibly be
expressed without reference to a detector. All we can predict and discuss (as far as the physical
world is concerned) are experiences of detectors.”

Grove and Ottewill (1983) made some progress in sorting out the confusion displayed by Letaw, Pfautsch
and Myhrvold, but unfortunately succumb to the “temptation” Davies warned against by splitting detector
responses into “spurious radiation effects” (which correspond to the emission terms introduce in Chapter
11) and “particle detections” (which correspond to the f; terms).

The apparent disagreement between detector responses and the canonical formalism is resolved by noting
two facts. Firstly, the calculations of detector responses and of Bogolubov coefficients are quite distinct.
One concerns the experience of a (point) object along a given world-line, the other relates “particle states”
that are not localised but defined over a whole space-time patch (Davies 1984). Secondly, due to the non-
Minkowskian nature of these non-inertial situations, there need not be any systematic relationship
between the state for which | S| 2 = 0 and that with zero “particle” content as perceived by a particle
detector (Pfautsch 1981). This latter point was addressed in Sec. 11.1 where it was shown that if @ can
attain negative values, then a detector will give a non-zero response even if n;(\Y()=0. Inspecting (11.6) we
see that the occurrence of this effect depends solely upon the range of values @ may acquire. This, in turn,
is dictated by the Killing trajectory of the detector (i.e. its four-velocity 0/0¢) and (at least for the linear
detector) is quite independent of the spatial coordinates chosen (i.e. yi() functions). Thus attempts to
remove this effect by choosing specially adapted spatial coordinate systems are misguided (Myhrvold
1984). This result also follows from the discussion in Sec. 4.1 where the (7, p)-coordinates were introduced.
This point has also been made by Davies (1984) who remarks further, in a discussion about the use of

Rindler coordinates as the “natural” coordinatisation to use for uniformly accelerating observers, that;

“In any case, in curved space-time, no such “naturally adapted” coordinatisation will
generally exist and so we must be careful not to base too much on it in the special case of the
Rindler system.”

This is another danger that must be guarded against when using particle detectors to study quantum fields
in curved spaces.

One of the largest obstacles inhibiting the more rapid development of this field is the computational
difficulties that so often arise. As a result most research efforts are concentrated on a few highly symmetric
space-time models (e.g. DeSitter, Robertson-Walker, conformally flat spaces, etc.). Once a problem has
been solved in one of these special cases, a mixture of intuition and approximation is applied to deduce
results for less specialised situations. A danger of this approach, particularly when using particle detectors,
is to rely too much on intuition founded on these special (highly symmetric) cases. In the final analysis
much of the confusion that has occurred with the use of particle detectors could be said to have stemmed
from this temptation.

Grove and Ottewill (1983) proposed a scheme involving several detectors, which they contend will enable
one to deduce the “particle content” as given by the canonical approach. They claim that;

“... after a particle detection the number of particles in the external field decreases so that on
average the probability of a subsequent detection falls. After a radiation recoil the number of
particles in the external field increases so that on average the probability of a subsequent
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detection rises. Thus, by using several detectors (as one realistically would) and calculating the
correlations between them, one can determine which excitations are spurious radiation and
which correspond to particle detections.”

In this passage a “particle” is defined by the canonical quantisation of the field.

Unruh and Wald (1984) have subsequently shown this procedure will not work, primarily because of the
evolution of the quantum state |‘P0> resulting from the interaction between the detector and the field.

Also because the quantum field state is most likely not an eigenstate of the number operator. Regarding
the effect of the detector on the field state, from the analysis of Unruh and Wald, it can be seen that if the
frequency of the field modes in the detector’s frame can go negative, the final state of the field,

“PO (z‘ = oo)> , has the form

“PO(T=00)>=|n>|E0>—i{le/Z|n—l>|E>+F21/(n+1)|n+1>|E>}

Where I'; and I'; are functions dependent on the quantum field and the modes of the state to which the
detector has responded. The kets |n> represent a state of the field which contains n particles in the

detected mode. From this equation we see that, assuming a detection has occurred, the number of
particles in the external field has neither decreased nor increased in the sense that Grove and Ottewill
imply. The fact is, the linear detector (to first order) interacts with the field not solely via an absorption
interaction nor solely via an emission interaction (see Chapter 11 for an explanation of these terms), but
through a linear superposition of the two. This can be seen directly from the interaction Lagrangian and is
explicitly demonstrated by the analysis of Unruh and Wald. Therefore, the absorption and emission
interactions cannot be split apart because they occur concurrently and (unless one is suppressed by
restrictions on the range of the frequency) both will contribute to the detector’s response and the final
state of the field.

