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Abstract

The problem of designing controllers that are robust with respect to uncertainty leads
to questions that are in the areas of operator theory and several complex variables. One
direction is the engineering problem of p-synthesis, which has led to the study of certain
inhomogeneous domains such as the symmetrised polydisc and the tetrablock. The u-
synthesis problem involves the construction of holomorphic matrix valued functions on
the disc, subject to interpolation conditions and a boundedness condition.

In more detail, let A, ..., A, be distinct points in the disc, and let W4, ..., W, be 2x2
matrices. The p-synthesis problem related to the symmetrised bidisc involves finding a
holomorphic 2 x 2 matrix function F' on the disc such that F'(\;) = W; for all j, and the
spectral radius of F'(\) is less than or equal to 1 for all A in the disc. The p-synthesis
problem related to the tetrablock involves finding a holomorphic 2 x 2 matrix function
F on the disc such that F'(\;) = W; for all j, and the structured singular value (for the
diagonal matrices with entries in C) of F'(A) is less than or equal to 1 for all A in the disc.

For the symmetrised bidisc and for the tetrablock, we study the structure of inter-
connections between the matricial Schur class, the Schur class of the bidisc, the set of
pairs of positive kernels on the bidisc subject to a boundedness condition, and the set of
holomorphic functions from the disc into the given inhomogeneous domain. We use the
theory of reproducing kernels and Hilbert function spaces in these connections. We give a
solvability criterion for the interpolation problem that arises from the p-synthesis problem
related to the tetrablock. Our strategy for this problem is the following: (i) reduce the
p-synthesis problem to an interpolation problem in the set of holomorphic functions from
the disc into the tetrablock; (ii) induce a duality between this set and the Schur class of
the bidisc; and then (iii) use Hilbert space models for this Schur class to obtain necessary

and sufficient conditions for solvability.
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Chapter 1. Introduction and historical remarks

1.1 Introduction

Research by several mathematicians over the last few years indicates a rich structure
of interconnections between four naturally arising objects of analysis. We introduce this
structure, and construct correspondences to illustrate it. We use the theory of reproducing
kernels and Hilbert function spaces to aid in these constructions. Better understanding
of the structure is expected to contribute in solving extremal problems in the context of
control engineering.

The rich structure can be summarised by the following diagram:

S Ry

| >]

Hol (D, X) +—— S,

which we call the rich saltire. Whereas S?*? and S, are classical objects that have been
studied greatly, Hol (D, X') and R; are relatively new and have been introduced over the
last two decades in connection with the robust stabilisation problem (see, for example,
[1, 3, 11]). The objects are defined as follows:

Hol (D, X') := {holomorphic functions from D to X},

where D is the open unit disc and X is either the symmetrised bidisc or the tetrablock;
82%2 is the 2 x 2 matricial Schur class; S, is the Schur class of the bidisc D?; and R, is
the set of pairs (N, M) of holomorphic kernels on D? such that the function defined by

(Za)‘awmu) = 1-— (1 —EZ)N(Z,)\,U),/L) - (1 _ﬁ)‘)M(Za)‘awau)v

is a rank 1 kernel on D?.

In the case of the tetrablock, we apply our results to obtain a solvability criterion for
an interpolation problem from the disc to the set of 2 x 2 matrices with entries in C,
subject to a boundedness condition. Similar results were obtained for the symmetrised
bidisc by J. Agler [UC San Diego, USA], Z. A. Lykova [Newcastle University, UK] and N.

J. Young [Leeds and Newcastle Universities, UK] in [3], we formalise these results in the
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1.2. H® control and p-synthesis

context of the rich saltire. Our strategy to obtain the criterion is the following: (i) reduce
the problem to an interpolation problem in the set of holomorphic functions from the
disc into the tetrablock; (ii) induce a duality between this set and Sy; and then (iii) use
Hilbert space models for S; to obtain necessary and sufficient conditions for solvability.
The criterion states that the interpolation problem is sovable if and only if there exists
positive 3n-square matrices IV, of rank at most 1, and M that satisfy a matrix inequality
obtained from the interpolation data (see Theorem 4.4.2).

This research is a step towards the use of several complex variables as a tool for repre-
senting and analysing the uncertainty of models used in engineering design, particularly
in the design of robust automatic controllers.

In this thesis, any results that we use have a reference to the people who proved them
or where we found them. All results without references are proved by D. C. Brown, Z. A.

Lykova and N. J. Young.

1.2 H*® control and p-synthesis

H*® control is a topic in control engineering and was heavily developed during the 1980’s.
Previously, control engineering theory tried to approximate desired frequency domain per-
formance, in the sense of mean-square-error. The main methods for classical control often
relied on trial and error, and so H> engineering arose to provide a more precise method
for optimising worst-case error in the frequency domain. This more precise approach is
useful in converting an engineering problem into a problem that can be treated with a
mathematical optimisation package. Numerous authors have covered the topic of H*>
control, for example, B. A. Francis [University of Toronto, Canada] in [40], and J. W.
Helton [UC San Diego, USA] and O. Merino [University of Rhode Island, USA] in [43].

D. Sarason [UC Berkeley, USA] gave an effective technique in [59] to deal with certain
interpolation problems that arise from H> control, in particular, the Carathéodory and
Nevanlinna-Pick problems. His technique is operator theoretic and so demonstrates a
connection between these interpolation problems and operator theory. There has been
a lot of research to develop connections of this type, for example, the book [56] of J.
R. Partington [Leeds University, UK] studies the problems of recovery and worst-case
identification, and gives the application of these to H* control.

An important aspect of modern control engineering is robustness. One approach to
the design of stabilising controllers, for linear time-invariant systems, that are robust with
respect to structured uncertainty, is that of H* control, which leads to an optimisation
problem over a class of holomorphic matrix functions on the disc. The book [57] of
Partington focuses on the connections between linear operators and linear systems, and
considers the stability of such systems. It includes a theorem of M. C. Smith [University
of Cambridge, UK] from [60], which connects stability with transfer functions and coprime
factorisations. In addition, it draws on a number of papers, for example, [42] by Smith

with T. T. Georgiou [University of Minnesota, USA], to show that the gap topology is
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1.2. H® control and p-synthesis

the correct topology to measure the distance between two linear systems in regards to
robustness.

More recent papers of Partington include research on inner functions and Toeplitz
kernels, for example, [28, 29] with I. Chalendar [Université du Lyon, France] and P.
Gorkin [Bucknell University, USA], and [26, 27] with M. C. Camara [Instituto Superior
Técnico, Portugal|, respectively.

The symbol i denotes the structured singular value, of an operator or matrix, cor-
responding to a given uncertainty class. It is a type of cost function that generalises
the operator and H* norms, and was introduced by J. C. Doyle [Caltech, USA] and
G. Stein [Honeywell Laboratories, USA] in [33], with further work by Doyle in [31] and
[32]. The motivation for the structured singular value was the desire to achieve a less
conservative stabilising controller by incorporating known structural information. The
p-synthesis problem involves the construction of holomorphic matrix valued functions on
the disc which are subject to interpolation conditions and a boundedness condition. It
can be shown, for certain cases of u-synthesis, it is equivalent to construct holomorphic
functions from the disc to a particular inhomogeneous domain, subject to interpolation
conditions. Attempts to solve cases of the p-synthesis problem have led to the study of a
number of these domains.

A good description of robust stabilisation and p-synthesis can be found in the book
[36] of G. E. Dullerud [University of Illinois, USA] and F. G. Paganini [Universidad ORT,
Uruguay|. For our purposes a structure is a linear subspace of

M (C) := {[my]i 2, :myy € Corall 1 <i<n, 1 <j <m}.

For a structure £, we define the structured singular value of M € M,,x,(C) by

1
inf {||E||: E € € and [ — ME is singular}’

pe(M) ==

where we set pg(M) = 0if [—M E isnon-singular forall E € €. Let D := {2z € C: |z] < 1}
be the open unit disc. Then the p-synthesis problem, for a structure £, is to construct
a holomorphic matrix function F' : D — M,,+,(C), which satisfies a finite number of
interpolation conditions, and is such that pg(F(X)) < 1 for all A € D.

We highlight two special cases of the structured singular value. If we consider the

structure £ = M, (C), then pg is the operator norm || - ||. If we consider the structure
which is the linear subspace of M,,,,(C) := M,,(C) given by

E={A: )€ Cand I is the identity matrix in M, (C)},

then pg is the spectral radius p of a square matrix. One reason we highlight these two
cases is that they can be considered extremal cases. Indeed, for any structure £ and any
M € M5, (C), we have pug(M) < ||M]| and if, in addition, m = n and £ contains the
identity matrix then p(M) < pg(M).



1.2. H® control and p-synthesis

The other reason we highlight these cases is that the associated p-synthesis problems
become examples of more familiar problems. In the case that ug = || - ||, the p-synthesis
problem becomes the classical Nevanlinna-Pick problem as discussed by many authors,
including J. A. Ball [Virginia Tech, USA], I. Gohberg [Tel Aviv University, Israel] and
L. Rodman [College of William and Mary, USA] in [15]. In the case that us = p, the
p-synthesis problem becomes the spectral Nevanlinna-Pick problem as discussed by, for
example, H. Bercovici [Indiana University, USA], C. Foiag [Indiana University, USA] and
A. Tannenbaum [Stony Brook University, USA] in [19]. In particular, if we take us = p
in the case of 2 x 2 matrices then the p-synthesis problem becomes the 2 x 2 spectral

Nevanlinna-Pick problem, which is an interpolation problem that can be stated as follows.

Question 1.2.1. Let Ay, ..., A\, be distinct points in D. Let Wi, ..., W) € My(C) be such
that p(W;) < 1for j =1,...,n. Does there exist a holomorphic function F : D — M;(C)
such that F'(\;) =W, for all j =1,...,k, and p(F(N)) <1 for all A € D?

Agler and Young showed in [11] that this question is equivalent to an interpolation
problem in the set of holomorphic functions from the disc to the symmetrised bidisc.
Moreover, Agler, Lykova and Young showed in [3] that this interpolation problem can be

used to find a criterion for which Question 1.2.1 is solvable.

We highlighted the extremal case in the setting of 2 x 2 matrices, that is, the case
of u = p. The ‘next’ case we can consider is the structure that contains the diagonal

matrices in My(C), that is, we consider the structure

Diag:z{[z O] :z,weC},
0 w

in this case, the p-synthesis problem can be stated as follows.

Question 1.2.2. Let Ay,..., \x be distinct points in D. Let Wi, ..., Wy € My(C) be
such that ppiag(W;) < 1 for j = 1,...,n. Does there exist a holomorphic function
F : D — My(C) such that FI(\;) = W, for all j =1,...,k, and ppiag(F(A)) < 1 for all
A eD?

Young with A. A. Abouhajar [Newcastle University, UK] and M. C. White [Newcastle
University, UK] showed in [1] that this question is equivalent to an interpolation problem
in the set of holomorphic functions from the disc to the tetrablock. We show, in Chapter
4, that this interpolation problem can be used to find a criterion for which Question
1.2.2 is solvable. The strategy is: (i) to induce a duality between the set of holomorphic
functions from the disc to the tetrablock, and a subset of Sp; and then (ii) use Hilbert

space models for S; to obtain necessary and sufficient conditions for solvability.
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1.3. Main results

1.3 Main results

Our first main result appears in Section 4.3.1, and gives the existence of a function in
S¥? ;= {F :D — My(C) : F is holomorphic and ||F()\)|| < 1 for all A € D}

for each holomorphic function from the disc to the tetrablock. Let

E = {(z1,22,73) € C*: 1 — 212 — 2w + z32w # 0 for all z,w € D}
be the tetrablock, and let T := {z € C: |z| = 1} be the unit circle. Then the result is:
Theorem 4.3.1. Let 2 = (1,29, 23) € Hol (D, E). Then there exists a unique

Fll F12

F21 F22

c 82><2

such that x = (Fi1, Fas, det F'), |Fia| = |Fo1| almost everywhere on T, Fio is either outer
or 0, and Fi5(0) > 0. Moreover, we have

1= W(w, z(p)¥(z,2(N)) = (1 —wz)y(p, w)y(A, 2) + (e, w) (I = F(p) F(A)n(A, 2)
for all z, \,w, u € D, where

Wizl = I 0 -

for all z, A € D.

The proof of Theorem 4.3.1 is constructive, and is used to produce a map from
Hol (D, E) to 82*2. The proof uses the inner-outer factorisation of non-zero H> func-
tions to construct the appropriate function in S?*2. The identity is proved by using the
realisation formula for functions on D, and the fact that, for the constructed function F,

we have

U(z,2(0\) = Fi(A) + Fia(A)2(1 — Faa(N)2) " Fay (\)

for all z, A € D. The identity is a useful tool in the construction of a number of our other
correspondences.
Our second main result appears in Section 4.4, and comes from our study of the rich

structure of interconnections between Hol (D, E), S2*2,
S, := {holomorphic functions from D? to D}

and Ry, where D := {z € C : |2| < 1} is the closed unit disc. The result gives a criterion

for the solvability of an interpolation problem in Hol (D, E). The strategy is: (i) to induce
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1.3. Main results
a duality between Hol (D, E) and a subset of S; and then (ii) use Hilbert space models

for Sy to obtain necessary and sufficient conditions for solvability. The result is:

Theorem 4.4.1. Let Ay, ..., \, be distinct points in D, and let (21}, vo;,73;) € E be such

that xq;x9; # x3; for j =1,...,n. Then the following are equivalent.

(i) There exists a holomorphic function x : D — E satisfying
z(N;) = (215, Tej, x35) for j=1,... n;
(i) there ezists a rational E-inner function x satisfying
z(N;) = (215, Tej, x35) for j=1,... n;

(iii) for every distinct points z1, zo, 23 € D, there exist positive 3n-square matrices N =
[Nilvjk];ff’zlﬁl’kzl of rank at most 1, and M = [Milyjk]Z’f’:Ll’kzl such that, for1 <i,j <
nandl <l k<3,

A3 — T 2R3 — Xy

Toi2| — 1 Toj2) — 1 ( lek) Lk + ( J) l,jk

(iv) for some distinct points zy, z2, 23 € D, there exist positive 3n-square matrices N =

[Nildk]Zf:l,l,k:l of rank at most 1, and M = [Mil,jk]?,f):l,l,kzl such that

1— RT3 — T1g kT35 — Ty

> (1 — Z21) Ny i 1 — MMy el
Tozp— 1 wojz—1 | 7 I Zi%) l’]k] + [< J> ld’f}

Although Theorem 4.4.1 concerns the solvability of an E-interpolation problem, by use
of the result of Abouhajar, White and Young in [1] that connects E-interpolation prob-
lems with the p-synthesis problems described by Question 1.2.2, we obtain the following

criterion for which the associated p-synthesis problem is solvable.

Theorem 4.4.2. Let A\, ..., \, be distinct points in D, and let

j j
Wy Wy

J J

be such that pupie(W;) < 1 and wwly # det W for j = 1,...,n. Set (15, a5, Ts;) =
(wl,, wly, det W;) € E for each j = 1,...,n. Then the following are equivalent.

(i) There exists a holomorphic function F' : D — My(C) such that F(X\;) = W; for
Jg=1,....n, and ppiag(F (X)) <1 for all A € D;

(ii) there exists a holomorphic function x : D — E satisfying

r(N;) = (w15, w25, x35) for j=1,....m;



1.4. Description of results by section

(iii) for some distinct points z1, 29,23 € D, there exist positive 3n-square matrices N =

[Niz,jk]23il7l’k:1 of rank at most 1, and M = [Mil,jk]Z}'gzl,l,kﬂ such that

Z1T3; — T14 RT3 — Ty

1— > [(1 — Ziz) Na i) + [(1 - )\_iAj)Mil,jk} .

TR — 1 T2j2k — 1

1.4 Description of results by section

In Chapter 2, we consider the connections between $?*2, S, and R,. In Section 2.1, we
give a realisation formula for functions on D, and, in Section 2.2, we use this to define a

map from 8?*2 to S,. In Section 2.3, we define a map from S?*? to the set
Ry :={(N,M): N,M, Ky are holomorphic kernels on D? and Ky has rank 1},
where Ky : D? x D* — C is the function given by
Kny(z,\w,p) :=1— (1 —wz)N(z, \,w, 1) — (1 — @A) M(z, A\, w, p)

for all 2, \,w, u € D. The map takes each F' € §?*? to the pair of kernels (Np, Mr) € R,
which are defined by

= F(p) F()
1— i\

NF(Z’ A w, lj“) = 7(/@ w)'Y()‘a Z) and MF(Z7 A w, :u) = 77(”? w) 77(/\v Z)

for all z, \,w, u € D. The functions v and 7 are given by

-1 an z) = !
1A 2) = (1 = Fa(A)2)™ Fau(A) and n(A, 2) [zv(% Z)]

for all z, A\ € D. In Section 2.4, we construct a function = € §?*2 for each pair of kernels

in the subset of R; defined by
Ri1:={(N,M) € Ry : N has rank 1},

and use this to define a set map from Ry; to S?*2. We show that by taking (Nz, M=) we
get back the pair of kernels in Rq;. In Section 2.5, we give a set map from R, to Ss, and,
in Section 2.6, we give a set map from Sy to R;. Where possible, we investigate how the

maps of this chapter interact with one another.

In Chapter 3, we study the structure of interconnections between the sets Hol (D, X),
§%%2 S, and R; in the case that X is the symmetrised bidisc. In Section 3.1, we give

some historic remarks on the symmetrised bidisc,

I'i={(z1 + 22, 2122) 1 21,22 € D},

7



1.4. Description of results by section

and describe the connection between I' and p-synthesis. In Section 3.2, we discuss the
necessary background for I', including the distinguished boundary of I' and I'-inner func-
tions. In Section 3.3, we construct the maps that illustrate the interconnections between
Hol (D, T), §*2, S, and R;. Some of the results in this section are contained in [3, 4, 8, 12],
and references are given for where each of these results originally appeared. We formalise
the results and bring them together in order to better understand the rich structure; we

fill the gaps and add any connections that do not appear in these papers.

In most of Section 3.3, we consider the connections between Hol (D, T"), $**2 and S,.
We construct a unique function in §**? for each function in Hol (D,T'), and provide a
map from §?*2 that recovers the function in Hol (D, T"). We produce a bijection between
Hol (D,T") and the subset of Sy that contains the functions ¢ for which ¢(-,A) has the

form

a(N)z 4+ b(N)

b(N)z 4 ¢(N)
for all A € D. In the remainder of Section 3.3, we consider the connections between
Hol (D, T") and the kernel set R;. We use the results of Chapter 2 to define a set map
from Rq; to Hol (D, T"). Where possible, we investigate how the maps of Chapter 2 interact
with the maps involving Hol (D, I") that were obtained in the first half of the section.

In Section 3.4, we give a criterion for the solvability of a I'-interpolation problem, and
discuss the process of obtaining a solution to this problem. These results are proved in
[3]. We give concluding remarks on how the criterion for solvability of the I'-interpolation

problem connects with the associated p-synthesis problem.

In Chapter 4, we study the structure of interconnections between the sets Hol (D, X),
8228, and R, in the case that X is the tetrablock. In Section 4.1, we give some historic

remarks on the tetrablock,

E = {(z1,22,23) € C*: 1 — 212 — 2w + x32w # 0 for all z,w € D},

and describe the connection between E and p-synthesis. In Section 4.2, we discuss the
necessary background for E, including the distinguished boundary of E and E-inner func-
tions. In Section 4.3, we construct the maps that illustrate the interconnections between
Hol (D, E), $?*2, S, and R;.

In the majority of Section 4.3, we consider the connections between Hol (D, E), S22
and S;. We construct a unique function in $2*2 for each function in Hol (D, E), and provide
a map from $**2 that recovers the function in Hol (D, E). We produce a surjection from
Hol (D, E) to the subset of S, that contains the functions ¢ for which (-, A) has the form

a(\)z + b(\)

T TNz 1

for all A € D, where ¢ is holomorphic and if a(\) = b(A)c(A) for some A € D, then,

in addition, |c(A)] < 1. We finish Section 4.3 by considering the connections between

8



1.5. Historical remarks
Hol (D, E) and the kernel set R;. Using the results of Chapter 2, we define a set map
from Ry, to Hol (D, E). Where possible, we investigate how the maps of Chapter 2 interact

with the maps involving Hol (D, E) that were obtained in the rest of the section.

In Section 4.4, we prove a criterion for the solvability of an E-interpolation problem.
The strategy is: (i) to induce a duality between Hol (D,E) and a subset of S,, and
then (ii) use Hilbert space models for Sy to obtain necessary and sufficient conditions
for solvability. We give concluding remarks on how the criterion for solvability of the
E-interpolation problem connects with the associated p-synthesis problem.

An appendix contains the necessary supplementary material. Chapter A contains
examples from control engineering, and Chapter B contains the required background
material. In Section B.1, we give definitions and results we wish to use but not discuss in
depth. In Section B.2, we give a realisation formula and a number of related results. In
Section B.3, the required definitions and results from the theory of reproducing kernels

and Hilbert function spaces are given.

1.5 Historical remarks

Engineers often represent modelling error as a linear fractional transformation of an un-
known element of a structured uncertainty class, in this case, the problem of designing
controllers that are robust with respect to uncertainty leads to questions that are in the
areas of operator theory and several complex variables. One direction is the engineering
problem of p-synthesis, which has led to the study of certain inhomogeneous domains
that enjoy a rich function theory and operator theory.

The topics of this section represent a rich area of research with many active authors.
As we cannot cover everything, our aim is to illustrate some of the areas and give an
insight into the type of research that has been carried out. In particular, we want to
highlight some of the alternative branches of research to ours, which exist in this area.

In [11], Agler and Young proved that there is an equivalence between the solvability of
the 2 x 2 spectral Nevanlinna-Pick problem and the solvability of an interpolation problem
in the set of holomorphic functions from the disc to the symmetrised bidisc. The spectral
Nevanlinna-Pick problem is a special case of the pu-synthesis problem, and is a variant of
the classical Nevanlinna-Pick problem, as studied by Pick in 1916 and Nevanlinna in 1919.
The paper [11] includes a realisation formula for holomorphic functions from the disc to
the symmetrised bidisc, which is a useful tool in the study of the domain, and answers,
for dimension two, the problem posed by Ball and Young in [18]: to find a realisation
formula for holomorphic functions from the disc to the symmetrised polydisc.

Since Agler and Young’s first paper on the subject, the study has led to other domains
related to cases of u-synthesis. D. J. Ogle [Newcastle University, UK] studied the sym-
metrised n-disc in his thesis [53]. Ogle proves a necessary condition for the solvability of
the spectral Nevanlinna-Pick problem that extends the necessary condition of Agler and

Young in [9] for the 2 x 2 spectral Nevanlinna-Pick problem. He uses the approach of
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1.5. Historical remarks

Agler and Young to reduce the n xn spectral Nevanlinna-Pick problem to an interpolation
problem in the set of holomorphic functions from the disc to the symmetrised n-disc, and
then consider commuting n-tuples of operators that have this domain as a complete spec-
tral set. Ogle uses this condition to find an upper bound on the Carathéodory distance

between two points in the symmetrised n-disc.

Abouhajar, White and Young introduced the tetrablock in [1]. They showed that
there is a relationship between a special case of p-synthesis and interpolation in the set of
holomorphic functions from the disc to the tetrablock. One of the main results of the paper
is a Schwarz lemma for the tetrablock. They describe a large group of automorphisms
of the tetrablock, and conjecture that this group of automorphisms is the automorphism
group of the tetrablock. It was proved later, by Young in [63], that the conjecure is

correct.

Agler, Lykova and Young introduced the pentablock in [5]. The paper studies the com-
plex geometry of the pentablock, and derives a group of automorphisms of the pentablock.
It was later shown, by L. Kosinski [Jagiellonian University, Poland] in [47], that this group
of automorphisms is the automorphism group of the pentablock. Agler, Lykova and Young
also show how the pentablock arises from a special case of y-synthesis, and that this con-
nection is more subtle than the similar connections that exist for the symmetrised bidisc
and the tetrablock.

Aside from their use in the study of u-synthesis, these domains turn out to have many
properties of interest to specialists in several complex variables and operator theory. We
give some examples. C. Costara [Ovidius University, Romania] showed in [30] that the
symmetrised bidisc is not biholomorphic to a convex set. A. Edigarian [Jagiellonian Uni-
versity, Poland] improved on this result in [37] by showing that the symmetrised bidisc
cannot be exhausted by domains biholomoprhic to convex ones. Combining this with
an earlier result of Agler and Young in [12], that the Carathédory distance, Kobayashi
distance and Lempert function coincide on the symmetrised bidisc, it follows that the sym-
metrised bidisc is a non-convex domain that satisfies the result of the Lempert Theorem
(see [45, Theorem 11.2.1]).

In [51], N. Nikolov [Bulgarian Academy of Sciences, Bulgarial, P. Pflug [Oldenburg
University, Germany| and W. Zwonek [Jagiellonian University, Poland] proved that, for
n greater than two, the Lempert function of the symmetrised n-disc is not a distance.
In particular, the Carathéodory distance and Lempert function of these domains do not
coincide. As a result, these domains cannot be exhausted by domains biholomorphic to
covex domains; this had previously been shown directly by Nikolov in [50]. In addition, the
authors show that there exist, for any dimension greater than two, bounded pseudoconvex
domains that cannot be exhausted by domains biholomorphic to covex domains, but for

which the Carathéodory distance and Lempert function coincide.

Edigarian, Kosinski and Zwonek showed in [39] that the tetrablock is an example of a

domain that cannot be exhausted by domains biholomorphic to convex domains, but for
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which the Carathéodory distance and Lempert function coincide. More information on
these topics can be found in the book [45] of Pflug with M. Jarnicki [Jagiellonian Univer-
sity, Poland]. The book is about the study of invariant pseudodistances and pseudometrics
in several complex variables, and is a useful collection of many results from this area. The
authors include chapters on the symmetrised polydisc and on Lempert’s theorem, and

sections on complex geodesics in the symmetrised bidisc and in the tetrablock.

Edigarian and Zwonek studied the geometric properties of the symmetrised polydisc
in [38]. They describe all proper holomorphic mappings of the symmetrised polydisc, and
apply their results to the study of the spectral unit ball in M,,(C"). They show that,
for a proper holomorphic self-map of the spectral unit ball, there exists a finite Blaschke
product such that the spectrum of the map evaluated at a point in the ball is equal to
the Blaschke product applied to elements of the spectrum of that point. This is a partial
generalisation of a result of White with T. J. Ransford [Laval University, Canada] in [58].

In [48], Kosinski and Zwonek discuss three notions of m-extremal holomorphic maps,
and the relations between them in the general case, and in special cases, including the
symmetrised bidisc and the tetrablock. They showed that weak 3-extremal maps in the
symmetrised bidisc are rational, which gives a partial positive answer to the question of
Agler, Lykova and Young in [4] that asks if this is true for m-extremal maps. In [4], the
authors introduced the class of m-extremal maps, and explored it in relation to the finite
interpolation problem for holomorphic functions from the disc to the symmetrised bidisc.
They give a sequence of necessary conditions for solvability that are of strictly increasing

strength.

Agler and Young proved a Commutant Lifting Theorem for the symmetrised bidisc
in [9], which led to the study of I'-contractions. In [10], Agler and Young developed a
model theory for I'-contractions; they show that any I'-contraction is unitarily equivalent
to the restriction to a common invariant subspace of the orthogonal direct sum of a I'-
unitary and the adjoint of a pure I'-isometry. This was taken further by T. Bhattacharya
[IIT Kharagpur, India, S. Pal [IIT Bombay, India] and S. Shyam Roy [IISER Kolkata,
India] in [21]. They construct an explicit I-isometric dilation for any I'-contraction, the
existence of which follows from the results of Agler and Young. Moreover, they show that
a commuting pair of operators is a I'-contraction if and only if the fundamental equation

of the pair can be solved with a solution of numerical radius less than or equal to one.