With respect to the field not being in an eigen-state of the number operator, Unruh and Wald state;

“The act of detection not only removes a particle of energy Q from the field but also
performs a (partial) measurement of the state of the field, since the detector is most likely to be
excited if a large number of particles were initially present .... Thus the fact that the detector
became excited weights the high particle number states more heavily in the distribution and
indicates that a larger number of particles than originally expected were present initially. As a
dramatic example of this effect, suppose that the initial state of the quantum field were chosen to

be |0> + (l/\/;)|n> with n large. Then the initial energy is =E, where E'is the energy of a single

guantum. However, if a detection occurs, then the expected field energy becomes (n-1)E >> E.”

Their energy measurement argument can obviously be repeated for a particle number measurement. Thus
the scheme put forward by Grove and Ottewill will not work even if the quantum state of the field is an
eigen-state of the number operator.

From the discussion above, to date, all attempts to use particle detectors to (directly) measure the particle
content of a situation, as given by canonical quantisation, have failed. In fact, for the simple detector
models so far discussed in the literature, there is good reason to believe that such models are intrinsically
unable to fulfil this task.
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It was demonstrated in Chapter 11 that detector models of the type we have been considering can be
described by their corresponding hypothetical monopole and screening function. However, as previously
stated, it is the detector’s trajectory that determines whether or not emission terms also contribute to its
response, not details of the internal construction. This can be seen directly from (11.15) and the
subsequent discussion.

These simple detector models (and most likely particle detector models in general) must be understood in
terms of their initial purpose; to give an operational means of observing quantum effects in non-Minkowski
situations. Even when being used in this manner, we must appreciate their short-comings. At the beginning
of this chapter we saw that a common use of particle detectors is to deduce what a co-moving observer, O,
would perceive in some situation. It was noted that this use is tantamount to employing detectors to
provide a correspondence between some (time independent) situation, s, and the set of all (pure or mixed)

guantum states in the Minkowski space, which has been denoted by s. Although this may be fairly
straight forward in a conceptual sense, the actual application of the ideas is not so simple. Ideally, we

would like the mapping relating the situation s to the state in S to be a one-to-one function thus giving a

unique |‘Pb> €s representing what O perceives when in s. However, there are several hurdles to be

overcome before this can be attempted. In particular the following;

1. There is no guarantee that |‘I’Y> is detector independent. In fact a strict Copenhagen view would

lead one to expect it to be intrinsically detector dependent. If this in fact is the case, then

depending upon the detector used, the state |‘I’Y> perceived by O when in s will differ. A one-to-

one function between s and the elements of S is obviously not possible in this case.
2. Evenif we assume |"P3> is detector independent, it is still not guaranteed to be unique. Since s
includes states that are not eigen-states of the number operator as well as mixed states, the

detector’s action on |‘I’Y> may merely be as a projection operator and so many states in s may

give the same response as |‘P?> (This follows from the fact that to fully specify a quantum state, in

a Hilbert space, generally requires a complete set of mutually commuting observables.)

3. Assuming that the problems posed in the above two points do not materialise, or can be
circumvented, there are still calculational difficulties to be overcome. In particular, to attain most
information about the state |‘I’Y> , itis sensible to use a detector (or detectors) with the angular

discrimination of the spike detector (or a narrow cone). However, in Chapter 7 we saw how these
detectors will generally be difficult to mathematically represent in non-Minkowski situations.

4. Given the above disadvantage of directional detectors, we will generally be forced to use omni-
directional detectors to deduce |‘I’Y> . Here again problems arise since, from Theorem 1, these
detectors will associate the situation s with an entire class of detector-equivalent situations

S, < &, such that |‘P?> €S, . So, how do we discern the state |‘P?> from all the other elements of
S;?

A possible solution to the last two points is the following: Consider a set of n+1 detectors, denoted 2,
Dy, D, ...., D,. This set, if need be, is constructed from a (complete) set of observables. This step is an
important and significant generalisation of the concept of “detector”. In Chapter 2 the notion of
“particle detector” was made precise by relating it to the particle number operator in Minkowski space.

To define “detectors” of other observables we would have to follow a similar procedure of making that
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concept precise. Now assume that 2, and D,’ are equivalent where-as D, D,, ..., D, are mutually in

equivalent. Each detector will associate with a situation s a detector equivalent class of states in s.
Thus we have for each

o(s)=o(¥)) |¥)es, (13.1)

i 8,1

where |‘~P> € S and S;.i is the class of situations in S thatare D-equivalent to the situation s. Since we

have assumed |‘P?> is detector independent we must have
YeS,, VD (13.2)

and hence

|TJ€&=ﬁ&J (13.3)
i=1

Therefore, we can “close in” on |‘P?> by studying all the S, S . The in-equivalence of the various

detectors used is of fundamental importance for the success of this method. If we use equivalent
detectors (i.e. 2, and D;’) then

S, =5,

5,1
And so even though (13.1) to (13.3) are all true for 2, and 2,’, we also have

Ss,l m Ss,l' = Sx,l
Thus due to its equivalence to 2, the use of D,’ has added no new information about |‘I’Y> .

If this procedure is to be used to find |"P3> (assuming the problems (1) and (2) above do not eventuate)
a family of in-equivalent detectors are required. Furthermore, this family of detectors must be large

enough so that the set S, has only one element, namely |‘I’Y> .

This leads to the question of how many in-equivalent detectors (of a given quantum field) can be
constructed. In other words, how many different interaction Lagrangians between the quantum field
and the entity M (representing the detector) can we produce? There are several restrictions on the
choice of Lagrangians available. Obviously they must satisfy conditions of locality, general covariance,
PCT-invariance and the like. At present there are also the further restrictions arising from the “state of
the art” of quantum field theory. In particular restrictions of renormalisability and the fact that all
calculations involving interactions presently use perturbation theory will constrain the available
Lagrangian forms. These latter factors offer the most severe limitations on the selection of models
available since they stem from difficulties that are calculational rather than conceptual.

In particular, the renormalisability condition excludes interactions of the form m(¢)#'[x(¢)] where n > 4.
(Although Ford (1983) has suggested a technique for renormalising field theories for this range of n, the
problems encountered are still far from solved.) This restriction excludes high order polynomial
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interactions, thus even interactions that may be representable by a well behaved Taylor series are
excluded, let alone anything more exotic.

Above we saw how (families of in-equivalent) particle detectors can be used to construct a mapping
between situations (in flat or curved space-times) and the set of quantum states in Minkowski space.
The motivation for such a construction, as explained at the beginning of this chapter, being based
essentially on a desire to find out what a situation would “look like” when related to concepts well-
defined in our (almost) Minkowskian environment. We now consider a more general interpretation of
the response of a particle detector in some general situation, s, in a space-time 7.

A detector’s response is determined by the five factors listed in Chapter 8 on page 55. Consider an
observer O with a detector moving on a Killing trajectory ythrough the space-time 7%. (We assume the
situation is stationary.) The choice of yand 7% determine the factors 2, 3 and 4 (assume 5 has also been
determined). In her frame, O can construct a representation of the quantum field with operators

a,, az , vacuum state |O> and with field modes u;(x) in the following manner: She chooses a Killing

vector field which must be time-like in a space-time region containing all the trajectory yand have an
integral curve identical to y. (l.e. g must be an integral curve of the Killing field.) This allows O to then
construct a representation of the quantum field in the usual manner (see Chapter 2). For example, a
uniformly accelerating observer may use either a Rindler coordinate system (in which the Killing
trajectories are time-like only in the left and right hand wedges), or a K; conformal Killing vector field
(Brown, Ottewill & Silkos 1981) which is time-like everywhere. The only condition is that the one
chosen must contain an integral curve identical to the observer’s trajectory.