In [20], Bhattacharya constructed a tetrablock-isometric dilation for a
tetrablock-contraction whose fundamental operators satisfy certain commutativity condi-
tions. Pal showed in [54] that there is a tetrablock-contraction which does not dilate to
a tetrablock-isometry, and so demonstrated the failure of rational dilation on a domain
in C3. In a different direction, M. A Dritschel [Newcastle University, UK] and S. Mc-
Cullough [University of Florida, USA] showed in [34] the failure of rational dilation on a

triply connected domain in C.

In [55], Pal showed that every tetrablock-contraction can be uniquely written as a
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direct sum of a tetrablock-unitary and a completely non-unitary tetrablock-contraction.
Moreover, for certain conditions on the fundamental operators of the tetrablock-contraction,
he showed the tetrablock-contraction is the restriction to a common invariant subspace
of the orthogonal direct sum of a tetrablock-unitary and a pure tetrablock-co-isometry.

Shyam Roy with G. Misra [IISc Bangalore, India] and G. Zheng [Chalmers and Gothen-
burg Universities, Sweden] studied in [49] a class of weighted Bergman spaces on the sym-
metrised polydisc that isometrically embed as a subspace in the corresponding weighted
Bergman space on the polydisc. Using their embedding, the authors compute the kernel
function for the weighted Bergman spaces on the symmetrised polydisc. In particular,
they show that the collection of all these kernel functions contains the Szeg6 and Bergman
kernels on the symmetrised polydisc.

The theory of reproducing kernels and Hilbert function spaces is a useful tool in
treating certain interpolation problems. One use comes from a result of Agler in [2], that
functions in the Schur class of the bidisc have a realisation in terms of a pair of kernels. As
the proof of this is non-constructive, these pairs have been studied by a number of authors
in order to produce a canonical pair, for example, in [16] by Ball with C. Sadosky [Howard
University, USA] and V. Vinnikov [Ben Gurion University of the Negev, Israel], in [22] by
K. Bickel [Bucknell University, USA], and in [23] by Bickel with G. Knese [Washington
University, USA].

In [6], Agler with J. E. McCarthy [Washington University, USA| developed an operator
theoretic approach to interpolation problems of Pick type. The book is also a good
introduction to the theory of reproducing kernels and Hilbert function spaces. Other
authors have considered this topic too, for example, Ball with T. T. Trent [University of
Alabama, USA] in [17], and Dritschel and McCullough in [35]. More recently, in [7], Agler
and McCarthy obtained a criterion for solving a Pick interpolation problem on a basic
open set, and its generalisation to extending bounded free holomorphic functions off free
varieties. In addition, they give a description of all solutions of a solvable Pick problem.

The study of the inhomogeneous domains, and related topics, brings together a diverse
range of researchers including pure and applied mathematicians, computer scientists and
engineers. This is because, in addition to the interest from several complex variables and
operator theory, there is interest in the applications of the area to problems in control
theory. Evidence that the area has a thriving international community can be seen,
for example, in the 2014 international workshop ‘Function theory in several complex
variables in relation to modelling uncertainty’ at the ICMS in Edinburgh, which was
ICMS/EPSRC/LMS/Newcastle University funded. The workshop was well attended and
there were many interesting talks from specialists in mathematics and engineering. Details
of the presentations given can be found on the workshop website: http://www.icms.org.

uk/workshops/functiontheory#presentations.
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Chapter 2. The realisation formula and kernels on D?

In this chapter, we construct maps between S?*2, S, and R;. Where possible, we inves-
tigate how the maps interact with each other. We label the maps in accordance with the

following diagrams:

T
2X2 2X2 4——
S ST2—— TR,

Upper E
\ Right SlTRight N
SE
82 82

The maps in this chapter are used in Chapter 3 to study the rich saltire in the case of the
symmetrised bidisc, and in Chapter 4 to study the rich saltire in the case of the tetrablock,

however they are independent of either set and so we have collected them in this chapter.

2.1 The realisation formula

Recall that $?*? is the set of holomorphic functions F' : D — My (C) such that [|[F(\)|| <1
Fii Fio

F21 F22

for all A € D. For I = € 8?2, we define a linear fractional transformation

by
Frm(2) = Fiu(N) + Fia(A)2(1 = Foa(A)2) " Far(A)

for all z, A € D. Furthermore, we define two functions by
_1 1
YA 2) = (1= Fna(N)2)  Far(A) and (A, 2) i=

zv(A, 2)

for all z, A € D. If F5; = 0 then v is the zero map. Note that, for z, A\ € D, since
|Fao(A)| < 1, we have 1 — Fi(A)z # 0, and so Fry(2), 7(A, 2) and n(A, z) are all well
defined.

Fiy Fio

21 F22

Proposition 2.1.1. Let F = € §**2. Then

1 — Fry(w)Froy(2) = v, w)(1 —w2)y(A, 2) + 1w, w)* (I — F(u)"F(A)n(A, 2)

for all z,\,w, € D. Moreover, for z,A\ € D, we have Fr(z) is holomorphic and
|fF(A)(z)| <1.
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22 SE:8%? = S,
Proof. The required equality follows immediately if we let H = G = U =V = C,
P=F(\), Q= F(u), X =zand Y = w in Proposition B.2.1. Moreover, by Corollary
B.2.2; since ||F(N)|| < 1 for all A € D,

| Frog(z)] <1 for all 2z, A € D.

We note that, by Remark B.2.3, 1 — Fyy(A)z # 0 for all z, A € D. Now, by Remark B.2.4,

since F' is holomorphic on D, we have Fg()(2) is holomorphic. ]

2.2 SE: 8§22 5 S,

Recall that S, is the set of holomorphic functions from D? to . Proposition 2.1.1 shows,

for each F' € §?*2, there is such a function. This motivates the following definition.

Definition 2.2.1. We define SE : $2*? — S, by

F+— SE(F):D*> =D
for all F € §2*2, where
SE (F)(Z, )\) = _‘FF(A) (Z) = —FH()\) — F12<)\)Z(1 — FQQ()\)Z)ilF’Ql()\)

for all z, A € D.

That SE is well defined follows immediately from Proposition 2.1.1.

Fll F12

Remark 2.2.2. Let F' = . If either 5 =0 or Fi5 = 0, then

F21 F22

SE(F)(2,A) = =Frpy(2) = =Fu(A)

for all z,A € D. In this case, SE (F) is independent of z and, in general, can lose

information about F.

2.3 UpperE : 822 - R,

Recall that R, is the set of pairs (N, M) of holomorphic kernels on D? such that Ky 5/ is

a rank 1 kernel on D?, where K N 1s defined by
KN,M(Za )‘7w7:u) =1- (1 - EZ)N(Z, )‘7w7/JJ) - (1 o ﬁ)‘>M(Zv )‘7 w, :u)

Fll F12

for all z, \,w,u € D. Let F =
Fy1 Fa

€ §?*2. By Proposition 2.1.1,

1= Fr(w)Froy(2) = (1, w) (1 = w2)y(A, 2) + 0k, w)" (I = F(p)"F(X)n(X, 2)
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for all z, \,w, u € D, where

-1 an z) = !
(A, 2) = (1 = F(M)z)” Fau(A) and (A, 2) Lfy()\, z)]

for all z, A\ € D. Define Ny : D? x D? — C and My : D? x D?> — C by

J = F(p)FQ)

A
= n(A, z)

NF(Zv A w, /“L) = 7(:“7 U})’)/()\, Z) and MF<Z7 A w, :u) = 77(/% w)

for all z, \,w, u € D. Clearly Nr and Mp are well defined. The following lemma motivates
our definition of Upper E.

Fi1 Fig
Fo1 Fa
morphic kernels on D?. Moreover,

Proposition 2.3.1. Let F' = € 822, Then N, Mp and Ky, u, are holo-

KNFaMF(Z7 A, w, :u) = '/—'-F(u) (w)-FF(A)(Z)

for all z,\,w, p € D, that s, Kn, v, has rank 1.

Proof. By Proposition B.3.22, since v : D?> — C, we have Np is a kernel on D?. By
Corollary B.3.32, since 1 : D? — C?, we have My is a kernel on D?. By Proposition 2.1.1,

1 = Fry(w)Froy () =(1 = 0z)Np(z, A, w, p) + (1 = gA) Mp(z, A, w, p)
for all z, \,w, u € D. Hence

KNF,MF(Z7 >‘a w, ILL) = ‘FF(H) ('UJ)JT"F()\)(Z)

for all 2, \,w,u € D. By Corollary B.3.23, Ky, s, is a rank 1 kernel on D?. Tt is clear
that Np, Mp and Ky, . define holomorphic kernels. O

Fll F12

Far Fao
Np = 0 and is the trivial kernel on D?. If Fy; # 0 then, by Corollary B.3.23, the kernel

Nr has rank 1, since

Remark 2.3.2. Let F' = € §%%2. If Fy; = 0, and so v is the zero map, then

Np(z, A w, 1) = y(p, w)y(A, 2)
for all z, \,w, u € D.

Definition 2.3.3. We define UpperE : S22 — Ry by
UpperE (F) = (NF, MF)

for all F € §%*2.

That Upper E is well defined follows immediately from Proposition 2.3.1.
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F F:
Remark 2.3.4. Tet F = | "' | € 822 If Fy; = 0 then Ny = 0 and
F21 FQQ
1 (1] [P Fia ) Fuy (1) Fia (A 1
My (2, M, pt) = —— 11 (1) Fii(\) 11 (1) Fia(A)
L=TA 0] |Fia(p)Fii(A)  Fia(p) Fia(A) + Fao(p) Fag(N) ] |0
_1-FawFu(y)
1— 7\

for all z, \,w, u € D. If either F51 = 0 or Fj5 = 0, then, by Proposition 2.3.1 and Remark
2.2.2,

Knp vy = Fry(w)Froy(z) = Fu(p) Fu(A)
for all z, \,w, u € D. Clearly, if F5; = 0 then we lose information about F' when we pass

to (Np, Mp), since we only retain Fi;.

Remark 2.3.5. We could consider the following alternative realisation formula. Let
Fii Fio

F21 F22

] € §?*2. Define

V(A 2) = Fu(AW) (1 — Fri(A)2) ™ and (A, 2) := [w(f’ z>]

for all z, A € D. If Fi5 =0 then v is the zero map. Let

NEameary

]._HA 'U()\,Z)

FN(z, A\ w, 1) = v(p,w)v(A, z) and pM(z, \,w, 1) = v(p, w)

for all z, \,w,u € D. Then, similarly to the proof of Proposition 2.3.1, it can be shown
that (pN,r M) € R4. Similarly to Remark 2.3.4, if Fj5 = 0 then pN = 0 and

1 — Fhy(p) Foa(N)
1— 1A

FM(Z,A,’LU,,U) =

for all z, \, w, u € D. Moreover, if either Fi5 = 0 or F5 = 0, then

KFN7FM(Z7 A w, ) = Foo(p) Foa ()

for all z, A, w, u € D. Thus we lose information about F' if Fjy = 0.

In this thesis, we consider the realisation formula as in Definition 2.2.1.

2.4 Upper W : Ry — S2*2

Let F € §2*2. By Remark 2.3.2, there are two possibilities, either the kernel Nz is 0 or
it has rank 1. As Np is used to map F into R, the image of Upper E is contained in the
proper subset of Ry containing (NN, M) such that either N is 0 or has rank 1. Clearly, we
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want Upper W to map from this subset, and so, for convenience, we separate into the two

possibilities. Recall that
Knm(z, A w,p) =1— (1 —wz2)N(z, \,w, 1) — (1 — @A) M(z, A, w, w)
for all z, \, w, u € D. Then we define two subsets of R;.
Definition 2.4.1. We define Rig C Ry by
Rio :={(N,M): N =0;M, Ky are holomorphic kernels on D? and Ky v has rank 1}
and R11 C Ry by
Ri1 :={(N,M) :N, M, Ky are holomorphic kernels on D? and N, Ky v have rank 1}.

In the proof of the next theorem, we describe the procedure by which we construct a
function in $?*2 from a pair of kernels in R, we refer to this as Procedure UW. First,

we give a lemma which provides the existence of functions required in the construction.

Lemma 2.4.2. Let (N, M) € Ri1. Then Hy and Hg,,, are 1-dimensional, and
N(Zv A w, M) = GN(UJ, :u)eN(za >‘) and KN,M(Z’ Aw, :U’) = €Knum (w7 /’L)eKN,JW (Z, )‘)

for all z,\,w,n € D, where {ex} and {ek, ,,} are orthonormal bases of Hy and Hy

respectively.

Proof. Since (N, M) € Rq1, we have N and Ky s are rank 1 kernels, and so Hy and
H iy, are 1-dimensional. Let {ex} and {ek, ,, } be orthonormal bases of Hy and Hg, ,,,

respectively. By Proposition B.3.6,
N(Z, A w, :u) = eN(w’ M)eN(Z7 )‘) and KNJV[(Zv A w, N) = CKnm (U}, M)GKN,]\/I(Z7 )‘)
for all z, \,w, u € D. O

Theorem 2.4.3. Let (N, M) € Ryy. Then there is a function = € §**? such that

o)
2f(z,2) f(z2)

for all z, A € D, where f € Hy and g € Hys are such that

(1]

N(z, A w, p) = flw, 1) f(2,A) and Ky a(z, A w, 1) = g(w, 1) g(z, A)

for all z, \,w, u € D.
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2.4. UpperW : Ry — 8§2%2
Proof. (Procedure UW). Let (N,M) € R4y;. Lemma 2.4.2 guarantees the existence of
f € Hy and g € Hj; such that

N(Z7 A w, M) = f(w7 ,u)f(z, )‘) and KN,M(’Z? A w, :U’) = g(wv ,u)g(z, )‘>
for all z, \,w, u € D. By Corollary B.3.8, the functions v, x = CM(-,-, 2z, \) € Hs satisfy
M(Zv )" w, N) = <UZ,>\7 Uw7#>7'[1\4

for all z, \,w, € D, where C' is the conjugate linear operator. By the definition of Ky s,

we obtain

g<w> :U')g(zv )‘> =1- (1 - @'Z)f(wa M)f<z7 )‘) - (1 - ﬁ)‘> <UZ,)\7 Uw7ﬂ>HM

and hence

g(w, u)g(z, )‘> + f<w> N)f(/z? )‘> + <UZ)\7 UW:N>HM =1+ @Zf(wa U)f<z7 /\) + /_L)‘<Uz,>\7 Uw7ﬂ>HM

(o)) ()
2f(z ) || \wf(w, p) >

AU A MV g1

for all z, \,w, up € D. It follows that
(g(z, >) <g<w,u>>
< fEN) ||\, w) > =<
v,

A Vw,p
for all z, \,w, u € D. Hence, by Proposition B.1.22, there is an isometry

A
A

CZoH s C2pH \r

1
Ly : span (zf(z,A)) 2 eEDY 5> CPdHy
AU, A
such that
1 g(z, \)
Lo <Zf(27 A)) = (f(zn A))
)\Uz,/\ Uz

for all z, A\ € D. As the proof of Proposition B.1.22 is constructive, this isometry is
uniquely defined. We extend L to a contraction L on C? @ H,; by defining L to be 0 on

1
(span{ (zf(z,A)) 2, € DY) If we write
)\vz’,\
A B
L= CPdHy — C®Hu,
C D . .
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2.4. UpperW : Ry — §%x2
then A: C2 = C2%, B:Hy — C% C:C?> = Hy and D : Hyy — Hay satisfy

()6
2N =1 \FEA

Uz, \ Uz \

A B
C D

for all z, A € D. By expanding the last equality, we obtain

and

1
C + DAv,\ =0,
(zf(m)) AT

for all z, A € D. By Remark B.2.3, since L is a contraction, I3;,, — DA is invertible for all

A € D. Thus, we can write

_ -1 1 —
S

for all z, A € D. It follows that

. 1 ~[9(z )
(A+ BA(Iy,, — DN)7'0) <Zf(Z’A)> = (f(Z’A)>

for all z, A € D. Since L is a contraction, by Corollary B.2.2 and Remark B.2.4,
I|IFLN)|| = ||A+ BA(Iy,, — DA)'C|| < 1 for all A € D,
and Fr(\) = A + BA(I3,, — DX\)7'C is holomorphic on D. Set
Z(\) = A+ BA(Iy,, — D\)'C

for all A € D. Since A and BA(Iy,, — DA)*C are operators from C? to C?, we have
= € 82%2. Moreover, Z()) satisfies the required identity for all A € D. O

Remark 2.4.4. We could apply Procedure UW to a pair (N, M) € Ry by taking the

representation f of N to be 0. From this we would obtain a function = € §2*? such that

(-

b
for all z,\ € D. If we let = = ¢ nE then it follows easily that a = g(z,-) and ¢ = 0.
c

There is not much we can say about b and d beyond that they must be such that = € §2*2.
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Since the representations f and g used in Procedure UW are not unique, the function

= may not be unique. However, we can say something about the relationship between =

and another function obtained by Procedure UW using different representations.

Proposition 2.4.5. Let (N, M) € Ru1. Let fi, f2 € Hn; 91,92 € Hiy,, and vy, vy :
X — Har be such that

N(Z, A?“@M) = fl(wnu)fl(zv )‘) = fg(U),,U)fg(Z,/\),

Kna(z, A w, p) = gi(w, 1) g1(z, A) = ga2(w, 1) g2(z, A)

and

M(Z7)‘7wv:u) = <U1(Z’ )‘)7U1(w7:u)>"HM = <U2(Z’ )‘)7U2(wvﬂ)>HM

for all z,\,w,u € D. Let =y and Z5 be constructed from (N, M) by Procedure UW using
f1,91,v1 and fs, go, vo, Tespectively. Then

G0l (1o
o G| 0 G

Proof. By Theorem 2.4.3, we have

alm( ! > - (91(2’”) and zm)( ! ) _ (m(z, A))
Zf1(27>‘) fl(za )‘) ZfQ(Z, )\) fg(;;’ /\)

for all z,A € . By Proposition B.1.30, we have fo = (rf1 and g» = (491 for some

Cf, ¢y € T. Hence
_ 1 o 10 1
= (m@») . [0 @«] (Zfﬂﬂ))

()£ 0 F e
f2(27)‘> 0 Cf fl(zv)‘) 0 Cf Zfl(z7)‘)

for all z, A € D. By subtracting the two equations, we obtain

[ PP R B P A 1
G R R

for all z, A € D. Set

- 1 0 B Cg 0 — L B CLH()\) alg()\)
(M) [O Cf] [O CJ (M) .—Au)—[ ]

[1]

for some (1,(, € T.

[1]
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2.4. UpperW : Ry — 8§2%2

for all A € D. Then
a11(>\) + alg()\)Zfl(Z, )\) =0 and 921 ()\) + agg()\)Zfl (Z, )\) =0

for all z, A € D. Letting z = 0, we obtain a;;(A\) = 0 = ag(A) for all A € D. Let z,A € D
be such that zfi(z, A) # 0. Then a;2(A) = 0 = ag(A), and hence A(\) = 0.

Conversely, let z, A € D be such that zf;(z,A\) = 0. Since N is a rank 1 holomorphic
kernel on D?, we have f; # 0 and, by Proposition B.3.12, f; is holomorphic on D?. Thus,
by Corollary B.1.28, there is a sequence (z;, ;)32 in D? such that

lim (23, \i) = (2, M),
71— 00

and z; f1(z;, \;) # 0 for each i € N. It follows that A(\;) = 0 for each i € N, and, since A
is holomorphic on D, we have A(A) = lim; ,, A(\;) = 0. Consequently, A(A) = 0 for all

A € D, that is,
0 0
G =1(N) | for all A € D,
0 ¢ Cr

where (y,(, € T. O

1
Ep(\) =

Remark 2.4.6. Let (N,M) € Ry. Let f : (2,A) — 0 for all z2,\ € D, so that

N(z,\,w, 1) = f(w,p)f(z,\) =0 for all 2, \,w,u € D. Moreover, let vy, vy : D? — Hyy
and g1, g2 € Hry,, be such that

M(Z>/\vwv:u) = <1)1(Z, )‘)7U1(w7:u)>"HM = <U2(Z’ )‘)7U2(wv:u)>"HM

and
KN,M(Z7 )\7 w, M) =0 (wv M)gl(zv >‘) = gQ(wv :u)g?(zﬁ )‘)
for all z, \,w, u € . Then, by Proposition B.1.30, go = (¢; for some ¢ € T. Let =Z; and

=5 be constructed from (N, M) by Procedure UW using f, g1, v and f, go, vo, respectively.
Then, by Remark 2.4.4,

[1]

o [glcz,-) 61] nd =, [cglm b2]
0 d1 0 d2

for all z € D. There is not much we can say about by, d; and by, d> as we do not have an

effective way to compare them.

From Proposition 2.4.5 we obtain the following result, which motivates our definition
of Upper W.

Proposition 2.4.7. Let (N, M) € Rq. Let = be constructed from (N, M) by Proce-
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2.4. UpperW : Ry — 8§2%2

{ [COI 2)2] = [1 %] HEHCRS T} is a subset of S**2,

and is the set of all functions that can be constructed from (N, M) by Procedure UW.

Moreover, it is independent of which function = is used to define it.

dure UW. Then

Proof. By Proposition 2.4.5, any function constructed from (N, M) by Procedure UW
belongs to the set. To see that any function in the set can be constructed from (N, M)
by Procedure UW, let (;, (s € T and consider the function

G 010
0 G| [0 &

Let f and g be the representations of N and Ky js, respectively, used in Procedure UW
to construct =. By the proof of Proposition 2.4.5, applying Procedure UW to (N, M)

using the representations (o f and (;g, we obtain the function

G 0|10
0 G| |0 G|

Hence any function in the set can be constructed from (N, M) by Procedure UW, and so,
in addition, the set is contained in S$?*2.

For the last statement, suppose Z; is any other function constructed from (N, M) by
Procedure UW. Then, by Proposition 2.4.5,

G oo
o &l (o &

for some &,& € T. Let (1,(; € T. Then

Cl():lO:ClOélO:lO102(1510:10
0 G| 0G|l [0 6llo &l |o&lla 0 G&| |0 G&|’

where (1&1,(2& € T. Similarly,

G O 1 O _ & Off& Of_ |1 O]|1 0] _|G& 0 |_ |1 0
0 G0 G [0G0& T 0el0d |0 6& |0 Ge)

where (1&1, (& € T. Tt follows that

a o]_[1 o] la o] 1 oo]
e o e[ b e

and so the set is independent of which function = is used to define it. O

(1]

I
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2.4. UpperW : Ry — 8§2%2
Remark 2.4.8. Although the result of Proposition 2.4.7 may not hold for (N, M) € Ry,
we can say the following. Let (N, M) € Ry, and let g € H, ,, be such that

KN,M(Z> /\7 w, ,LL) = g<w7 :U’)g(zv >‘)

for all z, \,w, u € D. Then the set of all functions that can be constructed from (N, M)
by Procedure UW is contained in the set

{

Moreover, by Remark 2.4.6, any function constructed from (NN, M) by Procedure UW has
Cg (Za )
0
Hence, this set is independent of which function ¢ is used to define it.

[1]

)b
- [Cg(g’ ) d] : ( €'T; b,d are functions such that = € 82X2} .

the form = = for some ¢ € T, where b, d are functions such that = € §2*2.

Definition 2.4.9. We define Upper W as the set map from Ry U R to S given in
following way. For (N, M) € Ry,

Cg(z

Upper W ((N, M)) = {E = [ 0

)b
) d] :C €T, b,d are functions such that = € 82X2} ,

where g € Hiy ,, 15 such that Ky (z, A\, w, 1) = g(w, p)g(z, A) for all z, \,w,p € D. For

(N,M) € Rll;
[é z] (o € T}

where = € 8?*2 is constructed from (N, M) by Procedure UW.

G 0

UWHW“MM»:{L ¢

That Upper W is well defined follows immediately from Proposition 2.4.7 and Remark
2.4.8, since Rip N R11 = 0. We now look at how this map interacts with Upper E.

Proposition 2.4.10. Let (N, M) € Ry1. Then, for all F € Upper W ((N, M)), we have
UpperE (F)) = (N, M).
a

b
c d
F € Upper W ((N, M)). Then

|G 0 S| 0] [Ga GGb
042“06 Gec  d
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2.4. UpperW : Ry — 8§2%2

for some (q,(, € T. Hence

o Gee(p) Ge(A) ) c(A)
Ne(z Aw ) = 7200 Tody: ~ T—digw 1—dn)z ~ TeEA W)
for all z, \,w, u € D. Moreover,
wGe) | 1= FlFy) | ! }
MF(Za)Vw?/vL): 1 _ — ZCQC(A)
1—d(p)w 1 —7A Ld(/\)z
B RO P o N R ST I R
R | R T
| 1—d(p)w] L= T—d()-
| wGew | [t o]l T-2(w =) [1 0 Zi
| Tmawe lo 42] 5 [o c_] L@d&]
and so
_— S e 1
Mp(z,\,w,p) = |1 welp) | I=EW)=0) ze(A = M=(z, A\, w,
e = |1 IR | SR | ety | e

for all z, A\, w, u € D. Tt follows that Upper E (F) = (Ng, M) = (N=, Mz).
If Nz = N and Mz = M, then we have UpperE (F') = (N, M). Let f and g be the
representations of N and Ky s, respectively, used in the construction of =. Then

N(Zv )"UJ?M) = f(wnu“)f(zv )‘) and KN,M(Z7 /\vwnu) = g(wnu)g(za )‘)

for all z, \,w, u € D. Thus, by Theorem 2.4.3,

and so
a(A) +b(N)zf(z,A) = g(z,\) and ¢(\) +d(N)zf(z,\) = f(z,\)

for all z, A € D. Since Z € §?*2, we have |[d(A\)| <1 for all A € D, and so 1 — d(\)z # 0
for all z, A\ € D. Hence

c(N)

T—dN: F(2,0) and Fen(2) = a(N) +b(N)z(1 — d(N)z) e(N) = g(z,\)

for all z, A € D. It follows that

NE(Za )\,”LU,[L) = f(wnu)f(za )‘) = N(Za )\,"LU,[L)
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2.4. UpperW : Ry — 8§2%2

and

Fau (W) Fzn(2) = g(w, wg(z,A) = Ky (2, A w, p)

for all z, \, w, u € D. By Proposition 2.1.1,

1 = P (@) Fzon (2) = (1 = 02)Na (2, A, w, 1) + (1 = TN M= (2, A, w, )
and so

Knm(z,\w,p) =1— (1 —wz)N(z, \,w, u) — (1 — A Mz(2, A\, w, p)

for all z, A\, w, u € D. It follows that Mz(z, \,w, u) = M(z, A\, w, p) for all z, \,w, u € D.
Thus Upper E (F) = (N, M). O

Remark 2.4.11. Let (N, M) € Ryo. Then, for all ' € Upper W ((N, M)), we have
Upper E (F) = (N, M). Indeed, let g € Hg, ,, be such that

KN,M(Za /\7 w, ,U/) = g<w7 ,u)g(z, )‘>

for all z, \,w, u € D, and let F' € Upper W ((IV, M)). Then, for some ¢ € T, we can write

F =

Cg(za') b
0 d|’

where b and d are functions such that I’ € §*2. By Remark 2.3.4, Np = 0 = N and

1— g(wvu)g(z7 )‘) _ 1— KN,M(Zv )‘7w7u)

M = =

= M(z, \,w, u)

for all z, \,w, n € D. Hence UpperE (F) = (Np, Mr) = (N, M), as required.
Fi1 Fio

Proposition 2.4.12. Let F =
For Fao

€ 8%*2 be such that Fy, # 0. Then

UpperWoUpperE(F):{[% ;]F[(l) 2] Q,CQE']T}
2 2

Proof. We have Upper E (F') = (Np, Mp), where

_ Fa(w) P
Ni(z A w,p) = 7= Foo(u)w 1 — Fy(N)z
and
B PR ) (CV I By
Mp<z,A,w,u>—[1 1 — Fp(pyw| — 1—7A %

for all 2, \,w, € D. By Proposition 2.3.1, Ky ar, (2, A, w, 1) = Fry (w) Freny(2) for all
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2.4. UpperW : Ry — S2%2
2, w, i € D. Let = € 8§22 be constructed from (Ng, Mr) by Procedure UW using the

representations

Fau(\)
1= Fn(V)2

of Np, and (2, A) = Fp)(2) of Ky, .. Then, by Theorem 2.4.3,

(2, ) —

_ 1 ]:F()\)(Z)
:.()\) ZF21<)\) - Fgl(/\)
1-— FQQ()\)Z 1— FQQ()\)Z
for all z, A\ € D. Moreover,
Fio(N)zF5 (A
F()\) ZF21(>\) - F22()\)ZF21 ()\) - FQl(/\)
1— Fip(N)z Fy(A) + T PNz 1 — Fy(\)2

for all z, A\ € D. Hence

(E(A) = F(N)) 2Fp1 () =0
1-— FQQ()\)Z

a1 ()\) alg()\

a921 ()\) CLQQ(/\

for all z, A € D. Set Z(\) — F(\) := A(\) = [ )] for all A € D. Then

ZFgl()\>
1— FQQ()\)Z

ZFQl(/\)

— = 7 =90
1-— FQQ()\)Z

(111()\) + alz()\) =0 and 021(>\> + a22<)\)

for all z, A € D. Letting z = 0, we obtain aj;(A) = 0 = ag; () for all A € D.