Now the states of the quantum field (the choice of which determines factor 1) are coordinate free.
Denote the set of these states by # = Fock space U (mixed states) On the other hand; the operators

a,, az and vacuum state |0> are determined by the trajectory yand O’s quantisation procedure. The

observer can use these operators and the vacuum state, together with appropriate scalar coefficient
(distributional) functions, to construct a representation 4, of all these states of the quantum field in
that space-time. (N.B. In this construction we are allowing more than merely a representation of the
Fock space, as mixed states are also being included.) Assuming the representation is faithful, it is
isomorphic to 4 Thus we may write

Ey:%—n@

R, (%)= F(a))0)

(13.4)

where the isomorphism &, is O’s representation of the elements |‘P> of the set 4 The F(a;:) isa
function of the field operators @, which acts on the vacuum state |O> to give an element of #, which

represents |‘P> . Also the a;: may represent a set of creation operators.

As an example, consider the Minkowski vacuum |0M> . Being a quantum state it is coordinate free and
an element of A4 (with 7 flat four-dimensional space-time). For a Rindler observer, the representation

of |OM> in terms of Rindler operators a:,k (for the right hand wedge in Figure 1) and b:,k (for the left

hand wedge) and the Fulling vacuum |0F> is (Sciama et al. 1981)
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|0M> constant XH i exp(—ﬂn )(av’k) | (bv’k)l;2|OF> (13.5)

e (n,01)" (m,,)
Where, strictly speaking, we have
=|o5)]or)
With ‘OfF> the vacuum state in the appropriate wedge,
a,,|0F)=0  b,,[0})=
In this example, referring to (13.4)
%) =[0u)

© x \vk b* my, k
F(a;: )|O> = (constant)x H Z exp(—imvyk ) (av’k) = ( V’k) = |0F>
vk m, =0 (nv,k !) (nv,k !)

Also see Davies (1978) for the two-dimensional maximally extended Schwarzschild black hole case.

To understand the role of particle detectors in the representation of # by 4, we refer back to detector-
equivalence of situations.

Detector responses, being trajectory dependent, can be considered as forming and equivalence
relation on the set 4, resolving this set into a (quotient) set of detector-equivalence classes. Denoting

this quotient by ,4f and letting £, represent the projection operator that acts on 4, to give the

equivalence classes in ;4;3, we can write
. D

g, A, ;47 (13.6)

From this a “quasi-representation”, 25, of 4#can be defined by
D

Ey = gp o 2}/ (13.7)
such that

R A A (13.8)
The function Ef is called a “quasi-representation” because it is not an isomorphism (being a many-to-
one function) and so the set ;4;3 is not a faithful representation of 4
Thus a detector may be viewed as a piece of apparatus that implements (a restriction of) the

representation of the states of the quantum field with respect to the quantum operators and vacuum
state defined by an observer. An example of this is the linear detector giving a thermal response when
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uniformly accelerating through the Minkowski vacuum. This should be expected because, in the Rindler
frame representation, the Minkowski vacuum is a thermal state.

Of course, as seen from (13.7) and (13.8), the detector mapping Ef is not as “fine graded” as the

actual representation since detectors group states together in their equivalence classes (i.e. the ;4;’ ).

To attain a fine graded representation using detectors would require a family of in-equivalent
detectors.

Using the above approach to study particle detectors we could construct a general formal theory of
particle detectors and particle detector equivalence, which complements the theory and applications
studied in this thesis.

A factor common to all the detectors discussed in detail in this thesis is that their quantum field

interactions all involve the operator N, = a;:ak (and/or 1+N;). Due to the simplicity of the interaction

Lagrangians the operators a, and a,t always appear only linearly or quadratically. The calculational

restrictions on the Lagrangians are the main reason for such simplicity. If this limitation could be
removed detectors whose responses are related to quantum processes other than those of the number
operator N, could be constructed. In fact, this will most likely be necessary if we intend to use
detectors for the purposes discussed on pages 113 to 115.

For example, it may be possible to construct a detector that couples directly to the energy-momentum
stress tensor (7,(x)) of the field. There is an interesting side note here. Given that all our experiences
of nature are related to us by “particle detectors”, is it ever possible to measure exactly a quantity such

as <Tuv (x)> which is defined at a space-time point “x”? Regarding <Tuv (x)> in particular, such a

measurement seems contrary to the Heisenberg Uncertainty relations. The components of <T#V (x)>

are (measures of) energy and momentum at the space-time point “x”. Thus exact measurement of

<Tﬂv (x)> and its positional dependence violates the Uncertainty principle.
Quite apart from the particular constraint on the energy-momentum tensor, the use of a detector
introduces other restrictions on general measurements. Taking the linear detector as an example, from
(4.8) its response at time ris dependent upon its entire history (i.e. on all 7’ < 7), rather than at a single
point. This problem cannot be solved merely by rapidly turning the detector “on” and “off” arbitrarily
close to the point “x” at which we wish to conduct a measurement. If the switching is done too rapidly
the process of turning the detector on and off itself will excite the detector, even if the quantity to be
measured is zero. (Unruh & Wald 1984) Therefore it seems that, at best, a detector can only give some
average measure of a (local) quantity over some non-zero period T which is much larger than the
“relaxation time” of the detector, (see Unruh & Wald for details). So, truly local measurements, of

<Tuv (x)> say, will be meaningless in an operationalist approach since such experiments cannot be

conducted.

Although the discussion so far in this chapter has concentrated on the scalar field, the general points
made also apply to higher spin fields. We may therefore ask how it is that all the detectors so far used
in high energy physics agree on what they “perceive” or “measure” in sub-atomic interactions. The
reason is that all of these machines operate in situations that are almost Minkowskian. The
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gravitational curvature on the Earth’s surface is very small and their motion almost inertial when
compared with the extreme conditions required for the quantum effects discussed above to become
significant. For example, an acceleration of 10”°m/s’ is required to detect acceleration radiation of the
order 1°K. Thus for the regime of physical conditions in which modern particle detectors are used
today, the particle concept is quite useful. However, Bell & Leinnaas (1983) have shown that non-
inertial quantum field effects may not be entirely negligible when analysing the results of high energy
particle experiments. This will be even more-so the as higher energy machines come into use.
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Appendix A

A.1 Calculation of (4.14)

The quantity to be evaluated is given by (4.13)
) j dAte ™ In| 47&% sinh? AT _ie]|=
4r 2&
_t T dAte ™" {In[ 47" |+ 21n| sinh AT
4r =, 2

The initial term is discarded because, by assumption, AE # 0. To evaluate the remaining integral, the
method used by Birrell & Davies (1982) is adopted. With the identity

(A.1)

sinhx = xH (m7z _(l;)]([’;m - zx)

(A.1) becomes

= . ln(E—15j+lnH[ 72'———8]+

—J‘dAre 1ARAT

- +1nH m7z+A+g —21nH m7r
28

m=1

The first and final terms make no contribution. The first may be evaluated using a contour closed in the
lower half complex Azplane and since the (shifted) pole and branch-cut are in the upper half plane, the
integral is zero. The final term makes no contribution because AE # 0. Using the following identity on
the remaining terms

—iwx
1

(}%T% - —ln{ﬁaey (ﬂm+ix)}

o m=1

where yis Euler’s constant, yields

1 7 y ,wda)cos (A7/2&)
— | dAz ™
fune o leselect

Interchanging the order of integration gives a sum of two delta functions, only one of which contributes
to the w-integral. Thus the result is

1
AE(exp(27rAE§) — 1)
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A.2 Calculation of (4.17)
The quantity to be evaluated is given by (4.16)
T e MMdAT

~167°£ sinh® (g; —igj

We use the contour in Figure 7 in the complex Azplane. The contour consists of C;, which corresponds
to the quantity to be evaluated, and C, which is a distance 2 z¢ from C; as shown.

Im{A7}
) 27
3/ (:2
LV
C;  Re{Ar)

Figure 7 The contour C, represented by a heavy line, consists of C; which lies along ReA 7axis and C, which is a distance 2 7 above
C, as shown.