Fix 0 # z € D, and suppose A € D is such that Fy () # 0. Then a12(A) = 0 = ag(N),
and hence A(\) = 0. Now suppose A € D is such that F5(A\) = 0. By Theorem B.1.25,
since Fy; is a non-zero holomorphic function on D, the zeros of Fy; are isolated. Thus

there is a sequence ()2, in D such that

lim N = A\,

1—00

and Fy1(A;) # 0 for each i € N. Since A()\;) = 0 for each i € N, and A is holomorphic on
D, we have A(A) = lim; o A(\;) = 0. It follows that A(A) = 0 for all A € D, and hence
=(N\) = F(A) for all A € D. Consequently,

Upper W o Upper E (F) = Upper W ((Ng, Mp)) = { [%1 2] F [(1) CE] (1, G € T},
2 2

as required. 0
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2.5. R1ghtS R — 82
In Proposition 2.4.12, the reason we require Fy; # 0 is: we lose information about F
when we pass to (Ng, Mp) in the case that Fy; = 0 (see Remark 2.3.4).

2.5 RightS: Ry — &
Recall that
Ry :={(N, M) :N, M, Kx  are holomorphic kernels on D? and Ky s has rank 1},
where
Knm(z, A w,p) =1— (1 —wz)N(z, \,w, 1) — (1 — A M (2, A, w, p)

for all z, \,w, u € D.

Definition 2.5.1. We define Right S to be the set-valued map from Ry to Sy given by
RightS (N, M) = {Cfwar : C € T}
for all (N, M) € Ry, where fya : D? — C is holomorphic and satisfies

Kny(z, A w, 1) = fvr(w, ) fn (2, A)

for all z, \,w, u € D.
Proposition 2.5.2. Right S is well defined.

Proof. Let (N, M) € Ry. Then, by Proposition B.3.10, there is a holomorphic f : D* — C
such that

KN,M(Zu )\,’LU,M) = f(UJ, u)f(z, A)

for all z, \,w,u € D. Suppose g is another such function. Then, by Proposition B.1.30,
g =& f for some € € T. It follows that

{¢f:CeT={Cg:CeT},

and so Right S (N, M) is independent of which function f is used to define it.
Now, let ¢ € T. Then (f : D? — C is holomorphic and, by Corollary B.1.6, since

L= f(w,p)f(z,A) = (1 =w2)N(z, A w, ) + (1 = EA)M (2, A, w, 1) = 0
for all z, \,w, up € D, we have
Cf (M =[f(z M) <1
for all z, A € D. Hence (f € S, and it follows that Right S is well defined. O
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2.5. nght S: R, — 82

We now consider how Right S interacts with some of the other maps we defined in this

chapter.

Proposition 2.5.3. Let F' € §**2. Then
Right So Upper E (F') = {(SE (F) : ( € T}.

Proof. We have SE (F)(z,\) = —Fpny(2) for all z,A € D. Moreover, UpperE (F) =
(Ng, Mp), where, by Proposition 2.3.1,

Knp e (2, A w, 1) = Frgy (w) Froy (2) = (=Fre (W) (=Fre(2))
for all z, \,w, u € D. It follows that

Right S o Upper E (F') = Right S (Np, Mp)) = {(SE(F) : ( € T},

as required. O
Proposition 2.5.4. Let (N, M) € Ry1. Then
Right S ((V, M)) = {SE(F) : F' € Upper W ((V, M))}.

Proof. Let = = [:H

=21

12

[11 [1]

] be constructed from (N, M) by Procedure UW. Then
22

UpperW((J\UW))={[%1 CO]E[(l) g] :Cl,CzeT}

= 1 2 (2,0) =SE Cl?ll C152512 (2,))
0 ¢ (2821 Ea

=—GEn(N) — Cl@?li(;l?(i;lz()\)z

=1 (—511()\) - %ﬁj&;\z)z) =G SE(2)(2,A)

and

=l o

for all z, \ € D and (;,(, € T. It follows that
{SE (F) - F' € Upper W ((N, M))} = {¢SE(Z): ( € T}
Hence, by Proposition 2.5.3,
Right So Upper E (2) = {SE (F') : F € Upper W ((N, M))}.
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2.6. RightN:S, — R,

By Proposition 2.4.10, Upper E (£) = (N, M), and so

Right S((N,M)) = {SE (F) : F € Upper W ((N, M))},
as required. O
Remark 2.5.5. Let (N, M) € Ryg. Then

Right S ((N, M)) = {SE(F) : F' € Upper W ((N, M))}.

Fll F12

" € Upper W ((N, M)). Then Fy = 0, and Fy; = (g(z,-) for
21 1’22
some ¢ € T, where g € H,,, is such that

Indeed, let F' =

KN,M<Z7 /\7 w, :u) = g(UJ, ,u)g(z, )‘>
for all z, \,w, u € D. It follows that SE (F)(z,A) = —Cg(z, \) for all z,\ € D, and so

Right S((N,M)) ={Cg: (€ T} ={SE(F): F € Upper W ((N, M))}.

2.6 Right N : Sy — R,

The following theorem gives the realisation formula for functions on D?. We omit the

proof of this theorem.

Theorem 2.6.1. [2, Proof of Theorem 1.12] Let ¢ € Sy. Then there are holomorphic
kernels N and M on D? such that

L — p(p1, p2) (A1, A2) = (1 — A1) N (A1, Mg, i, o) + (1 — T2 Ae) M (A, Ag, o, fi2)
for all Ay, Ao, pi1, o € D.

Remark 2.6.2. Theorem 2.6.1 gives the realisation formula in terms of kernels, but there
is an alternative statement, which is a consequence of [2, Theorem 1.12]. Let ¢ € Sy. Then

A B
there is a Hilbert space H = H1®Hs and a contractive operator [C’ D CoH — CoH

such that
QO(A) =A + B)\p([% — D)\p)ilc',

where )\p = )‘1[?-[1 D )\2[7.[2 on 7‘[1 D 7‘[2, for all A = ()\1, )\2) € ]D)z.

The proof of Theorem 2.6.1 is non-constructive, and so it does not give a particular
pair (N, M). Pairs of kernels that satisfy Theorem 2.6.1 are known as Agler kernels. There
has been research by a number of authors to produce a constructive proof of Theorem

2.6.1, and thus a canonical pair of Agler kernels (see, for example, [16], [22] and [23]).
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2.6. RightN:S, — R,
Recall that R; is the set of pairs (N, M) of holomorphic kernels on D? such that Ky

is a rank 1 holomorphic kernel on D?, where

KN,M(Za Avwnu) =1- (1 —EZ)N(Z,)\,U},M) - (1 —ﬁA)M(Z, >\7w7ILL)

for all z, A\, w, pu € D.

Lemma 2.6.3. Let ¢ € S;. Then every pair of Agler kernels for ¢ belongs to R;.

Proof. Let (N, M) be a pair of Agler kernels for ¢ € S;. Then

KN,M<Z7 >\7 w, :U’) = QO(UJ, N)SO(Z’ )‘)

for all z, \, w, u € D. Hence, by Corollary B.3.23, Ky, is a holomorphic kernel on D? and
has rank 1. Since N and M are holomorphic kernels on D?, we have (N, M) € R;. O

Definition 2.6.4. We define Right N to be the set-valued map from Sy to R given by
Right N (p) = {A € Ry : A is a pair of Agler kernels for ¢}

for all p € Ss.

That Right N is well defined follows immediately from Lemma 2.6.3. We now consider
how Right N interacts with Right S.

Proposition 2.6.5. Let p € Sy. Then, for all A € Right N (¢),
Right S(A) = {(¢ : ¢ € T}.
Proof. We have
Right N (¢) = {A € Ry : A is a pair of Agler kernels for ¢}.
Let A= (N, M) € Right N (¢). Then
Kyu(2, A0, 1) = p(w, 1)o(z,A)

for all z, A\, w, u € D. Hence RightS(A) = {(¢: ¢ € T}. ]

Proposition 2.6.6. Let (N, M) € Ry. Let f :D? — C be holomorphic and satisfy
Knoar(z A w, 1) = fw, 1) f(2,A)
for all z,\,w, u € D. Then, for all ¢ € Right S ((N, M)),
Right N () = Right N (f).
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2.6. RightN:S, = R,
Proof. By the proof of Proposition 2.5.2, f € S;. Clearly (N, M) € Right N (f). More-

over,

Right S ((N, M)) ={¢f : € T}.

Let ¢ € Right S ((N, M)). Then ¢ = (f for some ¢ € T. Now, for all (P, Q) € Right N (¢)
and all (R, S) € Right N (f), we have

KP,Q(Za )\711%#) = Cf(wmu)Cf(Za )‘) = f(wnu)f(z’ A) = KR,S(Za )\,w,,u)

for all z, A\, w, p € D. Tt follows that Right N () = Right N (f). O
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Chapter 3. The symmetrised bidisc

3.1 Introduction

Agler and Young introduced the symmetrised bidisc in [9]. The main result of [9] is a
commutant lifting theorem for the symmetrised bidisc. As an application of this theorem,
they proved a necessary condition for the solvability of the 2 x 2 spectral Nevanlinna-Pick
problem, which is a special case of the p-synthesis problem. This connection motivated
the study of the symmetrised bidisc.

We define the open and closed symmetrised bidiscs to be the sets
G :={(21+ 22, 2122) : 21,20 € D} and T := {(21 + 22, 212) : 21, 20 € D},

respectively. The sets G and I' are the images of the open and closed bidiscs under the
symmetrisation map

(21, 29) > (21 + 29, 2122),

which inspires their names. We note that the geometry of G is different to that of the
bidisc. (For the next proposition, see Definition B.1.23 and Definition B.1.24 for the

notions of hypoconvexity and polynomial convexity.)

Proposition 3.1.1. [12, Theorem 2.3] The set G is hypoconvez, polynomially convex and

starlike about (0,0), however, it is not convex.

Let tr and det be the trace and determinant, respectively. In [11], using the fact that
a 2 x 2 matrix M has both of its eigenvalues in D if and only if (tr M, det M) € T, Agler
and Young showed that the solvability of the 2 x 2 spectral Nevanlinna-Pick problem is
equivalent to the solvability of an interpolation problem from D into I'. More precisely

they proved the following theorem.

Theorem 3.1.2. [11, Theorem 1.1] Let Ay, ..., A, be distinct points inID. Let Wy,..., W, €
M (C) be such that p(W;) <1 for j=1,...,n, and all or none of which are scalar ma-

trices. Then the following are equivalent.

(i) There is a holomorphic function F : D — My(C) such that F(\;) = W; for j =
L,...,n, and p(F(N)) <1 for all X € D.

(ii) There is an h € Hol (D,T") such that h(\;) = (tr W, det W;) for j =1,...,n.

32



3.2. Background

In this chapter, we discuss some background material for the symmetrised bidisc and

define I'-inner functions. Afterwards, we focus on the construction of the maps that
illustrate the rich structure of interconnections between the sets $?*2, S,, Hol (D, T') and

R1. The maps can be summarised by the rich saltire:

S Ry

| >]

Hol (D, T) +—3 S,

We use the maps produced to give conditions for the solvability of the y-synthesis problem
in Theorem 3.1.2.

To understand the rich structure between the sets, we need a number of results from
(3, 4, 8, 12]. We give these results when they are needed and include the proofs when

they provide insight into the rich structure.

3.2 Background

We give, as defined in [4], a useful function in the study of I'. Let ® : C> — C be given

by
Qo —
O(z,s,p) = ad

2—2zs
for all p € C and z, s € C such that zs # 2. Note that, since ® is a rational function and
rational functions are holomorphic, ® is holomorphic everywhere that zs # 2. Hence ®
is defined and holomorphic on D x T since, for all z € D and (s,p) € T', we have |zs| < 2.
We call attention to a special case. Let (s,p) € ' be such that s> = 4p. Then
52
225 —s  —15(2— zs) 1

@ == = = ——8§.
(2,5,p) 2 —2s 2 — zs 2%

The following boundary is also useful in the study of I'. First we give the general

definition.

Definition 3.2.1. [1, pp. 739-740] Let X be a domain in C* and X be its closure. We
denote by A(X) the algebra of continuous functions on X that are holomorphic on X. A
boundary for X is a subset of X on which every function in A(X) attains its mazimum
modulus. By [24, Corollary 2.2.10], if X is polynomially convex then there is a smallest
closed boundary of X that is contained in all closed boundaries of X. We call this boundary
the distinguished boundary of X, and denote it by bX. This boundary is also known as
the Silov boundary of A(X).

By Proposition 3.1.1, I' is polynomially convex. Hence the distinguished boundary of
I exists and is the Silov boundary of the algebra A(T) of continuous functions on I' that

are holomorphic on G. The following characterisation of bI" is more useful.
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3.2. Background
Proposition 3.2.2. [12, Theorem 2.4] The distinguished boundary of T is the symmetri-

sation of the 2-torus, that is,
bl = {(z + w, zw) : z,w € T}.

Moreover, bI' 1s a Mobius band.

In the following proposition we give alternative characterisations of G, I'; bI" and the
topological boundary of T', that is, the set o' :=T"\ G.

Proposition 3.2.3. [12, Theorem 2.1, Corollary 2.2|,[4, Proposition 3.2] Let (s,p) € C2.
Then

i) (s,p)€C |5 —sp| < 1—|pf*
|s| <2 and, for allw € T, |®(w,s,p)| < 1;
[s| <2 and [s —3p| <1 |p/*

|s| <2 and, for all w in a dense subset of T, |®(w, s,p)| < 1;

(ii) (s,p) el

(iii) (s,p) € b
(iv) (s,p) € ol

|s| <2,|p| =1 and s = 3p;
|s| <2 and |s —5p| =1 — |p|?

[ A A

there exist z € T and w € D such that s = z + w, p = 2w;
(v) if (w,s,p) € T xT then |®(w,s,p)| =1 <= w(s—3p)=1-—|p]*

In Proposition 3.2.3 (ii), we have a dense subset of T because ® is not defined for
points of the form (w,2w,w?) € T x I'. In fact, these are the only points in T x T for
which @ is not defined. Indeed, for w € T and (s,p) € T,

2—ws =0 <= 2=ws < 20 =|w’s=s5 < (s,p) = (2w, w°).

The last equivalence holds since s is the sum of two elements in D, and @ € T gives
|s| = 2.
An important subset of Hol (D,T") is the collection of T'-inner functions. A T'-inner

function is the analogue for Hol (D, T') of inner functions in Hol (D, D).

Definition 3.2.4. [4, Definition 6.1] A I'-inner function is a function h € Hol (D, I') such
that, for almost all X € T, the radial limit

lim h(r\) € oI

r—1-

We note that if A € Hol (D, I") then we may consider h as the function (s,p) : D — T'
defined by
(5,p)(A) = (s(A), p(N)) = h(X) for all X\ € D.

It follows that if h = (s, p) is a I-inner function then p is an inner function.
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3.3 Relations between the sets

In this section, we construct maps between S**2, Sy, Hol (D,T") and Ry, which illustrate
the rich structure of interconnections summarised by the rich saltire. We label the maps in
accordance with the following diagrams. The subscript sg denotes that we have Hol (D, T),

and so consider the symmetrised bidisc.

82><2 82><2 SQXQ:Rl Rl
JJ* UpperE SWep
Left Ssp | | Left Ngp Right SJ{TRight N
Lower Wgp R
Hol(D, 1) —= &, Sa Ss Hol (D, T)

Lower Egp

3.8.1 Schur class of the bidisc and Left Ngg : Hol (D, T") — S§%*2

We begin this section with the construction of a unique function F' € S%*2 for each
h € Hol (D, I"). It is appropriate to include the realisation of ®(z, h()\)) that is related to
F. We show later that ®(z,h())), as a function on the bidisc, belongs to S, and that
this realisation is a powerful tool in producing a number of the maps in the rich saltire.

Fll F12

F21 F22

Let F = € 82 Then the linear fractional transformation Fp(2) is

given by
./T"F(,\)(Z) = F11(>\) + F12()\)Z(1 - FQQ()\)Z)_lFQ:[()\),

where z, A € D.

Theorem 3.3.1. [3, Proposition 6.1] Let h = (s,p) € Hol (D,I"). Then there exists a

unique
Fii Fio
Far Fo

c S2><2

such that h = (tr F,det F), Fi3 = Fy, |Fia| = |Fo| almost everywhere on T, Fy is

either outer or 0, and Fy1(0) > 0. Moreover, we have

1= ®(w, h(p))@(z, h(A)) = (1 = wz)y(p, w)y(A, 2) + 0, w) (I = F(u)* F(A)n(A, 2)

for all z, \,w, u € D, where

-1 an z) = !
YA, 2) = (1 = Foo(N)2) 7 For(N) and n(A, 2) L,Y()\, z)]

for all z, A\ € D.

Proof. First, we show that such an F' exists and is unique. Let h = (s,p) € Hol(D,T).
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3.3. Relations between the sets

Suppose that }152 = p. Then it is clear that

%s 0
0 1is
is the only matrix to satisfy all of the required conditions. In particular, F is holomorphic
and, since, by Proposition 3.2.3 (ii), |s(A\)| < 2 for all A € D, we have

IOV = 1] <1

for all A € D. That it is the only matrix follows since we have |Fy;||Fio| = [3s* —p| =0
and |F12’ = ‘F21|.

Now suppose that ;1132 # p. Then %32 — p is a non-zero H* function, and so, by

Theorem B.1.21, it has a unique inner-outer factorisation of the form pe® = }132 -,

where ¢ is inner, ¢ is outer and e“(0) > 0. Set

1
s 90621
c 1 :
55

Then, except for the condition that F' € §?*2, it is easy to check that F is the only matrix

satisfying the required conditions. In particular,

1 1 1
ot F = 15— e = 1" — (35" —p) =
and, since |¢| = 1 almost everywhere on T, we have |Fio| = |Fy;| almost everywhere on

T. That it is the only matrix follows from the uniqueness of the representation we® and

the requirements that Fy; be outer, and that |Fj5| = |Fy;| almost everywhere on T.

We still need to show that F' € §?*2. Clearly F is holomorphic, since inner and outer
functions are holomorphic. To check that [|[F(A)|| < 1 for all A € D, it is equivalent,
by Corollary B.1.6, to check that I — F(A\)*F(\) is positive semidefinite for all A € D.
To do this, we show that the diagonal entries of I — F(A\)*F()\) are non-negative and
det (I — F(A\)*F(X)) > 0 for all A € D. Since |Fi3| = |F2;| almost everywhere on T, and
F5 Flo = isQ — p, we have

1
|Frof* = [P | = [Fon Fia| = ‘152 —p‘

almost everywhere on T. By Proposition B.1.29, for almost every A € T,
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and
1 1

det (1 = FO)FO) = 1= 2 (0 = 50 = OV ) + DOV

Let Dy(A) and Dy(\) be the diagonal entries of I — F(A)*F(A\). For any A € T, by
continuity and since (s,p) : D — I', we can write s(\) = 21 + 22 and p(\) = 212, for some

21, 2o € D. Thus, for almost every A € T,
1 2 1 2
Dl()\):Dg()\):l—Z|21+ZQ‘ —’1(21+22) — Z1%2
1 1
=1- lel + ZQ|2 — Z|Zl — Z2|2

1
=1- Z(|zly2 +20Zm+ T+ %)) - (] - a% — Ziz + | 2?)

4

and

1 1
det (I — F()\)*F(A)) =1-2 (Z|Zl + Zz|2 — |Z(21 + 2’2)2 — Z122|) + |2’122|2

=1— |z — |2l + |2122]?

= (1—[aP)A~|2P) > (1= ) -1 =0.

Hence, by Corollary B.1.6, ||[F'(A)|| < 1 for almost every A € T. It follows from the
Maximum Modulus Principle that |[|F'(A)|| <1 for all A € D, as required.

It remains to show that

L= ®(w, h(p))®(2,h(N)) = (1 —wz)y(1, w)y(A, 2) + n(p, w) (I — F(p) F(A)n(A, 2)

for all z, \, w, up € D. First we note that

_ Fio(M)Fa(N)z 1 (%13(/\)2 —p(N)z
Froo(®) =Fu() 1— Fp(N)z 58()\) M 1—1s(A\)z
55(N) = 35’2 + (35(0)? —p(N)z _ 35(A) — p(M)2
(1—1s(N)z) 1—1s(\)z
2p(A)z — s(A)
2 s(\)z —®(z,h(Y))

for all z, A\ € D. Hence, by Proposition 2.1.1,

1 — @(w, h(pn))®(2, h(A)) =1 — Fr(uy(w) " Froy(2)
=(1 —wz)y(p, w)y(A, 2) + 0, w)* (I — F(p)" F(A)n(A, 2)

for all z, \,w, u € D. O
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3.3. Relations between the sets
Definition 3.3.2. We define Left Ngg : Hol (D,T") — 82*2 by

Fu Fip

Left Ngg (h) = F =
FQI F22

for each h € Hol (D,T), where F € §**? and satisfies h = (tr F,det F), Fy; = Fy,

|Fio| = |Fo1| almost everywhere on T, Fyy is either outer or 0, and F5(0) > 0.

Clearly the function F', as defined in Definition 3.3.2, must also satisfy Fy; Fio = ;1132 —p.
That Left Ngg is well defined follows immediately from Theorem 3.3.1. In the case that h
is a [-inner function, there is an alternative proof of the realisation from Theorem 3.3.1

of ®(z,h(A)), which we give now.

Proposition 3.3.3. [3, Proposition 7.1] Let h = (s,p) be a I'-inner function such that
s? = 4p. Then there is a Hilbert space H, a holomorphic function F : D — B(C? H), and
an outer function g € H* such that |g(&)]> =1 — 1[s(§)|* for almost every & € T, which
satisfy

1= &(w, h(1) (2, h(A)) =(1 - w2) <1 _glgi(A)’ 1 —gl(g)s(u)>

1 1
+ (1 —71N) <F(/\) ( 29(\) ) , F(p) ( wg () >>
17%zs()\) 1*%11)3(#) H

for all p, A € D and w,z € C such that 1 — Ls(p)w # 0 and 1 — 1s(X)z # 0.

Proof. By Proposition 3.2.3 (iii), [p(A)| = 1 and s(A) = s(A\)p(A) for almost every A € T.

Hence

_22p(N) —s(\) _ 22p(N) —s(Np(\) _ 2 —35())
(\)

(2, h(N)) 2 — 2s(\) 2 — 2s(\ 11— 1Las(N)

p(N)

for almost every A € T and every z € C such that 1 — 1s(X\)z # 0. It follows that

1 — 3w, h{(\)®(2, h(\)) =

w— 35(A) z—1s5() w —
11— %ws()\)p(/\) 1-— %zs()\)p B 1—Ltws(\)1- 125(N)
(1-— %zs()\) — %ws()\) + %wz|s()\)|2) — (wz — 2ws(\) — %zs()\) + }l|s()\)|2)

(1-— %ws(/\))(l — 125()))

L glsP+wa(ElsVP -1 (1—g[s(M)P)(A - wz)

(1= 5ws(N)(1 = 32s())) (1= 5ws(A)(1 = 32s()))

2 2 2

=1

for almost every A € T and every w,z € C such that 1 — $s(A\)w # 0 and 1 — $s(\)z # 0.
By Theorem B.1.21, the non-zero H* function isQ —p has an inner-outer factorisation

of the form gy = 1s* — p, where ¢ is inner and gy € H™ is outer. Since |p(\)| = 1,
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3.3. Relations between the sets

Ip(A)] =1 and s(A) = s(A)p(A) for almost every A € T, we have

() = P00 = ( 3502 =) ) (5002 = 90
=TSOV — 500 — 1500 ) + ()P
1 4 1 2 1 2
= LS = s — HsOo 1

_ @s(w - 1)2

for almost every A € T. Since [s(A)| < 2, we have 1 — X|s(A)[* > 0, and hence

s(A)[?

1
900 =1 ]

1
for almost every A\ € T. Set ¢ = ¢g;. Then g € H* is an outer function such that
lg(A)]? =1 — 3[s(A)|* for almost every A € T. Thus we can write

1= ®(w, h(\))®(z, h(N) = (1 - w2) <1 _gfii(x)’ 1 —91(2?9(A>>
2 2 C

and so, by expanding the right side,

000wl \ g o) o
U T i ), = R0 + o).

for almost every A € T and every w,z € C such that 1 — $s(A\)w # 0 and 1 — $s(\)z # 0.
It follows that

1 1 O(z,h(N)) O (w,h(N))
<( zg(\) ) , ( wg(N) )> = <( g(\) ) : ( g(\) )>
11— %zs()\) L- %ws(/\) C2 1—325(}) 1 - zws(A) c?

2

|—=

for almost every A € T and every w,z € C such that 1 — $s(A)w # 0 and 1 — $s(X\)z # 0.

That is, for almost every A € T, the Grammian of the vectors

1
{( zg(\) ):ZE(Candlls()\)z%O}C(C2
2R 2
1—32z5())

is equal to the Grammian of the vectors

{ (@(z, h<A>>) 1 }
A zGCandl—gs(A)z#O c 2.
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3.3. Relations between the sets

Thus, by Proposition B.1.22; for almost every A € T, there is an isometry L, such that

1 D(z,h(N))
Ly (( zg(A) )) = ( g(N) )
1— %zs()\) 1— %zs(k)

for every z € C such that 1 — 1s(X\)z # 0.

Now, we define a function © on D by

1—1zs(N)
—2s(A\) + 1zs(N)2 + zp(A) — 125(N)?
B 1—325())
| 9 = 32s(Ng(A) + 525(N)g(N)
1—32z5())

for all A € D and z € C such that 1 — %zs()\) # 0. Clearly © is holomorphic and, for
almost every A € T, we have ©(\) exists and is equal to the isometry Ly. It follows from
the Maximum Modulus Principle that |[©()\)|| < 1 for all A € D, and so © € S?*2.

By Proposition B.3.30, the function defined by

- 610
1— 7\

(A, ) =

is an My (C)-valued kernel on D, and so, by Corollary B.3.20, there is a Hilbert space H
and a holomorphic function F : D — B(C?, H) such that

[=0(u)" 00 = (1 =pA)F () FQ)
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3.3. Relations between the sets

for all u, A € D. It follows that
1 1
(1 =72 <F(>\) ( 29(A) ) » F(p) ( wg(p) )> =
1—3z5()) 1—jws(u)/ 1,
1 1
= <(I —O(u)"e(A) ( z9(N) ) : ( wg(p) )>
1—225()) 1—sws(p)/) !
1 1 ®(z, h(N)) ®(w, h(p))
<< 29(N) )( wg(p) )> <( g\ )( 9(r) )>
1—225()) 1—3ws(p)/ ! 1—2z5()) 1—Jws(p)/) /!

A6 9(n)
=1+ <1 () 1- %wS(u)>c

_W®(2,h(k))—< gl(/\) ’ g(u)(ﬂ)>

and so

1 B RGO () ~(1 =) (A I )
2 2 c

1 1
+(1—-7A) <F()\) ( z9(A) )  F (i) ( wg () )>
1—32z5()) 1—Jws(u)/ 1,

for all 1, A € D and w, z € C such that 1 — $s(u)w # 0 and 1 — s(\)z # 0, which is the
required identity. O

Remark 3.3.4. [3, Remark 7.2] It is natural to ask what the relationship is between the
function F' from Theorem 3.3.1 and the function © from Proposition 3.3.3. Let h = (s, p)
be a -inner function such that s? # 4p. Recall that

c

where ¢ is inner, e“ is outer and pe® = }LSQ — p, and

where g € H* is an outer function such that [g()\)|> = 1—2|s()\)|? for almost every A € T.

4
Then
-1 0

0 1

F = O,
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since, by the uniqueness of the inner-outer factorisation of }152 —p in the proofs of Theorem

3.3.1 and Proposition 3.3.3, we have g = e2¢ and

—1 0] [-ro] [-ds =] [as ]
0 1 0 1| g i g s

3.3.2 Left Sgp : $**? — Hol (D, T)

Definition 3.3.5. We define Left Sgp : $?** — Hol (D, T") by
F i (tr F,det F)

for all F € §%*2,

Proposition 3.3.6. The map Left Sgg is well defined.

Fll F12

21 F22

Proof. Let F = € §**2. Clearly Left Sgp (F) is holomorphic since

tr F' = FH —+ F22 and det F' = F11F22 — F21F12.
Let A € D. Denote the eigenvalues of F'(A) by Fi(\) and F»(A). Then
tr F'(\) = F1(\) + Fo(A) and det FI(A) = Fy(A) Fy(N).

Moreover, since ||F(A)|| < 1 for all A € D, we have p(F(\)) < 1, and so |F1(\)] <1 and
|F5(M\)| < 1. Hence

(tr F(A),det F(A)) = (Fi(A) + F2(A), Fi(A) F2(A) € T

for all A € D. It follows that Left Ssp (F') = (tr F,det F') € Hol(D, I). O

We now have a map $**? — Hol (D,T') and a map Hol (D,T") — §?*2, and so we can

investigate how these maps interact.
PI'OpOSitiOIl 3.3.7. Left SSB o Left NSB = idHol (D,I") -

Proof. Let h € Hol (D,T). Then Left Ngg (h) = F € §**? as defined in Definition 3.3.2.
In particular, (tr F,det F') = h. It follows that Left Sgg (F') = h, and hence

Left SSB o Left NSB (h) = h.

Consequently, Left Ssp o Left Ngg = idpo1 p,r)- O
A2 0 9o
Example 3.3.8. Let F(\) = 0 for all A € D. Then F € &% and

Left NSB o Left SSB (F) 7é F.
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Proof. Clearly F' is holomorphic on D, and
IEI = max{|N*[, |]A[} = [\| < 1
for all A € D. Hence F € §**2. Thus we can apply Left Sgg to obtain
Left Sgg (F)(A\) = (tr F(A),det F(X)) = (A2 + A, \%)
for all A € D. Define h = (s,p) € Hol (D,T') by h(\) := (A2 + X\, A3) for all A € D, and let
Left Ngg (h) := G € S**2.

Then the function G is defined as in Definition 3.3.2. In particular,

1
55 G12

)
G21 lS

2

G —

where G91G12 = s> — p. Thus
1
G21<)\)G12()\) = 5()\2 —|— >\)2 - >\3

for all A € D, and so G91G12 # 0. Since Fy F1o = 0, we have G # F. It follows that
Left NSB o Left SSB (F) 7é F. ]

3.3.8 SWsg : Ry1 — Hol (D, T)

First we give a proposition which motivates our definition of SWgg. The idea is to follow
Procedure UW with the map Left Sgg.

Proposition 3.3.9. Let (N, M) € Ryy. Let = be constructed from (N, M) by Proce-
dure UW. Then

{Left S (F) : F € Upper W (N, M))} = { (tr [g (11 =, ¢ det E) (€ ']I‘} C Hol (D, T).

Proof. Let F' € Upper W ((N, M)). Then F =
0 G [0 ¢

0 1 0
. ] = [ _] for some (;,(y € T,

and so

0
Left Sgp (F') = (tr F,det F') = (tr l% 1] =, (1 det E) :
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It follows that
{Left Ssp (F) : F € Upper W ((N, M))} = { <tr [g (1)] E,(detE) (€ ’JI‘} :

Moreover, by Proposition 3.3.6, since F' € §**?, we have Left Sgg (F') € Hol (D, T). O

Definition 3.3.10. We define SWgp to be the set-valued map from Rq; to Hol (D, T")

given by
SWsg (N, M)) = {(tr [g ?] E,gdet5> (e T}

for all (N, M) € Ryy, where Z € §**? is constructed from (N, M) by Procedure UW.

That SWgp is well defined follows from Proposition 3.3.9 and the observation that, as
Upper W is independent of which function = is used to define it, the set

{(tr [g (1)] E,CdetE) :CET}

is independent of the choice of =.

By Proposition 3.3.9,
{Left Ssp (F') : F' € Upper W ((N, M))} = SWgp (N, M))

for all (N, M) € Ry1. We have the following other interactions with SWgg.

Fll F12

Proposition 3.3.11. Let F' =
Fo1 Fa

€ 8%*2 be such that Fy, # 0. Then

0
F) (€ T} )
1
Proof. By Proposition 2.4.12,

UpperVVoUpperE(F):{[%1 ?]F[(l) CE] :Cl,CQET}.
2 2

¢ o] 1 o]\
{LeftSSB<[0 C2]F[0 6]) .Cl,CQET}
a o] 1o a o] 1 o]}
(06 s P e
:{LeftSSB<[g g F)ICGT},
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as required. N

Corollary 3.3.12. Let h = (s,p) € Hol (D, T") be such that s*> # p. Then

1
SWgg o Upper E o Left Ngg (h) = { (§(C +1)s, Cp) (€ T} :
Proof. Let F = Left Ngg (h). Then, in particular,

lS F12

2

1
F21 25

F =

?

F51 # 0 and det F' = p. By Proposition 3.3.11,

¢
0

[ -1
= F
:{LeftSSB ( C2S Cl 2

SWgg o Upper E (F) = {Left SsB (

(1) F>:C€T}
_F21 i ):(ET}

:{(%(gﬂ)s,gdetF) :ce’]r}.

Hence SWgp o Upper E o Left Ngg (k) = {(3(C +1)s,(p) : ¢ € T}. O

We note that if ( = 1 then (%(C +1)s, Cp) = (s,p). Hence, by Corollary 3.3.12, for all
h € Hol (D, I"), we have h € SWgg o Upper E o Left Ngg (h).

3.3.4 Lower Egg : Hol (D, T") — S,

The definition of Lower Egg comes from the relationship between Hol (D, I') and a par-
ticular subset of Sy. The relationship uses the function ®. Recall that, for h = (s,p) €
Hol (D,T") and 2z, A € D, we have

20 s

(= (V) 2 —zs()\)

Thus, for all A € D, we have ®(-, h())) is a linear fractional map with the property ‘b = ¢’.

By the property ‘b = ¢’ we refer to the general form of a linear fractional map,

az+b
— .
cz+d

In our example, a = 2p(A), b = —s(\), c = —s(A) and d = 2, and hence b = ¢. Moreover,
for all A € D, by Proposition 3.2.3 (i), h(\) € I' if and only if |s(\)| < 2 and, for all w in
a dense subset of T, we have

|@(w, h(A))| < 1.

This motivates the following definition of the subset of Ss.
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Definition 3.3.13. We define Si=¢ to be the subset of Sy which contains those p such
that, for all X € D, we have ¢(-, \) is a linear fractional map with the property b = c’.

We now give the relationship between Hol (D, T") and S=°.

Proposition 3.3.14. [3, Proposition 5.2] Let ¢ be a function on D*. Then ¢ € St=¢ if
and only if there exists a function h € Hol (D, T") such that

©(z, ) = ®(z, h(N)) for all z,\ € D.

Moreover, if ¢ € 85=¢ then its corresponding function h is unique.

Proof. First, suppose h = (s,p) € Hol (D, T"). Define ¢(z, \) := ®(z, h(N)) for all z, A € D.
Since h is holomorphic and maps into I', and since ® is holomorphic on D x I', we infer
that ¢ is holomorphic on D?. For any A € D, by Proposition 3.2.3 (i), for all w in a dense

subset of T, we have
| (w, h(N))] < 1.

Hence, for any z, A € D, by the Maximum Modulus Principle,
[@(z,h(N)) < 1,

and so ¢(z,\) € D. It follows that ¢ € S,. Moreover,

_ 2zp(N) —s(N) _ 2p(N)z + (=s(V)

PN == (—s(N)= + 2

for all 2, A € D. Tt follows that ¢ € Sb=°.
Conversely, suppose that ¢ € 8¢, Then, for all A\ € D, we have ¢(-,\) is a linear

fractional map with the property ‘b = ¢’. Thus we can write

a(\)z + b(N)

?= N = 0 a0

for all z, A\ € D, where a, b, d are functions from D to C. Since ¢ € Sy, for any A\ € D, up
to cancellation, ¢(-, \) does not have a pole at 0, and so d(\) # 0. Hence, without loss of

generality, we can write
a(N)z 4+ b(N)
\) = "2 T

for all z, A € D. Set h(\) = (—2b(\),a(N)) for all A € D. Then, since b(A) = (0, \) and
a(A)z = (2, A) (b(A)z +1) = b(A) = ¢(2,A) (9(0,\)z + 1) — (0, 1)

for all z, A € D, we have h is holomorphic on ). Now,

~ 2za(AN) +26(N)  a(N)z+D(N)
N = 5y T he

= (P(Za )‘)
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for all z, A\ € D. Thus, by the continuity of ® and since
|®(z,h(N))] = |p(2,A)] < 1 for all 2, A €D,
we have |®(w, h()N))] < 1 for every A € D and every w in a dense subset of T. Moreover,
26(A)] = 2]¢(0, M) <2

for all A € D. Hence, by Proposition 3.2.3 (ii), h(A) € T for all A € D. It follows that
there exists an h € Hol (D, I') such that ¢(z,\) = ®(z, h(N)) for all z, A € D.
For uniqueness, suppose that ¢ € S5=¢. Let h, g € Hol (D,T") be such that

O(z,h(N) = ¢(2,A) = ©(z,9(N))

for all z, A € D. Then, if h = (s,p) and g = (¢, 7), we have

22p(3) = 5() _ 22r() — a()
2 — zs()\) 2 — zq(\)

and so

—2p(N)a(N)2” + (4p(A) +a(N)s(A))z = 25(A) = —2r(A)s(A)2* + (4r(X) +q(N)s(N) 2 — 2q(N)

for all 2, A € D. By equating coefficients, we obtain s(A) = g(A), p(A\)g(A) = r(A)s(A) and
Ap(A) +q(N)s(A) = 4r(A) + q(A)s()

for all A € D. It follows that s = ¢, p = r and hence h = g. 0

Definition 3.3.15. We define Lower Egp : Hol (D, T') — S5=¢ by

Lower Egg (1) (2, A) = ®(z, h(A)) — %
for all h = (s,p) € Hol(D,T") and all z, A € D.

That Lower Egg is well defined follows immediately from Proposition 3.3.14

3.8.5 Lower Wgg : S5=¢ — Hol (D, T")

The proof of Proposition 3.3.14 provides the construction of a unique function in Hol (D, I')

for each function in Sy=¢. We use this construction to define the map Lower Wgg.
Definition 3.3.16. We define Lower Wgg : S5=¢ — Hol (D, T") by
Lower Wgg (¢) = (—2b,a)
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3.3. Relations between the sets

for ¢ € 85=¢, where ¢ can be written p(z,\) = % for all z,\ € D.

That Lower Wgp is well defined follows from Proposition 3.3.14 and the observation
that, if ¢ € S=¢ is such that p(z, \) = b(\) for all 2z, A € D, then

b(A)2z + b(\)

Pl A) = b(\) + 1

for all 2z, A € D, and so Lower Wgg (¢) = (—2b,5?). The maps Lower Wgp and Lower Egp

are mutually inverse.
Proposition 3.3.17. The following relations hold.
(i) Lower Wgp o Lower Egg = iduol (n,1)-
(ii) Lower Egp o Lower Wsp = idgp=c.
Proof. (i) Let h = (s,p) € Hol (D,T"). Then Lower Egg (h) € 8=¢, and

~ 2zp(N) —s(A)  p(A)z — %s(/\)
o 2—zs())  —ls(\z+1

2

Lower Egg (h)(2,\) = ®(z, h(N))

for all z, A\ € D. Hence

1
Lower Wgp o Lower Egg (h) = (—2 <—§5> ,p) =
It follows that Lower Wgp o Lower Egg = idpol (p,1)-
ii) Let ¢ € 8=¢, where ¢ can be written ¢(z,\) = a5 g1 all 2, A € D. Then
2 b(A(z)+1
Lower Wgg (¢) = (—2b,a). Hence

2 2
Lower Egg o Lower Wgg () (2, A) = ®(2, —2b(A), a(N)) = a;);)_z;_(/\;)i/\) = @(z,\)
for all z, A € D. It follows that Lower Egg o Lower Wgg = id Sh=e- O

3.3.6 Relations between the remaining maps

We now consider how some of the maps we defined in this section interact with some of

the maps in Chapter 2.
Proposition 3.3.18. SE o Left Ngg = Lower Egg.

Proof. Let h € Hol (D,T"). Then Left Ngg (h) = F € §%*? as defined in Theorem 3.3.1.
By the proof of Theorem 3.3.1,

SE(F)(2,A) = =Frxy(2) = ®(2, h(}))
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3.3. Relations between the sets

for all z, A\ € D. Hence
SE o Left Ngg (h)(z, A) = ®(z, h(\)) = Lower Egg (h)(z, A)
for all z, A € D. It follows that SE o Left Ngqg = Lower Egg. O
Corollary 3.3.19. The following relations hold.
(i) Lower Wgp o SE o Left Ngg = idgo1 (1)
(i) SEo Left Ngg o Lower Wsp = idgp=c.

Proof. The results follow immediately from Proposition 3.3.18 and Proposition 3.3.17. [J

Fll F12

Proposition 3.3.20. Let F' =
Fy Fy

€ 82X2. [f F11 = F22 then

Lower Egp o Left Sgp (F') = SE (F).

Proof. We have

Fio(MFn(Nz - —Fu(A) + (Fu(A)? = Fia(M)Fa (V)2
1-— FH()\>Z 1-— Fn()\)Z

SE (F)(z,A) = =Fu(}A) —

for all z, A € D. Moreover, Left Sgp (F') = (tr F,det F') = (2Fyy, F}y — Fy1 Fy2) and so

Lower Egp o Left Ssp (F) (2, \) = ®(z, 2F;1(A), Fi1(A)? — For (M) Fiz(M)
_ 22(FR(N) — Fn(N)Fi2(V) — 2F (M)

2 —2zF11(N\)
_ PN + (Fu(A)? — Fa(\)Fu(A)z

1—Fi1(M\)z

for all z, A € D. It follows that Lower Egp o Left Sgg (F') = SE (F). O

However, for an arbitrary F' € §?*? we may have Lower Egp o Left Sgg (F') # SE (F),
as illustrated by the following example.
f o
0 g|

-2 1+2
© and g(z) = 2+ -

—Zz + z

1
Example 3.3.21. Let f(z) = 5 for all z € D. Set F' =

Then F € §**% and Lower Egp o Left Sgp (F) # SE (F).

Proof. A Blaschke factor has the form

a a—=z

B.(z)

:m1—6z

for all z € D and some a € D. Hence f = B% and ¢ = B_1. By Remark B.1.20, f and
g are holomorphic functions on D such that |f(z)| < 1 and |g(z)] < 1 for all z € D. It

N
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3.4. Criterion for solvability

follows that F' is holomorphic on D, and

HEW] = max{[f(N)], [g(N)]} <1

for all A € D. Hence F € §**2.
Clearly f # g. Moreover,

Fia(N)Fy (M) -0
1= Fyp(\)-0

SE (F)(0,A) = —Fiu(}) ==/

and

Lower Egp o Left Sgg (F) (0, \) :2 0 -2de_t ép(i‘r) ;(t/\r)F()\) _ _(f()‘);— g(N)

for all A € D. If Lower Egp o Left Sgp (') = SE (F), then f(\) = g(A) for all A € D, which
is a contradiction. It follows that Lower Egp o Left Sgp (F') # SE (F'). O

Proposition 3.3.22. Let ¢ € 8y=¢. Then
Right S o Upper E o Left Ngg o Lower Wgg (¢) = {Cp : ¢ € T}.
Proof. By Corollary 3.3.19 (ii),
SE o Left Ngg o Lower Wgg (¢) = .
Moreover, by Proposition 2.5.3, since Left Ngg o Lower Wgg () € §2*2, we have
Right S o Upper E (Left Ngg o Lower Wgg () = {¢ SE (Left Ngg o Lower Wgsg (¢)) : ¢ € T}.

It follows that Right S o Upper E o Left Ngg o Lower Wgg () = {Cp : ( € T}. O

3.4 Criterion for solvability

In this section, we present a criterion for the solvability of the u-synthesis problem given
by Question 1.2.1. In addition, we give a number of related results, which can be seen
to arise from the rich structure we have been studying. The proofs of the results in this

section are contained in [3].

Theorem 3.4.1. Let Ay, ..., \, be distinct points in D, and let W; € My(C) be such that
p(W;) <1 for j =1,...,n, and none of which are scalar multiples of the identity. Set
(sj,pj) = (tr W;,det W;) € I' for each j =1,...,n. Then the following are equivalent.

(i) There exists a holomorphic function F' : D — My(C) such that F(X\;) = W; for
jg=1,...,n, and p(F(A)) <1 for all X € D;
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3.4. Criterion for solvability

(i) there ezists a holomorphic function h : D — I satisfying
h(A;) = (s5,p5) forj=1,....m;

(iii) for some distinct points z1, 22,23 € D, there exist positive 3n-square matrices N =

[Nudk];f’jg:LLkﬂ of rank at most 1, and M = [Mil,jk]Zf’:l,l,kzl such that

221p; — 8; 2zkpj — 815
2— 258 2— 285

1 —

> [(1— Ziz) Nig] + [(1 = Xidg) Mg -
Theorem 3.4.1 follows easily from a combination of the following theorem with [3,
Theorem 8.4].

Theorem 3.4.2. [3, Theorem 8.1] Let Ay, ..., A, be distinct points in D, and let (s;,p;) €
I' be such that s? #4p; for 5 =1,...,n. Then the following are equivalent.

(i) There exists a holomorphic function h : D — ' satisfying
h(Aj) = (sj,p5) forj=1,....n;
(i) there ezists a rational I'-inner function h satisfying
h(Aj) = (sj,p5) forj=1,....n;

(iii) for every distinct points z1, zo, 23 € D, there exist positive 3n-square matrices N =
[Nihjk];-’ff:l’l’k:l of rank at most 1, and M = [Mihjkm}'g:u,kﬂ such that, for 1 <i,j <
nand1l <l k<3,

221p; — 8; 2zkp; — S5

1 = (1 — Zze) Napjr + (1 — XAj) Mg jn;

2— 28 2— 2z

(iv) for some distinct points zy, z2, 23 € D, there exist positive 3n-square matrices N =

[N,;l7jk]2’]-?’:17l,k:1 of rank at most 1, and M = [Mil,jk]Zf:u,k:l such that

221p;i — S8 22kp; — S;

1— > [(1 — Z2k) Na k) + [(1 — /\_z')\j)Miz,jk] .

2— 218 2— zs;

The proof of Theorem 3.4.2 shows constructively that (iv) implies (i), which provides
a procedure by which a solution A can be obtained once a pair (N, M) is known. The
authors of [3] call this Procedure SW, and it is essentially Procedure UW followed by the
Left Ssg map. More specifically we have:

Procedure SWsp. [3, p. 2503] Let A1,..., A, be distinct points in D, and let (s;,p;) € T’
be such that s? # 4p; for 7 =1,...,n. For some distinct points z1, 22, 23 € D, suppose N
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3.4. Criterion for solvability

and M are positive 3n-square matrices such that N has rank at most 1, and the matrix

inequality as in Theorem 3.4.2 (iv) holds. Then:
1. Choose scalars 7, € C such that N = [Wij]Zf:l,l,k:l-

2. Choose a Hilbert space 1 and vectors v;, € H such that M = [(vj, U¢1>H]Zf:1’l Py

B
3. Choose a contraction n :C?®H — C? @ H such that
1 B 1 ) (—CI)(zk, sj,pj))
C D 2Kk = Vik )

AjUjk Vjk
forall j=1,...,nand k=1,2,3.
4. Let h(\) = (tr,det)(A + BA(I — DX\)7'C) for all X € D.

Now, we have h € Hol (D, T") and h();) = (s;,p;) for j =1,...,n. O

The following proposition shows that every interpolating function can be obtained by
applying Procedure SWgp to a general solution (N, M) of the matrix inequality such that
the rank of NV is less than or equal to 1.

Proposition 3.4.3. [3, Proposition 10.1] Let \i,..., A, be distinct points in D, and let
(s5,p;) € T be such that 5? # 4p; for j = 1,...,n. Then every holomorphic function
h:D — T satisfying

h(Nj) = (s5,p5), forj=1,...,n,

n,3

arises by Procedure SWsp from a pair of positive 3n-square matrices N = [Nil,jk]ijzl kel

of rank at most 1, and M = [Mil,jk]Z}?’:1,z,k:1 satisfying

221p;i — i 2zkp; — S

1— > [(1 — Zp2) Naj] + [(1 — )\_i)\j)Mil,jk] ,

2— 28 2— 285

where z1, 2o, 23 are distinct points in D.

The following proposition shows that, in order to use Theorem 3.4.2 to determine if
there is an interpolating function, it is sufficient to search over a compact set for a pair
(N, M) that satisfies the matrix inequality and such that the rank of N is 1.

Proposition 3.4.4. [3, Proposition 11.1] Let Ay, ..., \, be distinct points in D, and let
(sj,pj) € I' be such that s? # 4p; for 5 =1,...,n. Then the interpolation problem

A €D (s;,p;) €l forallj=1,....n,
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3.4. Criterion for solvability

is solvable if and only if, for some distinct points z1, 2o, 23 € D, there exist positive 3n-

square matrices N = [Nihjk]sz’:l’l’k:l of rank 1, and M = [Mil,jk]Z}iu,kﬂ that satisfy

2zp; — S 22,5 — S; _ o
2— s 2— 2S5 | (1 — Zizi) Nt i) + [( ;) ldk]

and .
|Nzl k’ TLd
! 2’311)( 2‘33‘)

1
| il k|_ I+
- MI 1—-\ 5il)? (1= 3ls;0)?

forall1<i,j<nandl1 <[l k<3.
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Chapter 4. The tetrablock

4.1 Introduction

The tetrablock was introduced by Abouhajar, White and Young in [1]. The authors

studied the complex geometry of the tetrablock. One of the main results of the paper

is a Schwarz lemma for the tetrablock. Motivation to study the tetrablock came from a

special case of the p-synthesis problem. The authors showed that the solvability of this

special case is equivalent to the solvability of an interpolation problem into the tetrablock.
We define the open tetrablock to be the set

E = {(21,72,73) € C*: 1 — 212 — mow + w32w # 0 for all z,w € D},

and denote its closure by E. More explicitly we have the following.

Proposition 4.1.1. [1, Theorem 2.4] The closed tetrablock satisfies

E = {(z1, 29, 23) € C*: 1 — 212 — 2w + x32w # 0 for all z,w € D}.

It is shown in [1] that the tetrablock intersects R® in a regular tetrahedron, which in-
spires its name. The following result about the geometry of the tetrablock is also given.
(For the next proposition, see Definition B.1.23 and Definition B.1.24 for the notions of

hypoconvexity and polynomial convexity.)

Proposition 4.1.2. [64, Lemma 2.2][1, Theorem 2.7, Theorem 2.9] The tetrablock is

hypoconvex, polynomially convez, starlike about (0,0,0), and not convex.

0
Diagz{(z ):z,wGC},
0 w

and ppiag(M) = (inf{||E|| : E € Diag and I — M E is singular})™" for all M € M,(C),
where fipiag(M) = 0 if I — M E is non-singular for all £ € Diag. The p-synthesis problem

Recall that

for pipiag is:

Question 4.1.3. Let \y,..., A\, be distinct points in D. Let Wy,...,W,, € M5(C) be
such that ppiag(W;) < 1 for j = 1,...,n. Does there exist a holomorphic function
F : D — My(C) such that F(\;) = W, for all j =1,...,n, and ppiag(F(A)) < 1 for all
A eD?

o4



4.2. Background

It can be shown that z € E if and only if there exists an

M — [mn 77112] € Ms(C)

mo1 Ma22

such that ppiag(M) < 1 and x = (mq1, Mgz, det M). In [1], Abouhajar, White and Young
used this fact to show that the solvability of Question 4.1.3 is equivalent to the solvabil-
ity of an interpolation problem from I to E. More precisely they proved the following

theorem.

Theorem 4.1.4. [1, Theorem 9.2] Let Ay, ..., A, be distinct points inD. Let Wy,..., W, €
My (C) be such that pipiag(W;) < 1 and w]why # detW; for j =1,...,n. Then the fol-

lowing are equivalent.

(i) There is a holomorphic function F' : D — My(C) such that F(\;) = W; for j =
L,...,n, and ppiag(F(X)) <1 for all A € D.

(i) There is an = € Hol (D, E) such that x(\;) = (wl,, w)y, det W) for j=1,...,n.

In this chapter, we discuss some background material for the tetrablock and define
E-inner functions. Afterwards, we focus on the construction of the maps that illustrate
the rich structure of interconnections between the sets S?*2,S,, Hol (D, E) and R,. The

maps can be summarised by the rich saltire:

S 2 Ry

| >

Hol (D, E) +—— S,

We use the maps we produce to obtain conditions for the solvability of the p-synthesis

problem in Theorem 4.1.4.