The hyperbolic-sine function is anti-periodic in the following sense

wf(20) -]

Using the Cauchy contour integral theorem, only the pole at the origin contributes to the contour integral
around C. Thus

j dnz e sinn 2 [ 2T 2 [ gaz e ginn2| A7 |4 j dAz e i 2 [ AT
c 28 G 28 ol 28

Using (A.2)

= (1 — ez”AEg) ]E dA7 e """ sinh™ (é—;J =

—00

=27 Res{ e A7 ginh ™ (Ej}
28

A power series expansion of the terms in the Residue gives

-uear-(22)e J ) o]

which gives as the coefficient of (A7)™;

(A.3)

A7r=0
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Substituting this into (A.3) gives

© 2
IdAr e A ginh £—ig = —87AES
7 2& (exp(27rAE§) —1)

A.3 An alternative calculation of the Rindler space result

An alternative method of calculating the response of a linear detector uniformly accelerating through
Minkowski vacuum is to use the transition amplitude (3.3) and Rindler quantum field operators. This
calculation will now be presented for use in derivative detector calculations. It demonstrates the
appearance and form of the logarithmic divergence characteristic to this method of calculating equilibrium
situation responses. The massless scalar field equation in Rindler space can be case into the form

L& o (¢ & ~
e i i

where 7 = (proper-time)/§ . This gives for the mode functions, in the appropriate wedge

(sinh m?))m

uR(x;&),kl,kz)z =

e MK, (08) (A4)

Where Q° = k,* + k,* and @ > 0. (Note: For a Rindler observer the energy of a mode u,, (x; , kl,kz) is @,

which is independent of the “momenta” k; and k,. In fact, even for a massive field, the only restriction on
@ is @ > 0. Also there is no well-defined momentum component in the direction of acceleration; the z-
direction.

The Bogolubov transformations relating the Rindler operators a,, a, to the Minkowski operators a,,, a,,

are,

k'

) J. [27[(0'(1 —e )]

x| ay (k 'k, k") +e ™ ay (k 'k, k)]

, k' 10}
m{‘” 3} S(k—k") S (k, —k, ") x
0 (A.5)

Where @'? = ky/*+ky*+k3’*. Using (A.3) in (3.3) gives

(sinh 7za~))l/2 e_i@fei(klﬁkzy)Ki(b (QSC)CP | ag (‘?” k;, k2)| 0M> +

? dy (@,k,k,)[0,,)

4y =ic(M)¢ | df & [disddt,— e IK L (06) (Y

Performing the 7 -integral, only the first term contributes due to the restriction on @ . Substituting (A.5)
into this expression, allowing the field operators to act on the Minkowski vacuum and performing the @, k;
and k, integrals
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1/2

X

ic(M) g _ sinh7AEE
V4 272'(1 —e P )

iAEE
- k i(ky 'x+ky' '
”ij /{“’ } SEIK L (0'E) (1)

1
4, =

The transition probability Py1 is given by
1 2
=>|4] (A.6)
¥)

where |‘~P> sum is over a complete set of states. Only the one particle states contribute to this sum and

with |‘P> = |1k> , we have <‘~P|1k,> = §(k -k ') . Thus (A.6) gives, using spherical coordinates,

, B .
P :CZE—Mﬂizeﬂwjdgsm HJ.dkk[K,-AEg (k&sin Q)TZJ' do
T 0 0 0

In this we have used K_,(x) = K,[x). To evaluate the k-integral we use (Gradshteyn & Ryhzik 1980,
No.6.576.4)

IdxxiKﬂ (ax)K, (bx)=

—2-4 _—v+i-lgv _ 1 _ _ 1 _
_ 27 F(l /1—1-,u+vjr(l A y+v)r(1 A+ u vjr(l A—u v)x
r(1-2) 2 2 2 2
_ 1 2
xF(l /1-;,u+v,1 /12,u+v - ll—b—j

Re{at+b}>0, Re{A} <1 - |Re{u}| -Re{V}|
This results with

)