4.2 Background

The following two functions are useful in the study of the tetrablock. As defined in [1],
let U,Y : C* — C be given by

T3z — T1 T3z

—— = for x1z # 1,

for xoz # 1, and Y(z, 21, 29, 23) = .
Iz —

U(z, 21,29, x3) = ,
(2,21, 22, 73) Toz — 1
where 2,21, 29,23 € C. Note that, since W is a rational function and rational functions
are holomorphic, ¥ is holomorphic everywhere that xoz # 1. Similarly, T is holomorphic
everywhere that x12 # 1. We prove the following proposition which says that zoz # 1

and z12 # 1 whenever z € D and (21, x2, 73) € E.

Proposition 4.2.1. The functions ¥ and Y are defined and holomorphic on D x E.
Moreover, if (x1,12,23) € E then |2,| <1 and |zo| < 1.
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4.2. Background

Proof. Let x = (x1, 72, 73) € E. Then (29—x32)w # 1—x12 for all z,w € D. In particular,

for z = 0 we have xow # 1 for all w € D, and for w = 0 we have 0 # z12 — 1 for all z € D.
It follows that U and Y are defined and holomorphic on D x E.

Moreover, suppose |23 > 1 and let

Then w € D, and hence 1 = zow # 1, which is a contradiction. It follows that |z5| < 1.

Similarly, we can show that |z;| < 1. O

Remark 4.2.2. The proof of Proposition 4.2.1 can be easily modified to show that W
and T are defined and holomorphic on D x E, and if (21,29, 23) € E then |2;| < 1 and
|£E2| < 1.

The tetrablock is related to I' in the following way. Let (x1, 72, 23) € E be such that
z122 = 3. Then, by Proposition 4.2.1, |z;| < 1 and |z5| < 1. It follows that

(21 + 29, 3) = (21 + T2, v122) € I

We call attention to the special case that (z, 72, 73) € E is such that zzy = 3, in this

case,

x1 (292 — 1) ~ xp(mz—1)

=1z and Y(z, 21,29, 23) = ————= = 19.

U(z, 21, T9,T3) = 1z — 1

Toz — 1

The functions ¥ and Y are related by the following equation. For (zy,zs,x3) € C?
and z € C such that z12 # 1, we have V(z,x1, 29, 23) = Y(z, 29,21, 23). Through this
relationship, when working on I x E, it usually suffices to consider only one of these
functions, since, clearly, if (21,29, z3) € E then (x4, 21, 23) € E.

We have the following alternative characterisations of E and E.

Theorem 4.2.3. [1, Theorem 2.2] Let x = (1, x9,x3) € C3. The following are equivalent.

x € E;
IY(z,2)| < 1 for all z €D, and if x175 = x3 then, in addition, |vi| < 1;
|U(z,2)| < 1 for all z €D, and if v105 = x3 then, in addition, |v,| < 1;

|wy — Trws| + 2120 — 23] < 1 — |2 %

)
)
)
)
(iiib) |2y — Towy| + w122 — 3| <1 —[22f%;
) = |m P+ |+ |as)? + 2] — Fows| < 1 and |7] < 1;
)@ P = |wo)® + |as? + 2z — Tas| < 1 and |1y < 1;
)@ P |ze]® — |as]? + 2)zias — 23] < 1 and |13 < 1;
)

there is a 2 x 2 matriz A = [a;;]? ,_, such that ||A]] < 1 and z = (a11, ag, det A);

i7j:
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4.2. Background

(vii) there is a symmetric 2 X 2 matriz A = [a;;]7;_; such that [|A|| <1 and
x = (a1, ax,det A);
(viil) |zy — Taws| + w2 — Tras| < 1 — |zs]%;
(ix) |zs| < 1 and there exist 1, By € C such that |By| + |Ba] < 1,21 = By + Boxs and
Ty = Py + Pras.

Theorem 4.2.4. [1, Theorem 2.4] Let v = (1, x9,x3) € C3. The following are equivalent.

(i) zek;
(ila) |Y(z,2)| <1 for all z € D, and if v1x9 = x3 then, in addition, |xi| < 1;
(iib) |U(z,2)| <1 for all z € D, and if x1x9 = x3 then, in addition, |xs| < 1;
(ilia) |zy — Tras| + |z120 — 23| < 1 — |21|* and if x1205 = x5 then, in addition, |zs| < 1;
(iiib) |7y — Tows| + |z120 — 3] < 1 — |22|* and if 2129 = 23 then, in addition, |z1| < 1;
(iva)  — |z1]® + |2o|* + |zs]® + 2|71 — Toxs] < 1 and |z1] < 1;
(ivb) a1 |* — |mo)® + |2s]* + 2|20 — Tows| < 1 and |ao| < 1;
(V) |z P+ |mo)® — |2s]? + 2|lzime — 23] < 1 and |as| < 1;
(vi) there is a 2 X 2 matriz A = [a;]7;_; such that ||A|| <1 and x = (a11, az, det A);
vil) there is a symmetric 2 X 2 matrix A = |a;;|; .1 Such that <1an
i) there i ¢ 2 x 2 matriz A = [a;;)?,_, such that ||A]| <1 and

x = (a1, ase, det A);
(viil) |zy — Taws| + |20 — Tras| < 1 — |x3)? and if |vs| = 1 then, in addition, |zi| < 1;
(ix) |zs] <1 and there ewist By, By € C such that |By| + |Be] < 1,21 = By + Boxs and
Ty = B2 + Prixs.

We recall Definition 3.2.1 of the distinguished boundary of a domain in C". By Propo-
sition 4.1.2, E is polynomially convex, and hence the distinguished boundary bE of E exists
and is the Silov boundary of A(E), where A(E) is the algebra of continuous functions on

E that are holomorphic on E. We have the following alternative descriptions of bE.
Theorem 4.2.5. [1, Theorem 7.1] Let x = (1, x9,x3) € C3. The following are equivalent.
(i) z € bE;
(ii) € E and |z3| = 1;
(i) o1 = Taws, |x3] =1 and |zo| < 1;

(iv) either x1x9 # x3 and V(-,z) is an automorphism of D, or xixy = x5 and |x1| =

|wa| = || = 1;
(v) x is a peak point of E;
(vi) there is a 2 x 2 unitary matriz U = [uijﬁj:l such that x = (uq1, uge,det U);
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4.3. Relations between the sets

(vii) there is a symmetric 2x2 unitary matriz U = [uy;]7;_, such that x = (uyy, ug, det U).

By a peak point of E, we mean a point p for which there is a function f € A(E) such
that f(p) =1 and |f(z)| < 1 for all z € E\ {p}. Clearly, any peak point belongs to bE.

In regards to the topological structure of bE, we have the following result.

Corollary 4.2.6. [1, Corollary 7.2] The distinguished boundary bE is homeomorphic to
D x T.

Proof. The map f : DD x T — bE defined by
f((z9,23)) = (T2w3, 29, 73) for all (x5, 23) €D x T

is a homeomorphism. O

An important subset of Hol (D, E) is the collection of E-inner functions. An E-inner

function is the analogue for Hol (D, E) of inner functions in Hol (D, D).

Definition 4.2.7. An E-inner function is a function x € Hol (D, E) such that, for almost
all A € T, the radial limit
lim z(r\) € bE.

r—1-

We note that if 2 € Hol (D, E) then we may consider x as the function (1,2, 23) :
D — E defined by

(21, T2, 23)(A) = (21(N), 22(N), 23(A)) = 2(\) € E for all A € D.

It follows that if x = (21, 2o, x3) is an E-inner function then z3 is an inner function.

4.3 Relations between the sets

In this section, we construct maps between S2*2,S,, Hol (D, E) and R, which illustrate
the rich structure of interconnections summarised by the rich saltire. We label the maps in
accordance with the following diagrams. The subscript © denotes that we have Hol (D, E),

and so consider the tetrablock.

S2><2 82><2 SZXQMR R
N 1 1
l]‘ Upper E SWo
Left St | | Left N Right SlTRight N
__ Lower W R _=
Hol (D,E) —= S, S Ss Hol (D, E)

Lower Ep

4.8.1 Schur class of the bidisc and Left Nt : Hol (D, E) — §**2

We begin this section with the construction of a unique function F' € §**2 for each
z € Hol (D, E). It is appropriate to include the realisation of W(z,z(\)) that is related to
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4.3. Relations between the sets
F. We show later that W(z,x())), as a function on the bidisc, belongs to Sz, and that

this realisation is a powerful tool in producing a number of the maps in the rich saltire.
Fi1 Fio

F21 F22

Let F = € 82, Then the linear fractional transformation Fp\(2) is

given by
.FF()\)<Z) = FH()\) + Flg()\)Z(l — FQQ(A)Z)_1F21()\),

where z, A € D.
Theorem 4.3.1. Let x = (21,2, x3) € Hol (D, E). Then there exists a unique

Fll F12

F21 F22

c 82><2

such that x = (F11, Fas,det F'), |Fia| = |Fo1| almost everywhere on T, Fy is either outer
or 0, and F» (0) > 0. Moreover, we have

1= U(w,2(u)¥(z,2(N\) = (1 —wz)y(p, w)y(\, 2) + (g, w)* (I — F(u)"F(AN)n(A, z)

for all z, \,w, u € D, where

-1 an z) = !
YA 2) = (1 = Fn(A)2)" Fn(A) and n(A, 2) Ly()\,z)]

for all z, A € D.

Proof. First, we show that such an F exists and is unique. Let x = (x1,29,23) €
Hol (D, E). Suppose that z,z5 = x3. Then it is clear that
z1 0
F=|"
0 )

is the only matrix satisfying all of the required conditions. In particular, F' is holomorphic
and, since, by Proposition 4.2.1, |z1(A)| < 1 and |z9(A)| < 1 for all A € D, we have

[EN = = max{|z1(A)], [22(N)[} < 1
0 I’Q()\)
for all A € D. That it is the only matrix follows since we have |Fy||Fia| = |z129 — 23] = 0

and |F12| = |F21|.
Now suppose that 129 # x3. Then xyx9 — x3 is a non-zero H* function, and so, by
Theorem B.1.21, it has a unique inner-outer factorisation of the form ¢e® = x5 — 3,
where ¢ is inner, e“ is outer and e“(0) > 0. Set
1Ye;
x e?
F=|" 7 ] .

1
620 To
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4.3. Relations between the sets

Then, except for the condition that F' € $?*2, it is easy to check that F'is the only matrix

satisfying the required conditions. In particular,
det F' = 129 — gpec = X129 — T1Xo + T3 = T3,

and, since || = 1 almost everywhere on T, we have |Fio| = |Fy;| almost everywhere on
T. That it is the only matrix follows from the uniqueness of the representation pe® and

the requirements that Fy; be outer, and that |Fj5| = |Fy;| almost everywhere on T.

We still need to check that F' € §2*2. Clearly F is holomorphic, since inner and outer
functions are holomorphic. To show that [|F(A)|] < 1 for all A € D, it is equivalent,
by Corollary B.1.6, to show that I — F'(A)*F()) is positive semidefinite for all A € D.
To do this, we show that the diagonal entries of I — F(A\)*F()\) are non-negative and
det (I — F(A)*F(X\)) > 0 for all A € D. Since |Fi3| = |F» | almost everywhere on T, and

F21F12 = T1T9 — T3, WE have
\F12’2 = |F21’2 = ’F21F12’ = ‘$1=’752 - 353‘

almost everywhere on T. By Proposition B.1.29, for almost every A € T,

1=z (A)P = [z1(N) a2 (X) — z3(N)] —21(A) F12(A) — Far(A)x2(A)
[—FO)F(O\) =

—Fia(MN)z1(A) — 22(A) Fa1(A) 1—|z1(N)za(X) — 23(N)] — |z2(N)
and
det (I — F(\)*F(X)) = 1= [a1(A)? = 2|21 (M) z2(A) — 23(A)] = [22(M)]? + [as(N)[*.

Let Dy(A\) and Dy(X) be the diagonal entries of I — F(A)*F()X). By Theorem 4.2.4 (iiia)

and (iiib), since z : D — E, we have
[22(A) = 21 (N 23N + [21(N)22(A) — 23(A)] < 1= 21 (V)]

and

[21(X) = 22(N)z3(A)] + [z (N)22(A) = 23(V)] < 1= [z (V)

for all A € . Since these two inequalities continue to hold for almost every A € T, it
follows that

Dy(N\) > |xa(N) — 21 (N)x3(A)| > 0 and Dy(N) > |21 (A) — zo(A)zg(A)] >0
for almost every A € T. Moreover, by Theorem 4.2.4 (v), we have
21 (WP + |22 (W) = |23V + 2021 (N)a2(A) — 25(V)] < 1
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for all A € . Since this inequality also holds for almost every A € T, it follows that
det (I — F(A\)*F(N\) >0

for almost every A € T. Hence, by Corollary B.1.6, ||F(A)|| < 1 for almost every A € T.
By the Maximum Modulus Principle we obtain ||F'(A)|| < 1 for all A € D, as required.

It remains to show that

1= U(w,2(u)¥(z,2(N) = (1 —wz)y(p, w)y(\, 2) +n(p, w)* (I = F(u)"F(A)n(A, z)

for all z, \, w, up € D. First we note that

i F12(>\)F21()\)Z . (1‘1()\)[E2()\) — .173()\))2
Fro@ =R+ T oy =~ W T
:xl()\) —21(N)z2(AN)z + 21 (N)x2(N)2 — 23(N)2 _ r1(A) — x3(N)z
1 —x9(N)z 1 —x9(N)z
:xg()\)z —x1(N) — 0z (V)

xo(N)z — 1

for all z, A\ € D. Hence, by Proposition 2.1.1,

L —W(w, z(u)W(z,2(N) =1 — Fre(w) Froy(z)
=(1 —wz)y(p, w)y(A, 2) + (g, w)* (I = F(u)"F(A)n(A, z)

for all z, \, w, u € D. O

Definition 4.3.2. We define Left Nt : Hol (D, E) — S2*2 by

Fll F12

Left NT (I) =F =
F21 F22

for each x = (x1, 79, 73) € Hol (D, ), where F € 8**? and satisfies v = (Fy1, Fyy,det F),
|Fia| = |Fo1| almost everywhere on T, Fyy is either outer or 0, and F(0) > 0.

Clearly the function F', as defined in Definition 4.3.2, must also satisfy Fy Fio =
x1x9 — x3. That Left Nt is well defined follows immediately from Theorem 4.3.1. In
the case that  is an E-inner function, there is an alternative proof of the realisation of

U(z,2(A)) from Theorem 4.3.1, which we give now.

Proposition 4.3.3. Let x = (x1,x2,23) be an E-inner function such that xixrs # 3.

Then there is a Hilbert space H, a holomorphic function F : D — B(C? H), and an outer
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function g € H*® such that |g(&)|? = 1 — |z2(€)|* for almost every & € T, which satisfy

1_EEZE@ﬁW@udM)=U=—w@< e T >c

1
(1 =7 <F ( 9Nz ) E () ( g(pww >>
1—z2(N) 1—za(p)w H

for all u,\ € D and w, z € C such that 1 — x9(N\)z # 0 and 1 — xo(p)w # 0.

Proof. By Theorem 4.2.5 (iii), z1(\) = x2(N)z3(N), |z3(A)| = 1 and |z9(A)| < 1 for almost
every A € T. Thus

r3(N)z —x1(N)  w3(N)z — z2(N)z3(N) B z—x5(\)

V(z,2(N) = a(N)z—1 z9(N)z — 1 ==l z2(A)z — 1

for almost every A € T and every z € C such that 1 — z9(\)z # 0. It follows that

1 —U(w,z(N\)¥(z,x(N\)) =

w — xo(A) () S 2 z—1r3(N)

1 g ) 2 )
T2(N)2z — 1 zo(Nw — 112(A)z — 1
(|lz2( V) Pwz — 2o (AN)w — 29(N)z + 1) — (Wz — 2x9(N) — wza(A) + |22(N)[?)
(@2(Mw — 1) (z2(A)z — 1)
lzoN)P(wz— 1) +1—wz  (Jeo(N)]? — 1)(wz — 1)

|
(a(MNw = 1)(22(N)z = 1) (22(M)w — 1)(z2(N)2 — 1)

for almost every A € T and every w, z € C such that 1 — z9(A\)z # 0 and 1 — x9(p)w # 0.

By Theorem B.1.21, the non-zero H* function x;x5 — x3 has an inner-outer factorisa-
tion of the form pgy = z129 —x3, where ¢ is inner and gy € H™ is outer. Since |z3(\)| = 1,
21(A) = 22(N)z3(A) and |z2(N)| < 1 for almost every A € T, we have

190(MF =N go(Np(N)go(X) = (21(N)xa(A) — 23(N)) (21 (M) 22(X) — 23(N))
=lz1(N)za(V)]* = 21 (N2 (N)3(A) — 21(N) 22(N)23(N) + [23(A)[?
=[z1 (A Plza(N)[? = [z2(AN)* = [z (AP +1
=lza(A)[* = [22(A\)* = 22 (V)" + 1
= (leaW)* = 1)°

for almost every A € T. Since |zo(\)| < 1, we have 1 — |z2(A\)]? > 0, and hence |go(N)| =
1

1 — |22(A\)|? for almost every A € T. Set g = g¢. Then g € H* is an outer function such

that [g(A)|*> =1 — |z2()\)|? for almost every A € T. Thus we can write

L= U(w, 2(A)¥(z,2(N) =(1 —w2) < 1 —gagj()mz’ 1 —g:rE:()A)w ><c
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and so, by expanding the right side,

9Nz gMw o g 9N
bt <1 — x9Nz 1 — x2()\)w>(c = w, 2(A)¥(z 2(A) + <1 —x9(N\)z" 1 — xz()\)w>(c

for almost every A € T and every w, z € C such that 1 — z5(A\)w # 0 and 1 — z5(\)z # 0.
It follows that

1 1 U(z,z(N)) U(w, z(A))
< gz || 9w > = < ACY I I IV, >
1 —x9(N)z 1 —z(Nw/ 1 1 —x9(N)z I —zo(Nw/ 1

for almost every A € T and every w, z € C such that 1 — zo(A)w # 0 and 1 — 25(\)z # 0.

That is, for almost every A € T, the Grammian of the vectors

1
{( g(N\)z ) :ze@andlxz()\)z¢o}c(c2
1—2(\)z

is equal to the Grammian of the vectors

g(N\)z cz€Cand 1 —ax5(N)z#0p CC?
1 —x9(N)z

Thus, by Proposition B.1.22, for almost every A € T, there exists an isomety L, such that

1 U(z,x(N))
Ly 9Nz = _ 9Nz
1 —x9(N)z 1 —x9(N)2

for every z € C such that 1 — z5(\)z # 0.

Now, we define © on D by O(\) := g(N) for all A € D. Hence
9(A) 22(A)

z1(N)z2(A) —23(0)  g(N)2
@(A)( g&)z ) z1(\) + oy e

1 —x9(N\)z E Q(A)WL%()\)%
21(A) — 21(N)22(N) 2 + 21 (N)22(N) 2 — 23(N)2
_ 1 — x9(N)z
- 9(A) = gNz2(A)z + (Mg (V)=
1 —x9(N)z

r3(M)z — 21 (N)

U(z,z(A))
= 332(3()%_ Ll= ( g(\) )
m 1 —x9(N)z
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for all A € D and z € C such that 1 — z5(\)z # 0. Clearly © is holomorphic and, for
almost every A € T, we have ©(\) exists and is equal to the isometry Ly. It follows from
the Maximum Modulus Principle that |[[©(A)|| < 1 for all A € D, and so © € §2*2.

By Proposition B.3.30, the function defined by

[—-0(u) e
)

(A, ) =

is an My (C)-valued kernel on D, and so, by Corollary B.3.20, there is a Hilbert space H
and a holomorphic F': D — B(C? H) such that

[=0(u) 00 = (1 =pA)F () FQ)

for all u, A € D. It follows that

1 1
(1 —7A) <F()\) ( g(\)z ) , F(p) ( g(p)w >> =
1 —x9(N)z L —zo(p)w/ 14
1 1
= <(1— (1) O(X)) ( 9Nz ], ( g(pw )>
1—x2(N)z 1 — xo(p)w

( 1 ) ( 1 U(z,x2(N)) U(w,z(p))
= < gz || gww > - < ZACY I IR (D) >
1 —x9(N)z 1 —zo(p)w/ 1 e 1 —x9(N)z 1 —2o(p)w/ 1 e
_ g 9(n)
1*“”<1—xxwfl—xAMw>@
9(A) 9(p) >
1 —zo(N)2" 1 —za(p)w / o

g(\) 9(w) >

1—29(N)2" 1 — zo(p)w

—wwwu»wwww»—<

— 1= B () - (1 - w2)

and so

1= U(w, z(1)¥(z,2(N) =(1 —wz) <1 _gx(;\()/\)z7 1 —ngU(:L(L)w><C

1 1
+ (1 =7 <F(A) ( g(A)z ) , F(p) ( g(pw )>
1 —x9(N)z L —zo(p)w/ 7 4,

for all u, A € D and w, z € C such that 1 — zo(p)w # 0 and 1 — z9(N\)z # 0, which is the
required identity. O

Remark 4.3.4. It is natural to ask what the relationship is between the function F' from

Theorem 4.3.1 and the function © from Proposition 4.3.3. Let © = (x1,z9,23) be an
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E-inner function such that ;25 # x5. Recall that

1
T 906201
Y

F=1,
e3¢

X2

¢ is outer and pe® = z x5 — 23, and

T1x2—13
T —g ]
Y

g T2

where ¢ is inner, e

@:

where g € H* is an outer function such that |g(\)|? = 1—|zo(\)|? for almost every A € T.
Then
F=0,

since, by the uniqueness of the inner-outer factorisation of zix9 — x3 in the proofs of

Theorem 4.3.1 and Proposition 4.3.3, we have g = e2C.

4.3.2 Left St : 2 — Hol (D, E)
Definition 4.3.5. We define Left St : S2*2 — Hol (D, E) by

Fll F12
F21 F22

—> (FH, Fgg,det F)

for all F € §%*2,

Proposition 4.3.6. The map Left St is well defined.
Fii Fio

Proof. Let F =
o1 Fa

€ §**2. Clearly Left St (F') is holomorphic since

det F' = F11F22 — F21F12.
By Theorem 4.2.4 (vi), since ||[F(A\)|| < 1 for all A € D,
Left St (F)(A) = (Fi1 (M), Fas(A),det F(\)) € E

for all A € D. Tt follows that Left St (F) € Hol (D, E). O
We now have a map Hol (D, E) — $**2 and a map S?*? — Hol (D, E), and so we can

investigate how they interact.

Proposition 4.3.7. Left St o Left Nt = idy p ) -

Proof. Let = (x1,79,73) € Hol (D,E). Then Left Nt (z) = F € S**? as defined in
Definition 4.3.2. In particular, Fi; = x1, Fyo = x5 and det FF = x3. It follows that
Left St (F') = =, and hence

Left St o Left Nt (z) = .
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Therefore Left St o Left Np = idy,, (D.E)- O
A1 0 oo
Example 4.3.8. Let F(\) = 71 o for all A € D. Then F € S§%° and

Left NT o Left ST (F) 7& F.
Proof. Clearly F' is holomorphic on D, and

o

for all A € D. Hence F € §**2. Thus we can apply Left St to obtain

Al RY
1 <\ a<1
\/§ —

[HE]] <7

Left St (F)(\) — (\%,0,0)

for all A € D. Define x = (1,29, 73) € Hol (D, E) by z(\) = (%, \%, ’\;> for all A € D,
and let

Left Ny (2) := G € §*2,

Then the function G is defined as in Definition 4.3.2. In particular, since z; - 0 = 0, we

have

G:
0 O

Hence Left Nt o Left St (F') # F. O

4.3.3 SWT : RH — Hol (D,E)
The idea for SWr is to follow Procedure UW with the map Left Sy. The following
proposition facilitates this.

11 12

Proposition 4.3.9. Let (N, M) € Ry1. Let = = [

(11 [1
(11 [1

] be constructed from (N, M)

21 22

by Procedure UW. Then

{Left St (F) : F € Upper W (N, M))} ={(¢Z11,Z92,(det =) : ¢ € T} C Hol (D, E).

0 1 0
Proof. Let F' € Upper W ((N,M)). Then F = G ] = [ _] for some (;,(; € T,

0 G| [0 ¢

and so

- = G 0|1 0 — = -
Left ST (F) = Cl‘:‘lh =992, det = J— = (Q:H, =992, Cl det .:.) .
( 0 G 0 G

It follows that
{Left ST (F) P e UpperW ((N, M))} = {(CEH,EQQ,Cdet E) : C S T} .
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Moreover, by Proposition 4.3.6, since F' € $**2, we have Left St (F') € Hol (D, E).

O
Definition 4.3.10. We define SWr to be the set-valued map from Ry to Hol (D, E) given
by

SWT ((N, M)) = {(CEH, Egz,Cdet E) . C € T}
for all (N, M) € Ry, where = = [

Procedure UW.

11 12

(a1 [1
(11 [1

€ 8?%2 s constructed from (N, M) by

21 22

That SWr is well defined follows from Proposition 4.3.9 and the observation that, as
Upper W is independent of which function = is used to define it, the set

{(CZ11,E02,¢det Z) : ( € T}

is independent of the choice of Z=.

By Proposition 4.3.9,

{Left Sy (F) : F € Upper W (N, M))} = SWo (N, M))

for all (N, M) € Ry;. We have the following other interactions with SWr.

F, F
Proposition 4.3.11. Let ' = T2

€ 8%*2 be such that Fy, # 0. Then

0
F) (€ T} )
1
Proof. By Proposition 2.4.12,

UpperVVoUpperE(F):{[i)1 C()] F [(1) CE] :(1,(2€T}.
2 2

21 F22

SWroUpperE (F) = {Left St ( [g

Hence

SWr o UpperE (F) :{LeftST ([C()l CO F (1) g]) (G, G GT}
2 2
:{(ClFll,FQQ,det 401 2 F é CE]) Z(l,CQET}
2 2

{LeftST<[C X F) :CET},
0 1

Corollary 4.3.12. Let x = (1, 12, 23) € Hol (D, E) be such that x1x5 # x3. Then

as required.

SWr o Upper Eo Left Nt () = {((z1, 22, (x3) : ( € T}.
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Proof. Let F' = Left Nt (x). Then, in particular,

F
F— 45 12

9

Fy 29

F5 # 0 and det F' = x3. By Proposition 4.3.11,

SWToUpperE(F):{Lef‘cST ( g (1] F) :(GT}
fretess ( ey G ) e T}
_F21 T2

={(¢z1, 72, det F') : ( € T}.
Hence SWr o Upper E o Left Nt (z) = {((z1, 22, (x3) : ¢ € T}. 0

We note that if ( = 1 then ({1, x9,(x3) = (21,22, 23). Hence, by Corollary 4.3.12,
for all x € Hol (D, E), we have x € SWr o Upper E o Left N (z).

4.3.4 Lower Et : Hol (D, E) — S,

The definition of Lower Er comes from the relationship between Hol (D, E) and a partic-
ular subset of Sy. The relationship uses the function ¥. Recall that, for © = (21, 29, x3) €
Hol (D, E) and z, A € D, we have

x3(N)z — xl()\)‘

(z2(A) = ra(A)z — 1

Hence, for all A € D, we have WU(-,z(\)) is a linear fractional map. Moreover, for all
A € D, by Theorem 4.2.4 (iib), z(\) € E if and only if |¥(z,z(\))| < 1 for all z € D, and
if 21(A\)xe(A) = x3(A) then, in addition, |zo(A)| < 1. This fact and the following lemma

motivate our definition of the subset of S,.

Lemma 4.3.13. Let ¢ € Sy be such that, for all A € D, we have (-, \) is a linear

fractional map. Then ¢ can be written as

a(\)z + b(\)

(2 A) = e\ + 1

for all z, A € D, where a,b, c are functions from D to C. Moreover, b is holomorphic, and

if ¢ is holomorphic then so is a.

Proof. Since, for all A € D, we have ¢(-, A) is a linear fractional map, we can write

90(27)0 =
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for all z, A € D, where a,b, c,d are functions from D to C. Since ¢ € Sy, for any A € D,
up to cancellation, (-, ) does not have a pole at 0, and so d(A) # 0. Thus, without loss

of generality, we can write
a(X)z + b(A)
A)=—~~A—-—=

for all z, A\ € D. Moreover, since b(\) = ¢(0, A) for all A € D, we have b is holomorphic.

Now suppose ¢ is holomorphic. Then
a(A)z = ¢(z,A)(c(A)z +1) = b(})

for all z, A € D, and so a is holomorphic. O

Definition 4.3.14. We define S¥ to be the subset of Sy which contains those ¢ such that,
for all A € D, we have o(-, \) is a linear fractional map of the form

a(\)z + b(\)

(20 = c\)z+1

for all z, \ € D, where c is holomorphic, and if a(\) = b(A)c(\) for some X\ € D, then, in
addition, |c(\)] < 1.

We now give the relationship between Hol (D, E) and SY.

Proposition 4.3.15. Let ¢ be a function on D?. Then ¢ € S if and only if there exists
a function v € Hol (D, E) such that

©(z,\) = W(z,2(N)) for all z, A € D.

Proof. First, suppose x = (x1,72,73) € Hol(D,E). Define ¢(z,\) = ¥(z,2()\)) for
all z,A € D. Since z is holomorphic and maps into E, and since ¥ is holomorphic on
D x E, we infer that ¢ is holomorphic on D?. For all z, A € D, by Theorem 4.2.4 (iib),
|W(z,2(A\)| <1, and so p(z,A\) € D. It follows that ¢ € Sy. Moreover,

23Nz —21(N)
=) = To(N)z — 1

for all z, A\ € D, where x5 is holomorphic. By Theorem 4.2.4 (iib), if z1(A)za(N) = x3(N)
for some A € D, then, in addition, |z2(\)| < 1. It follows that ¢ € Si.
Conversely, suppose that ¢ € S¥. Then

a(\)z + b(\)

(20 = cN)z+1

for all z, A € D, where c is holomorphic, and if a(A) = b(A)c(A) for some A € D, then, in
addition, |¢(\)| < 1. Moreover, by Lemma 4.3.13, both a and b are holomorphic. Set
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for all A € D. Then z is holomorphic on D, and
U (z, 2(A)| = [p(z,A)| < 1forall z,A €D.

Hence, by Theorem 4.2.4 (iib), 2(\) € E for all A € D. It follows that there is an
z € Hol (D, E) such that ¢(z,\) = ¥(z,z()\)) for all z, A € D. O

Definition 4.3.16. We define Lower Et : Hol (D, E) — S¥ by

zr3(A)z — 21 ()

Lower Er (2)(2,A) := ¥(z,z(\)) = zo(N) — 1

for all v = (11,15, 73) € Hol (D, E) and all z, A € D.

That Lower Et is well defined follows immediately from Proposition 4.3.15.

4.8.5 Lower Wt : Si — Hol (D, E)

In terms of the uniqueness of a function = € Hol (D, E) as in Proposition 4.3.15, we obtain

the following result.

Proposition 4.3.17. Let ¢ € SY. Suppose ¥ = (x1,29,73) and y = (y1,y2,y3) are
functions in Hol (D, E) such that

U(z,z(N) = @(z,A) = U(z,y(N) for all z, A € D.

Then,
(i) if xyxo # x3, we have © = y;
(i) of z129 = w3, we have y = (x1, Yo, T1Y2)-
Proof. Since V(z,z(\)) = ¢(z,A) = V(z,y()\)) for all z € D, we have

T3z — T _ Ysz — U
Toz — 1 Yoz — 1

and 50 w3y22? — (T1Y + 3)2 + T1 = Y3722? — (Y172 + y3)2z + ;1 for all z € D. By equating

coefficients, we obtain
Ty = Y1, T3Y2 = Y3r2 and T1ys + T3 = Y172 + 3.
For (ii), suppose x1xs = x3. Then y; = x; and
Y3 = T1Y2 + T3 — Y12 = T1Y2 + T1T2 — T1T2 = T1Y2.

That is, y = (x1, Yo, T1Y2)-
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4.3. Relations between the sets

For (i), suppose instead that xjxe # x3. Then f := x3 — x129 # 0 and is holomorphic
on D. Hence, by Theorem B.1.25, the zeros of f are isolated. Let A € ID. Then, since

z3y2 = (T1Y2 + T3 — T1272) T2, We have
(@3(A) = 21(N)22(A))y2(A) = (23(A) — 21(A)22(N))22(N).

If f(A) # 0 then clearly y2(A) = z2(A). If f(A\) = 0 then there is a sequence (\,)?%,; in D
such that lim,, o A, = A, and f(\,) # 0 for each n € N. Hence y2(\,) = z2()\,) for each
n € N, and so y2(A) = z2(A). Either way, we obtain yo(A) = x2(A). It follows that

Y1 = T1,Y2 = T2 and y3 = 179 + T3 — 122 = T3,

that is, y = x. O

Consequently, in some cases, the function # € Hol (D, E) as in Proposition 4.3.15
may not be unique. However, the proof of Proposition 4.3.15 provides the construction
of a function in Hol (D, E) for each function in SY¥. We use this construction to define
Lower W,

Definition 4.3.18. We define Lower Wy : Sif — Hol (D, E) by:

a(\)z + b(N)

- If _
(i) for ¢ € Sy such that p(z,\) = Ozt 1

for all z, A € D, where a # bc, the map

Lower Wr (¢) = (b, —¢, —a);

(ii) for ¢ € S¥ such that p(z,\) = b(\) for all z, A € D, that is, a = be, the set map

Lower Wr () = {(b, —d, —bd) : d is holomorphic and |d(\)| <1 for all X\ € D}.

By the proof of Proposition 4.3.15 and by Proposition 4.3.17, Lower W is well defined.
Proposition 4.3.19. The following relations hold.

(i) For x = (21,2, 73) € Hol (D, E) such that x175 # x5, we have

Lower Wr o Lower Et (2) = z.

a(\)z + b(N)

s If —
(ii) For ¢ € Sy such that o(z,\) = EEVEES]

for all z, A € D, where a # be, we have

Lower E1 o Lower Wr (¢) = ¢.
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4.3. Relations between the sets

(iii) For x = (1,29, 23) € Hol (D, E) such that x5 = w3, we have

Lower W o Lower Er () =

={(z1, —d, —x1d) : d is holomorphic and |d(\)| < 1 for all A € D}.

(iv) For ¢ € S such that o(z,\) = b(\) for all z, A € D, we have

Lower Et (z) = ¢ for all x € Lower Wr (¢).

Proof. (i) Let @ = (x1, 2, 73) € Hol (D, E) be such that x5 # x3. Then Lower Er (z) =
¢ € S¥, where
Cas(Nz—ai(A) | —as(N)z 4 21 (M)

oz, A) = ¥(z,z(N) = zo(N)z — 1 - —zo(N)z + 1

for all z, A € D. Since x5 # x3, we have
Lower Wr () = (21, 22, x3) = .

It follows that Lower W o Lower Et (z) = z.

(i) Let ¢ € S¥ be such that ¢(z,\) = % for all z, A € D, where a # bc. Then

Lower Wr () = (b, —c, —a) € Hol (D, E). Moreover,

—a(N)z — b(\)
—c(N)z—1

Lower Et ((b, —¢, —a))(z, A\) = ¥(z,b(A), —c(N), —a(N)) = =p(z,\)

for all z, A € D. It follows that Lower Er o Lower Wr (¢) = .
(iii) Let 2 = (21,79, 23) € Hol (D, E) be such that z,z5 = 23. Then Lower Er (z) =
¢ € S¥, where

r1(N)z2(N)z — 21(N)
xo(N)z — 1 =n()

p(z,A) = ¥(z,2(N) =
for all z, A\ € D. Hence

Lower Wt o Lower Et (x) =

={(z1, —d, —21d) : d is holomorphic and |d(\)| < 1 for all A € D}.

(iv) Let ¢ € S be such that ¢(z, \) = b(\) for all z, A € D. Then
Lower Wr (¢) ={(b, —d, —bd) : d is holomorphic and |d(A)| < 1 for all A € D},

and is a subset of Hol (D, E). Moreover, for any = = (b, —d, —bd) € Lower Wr (), we
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have

—b(A)d(A) — b(N)
—d(\) — 1

Lower Et (x)(z,A) = U(z,b(A\), —=d(A), =b(A)d(N)) = =b(A) = p(z,\)

for all z, A € D. Hence Lower Et (z) = ¢ for all x € Lower Wr (¢). O

By Proposition 4.3.19 (iii), it is clear that, for # = (21, 79, 73) € Hol (D, E) such that
r1To = T3, we have

x € Lower Wt o Lower Er (z).

4.83.6 Relations between the remaining maps

We now consider how some of the maps we defined in this section interact with some of

the maps in Chapter 2.
Proposition 4.3.20. SE o Left Nt = Lower E.

Proof. Let x € Hol (D, E). Then Left Nt (z) = F € §?*2 as defined in Theroem 4.3.1. By
the proof of Theorem 4.3.1,

SE(F)(2,A) = Froy(2) = ¥(z,2(A))
for all z, A\ € D. Hence
SE o Left Nt (2)(2,\) = ¥(z,2()\)) = Lower Er (z)(z, \)
for all z, A € D. It follows that SE o Left Nt = Lower Er. O
Corollary 4.3.21. The following relations hold.
(i) For x = (21,2, 73) € Hol (D, E) such that x175 # x5, we have

Lower Wt o SE o Left Nt (z) = =.

a(\)z + b(\)

(ii) For o € S¥ such that p(z,\) = ()t 1

for all z,\ € D, where a # bc, we have
SE o Left Nt o Lower W () = .

(iii) For x = (1,29, 23) € Hol (D, E) such that x5 = x3, we have

Lower W o SE o Left Nt (x) =
={(z1, —d, —x1d) : d is holomorphic and |d(\)| < 1 for all A € D}.

73



4.4. Criterion for solvability
(iv) For ¢ € S such that (2, \) = b()\) for all z, A € D, we have

SE o Left Nt () = ¢ for all x € Lower Wr (¢).

Proof. The results follow immediately from Proposition 4.3.20 and Proposition 4.3.19. [

Proposition 4.3.22. Lower Et o Left St = SE.

Fll F12
F21 F22

Proof. Let F = € 822, Then

FaMFa(N)z - Fu(d) = (Fu(N)Fed) — Fa(A)Fa(d)z
1— FQQ(/\)Z 1— FQQ()\)Z

SE (F)(z,\) =F11(\) +
for all z, A € D. Moreover, Left St (F) = (Fi1, Fa, det F') and so

Lower Et o Left St (F) (2, A) =V (z, F11(\), Faa(A), det F'(X))
_ det F(\)z — Fii(\)

FQQ()\)Z —1
_ (A = (Fu(M)Fp(A) — Fan (M) Fia(A)2
1-— FQQ()\)Z
=SE (F)(z, )
for all z, A € . It follows that Lower Et o Left St = SE. O

4.4 Criterion for solvability

In this section, we present a criterion for the solvability of the u-synthesis problem given
by Question 1.2.2. In addition, we give a number of related results, which can be seen to

arise from the rich structure we have been studying.

Theorem 4.4.1. Let \y,. .., \, be distinct points in D, and let (v1;, x2j, 235) € E be such

that x1;x9; # xs; for j =1,...,n. Then the following are equivalent.

(i) There exists a holomorphic function x : D — E satisfying
z(N;) = (215, Tej, x35) for j=1,... n;
(ii) there exists a rational E-inner function x satisfying
z(N;) = (215, x95, x35) for j=1,...,n;

(iii) for every distinct points z1, zo, 23 € D, there exist positive 3n-square matrices N =

[Nil7jk]2f=1,l,k=1 of rank at most 1, and M = [Milyjk]Zf’:lM:l such that, for

74



4.4. Criterion for solvability

1<, 7<nand1 <,k <3,

21T3; — T14 L3 — TL1j

1-— = (1 — Z2) N + (1 — XNA) Mg jr;

T 2] — 1 X222k — 1

(iv) for some distinct points zy, z2, 23 € D, there exist positive 3n-square matrices N =

Ny ™2 of rank at most 1, and M = [My "2, ._. such that
IR j=1,1,k=1 IRl j=1,1,k=1

1— 21T3; — L1 ZgT35 — L1y

> (1 — Z2,) Ny i 1 — M\ My el .
Tozp— 1 wojz—1 | 7 I Zi%k) l’jk] + [( J) lvﬂk}

Proof. Clearly (ii) = (i) and (iii) = (iv). To complete the proof, we need to show that
(ili) = (ii), (iv) = (i) and (i) = (iii).

(iii) == (ii): Suppose (iii) holds. Then, since N is positive and has rank 1, there are
vk € C such that, for all j =1,...,n and k =1, 2,3, we have

Nitjk = YaVjk-

Similarly, since M is positive, there is a Hilbert space H of dimension at most 3n and

vectors v, € H such that, for all j =1,...,n and k =1, 2,3, we have

Mu,jk = <Ujka Uz'l>H-

Recall that W(zg, 15, T2j, 3;) = % Then, as in Procedure UW, we can show that,
J
for j=1,...,n and k =1, 2,3, the Grammian of the vectors

‘I/<Zka$1jax2j7$3j)
Yik S C2 S¥) H

Ujk

is equal to the Grammian of the vectors

1
(Zk’}/jk) S (Cz D H.

AjUjk

Hence, by Proposition B.1.22, there is a unitary L on C? @& H such that

1 (2, 215, Toj, T35)
L 2KV 5k = Vik

AjUjk Uik
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4.4. Criterion for solvability

A B
forall j=1,...,nand k=1,2,3. If we write L = [C’ D],then

i} . 4 . 1 1
(Zk7 xl]a x2j7 1:3]) _ A + B)\]Ujk and Ujk — C —+ D)\]Ujk-
Yik 2k jk “kVik

forall j=1,...,nand k =1,2,3. Thus

1
Ujk = (] — D)\J)_IC (Z N ) s
k' Ijk

(2k, T15, T2, T35) = (A—G—B)\j(]_D/\j)_lC)
T 2k Yjk

forall j=1,...,nand k =1,2,3. Now, let

and so

E(\)=A+ BXI - D)N)'C = ) d(N)

a(\) b<A>]
for all A € D. Since L is unitary and H is finite dimensional, = is a rational 2 x 2 inner

function. Hence the function defined by z := (a, d, det ) is a rational E-inner function.

If we show that z satisfies z()\;) = (21, x9;, x3;) for all j = 1,...,n, then we are done.

We have shown that
(2, T1j, L2j, x3j> ==(\) 1
Yik ’ 2k Y5k

forall j=1,...,nand k =1,2,3. Hence
U (2, 215, Toj, T35) = a(Aj) + b(A;)ziyje and v = c(A;) + d(Nj) 26k,

[1]

and so
‘I’(Zk7$1j, $2j7$3j) = a(/\j) + b()\j)zk(l - d()‘j)zk)_lc(Aj)

forall j=1,...,nand k= 1,2,3. Thus, for each j = 1,...,n, the linear fractional maps

vy —xyiz 2 a(dy) = (a(dg)d(dy) — b(Ay)e(Ay))z
1-— Xojz 1-— d()\])z

agree at three distinct points in ), and it follows that they are the same map. By

Proposition 4.3.17, since z1;xq; # x3; for j =1,...,n, we have
CL(/\]') = Ilj; d()\]) = Igj and det E(/\J) = a()\j)d()\J) — b()\])C()\J) = l‘gj,
and so x(Aj) = (215,295, x3;) forall j=1,... n.
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4.4. Criterion for solvability

(iv) == (i): This proof is similar to (iii) = (ii), the difference is that, for j = 1,...,n

and k =1, 2,3, the Grammian of the vectors

U (2, T14, Taj, T35)
f}/jk € C2 @ H

'Ujk

is less than or equal to the Grammian of the vectors

1
(Zk')/]k) € CQ D H.

AjUjk

on C? ® H such that

Hence, there is a contraction L = [

1 (2, T1j, 25, T3;)
L Vik = 2k ik

Vjk AjUik

forall j=1,...,nand k =1,2,3. Now, let

EN)=A+BXI—-D)N'C=

a(\) bm]
c(\) d(N)

for all A € D. Since L is a contraction, = € $?*2, and so = := (a,d,det =) € Hol (D, E).
That x(\;) = (215, 225, 23;) for all j =1,...,n, follows as in (iii) = (ii).

(i) = (iii): Suppose there is a holomorphic function z = (21,75, 73) : D — E such

that x(\;) = (z1j, 22, x3;) for all j =1,...,n. By Theorem 4.3.1, since z1;x2; # x3; for
j=1,...,n, there is a holomorphic function
Ja AN I R VTS)
Ja

such that fo # 0, |[|F(N\)|] <1 for all A € D, and

J=F()FQ)
1— 7\

1=(w, z(n))¥(z,2(A)) = (L=w2)y(p, w)y(A, 2)+ (1 =pA)n(p, w) (A 2)

for all z, \, w, u € D, where

1 an 2) = 1 .
¥ 2) = (1 = 22(A)2) 7 fo(A) and n(A, 2) [’V(Aa Z)Z]

Let 21, 29,23 be any distinct points in . Then, in particular, for 1 < 7,7 < n and
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4.4. Criterion for solvability

1 <[,k <3, we have

1—W(2, 214, Tas, T3i) W (28, 15, T2, T3;) =

- — I —F(\)F(X\;
= (1 —Z2)v(Ni, 20)7(Aj, 26) + (1 = Xidg)n(Ai, z1)° ! ( ??A ( j)U(Aj,Zk)
WY

By Corollary B.3.23, since F' € §**? and f, # 0, the map (z, A\, w, ) — (i, w)y(A, 2) is
a rank 1 kernel on D?. By Corollary B.3.32, since F' € §**2, the map

Jd = Fp)FEQ)

A
T n(A, z)

(2, A\, w, p) = np, w)

is a kernel on D?. Hence the 3n-square matrices

n,3
N = [Nugel iy ey = [’Y()‘hzl)’}/()‘jazk)}

i,j=1,1,k=1

and
n,3

J = FO)FQ)
IEDWY

M = (M = {nw ) e zk>]

ij=1,1k=1

are positive semidefinite. Moreover, N has rank 1 and, for 1 <+¢,7 <nand 1 <[,k <3,

1 — (2, 214, Taiy w33) W (20, T15, Toj, T37) = (1 — Zizi) Naji + (1 — NoAj) Mg ji-
It follows that (i) = (iii). O

As a corollary of Theorem 4.4.1, we obtain the following criterion for the solvability

of the associated p-synthesis problem.

Theorem 4.4.2. Let A\, ..., \, be distinct points in D, and let

J J
Wy Way

J J

be such that ppig(W;) < 1 and wiwly # det Wy for j = 1,...,n. Set (15, a5, 3;) =
(w),, why,det W) € E for each j =1,...,n. Then the following are equivalent.

(i) There exists a holomorphic function F' : D — My(C) such that F(X\;) = W; for
jg=1,...,n, and ppig(F (X)) <1 for all A € D;

(ii) there exists a holomorphic function x : D — E satisfying
r(Nj) = (w15, w25, x35) for j=1,....m;

(iii) for some distinct points z1, 25, z3 € D, there exist positive 3n-square matrices N =
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4.4. Criterion for solvability

[Nil,jk];f}il,l,kﬂ of rank at most 1, and M = [Mil,jk]Z}'g:l,l,k:l such that

21T3; — L14 B35 — L1j

1— > [(1 — Z2k) Na k) + [(1 — /\_i)\j)Mil,jk} .

To; 21 — 1 Loz — 1

Proof. Since w{lw%Q # detW; for j = 1,...,n, we have xyjz9; # x3; for j = 1,...,n.

Hence the theorem follows from a combination of Theorem 4.1.4 and Theorem 4.4.1. [

The proof of Theorem 4.4.1 provides a procedure by which a solution z to an E-
interpolation problem can be obtained from a pair (N, M) satisfying the conditions of
Theorem 4.4.1 (iv). We call this Procedure SWr, and it is essentially Procedure UW
followed by the Left ST map. More specifically we have:

Procedure SWr. Let Ay, ..., A, be distinct points in D, and let (1, 29, 73;) € E be such
that zq;x9; # w3; for j = 1,...,n. For some distinct points 21, 29, 23 € D, suppose N
and M are positive 3n-square matrices such that N has rank at most 1, and the matrix

inequality as in Theorem 4.4.1 (iv) holds. Then:

1. Choose scalars v;; € C such that N = [%ij]q‘l,f):l,l,kzl'

(2

2. Choose a Hilbert space H and vectors v;, € H such that M = [(vj, vzl>H]?j3:1 Ty

:C?®H — C?> @ H such that

1 W2k, T1j, Taj, T3;)
2y ) | = Yk

AjUjk Vjk

3. Choose a contraction [

A B
¢ D

forall j=1,...,nand k=1,2,3.

A) b(A
4. Let * = (a,d,detZ), where Z(\) = A+ BA(I — D)\)"'C = ald) by for all
c(A) d(})
AeD.
Now, we have z € Hol (D, E) and z()\;) = (x5, 29j, 235) for j =1,...,n. O

The following proposition shows that every interpolating function can be obtained by
applying Procedure SWr to a general solution (NN, M) of the matrix inequality such that

the rank of NV is less than or equal to 1.

Proposition 4.4.3. Let \y,...,\, be distinct points in D, and let (x1;, x9;,%35) € E be
such that zyjxo; # w35 for 7 = 1,...,n. Then every holomorphic function x : D — E
satisfying

‘(E()\]) = ($1jax2j7$3j)7 fOTj = 1, o, n,
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. . .. . 3
arises by Procedure SWr from a pair of positive 3n-square matrices N = [ijk]?j:l LEel

of rank at most 1, and M = [Mil,jk];ff’zlyl’kzl satisfying

1 21T3; — L1 ZpT3; — L1y

> [(1 = Z2) Nu 5 1— NA\) M)
Toi2 — 1 TojZK — 1 - [( lek) l’]k] + [( ]) l,]k]

where z1, 29, 23 are distinct points in D.

Proof. Suppose z = (z1,72,73) € Hol (D, E) is such that z(\;) = (215, x9;,23;) for all

Jj=1,...,n. By Theorem 4.3.1, since x1;x9; # w3;, there is a function
F = I fl c 82><2
f2 T2

such that fy # 0, and

A= F(u)F())
1-7in

1= 0w, (@) ¥ (z, () = (1=D2)7 (1, )y (A, 2)+ (1= TN, w) N 2)

for all z, \,w, u € D, where

-1 an z) = ! :
1(02) = (1= 22(0)2) " (M) and (A, 2) szwl

By Proposition B.3.30, since F' € §?*2, we have

I— F(u)'F(\)
1— i\

K:(\p)—

is an My (C)-valued kernel on D. Hence, by Corollary B.3.20, there is a conjugate analytic
map U : D — B(C?, Hy) such that

I— F(u)"F(\)

T = U T

for all \,u € D. Let 2z, 29, 23 be any distinct points in ID. Then, in particular, for all
1<i,7<nand1<I[,k <3, we have

1=V (2, 14, Tos, T3i) VY (25, T1j, T2, T3j) =
= (1 —Zze)7 (i, 207 (Njy 21) + (1= XANU ) U )0z, Ag), m(20, A ez
= (L —=zz)v(Ni, 2)v(Ags 20) + (1= XA U M)z, As), U0 (21, M) e

It follows that the positive 3n-square matrices

n,3

N = [7(217>\z‘)7(2k7>\j) Z B and M = [<U()\j)77(2k;)\j)7U()\z’)77(Zla)\i)>HK]Z}3:1,z,k:1
satisfy the matrix inequality and the rank of N is less than or equal to 1. We now apply
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4.4. Criterion for solvability
Procedure SWy to N and M. Choose v, = v(Aj,2) for 1 < j <mnand 1 <k < 3,
H = Hg, and vj, = UN)n(Aj, 2,) for 1 < j <nand 1 < k < 3. As in the proof of
Theorem 4.4.1, for z, A € D, the Grammian of the vectors

1
<zfy()\, z)) eC’pHy
AU (MNn(A, 2)

is equal to the Grammian of the vectors

W(z,z(A))
v(A, 2) € C*®Hg.
UMn(A 2)

Hence, by Proposition B.1.22, there is a contraction L on C? @ Hx such that

( 1 ) (@(z,x(k))
L \x(\2)) | = YA, 2)

AUA)n(A, 2) UA)n(x, 2)

A B
for all z, A € D. Choose [C pl = L in step (iii) of Procedure SWy. Then we obtain a

function y € Hol (D, E) such that y()\;) = (71, Taj, x35) for j =1,....n.

If y = x then we are done. We have shown that, for z, A € D, we have

(xp(z,x(A)> ( 1 ) A Zv(i 9 + BAU\n(A, 2)
=L \= ’

Y(A, 2) A, z) = )
UA)n(A, 2) AU(N)n(A, 2) C (A7) + DAXU(Mn(A, z)
Hence
(q’i;(;)))) —A (mi, Z)) FBAU(Mn(A, 2) and (1—DANU(ANn(A, 2) = C (Zv& Z)) ,
and so

(W(z,x(A))) :(A+B/\(]—D)\)‘1(J)< 1 >: [a(/\) b(/\)] ( 1 )
(A, 2) 2y(\, 2) c(A) AN ] \=r(\ 2)

for all z, A € D. It follows that
U(z,z(A)) = a(A) + b(A)zy(A, 2) and (A, 2) = ¢(A) + d(A)zy(A, 2),
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and so, letting = =

b(A)e(N)z _ det E(N)z —a()N)
1 —d(N)z dAN)z—1

U(z,z(N) =a(\) +

for all z, A € D. By Proposition 4.3.17 (i), y = (a,d,det Z) = (x1, x2, z3) = . O

The following proposition shows that, in order to use Theorem 4.4.1 to determine if
there is an interpolating function, it is sufficient to search over a compact set for a pair
(N, M) that satisfies the matrix inequality and such that the rank of N is 1.

Proposition 4.4.4. Let \i,...,\, be distinct points in D, and let (x1;, x5, 3;) € E be

such that x1;x9; # xs; for j =1,...,n. Then the interpolation problem
)‘j eD— (.CClj,l'gj,.ngj) S E, fOT' Gll] =1,...,n,

18 solvable if and only if, for some distinct points z1, 29,23 € D, there exist positive 3n-

square matrices N = [Nzljk]?f’zl Loy Of rank 1, and M = [le]k]?j?’:” vy that satisfy

RT3y — T4 L35 — 15
To; 2] — 1 TojZk — 1

1—

} > [(1 = Z2k) Na] + [(1 = XAj) M|

and .
|Nzl k| and
T (1 = Jeal) (1= [g])

1
| zljk| = |1 )\ s |\/ 1 — |£L'QZ \/ (1 - |CL’2]|)2

foralll<i,j<nandl1 <[k <3.