47

e M (1+IAEE)T (1-iAEE) T

, Sin &

The Gamma functions satisfy the identity (Gradshteyn & Ryhzik 1980,N0.8.332.3
I'(1+ix)T(1-ix) = zx/sinh zx

giving

o M)l A jaos

- 27r(exp(27zAE§)—l) . sind

The remaining integral is logarithmically divergent, and once removed this results agrees with the previous
calculation of the detector’s response in this situation. Therefore, in other calculations of detector response
in this (time independent) situation we should expect identical logarithmic divergences to appear.
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Finally, by using this method to calculate a detector’s response in the Rindler situation, the high degree of
symmetry of this particular case is easily seen. The delta functions in the Bogolubov transformations and
the fortuitous cancelling of various exponential factors result with the detector’s response being directly

proportional to the quantity

(0, |azag |0, ) =1/[ exp(27@) 1]

Which is the number of Rindler particles (with “Rindler energy” @) in the Minkowski vacuum. Only in such
highly symmetric situations does this direct proportionality occur.

A.4 Calculation of asymptotic terms in the Hartle-Hawking vacuum
The quantities required are

P :OO 21+ DR (| r)R, (a)|r')r=r' F— 0 (A.7)
arar ; (2l+ DR (@|r)R (@|1") r—2M; (A.8)
Following the approach of Candelas (1980), we note that we can write
82
o Gy (t,7,0,0;,0,7',0,0p) B =
0 —iot 0 _4 R ")+
:j ZZHI R(olr) L(CW) ~% F—> o0
0 671w 8r6r = _+R (a)| )R (a)|r') . 27t
Using
I dowe™ =6t
We find
© 4604
R (0| )R (0| 7")|  ~ 3 F— o0 (A.9)
= o o
For (A.8) we use the result that to leading order
S 1 2 '
; (21 +D)R (0| )R (0| r') —57 VT ()T ) j dliK, (21a") K, (2la"?) (A.10)

Where ¢ = 4Msw and «a = (r/2Mjs)-1. By use of the chain rule, the quantity we desire is
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leliK

2K, (2a) -2 K, (20a™)

1% 2
] dIP| K, (20" )+ K, (20a")]
4+q° . .
:%r(l*‘lq)r(l_ZQ)
which gives
. - 2 1 4 2M 2
> (2l+1)R (@] )R ,*(a)|r')~a)(+ ¢ 5)3 r—2M;
il
2M
Next, we evaluate the angular derivatives of the Hartle-Hawking Wightman function. The quantities we
seek are
62
—G,, (t,r,0,p;t,r,0
}’28%9' H( ,7", ’goa ’ra )¢)9=9'
and
62
-G, 0, ; 0
i Bt (60,030, ’(D)w-
Using (4.23) and
? 1(1+1)(20+1)
Y, (0,9)Y, (6 =t
8089|mZI lm( (0) ( ’¢)9=H' {7
We require
il(Hl 2l+1)‘§l(w|r)‘2 r— o
1=0
S U(1+1) (20 +1)|& (o] r)| r—2M,
1=0

Using the spherical symmetry, and the fact that Schwarzschild space is asymptotically flat, we can write

0’ 1
—— G, (t,r,0,0;t,r,0, ~— r—>00
agg On 0ot fe) o
hence, following exactly the same approach as above, we get
S ) 8604
— I+ 1)(2A+1)|R (o] 7)) r— o
896:9' n 3

For the other limit we have, to leading order
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”gl (1+1)(2+1)[R (@] F) g5 Ms4r(i;)p(_iq)Idll[3Kfq(2l“l/2)T
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(1+16M (0’ )&’

2
N

Finally, for the 0,1 — cross terms, the quantities required are

SYQIR @Ik (0l ro2m,
S3@E @R ) ro2m,

The former follows from (4.25) and the chain rule (see the derivation of (6.29)). The latter is evaluated (to
both orders in /) as before. It is easily seen that the quantity required is

1 F 0
di(l+1)—K_ (2a")K, (2"
M3F(iq)r(—iQ)£ (1+4) 5 K 21K, (21 )
which gives

0 < ,
5 —> (21+1DR (@|r)R (@] r") -~

" =0 r=r'

2
~ w _ otanh(470M,) oM,

2 3/2
M| -1 1eaMP| -1
2M oM,
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