Proof. Sufficiency follows from Theorem 4.4.1 (iv) == (i). For necessity, recall the proof
of Theorem 4.4.1 (i) = (iii), from which it follows that the matrix inequality is satisfied
for ,

N = [N’Lljk]?jg k=1 — [ (Aiazl>7(>‘j?zk)]n’

i,j=1,l,k=1

of rank 1, and

n T —FON)F(\ 3
M = [Mil,jk]i,}azl,l,kzl = [H(Amzz) ( /\l)\ ( ])n()‘jazk)] ;
L=A J i,j=1,1,k=1
where |[F(A\)[| < 1, v(Aj, 21) = (1 — 29;21) 7" fo (),
1
n()"azk) -
’ [7(/\]7 Zk)zk]



4.4. Criterion for solvability

and |fo(A;)| < 1forall j=1,...,n. Hence

1
11— mojz] = 1 — |g5]

1

and so [Ny x| <
T (1= [wai] ) (1 — [g51)

forall yj=1,...,n and k = 1,2,3. Moreover,

2
Ais2k) 2
Ol = || [T 5 =1 oy el <14
1 (1 = |@g;])
(CQ
and so
I —F(\
Mgal < [, 20l e L= EQSEQ

H—AA|

1
< T
|1—>\)\ |\/ |x21 \/ (1= [z))?

forall j =1,...,n and k = 1,2,3. Thus, if the given E-interpolation problem is solvable,

then there exist positive 3n-square matrices satisfying the required conditions. O
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Chapter A. Examples from control engineering

In this chapter, we sketch the reduction of a robust stabilisation problem to a spectral
Nevanlinna-Pick problem, and give an example to illustrate the connections with control

engineering.

A.1 Reduction of a robust stabilisation problem to a spectral

Nevanlinna-Pick problem

The content in this section is taken from [3, Section 2].

Figure 1 depicts a feedback system with uncertainty, where A, G and K are finite-
dimensional linear time-invariant systems. We identify A, G and K with their transfer
functions, which are real rational matrix-valued functions of the frequency domain. The
nominal plant is the plant (model of a physical system) which the designer adopts as a
representation of the system. For the system in Figure 1, we assume that the nominal
plant

G =[Gyl}
is given and it is proper, that is, its entries are rational functions that have a finite limit
at infinity. We model uncertainty with an uncertainty set A, and the assumption that

the true plant is given by Figure 2 for some unknown A € A.

(=]

—1 6 — |: A ) c L
] L =

Figure 1. [3, p. 2475].  Figure 2. [3, p. 2475].  Figure 3. [3, p. 2476].

Let RH* be the space of real rational matrix-valued functions that are bounded and
analytic on H := {s : Re(s) > 0}. A system as in Figure 1 is well posed if the transfer
functions between different branches of the interconnection are well defined, and it is

stable if these transfer functions belong to RH*. A system as in Figure 3 is internally
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A.1. Reduction of a robust stabilisation problem to a spectral Nevanlinna-Pick problem

§

belongs to RH>™. If there exists a controller K € RH® such that the lower loop of

Figure 1 is well posed and internally stable, then we say G is stabilisable. If there exists

stable if the transfer function

(I +KG)™! {1 K]

a controller K € RH* such that the system in Figure 1 is well posed and stable for all
A € A, then we say G is robustly stabilisable with respect to A.

Suppose G is stabilisable. By [36, Lemma 5.4, K stabilises G if and only if K stabilises
(G33. The set of all stabilising controllers of Gi33 can be parameterised by [36, Theorem 5.13
and Theorem 5.14]. First, we need to say how to define a structure from an uncertainty

set. For a given property P, we define the uncertainty set
A ={A € M;;n(C) : ||A]] £1 and A satisfies property P}.

As in [36, p. 256], we assume that P does not impose any norm restrictions. Moreover,
we assume that if A satisfies P then so does aA for every o > 0. This means that the

structure

Ea = {A € M, (C) : A satisfies property P}
is a cone. Recall that, for M € M, (C), the structured singular value of M is

1

M) = .
pea (M) inf{||A]| : A € Ea and I — M A is singular}

To illustrate, we give an example. Consider the uncertainty set
A ={0l,: ] <1},

where I, is the identity matrix in M,,(C). Then Ea = {0, : 6 € C}, and, as shown in
[36, p. 257], we have pg, = p, the spectral radius.

Proposition A.1.1. [3, Proposition 2.2] Let G = [Gy]3,_, be a stabilisable plant. Let

G'33 have the doubly coprime factorisation
Gy =NM"'=MT'N
over RH®, where N, ]\Z/,X,Y/,N,M,X,Y € RH* and satisfy

i v
N ox| T

X Y
-N M

(by [36, Proposition 5.10], every proper real rational plant admits such a factorisation).
Let the zero matrix belong to A C RH*. Then there exists a controller K € RH* such
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A.1. Reduction of a robust stabilisation problem to a spectral Nevanlinna-Pick problem

that the system in Figure 1 is internally stable for all A € A if and only if there exists a
Q € RH™ such that X (c0) — N(c0)Q(o0) is nonsingular and

sup figs (T — ToQT5)(s)) < 1,

seH

where Ty = G11 + GngMG;ﬂ, T, = G13]\Z/ and T3 = MG31. Moreover, the general
robustly stabilising controller of the system in Figure 1 for the uncertainty set A is given

by
K=Y -MQ)X-NQ) ™' =(X-QN)'(Y - QM)

for some Q € RH*™ such that X (00) — N (00)Q(c0) is nonsingular and

sup pie, (Th — TrQT5)(s)) < 1.

seH

Example A.1.2. [3, p. 2478] Using Proposition A.1.1, we reduce the robust stabilisation

problem for the nominal plant G with the uncertainty set
A ={0l,:]0] <1}
to: Find Q € RH™® such that X (c0) — N(00)Q(c0) is nonsingular and

sup p((T7 — ToQT35)(s)) < 1.

seH
Suppose Ty and T3 are scalar matrix functions, and let sq,...,s, be the zeros of 1573 in
H. If sq,...,s, are simple then

{Th' —T5QT5: Q€ RH*} ={F € RH*™ : F(s;) =Ti(s;) for j=1,...,n}.

In this case, the problem is: Find F' € RH™ such that F(s;) = Ti(s;) for j =1,...,n,
and
sup p(F(s)) < 1.

seH
Now, by application of a Cayley transform, this becomes an instance of the spectral
Nevanlinna-Pick problem; as shown in [3, Section 3], when G1; and Gs3 are 2 X 2 matrix
functions, the theory of the symmetrised bidisc can be used to analyse this problem. In
[3, Section 4], there is a worked numerical example in which it is shown that there exists

a robustly stabilising controller for a certain plant with the uncertainty set
A ={0l,:]6] <1}
if and only if a certai fer c satisfies || < ——
if and only if a certain parameter ¢ satisfies |¢|] < ———.
Y P 4-2V/3
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A.2. Example from robust control

A.2 Example from robust control

The content in this section is taken from [36, Section 0.2].

In this section, we consider a concrete example to illustrate the effect of feedback when
modelling a physical system with uncertainty. Feedback can be used to achieve system
stability. A physical system is unlikely to be at an equilibrium point, however, a stable
system is insensitive to uncertainty about its initial conditions. This means that the state
trajectory of a stable system does not diverge when the initial state is slightly perturbed
from an equilibrium point. An exponentially stable system returns to the equilibrium
point at a fast rate after it has been slightly perturbed. To stabilise a system at an
equilibrium point we use the control input to make the equilibrium point exponentially
stable; this can be achieved by a state feedback control law (see [36, p. 10]).

Another reason we may apply feedback to a system is to improve aspects of the
dynamic behaviour. There may be environmental factors which affect the behaviour of
the system, or external commands which act on the system. The problem is that these
influences may be unknown when we design the control system. Thus we would like the
system to be insensitive to these influences, and again we can appeal to feedback control
to achieve this.

When we apply feedback to a system, there is an important issue to consider. We may
not have access to a complete description of the physical system, or a complete description
may be more complicated than we would like. Thus, when modelling the physical system
it can be useful to make approximations or simplifications of certain aspects of the system.

We must now ask what effect this has when feedback is applied.

Example A.2.1 (Position control of an electric motor). [36, pp. 13-14]. Figure 4 depicts

an electric motor which receives unknown inputs.

Dynamical
Output: system: Unknown input:
6 Electric motor br.Ta
Measurement: Action:
of 0 onv
Control law:

v(t) = K(6, — 6)

Figure 4. [36, p. 12].

A voltage v is applied to the motor windings, which results in a torque 7 applied to the
motor shaft. We characterise the behaviour of the system by its output #, the angular
position of the shaft. We employ a feedback control law, which receives a measurement
of # and acts on v, to ensure # follows a reference command 6, despite the effect of an

unknown resisting torque 7;. The control system acts according to the law
v(t) = K(0, —0),
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A.2. Example from robust control

where K > 0 is a constant to be designed. As shown in [36, pp. 13-14], the dynamics of

the system are given by

oL ARl

and the system is exponentially stable in the absence of external inputs. Now it is im-
portant to note that, although the inputs 6, and 7, are unknown when K is designed, we
do need some information about them. For example, we may say that the disturbances
should lie in a prescribed set D, in which case, we would consider the worst possible
behaviour the system could have for any element in D. As in [36, pp. 14], we suppose 6,

and 7, are constant over time. In this case, the states (6, 9) converge asymptotically to
Td .
O(c0) =6, — 174 and 0(oc0) = 0.

It follows that 6 will track 6, despite the effect of 7, whenever K is sufficiently large.

We now return to the issue of approximations and simplifications made in modelling
the system. In Example A.2.1, the effect of inductance in the electric circuit was con-
sidered negligible and so it was neglected in the model (see [36, p. 13]). However, if
inductance is accounted for in the model, it can be shown that the system becomes un-
stable for sufficiently large K. This means that feedback has caused the modelling error
we considered negligible to make the system unusable.

It is clear that feedback can make a system both insensitive to uncertainty and more
sensitive to uncertainty. This tradeoff is a fundamental issue in feedback design. Of
course, we could have worked with a model that did account for inductance, but even
then we would be neglecting other aspects of the system, for example, bending dynamics
of the motor shaft. There are always neglected effects, and how reliable our analysis is
depends on whether these effects can truly be neglected.

Detailed models can be infinite dimensional and more than what a computer can
accurately simulate. This means that stabilising the system can be very difficult, if not
impossible. However, it may be that it is enough to stabilise a low dimensional model of
the system. That is, a feedback design which makes the low dimensional model insensitive
to uncertainty may also make the real system insensitive to uncertainty. In this way, there
is no correct model of a system. Instead, we seek a model that can compensate for any

remaining uncertainty by means of feedback control.
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Chapter B. Background material

B.1 General background

In this section, we give some definitions and results that we use. Let A be a unital C*
algebra with unit 14 and let a € A. Then we denote by o(a) the spectrum of a, that is,
the set

o(a) :={X € C: Al4 — a is not invertible}.

We denote by p(a) the spectral radius of a, that is,

pla) :=sup{|A| : A € o(a)}.

Definition B.1.1. [46, p. 244] Let A be a unital C*-algebra and let a € A. Then we say

that a is positive semidefinite and write a > 0 if a = a* and o(a) C [0, c0).

Proposition B.1.2. [46, Theorem 4.2.2 (iii)] Let A be a unital C*-algebra. Let a,b € A
be such that a,b > 0. Then a+ b > 0.

The following theorem gives an alternative description of a positive element of a C*-

algebra. We primarily use two corollaries of this theorem.

Theorem B.1.3. [46, Theorem 4.2.6] Let A be a unital C*-algebra and let a € A. Then
a >0 if and only if a = b*b for some b € A.

Remark B.1.4. As a consequence of B.1.3, a*a > 0 for all a in a unital C*-algebra.

Corollary B.1.5. [46, Corollary 4.2.7] Let A be a unital C*-algebra. Let a € A be such
that a > 0. Then b*ab > 0 for allb € A.

Corollary B.1.6. Let A be a C*-algebra with identity 14 and let a € A. Then
14 —a*a >0 if and only if ||a|| < 1.
Proof. By Remark B.1.4, we have o(a*a) C [0,00). Hence
ly—a*a>0 < 1—o0(a*a) C[0,00) <= o(a*a) C[-1,1] <= |la|]* <1,

since ||a||* = p(a*a) for elements in a C*-algebra. O
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B.1. General background

The following theorem provides a useful characterisation of continuous linear function-

als on a Hilbert space.

Theorem B.1.7 (Riesz-Fréchet Theorem). [62, Theorem 6.8] Let H be a Hilbert space.
Let f be a continuous linear functional on H. Then there exists a unique y € H such that
f(z) = (x,y) for all x € H. Moreover, ||ly|| = ||f||.

Let H be a Hilbert space. We define B(H) to be the C*-algebra of all bounded linear
operators T': H — H with norm given by

1T = sup{[[T||n - [Je|la <1}

and involution given by * : T" +— T where the bounded linear operator 7* : H — H is
called the adjoint of T' and defined by

(I'"z,y) = (x,Ty) for all x,y € H.
For any T' € B(H),
T >0 if and only if (T'z,z) > 0 for all z € H.

We define the identity operator I in B(H) by [z =z for all z € H.

Remark B.1.8. Let H and G be Hilbert spaces. Then we can similarly define B(H, G)
to be the Banach space of all bounded linear operators 7' : H — G with norm

Tl = sup{[[Tllg - [|=[|ln < 1}

and involution * : T'— T, where the bounded linear operator T : G — H is the adjoint
of T" and defined by

(T*z,y)yg = (x,Ty)g for all x € G and y € H.

Although B(H,G) is not a C*-algebra, we obtain analogous results to Remark B.1.4,
Corollary B.1.5 and Corollary B.1.6. Indeed, let T' € B(H, ). Then

(T*Th,hyg = (Th,Th)g = ||Th||% >0 for all h € H,
and so T*T > 0. Moreover,
IT|| <1 <= (I —T*T)h,h) = ||h|| = ||Th|| >0foral h€ H <= [ —T*T >0.
Lastly, suppose H = G and T' > 0. Then, if B € B(U, H) for some Hilbert space U,

(B*T'Bu,u)y = (I'Bu, Bu)y > 0 for all u € U,
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B.1. General background

and so B*T'B > 0.

The Banach algebra M, (C) = B(C") is a finite dimensional C*-algebra with the
involution that takes each element to its conjugate transpose. The conjugate transpose of
a matrix M = [my;|;7] i} € Myxm(C) is the matrix

M* = ([mw]:”?g 1)T [mgalisy) 1,5=1 € Mnsxn(C).

Let V be a complex vector space. Recall that a semi-inner product (-,-) on ) relaxes the
definition of an inner product to allow (v,v) =0 for 0 # v € V. In the next proposition,

we note that a semi-inner product still satisfies the Cauchy-Schwarz inequality.

Proposition B.1.9. [46, Proposition 2.1.1 (i)] Let V be a complex vector space. Let (-, -)

be a semi-inner product on V. Then (-,-) satisfies

{2, ) < (2, 2){y, y)
forallz,y e V.

We now consider the class of spaces known as Hardy spaces. The Hilbert space struc-

ture of the Hardy space H3 is particularly useful to us.

Definition B.1.10. Let 2 be an open set in C and X a Banach space. Then we say a
map f:Q — X is holomorphic if for every zy € Q there exists an f'(z0) € X such that

f(z) = f(20)

zZ— 20

=0.
X

— f'(=0)

lim
Z—20

Definition B.1.11. [57, Definition 1.2.1, Definition 1.4.1] Let 1 < p < co. We define the
Hardy space HY to be the set of holomorphic functions f : D — C? for which

0<r<1 \ 27

1
1 271' >y
11l = sup (—/ 1 (e 2 de) < o0, when 1< p < o,
0

and

| llpa = sup 1/ (2)llca < o0, when p = oo.
z|<
We denote by H? the Hardy space HY.

For 1 < p < ¢ < o0, it follows from Hélder’s inequality that Hj C HY. We note that
HY is a Banach space for 1 < p < oo, and H? is a Hilbert space with inner product given

by
27
(f,9)gz = lim i/ (f(re), g(re®))cadh
0

r—1— 27

for all f,g € H2.
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Remark B.1.12. [57, p. 13] Let f : D — C? and 1 < p < oo. Then it is easy to check
that f € HY if and only if f; € H? for all 1 < j < d, where f; : D — C maps z € D to
the j-th entry of f(z) and

fili=a (2) = [fi(2)le = f(2)

for all z € D.

We can say more about the connection between H3 and H?. Define the Hilbert direct
sum of Hilbert spaces Hy,..., H, to be the Hilbert space H; & --- @& H, given by the

vector space direct sum with inner product

<<h1> to 7hn)> (fla T >fn)> = <h17f1>H1 +oee <hn>fn>Hn
for all hl;fl S Hl, ce ey hnufn S Hn.

Proposition B.1.13. [57, p. 45| There is a unitary between H3 and the Hilbert direct
sum of d copies of H?.

Proof. Define U : H? — @ H> by Uf = (f1,..., fa) for all f = [f;]9_, € H2. Clearly
U is linear and injective. By Remark B.1.12, f € H2 if and only if (fy,..., f4) € @le H?.
Hence U is surjective. Let f = [f;]9_,,9 = [g;]9-, € Hj. Then

(f,9)uz = lim i/ 7r(f(reig),g(re ))cadf = lim —/ WZ (fi(re®), g;(re®))cdod

r—1- 27 r—1— 2

d
Z f]?g] o2 — fla cee )fd)? (gl’ cee 7gd>>@f:1H2 = <Ufa Ug>@?:1H2’

It follows that U is a unitary between H3 and @7, H?. O

We give another characterisation of H3. Define the Hilbert tensor product of Hilbert
spaces Hy,..., H, as the Hilbert space H; ®py --- ®g H,, given by the completion of the

algebraic tensor product with respect to the inner product
(@ @by, f1 @+ ® fn) = (ha, fi)m - (o, fu)
for all hy, f1 € Hy, ..., hy,, [ € H,.

Remark B.1.14. [46, Remark 2.6.8] Let H and K be Hilbert spaces and let the dimension

of K be n. If {e;}!, is an orthonormal basis for K then

hy @@ hy > > hi @y e;, where h; € H for 1 <i <n,

i=1
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is a unitary between @;_ , H and H ®y K. Consequently, elements of H @y K can be

written (uniquely, if {e;} is specified) as

Zhi@)Hei, where h; € H for 1 <1 <n,

i=1
and so are finite sums of the simple tensors h @y k, where h € H and k € K.

Corollary B.1.15. There is a unitary between H? and H*> @ g C°.

Proof. By Proposition B.1.13, there is a unitary between H? and @le H?. By Remark
B.1.14, there is a unitary between @le H? and H? @y C? Hence there is a unitary
between H3 and H? @y C?. More concretely, define U : H? — H?> @y C? by

d
U(f):Zfi®H€i
i=1

for all f = [f;]4, € H2, where {e;}%, is an orthonormal basis for C?. Then U is a unitary
between H? and H? @y C%. O

Remark B.1.16. We identify elements of H32 as elements of H? ®py C? via the unitary in
Corollary B.1.15. More specifically, we consider [f;]4, € H3 to be Z?zl fi Qm e;, where
the e; = [e;;]_, satisfy e; = 1 and e;; = 0 when j # 4. This representation is unique, by

Remark B.1.14, since we have specified the basis.

It is possible to factorise functions in H?. First, we define the functions that are the

factors.

Definition B.1.17. [44, p. 62] An inner function is a holomorphic function h : D — D
such that
lim A(rA) € T

r—1-
for almost every A € T. A non-constant inner function without zeros which is positive at

the origin is called a singular inner function.

Definition B.1.18. [44, p. 62| An outer function is a holomorphic function g on D that

has the form
1 T 6
9(2) = cexp <—/ ¢+ Zk(@)d@), for = €D,
z

0 _
2 J_. et

where ¢ € T and k is a real-valued integrable function on T.

We call an automorphism of D a Mdbius transformation. A Mobius transformation
has the form

90— 2

flz) =€’ —r

1—az

for some a € D and 0 € [0, 27).
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Definition B.1.19. [6, p. 2] A Blaschke factor is a Mébius transformation that is positive

at zero (or has positive deriative at zero if it vanishes there):

a a—=z

Bo(z) := z or By(z) : , where a € D.

:m1—6z

A finite Blaschke product is a finite product of Blaschke factors times a unimodular con-

stant:

B(z) = 2™ H B, (2).

An infinite Blaschke product is a mon-zero infinite product of Blaschke factors times a

unimodular constant:
B(z) = eszHBaj(z), where Z(l —laj|) < 0.
j=1 j=1

The requirement that Blaschke factors are positive at zero guarantees that an infinite

Blaschke product converges to a holomorphic function on .

Remark B.1.20. [57, Example 1.3.2] Blaschke factors and products are examples of

inner functions.

Theorem B.1.21 (Factorisation Theorem). [44, p. 67, p. 69] Let 1 < p < oco. Let f be
a non-zero function in HP. Then f is uniquely expressible in the form f = Bsg, where B

1s a Blaschke product, s is a singular inner function and g is an outer function in HP.

We give the following useful construction of an isometry between two collections, of
elements in Hilbert space, which have the same Grammian. Let {z;};c; be a collection
of elements in an inner product space. Then the Grammian of {z;},cr is the matrix
G = [Gijlijer defined by

Gij = (xj, 1)

for all 7,5 € I.

Proposition B.1.22. Let H and K be Hilbert spaces and let I be a set. Let {z;};cr be a
collection of elements in H and {y;}ic; be a collection of elements in K. If {x;}ic; and
{yi}icr have the same Grammian, then there exists an isometry L :span{z; :i € [} — K
such that Lx; = vy; for alli € I.

Proof. Define a map Lo : span{x; : it € [} — K by setting
Lo (Z Aﬁ%) = Z AiYi,
iel icl

where only finitely many \; are non-zero and \; € C for all ¢ € I. Clearly Ly is linear and
Loz; = y; for all i € I. Let n € N. Then, for any A;,,...,\;, € C, since {z;} and {y;}
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have the same Grammian,

2

2 n n
= Z )‘Zk)‘lz <xik7 xiz> = Z )‘ik)‘il<yikvyiz> =

k=1 k=1

n
k=1

Z )\ikyik
k=1

Hence Lj is a well defined isometry. It follows that Ly extends to an isometry L on

span{z; : ¢ € I} which satisfies the required conditions. O

We could extend the isometry L from Proposition B.1.22 to H, but the extension may
not be an isometry. For example, define L to be 0 on (Span{z; : i € I})*. We require the

following notions of convexity.

Definition B.1.23. [61, p. 1] Let Y be a compact set in C". Then the polynomial convex
hall Y of Y is defined by

Y ={z € C":|P(2)| < sup |P(w)]| for all polynomials P on C"}.

weyY
We say that Y is polynomially convex if Y =Y.

Definition B.1.24. [61, p. 2| Let X be a set in C*. Then X is called hypoconvex
if its complement is the union of complex affine hyperplanes, that is, complex (n — 1)-

dimensional affine planes.

We note that other authors use different terminology, for example, in [52] and [64],
linearly convex is used instead of hypoconvex. We use the following result from complex

analysis.

Theorem B.1.25. [13, p. 127] Let Q be a domain in C. Let f be a non-zero holomorphic

function on ). Then the zeros of f are isolated.

The following results are from the theory of several complex variables. The statement

of the corollary is given so that it is immediately applicable.

Theorem B.1.26. [41, Theorem 1] Let Q be a domain in C™. Let f be a holomorphic
function on Q. If f =0 on a non-empty open subset U C ), then f =0 on Q.

Proposition B.1.27. [41, Lemma 24] Let 2 be a domain in C". Let f be a non-zero

holomorphic function on 2. Then the zero set of f is a closed nowhere dense set in Q.

Corollary B.1.28. Let f : D* — C be a non-zero holomorphic function. Let z,\ € D be
such that zf(z,\) = 0. Then there is a sequence (z;, ;)22 in D? such that

1—00

and z; f(z;, N;) # 0 for each i € N.
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Proof. Let g(w, p) = wf(w, p) for all w, u € D. Then g is the product of two holomorphic

functions, and hence holomorphic. Suppose g = 0 on D?. Then

f(w,p) =0

forall0 # w € D and all © € D. That is, f = 0 on the non-empty open subset (D\{0}) xD
of D2, Hence, by Theorem B.1.26, f = 0 on D?, which is a contradiction. It follows that

g is a non-zero holomorphic function on D?. Let

Z = {(w,p) €D : g(w, p) = 0}.

Then (z,\) € Z and, by Proposition B.1.27, D? \ Z is dense in D% Let (w,u) € Z. Tt

follows that there is a sequence (w;, ;)2 in D? such that

lim (w;, ;) = (w, p)

71— 00
and g(w;, ;) # 0 for each ¢ € N, as required. ]

The following two results are used frequently, and so we give them here for convenience.

Proposition B.1.29. Let M = e My (C). Then
Ma1 M2

1— \m11|2 - |m21|2 —MmM11Mi12 — M21M22

—Mamyy — Magmay 1 — |mya|® — [mag|?

I—M*M:[

and det (I — M*M) =1 — |mq1|? — [ma1|? — |mia|? — |mas|? + | det M|?.
Proof. The first equality is easy to check, and using it we obtain the second. O

Proposition B.1.30. Let X be a set and let f,g: X — C be functions. Then

F)f(@) = g(y)g(x) for all z,y € X

if and only if f = (g for some € T.

Proof. Sufficiency is clear. For necessity, suppose

T f (@) = g(y)g(z) for all z,y € X.

Then |g(y)|? = | f(y)]* forally € X. If f(y) =0 forally € X, then f = g = 0. Otherwise,
there is a y € X such that f(y) # 0, and so f = (g, where

[V
Q
—
<
—

Kh
—~
<

~—

and ¢ € T, since |g(y)|* = | f(y)|* O
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B.2. A realisation formula

B.2 A realisation formula

The results in this section are used to prove the realisation formula in Section 2.1. Since
these results hold in a more general context than is required in that section, we give them

here. Some of the results are needed elsewhere too.

Let H,G,U and V be Hilbert spaces. Let P be an operator such that

Pll P12

P21 P22

T HeU—-GaV

and let X : V' — U be an operator for which I — Py X is invertible in B(V). Then we

denote by Fp(X) the linear fractional transformation

.FP(X) = P11+P12X(I—P22X>71P21IH—>G.

Proposition B.2.1. [8, Lemma 1.7] Let H,G,U and V' be Hilbert spaces. Let

Pll P12
P21 P22

and Q) =

Qll Q12
QQl Q22

be operators from H® U to GBV, and let X and 'Y be operators from V to U for which
I — Py X and I — QY are invertible in B(V'). Then

Ip = Fo(Y)'Fp(X) =
= Q5 (Iv =Y Q3) ' (Iv = Y*X)(Iy — P X) ™' Py
Iy
X(Iy — Py X) 7Py

+ I Qally = Y*Q3) Y| (new = Q°P)

Proof. We prove the equality by expanding both sides. Let S; = Q3,(Iyy — Y*Q%,)™! €
B(V,H) and Sy = (Iyy — Py X) ' Py € B(H,V). On the left side we have

Iy — Fo(Y) ' Fp(X) =
=1y — (Qf + Q5 (Iv — Y*Q3,) 'Y Q1) (Pi + PraX (Iy — P X) ™' Pyy)
— IH - QTIPII - QTlPIQXSQ - SIY*QTQPII - SIY*QT2P12XSQ'

Let Ry = S1(ly — Y*X)S, € B(H) and

Iy

Ry = [IH S1Y*] (Igev — Q" P) X5,

] € B(H).
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B.2. A realisation formula
Then the right side equals Ry + Ry. Moreover, Ry = 515, — S1Y*X .Sy and

I
XS,

[H - QT1P11 - Q§1P21 _QT1P12 - Q§1P22
—Q1 P11 — Q3P Iy — Q1 Pra — Q5P

_ [fH Q1P Qi P + SV (~QL P~ QaP)| [ T ]
_QT1P12 - Q;IPQQ + SIY*(IU - QTQPIQ - Q;QPQZ) XSQ
= Iy — Q7 P11 — Q5 Py + S1Y*(—Q7, Py — Q5 Pa1)
— Q1 P1aX Sy — Q5 Py X Sy + S1Y*(Iy — Q1yPra — Q39 P22) XS5
= [H - QT]_Pll - Q;lPQI - 51Y*Q>{2P11 - 51Y*Q;2P21

— Q1 P1uXSs — Q5 Py X Ss + S1Y X Ss — S1Y Q1 PraX Sy — 1Y Q5 Pan X Ss.

Ry — [IH SIY*}

We note that all of the terms in the expansion of Iy — Fq(Y)*Fp(X) appear in the

expansion of Ry, and so we examine the remaining terms of Ry + Rs. That is,

Ry + Ry—(Iy — Fo(Y) " Fp(X)) =

= (SISQ - 51Y*XS2> - Q;1P21 - 51Y*Q;2P21
— Q5 Py XSy + S1Y"X Sy — 51" Q5 Paa X .55

= 5152 - Q;lPZI - SIY*Q;2P21 - Q;1P22X52 - 51Y*Q§2P22X52

= Si(lv = (Iv = Y"Q3)(Iv — P X) = Y Q3 (Iv — P2 X)
— (Iv = Y"Q50) P X = Y*Q5, P X) S5

=Si(Iy — Iy + Y Qy + PooX — Y Q3o Poa X — Y Q3 + Y Q3o P X
— Pya X + Y7 Q50 Poa X — Y*Q§2P22X)S2

=51-0-5=0.

It follows that Iy — Fo(Y)* Fp(X) = Ry + R, as required. O
Corollary B.2.2. Let H,G,U and V be Hilbert spaces. Let P be an operator such that

Pll P12
P21 P22

THeoU—-GaV

and ||P|| < 1. Let X : V. — U be an operator such that || X|| < 1 and I — PyX is
invertible. Then ||Fp(X)|| < 1.

Proof. By Proposition B.2.1,

I = Fp(X) Fr(X) =
= P5(Iy — X*Pyp)) Iy — X*X)(Iy — Py X) ' Py
Iy

+ Iy Py(Iy — X*Po) ' X*| (Iygy — P*P)
51 ( 52) X(Iy — Py X) 1Py
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B.3. Reproducing kernels and Hilbert function spaces
Let A = ([V — P22X>_1P21 :H —V and

Iy
X(]V — PQQX)71P21

Iy
XA

= = H—-HoU.

Then
Iy — Fp(X)"Fp(X) = A"(Iy — X*X)A+ B*(Insy — P"P)B.

By Remark B.1.8, since ||X|| < 1 and ||P|| < 1, we have
A*(Iy — X*X)A > 0 and B*(Iyjey — P*P)B > 0.
Thus, by Proposition B.1.2,
Iy — Fp(X) " Fp(X) > 0.

It follows from Remark B.1.8 that ||Fp(X)|| < 1. O

Remark B.2.3. Suppose, in addition, ||X|| < 1 in Corollary B.2.2. Then
[P X || < [ P [ [IX]] < [|XT[ < 1

and so Iy, — Py X is automatically invertible.

Remark B.2.4. Suppose, in addition, H =G =C", U =V and X = z- Iy in Corollary
B.2.2. Then, by Remark B.2.3, I}, — zP», is invertible for all z € D. Moreover, the linear

fractional transformation Fp, given by
Fp(Z) = PH + ZP12<IV — ZPQQ)_l_PQl for all z € ]D),

is holomorphic on D.

B.3 Reproducing kernels and Hilbert function spaces

In this section we give the required definitions and results from the theory of reproducing
kernels and Hilbert function spaces. We include a number of additional results that are

used frequently in this thesis.

B.3.1 Kernels

Definition B.3.1. [14, p. 344] Let X be a set and k : X x X — C be a function. Then

k is a positive semidefinite function if, for all x1,...,x, € X and cq,...,c, € C,

n

Z C_jcik(ﬂfj, ZL‘Z) Z 0.

t,j=1
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B.3. Reproducing kernels and Hilbert function spaces

Definition B.3.2. [6, Definition 2.22] A kernel on a set X is a hermitian symmetric

positive semidefinite function k : X x X — C, where by hermitian symmetric we mean

k(z,y) = k(y,z) for all z,y € X.

We note that Definition B.3.2 is what Agler and McCarthy call a weak kernel in [6].
Their definition requires that, in addition, kernels be non-zero on the diagonal. We use
Definition B.3.2 for convenience, since we do not need to make this distinction. This is
similar to Aronszajn’s approach in [14]. We now have an abstract definition of a kernel,

but it is also possible to construct a kernel from the following type of Hilbert space.

Definition B.3.3. [6, Definition 2.1] A Hilbert function space on a set X is a Hilbert
space H of functions on X such that evaluation at each point of X is a continuous linear

functional on H.

We note that if we defined kernels to be non-zero on the diagonal then in Definition
B.3.3 we would require that, in addition, evaluation at each point of X be non-zero, which
is the definition of Hilbert function space given in [6]. We now show how to construct a

kernel from a given Hilbert function space.

Definition B.3.4. [6, p. 17] Let H be a Hilbert function space on a set X. Let e, denote
the function on H given by evaluation at x € X. Then €, is a continuous linear functional

on H, and so, by Theorem B.1.7, there is a unique element k, € H such that

f(x) = ea(f) = {f, kx)

forall f € H. We call k, the reproducing kernel at x since it reproduces the value of each

function at x. Moreover, for all z,y € X, since k, € H,
ky(x) = ealky) = (ky, k).
We define the kernel function of H to be the function k : X x X — C given by
k(z,y) = ky(x)

forall x,y € X.

Proposition B.3.5. Let H be a Hilbert function space on a set X with kernel function
k. Then k is a kernel on X.

Proof. Clearly k is hermitian symmetric. Let zq,...,2, € X and ¢,...,¢c, € C. Then

n n n n 2
ZC_Z'C]']{'(IZ',IJ‘) = <Z Cjkmjvzcikwi> = chk'wj > 0
ij=1 j=1 i=1 j=1
and hence k is positive semidefinite. It follows that & is a kernel on X. O
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B.3. Reproducing kernels and Hilbert function spaces

As a consequence of Proposition B.3.5, we refer to the kernel function of a Hilbert
function space as the kernel of that space. The following proposition characterises the

kernel of a Hilbert function space in terms of an orthonormal basis for the space.

Proposition B.3.6. [6, Proposition 2.18] Let ‘H be a Hilbert function space on X with
kernel k. Let {e;};cr be an orthonormal basis for H. Then, for all z,y € X,

k(x,y) = Zei(y)ez‘@)-
iel
Proof. By Parseval’s equation, since k, € H for all x € X, we have
k(x,y) = (ky ko) = (ky e (e k) = Y eily)es(x)
i€l iel

for all x,y € X. O

We note that an orthonormal basis for a Hilbert space may be uncountably infinite.
In this case, we need to be more precise about the sum in Proposition B.3.6. As in [46,
pp. 25-26|, a family of elements in a linear topological space V' is called summable if the
ordered net of all finite partial sums, of elements of this family, converges in V.

We have shown how to construct a kernel from a given Hilbert function space. The

following theorem shows how to construct a Hilbert function space from a given kernel.

Theorem B.3.7 (Moore-Aronszajn). [6, Theorem 2.23| Let k be a kernel on a set X.

Then there is a unique Hilbert function space on X with kernel k.

Proof. Let Vi := span{k(-,z) : * € X}. It can be easily verified that V is a complex
vector space. Define a map (-, -)y, : Vi x Vi — C by

<Z Aik (5 yi), Z pik (e, Ij)>

Z Z /\iu_jk<xj7 yZ)

Vi i=1 j=1

for all x1,...,%m, Y1, yn € X and iy, ..., fhm, A, ..., An € C. It is easy to check that

(-, )y, is a semi-inner product, and so, by Proposition B.1.9,

[{w, v)w[* < (u, why, (v, 0)y,

for all u,v € V. Consider the subset N' = {v €V (v, v)vk = 0} C V. Since

0< |<777U>Vk|2 < (77;7)>vk <U7U>Vk =0

for all n € N and v € V, we obtain (n,v)y, = 0 for all n € N and v € V;. With this
fact, it is easy to verify that A is a linear subspace of V,. Hence Hy, := V;,/N is a vector
space. Define a map (-, ) g, : Hp X Hy — C by

(u+ N, v+ Nyg, == (u,v)y,
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B.3. Reproducing kernels and Hilbert function spaces
for all u + N,v+ N € Hg. Then it is easy to check that (-,-)y, is a well defined inner

product on Hj. Let Hj be the completion of Hy with respect to the norm given by
lv+ N3, = v+ N, v+ Ny,

for all v + N € Hj,. Then H,, is a Hilbert space.
We want H, to be a Hilbert function space on X with kernel k. Define

f($) = <f’ k(vx) +N>Hk

for all f € Hy and all x € X. Then H; is a space of functions on X. Let ¢, denote
the function on Hj given by evaluation at © € X. Clearly ¢, is linear and e,(f) =
(f,k(-,2) + N)y, for all f € Hy. Moreover, by Proposition B.1.9,

lea (A1 = 1{f, k(@) + Ny P < (F, Hla (k(C2) + NG, @) + Ny, = k@, 2)|1 115,

for all f € H;. It follows that €, is continuous and so H; is a Hilbert function space on
X. Since k(-,z) + N is the unique reproducing kernel of H;, at z € X, the kernel of H;,
is given by

<k<>y) —{—N,l{(,fﬁ) +N>Hk = <k(ay)7 k’(vl"»vk = k’(:l,‘,y)

for all x,y € X. Hence k is the kernel of H,.
It remains to show that H; is unique for k. Suppose that H is another Hilbert function

space on X with kernel k. Let k, denote the reproducing kernel of H; at z € X. Clearly
span{k, : x € X} C H.

Since H is complete, Hj, C H. Since H is closed, H = Hp & (Hp)t. Let f € (Hp)t.

Then, since

f@) = {f k) =0

for all z € X, we have f = 0. It follows that H = H. Now let f € H. Then f = lim, ey fn,
where each f,, € span{k, : v € X}, that is, f, = >y a.k,, where only finitely many of

the o, are non-zero. Hence

||fn||g-t = Z g0y ki, iy )2 = Z a0k (y, x) = Z g0y (i, iy ), = ||fn||3-1k

z,yeX z,yeX r,yeX
and so
(11l = lim [[ fllze = T[] fufle, = 1115,
It follows that H and H; are the same Hilbert function space. n

As a consequence of Theorem B.3.7, for a kernel k£ on a set X, we denote by H; the

Hilbert function space on X with kernel k. The following corollary shows that a kernel k
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B.3. Reproducing kernels and Hilbert function spaces

can be represented as the Grammian of a collection of elements in Hy. Let {e;};c; be an

orthonormal basis for H;. Then we define the conjugate linear operator by

Zciei — Zc_iei, where ¢; € C for all 7 € 1.

i€l el

Corollary B.3.8. [6, Theorem 2.53] Let k be a kernel on a set X. Define the maps
f,9: X = Hy by f(z) =k(-,x) and g(z) = Ck(-,x) for all x € X, respectively, where C

1s the conjugate linear operator. Then

k(z,y) = (f(v), f(@))n, = (9(x), 9(y))n,

forall z,y € X.

Proof. Let f : X — Hj be defined by f(x) = k, for all x € X, where k, is the unique
reproducing kernel of H; at € X. Then, for all x,y € X,

k(a,y) = (ky, k) = (f(y), [(2)),

Now, let g : X — Hj be defined by g(z) = C f(z) for all z € X, where C' is the conjugate

linear operator. Then, by Parseval’s equation,

ka,y) =) (kg eidlenke) = Y (ei Cky)(Chy,e5) = (Cha, Cky) = (9(2), 9(y)
iel iel
for all x,y € X. O
It follows from the construction of H; that it is the space of minimal dimension for

which the representation in Corollary B.3.8 can be realised. This leads to the following

definition.
Definition B.3.9. The rank of a kernel k on a set X 1is the dimension of Hy.

Proposition B.3.10. Let k be a kernel on a set X and let n < oo. Then k has rank n
if and only if there exist linearly independent functions fi,..., f, € Hy such that

k(z,y) = fi) fi(@) + - 4 fu(y) fu(2)
forall z,y € X.

Proof. For necessity, suppose k has rank n. Then the dimension of Hj is n, and so there

is an orthonormal basis {ey,...,e,} of H;. Hence, by Proposition B.3.6,

k(z,y) = ei(y)er(x) + -+ + en(y)en(z)
for all z,y € X.
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B.3. Reproducing kernels and Hilbert function spaces

For sufficiency, suppose there are linearly independent functions fi,..., f,, € H such
that

k(z,y) = fil) fr(@) + -+ fu(y) fu(2)
for all x,y € X. Let f € Hj. Then

fy) = (fk(.y) = <f,ZMfi> = Zﬁ-(y) (f. f:)

for all y € X. Hence f = > (f, f;)fi, and so the functions fi,..., f, span Hy. Since

fi,- .., fn are linearly independent, { f1, ..., f,} is a basis for H;. Moreover, since n < oo,
this basis generates an orthonormal basis {ej, ..., e,} of Hy. Hence H; has dimension n.
It follows that k£ has rank n. ]

We are particularly interested in kernels which produce Hilbert function spaces of

holomorphic functions. This motivates the following definition.

Definition B.3.11. [6, p. 15] Let X be a domain in C%. Then a kernel on X is a holo-
morphic kernel on X if it is holomorphic in the first variable and conjugate holomorphic
in the second. A Hilbert function space on X is a holomorphic space on X if the functions

belonging to it are holomorphic.

Proposition B.3.12. [14, pp. 344 - 345] Let k be a holomorphic kernel on a domain X

in C?. Then Hy, is a space of holomorphic functions on X .

Proof. If k is a holomorphic kernel then every function in Hy, as constructed in the proof
of Theorem B.3.7, is holomorphic. Let f € Hy. Then

f= 111% fn, where each f,, € Hy.
ne

Let K be a compact subset of X, let u = sup, oy ||fnll3, and let € > 0. Then there is a
0 > 0 such that, for every z,y € K,

3
ly —allecs <& = [Ik(y) = k(- @)l < -

Moreover, we can cover K by open discs of radius 0. This cover has a finite subcover,
and every y € K belongs to an element of this subcover. Hence there is a finite subset
{y1,...,ym} € K such that, for every y € K, we have ||y —y;||ca < ¢ for some 1 < j < m.
Let y € K. Then there is a j € {1,...,m} such that

€
1EC,y) = k(o ys)lle < -

Choose N to be such that

|f(yj) - fn(y])| = |<f - fn7k('7yj)>| < ||f - fn||Hk||k(7yJ>||Hk < g
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B.3. Reproducing kernels and Hilbert function spaces
for all n > N. Then, for every n > N,

|f<y) - fn(y>| < |<f — fn, kﬁ(-,y) — k;(-7yj)>| + |f(yj) o fn(yg)|
<11F = Ful bl 9) = kG55, + =

2
< 2ui + - €
qu 2 '
It follows that f, is a sequence of holomorphic functions converging uniformly to f on

every compact subset of X, and so f is holomorphic on X. n

Proposition B.3.13. [6, p. 17] Let H be a holomorphic space on a domain X in CZ.
Then the kernel of H is a holomorphic kernel.

Proof. Let k be the kernel of H and let A € X. Since k(-,\) = k) € H, we have k(-, \) is

holomorphic. Since k(A,-) = k(-,\) € H, we have k(], ) is conjugate holomorphic. O

B.3.2 Operator-valued kernels

Similarly to how scalar-valued kernels are defined, we can define operator-valued kernels.

Some of the results for scalar-valued kernels hold for operator-valued kernels as well.

Definition B.3.14. [6, Definition 2.57] Let H be a Hilbert space. A B(H)-valued ker-
nel on a set X is a map K : X x X — B(H) such that, for all x1,...,x, € X and
Uy, ..., U, € H,

n

Z(K(xi,xj)uj,ui>H > 0.

2,j=1

We note that Definition B.3.14 is what Agler and McCarthy call a weak B(H )-valued
kernel in [6]. Their definition requires that, in addition, B(H )-valued kernels be non-zero

on the diagonal. We do not need to make this distinction, and so use Definition B.3.14.

Definition B.3.15. [6, Definition 2.59] Let H be a Hilbert space. An H-valued Hilbert
function space on a set X is a Hilbert space H of maps from X to H such that evaluation

at each point of X is a continuous linear map from H to H.

We note that if we defined B(H )-valued kernels to be non-zero on the diagonal then in
Definition B.3.15 we would require that, in addition, evaluation at each point of X be non-
zero, which is the definition given in [6]. We now show how to construct a B(H)-valued

kernel from a given H-valued Hilbert function space.

Definition B.3.16. Let H be a Hilbert space. Let H be an H-valued Hilbert function
space on a set X, and let €, : H — H be given by evaluation at x € X. For x € X and
u € H, defineey,, : H—C by

Ex,u(f) = <5a:(f)v u>H
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for all f € H. Then it is easy to check that €,,, is a continuous linear functional. Hence,

by Theorem B.1.7, there is a unique element K, € H such that

(f@),w)n = (ea(f), W) = cau(f) = (f, Kan)nu

for all f € H. We call K, the inner-product-reproducing kernel for u at z since it
reproduces the inner product of f(x) and u for each f € H. Moreover, for all z,y € X
and u,v € H, since K, ,, € H,

(Kyo(@), wyn = (Kyp, Kou)n
We define the B(H)-valued kernel function of H to be K : X x X — B(H) given by
K(z,y)v = K, ,(x)

forallx,y € X andv € H.

Proposition B.3.17. Let H be a Hilbert space. Let H be an H-valued Hilbert function
space on a set X with B(H)-valued kernel function K. Then K is a B(H)-valued kernel
on X.

Proof. Let x1,...,x, € X and uy,...,u, € H. Then

2
n n n n
D (K (g i = <Z Kepu ZK> = || Kais|| 20
ij=1 j=1 i=1 n J=1 H
as required. =

As a consequence of Proposition B.3.17, we refer to the B(H )-valued kernel function
of an H-valued Hilbert function space as the B(H)-valued kernel of that space. In the
following theorem, we describe how to construct an H-valued Hilbert function space from

a given B(H )-valued kernel.
Theorem B.3.18. [6, Theorem 2.60] Let H be a Hilbert space. Let K be a B(H)-valued

kernel on a set X. Then there is a unique H-valued Hilbert function space on X that has
K as its B(H)-valued kernel.

Proof. Let {e;}ic; be an orthonormal basis for H. Define a function k : X x I — C by

k(Y ), (2,9) == (K(y, 2)ei, e5)n

for all x,y € X and 7,5 € I. It is easy to check that k is a kernel on X. Hence, by
Theorem B.3.7, there is a unique Hilbert function space H; on X x I that has k as its
kernel. Let H be the set of all maps F': X — H given by

F(z) =Y f(z.i)e;

iel
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for all x € X and some f € Hy. Then H is an H-valued Hilbert function space on X for

the inner product given by

for all F,G € H, where F(x) = > .., f(z,i)e; and G(x) = > .., g(x,1)e; for all z € X
and some f,g € Hi. Now, for each x € X and ¢ € I, define

K=Y k(- (x,i))e; € H.

il

Then, for all F' € H, where F(x) = Y .., f(z,i)e; for all z € X and some f € H;, we

have
<F7 KIZ>H = <f7 k(? ($>Z>>>H1€ = f(SU,Z) = <F(Q?), ei>H
for all z € X and ¢ € I. In particular, for all z,y € X and i,j € I,

<Kxi(y)a€j>H = <KxiaKyj>H = k((ya])v (:E,Z)) = <K<y7$)ei>€j>H'

It follows that K,;(y) = K(y,x)e; for all z € X and ¢ € I. Hence K is the B(H)-valued
kernel for H. That H is unique follows by the fact that H, is unique. n

As a consequence of Theorem B.3.18, for a B(H)-valued kernel K on a set X, we
denote by Hy the H-valued Hilbert function space on X with B(H)-valued kernel K.

Corollary B.3.19. [6, Theorem 2.62] Let H be a Hilbert space. Let K be a B(H)-valued
kernel on a set X. Then the maps F: X — B(H,Hk) and G : X — B(Hk, H) defined
by F(x) = K(-,x) and G(z) = K(x,) for all x € X, respectively, satisfy

forallz,y € X.

Proof. Let F': X — B(H,Hk) be defined by F(z) = K(-,z) for all z € X. Then
F(x)h = K(-,x)h = K, € Hi

for all z € X and h € H, where K, is the unique inner-product-reproducing kernel for

h at x. Hence, for all z,y € X and h,g € H,

<F(x)*F(y)h7g>H = <Ky,h>Kx,g>HK = <K(x,y)h, g>H-

It follows that F(z)*F(y) = K(x,y) for all z,y € X. That F(z) is bounded, for z € X,

follows since

|F(2)|I* = sup (F(x)"F(z)h,h) = sup (K(z,2)h, h) < [|K(z, )]

1Rl <1 [Pl r<1
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Let G : X — B(Hk, H) be defined by G(z) = F(x)* for all z € X. Then

K(z,y) = F(x)" F(y) = G(x)G(y)*
for all x,y € X. O

Let H be a Hilbert space, and K be a B(H)-valued kernel on a domain X in C¢. Then
we call K an analytic B(H)-valued kernel on X if K is analytic in the first variable and

conjugate analytic in the second.

Corollary B.3.20. [6, Theorem 2.67] Let H be a Hilbert space. Let K be an analytic
B(H)-valued kernel on a domain X in C%. Then the conjugate analytic map F : X —
B(H,Hk) and the analytic map G : X — B(Hgk,H) defined by F(z) = K(-,x) and
G(z) = K(x,-) for all x € X, respectively, satisfy

K(z,y) = F(x)"F(y) = G(z)G(y)"
forall x,y € X.

Proof. Let F : X — B(H,Hk) and G : X — B(Hg, H) be defined by F(x) = K(-,z)
and G(z) = F(z)* for all x € X. Then, by the proof Corollary B.3.19,

K(z,y) = F(x)"F(y) = G(x)G(y)* for all z,y € X.

For each x € X, since K is an analytic B(H )-valued kernel, K (z,y) is conjugate analytic

in y. It follows that F' is conjugate analytic, and hence G is analytic. O

Remark B.3.21. Let H be a Hilbert space. Let K be a B(H)-valued kernel on a set X.
Suppose dim H = 1. Then K is a kernel on X and Hg is a Hilbert function space on X
with kernel K. Suppose, in addition, X is a domain in C? and K is an analytic kernel.
Then, by Corollary B.3.20, for all z,y € X, we have

K(z,y) = G(z)G(y)",

where G : X — B(Hg, H) is the analytic map defined by G(x) = K(z,-) for all x € X.

B.3.3 Additional results

In this section, we give some additional results related to the theory of reproducing kernels.

These results are used frequently in this thesis, and so we have collected them here.

Proposition B.3.22. Let f : X — C? be a function on a set X. Definek : X x X — C
by k(z,y) = f(y)* f(x) for all x,y € X. Then k is a kernel on X.
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Proof. Tt is easy to check that k is hermitian symmetric. Now, let x1,...,z, € X and
Ciy...,c, € C. Then

n n n n 2
>kt n) = (Soafe) Ysen) = |Srta|| >0
ij=1 j=1 i=1 cd j=1 cd
It follows that k is a positive semidefinite function, and hence k is a kernel on X. O

Corollary B.3.23. Let f = [fi]L, : X — C¢ be a function on a set X. Define
E:XxX — Cbyk(x,y) = fly) f(x) for all z,y € X. Then k is a kernel on X,
and the rank of k is the number of fi,..., fq that are linearly independent.

Proof. By Proposition B.3.22, k is a kernel on X. For all x,y € X,

k(z,y) = fly)" f(z) = Z Fiy) fi(w).

If fi,...,fs € Hi are linearly independent then, by Proposition B.3.10, k£ has rank d.
Otherwise, we use elimination to obtain linearly independent functions g1, ..., 9, € Hx,
where 1 < n < d — 1, such that

k(z,y) = f(y) f(z) = Zgi(y)gi(x)-

In this case, by Proposition B.3.10, the rank of k is n. However, n is also the number of

fi,..., fq that are linearly independent. O

Using a similar proof to that of Proposition B.3.22, we can prove the following more

general result.

Proposition B.3.24. Let f : X — C? be a function on a set X, and let Y be a set. Let
M Y xY — My(C) be a function such that the matriz [M(y;, y;)]7 =1 € Man(C) is
positive semidefinite for all yi,...,yn € Y. Definek: (X xY)x (X xY) — C by

k(r1,y1,22,92) = f(22)" M (y2, 1) f (1)
for all x1,29 € X and y1,y2 € Y. Then k is a kernel on X x Y.

Proof. To see that k is hermitian symmetric, let y1,y2 € Y and x1,29 € X. Then the

matrix

M = [M<y1’y1> M (y1,y2)
M(y2,11) M (y2, y2)

is positive semidefinite. In particular, M = M* and so M (y2,y1) = M (y1,y2)*. Hence

] € M2d<(C)

k(1,915 29, y2) = f(22) M (y2, 1) f (1) = (f(21)" M (y1, y2) f(22))" = k(z2, y2, 21, Y1)
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To see that k is a positive semidefinite function, let x1,...,x, € X and yy,...,y, € Y.
Then the matrix

M = [M(y;, ;)] j=1 € Man(C)

is positive semidefinite. By Theorem B.1.3, M = N*N for some N = [Ny|i;_, €
Mn(C), where N;; € My(C) for 1 <i,j <n. It follows that

ymy] ZNksz]

for all 1 <4,5 <n. Thus, for all ¢1,...,¢c, € C,

Z cjcik(wy, vy, i, yi) = Z cieif ()" (Z Nl:iNkj> f(z;)
k=1

ij=1 ij=1
n n n 2
=) <Z N (1), S @Nf () > Z Ny f(z)]| >0
k=1 \j=1 i=1 cd k= ca
It follows that k is a kernel on X x Y. 0

In Section B.1, we defined the Hardy space H3, in fact, this is a C%valued Hilbert

function space. It is natural to ask what its M (C)-valued kernel is.

Example B.3.25. [57, p. 6] It is well known that the kernel for the Hardy space H? is
the function kg : D?* — C given by

for all z,w € . This kernel is called the Szegd kernel.

By Corollary B.1.15, H2 and H? ®y C? are isomorphic as Hilbert spaces. By Remark
B.1.16, we identify kg(-, \) @ v as a function in H3. Hence, we may ask how this function
interacts with functions in H2. The following proposition says that kg(-,\) @ v is the
inner-product-reproducing kernel for v at A, and so the M (C)-valued kernel of H3 is the

map Kg : D? — My4(C) given by
Ks(A, p)v = ks(\, p) @ v
for all A\, x € D and v € C%.
Proposition B.3.26. Let A € D and v € C%. Then
(hyks( A) @u v) gz = (h(A), v)ca
for all h € H3.
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Proof. Let h = [h;]L_, € Hj, where hy, ... h, € H*. For 1 <i<d, let ¢; = [e;;]}_, € C?
be such that e;; =1 and e;; = 0 if j # 4. Then, for A € D and v € Cc,

<h, k5< )\ ®HU H2 :<Zh Rp el,kS )\) Rn U>

H2®H(Cd

:Z (his ks (- A)) g2 (€3, V) ca

since h(\) = Zle hi(M)e;. O

In this thesis, we require that certain functions defined using an element of S?*? are

kernels. We can, more generally, define these functions using an element of S4¢, where
ST .= {F :D — My(C) : F is holomorphic and ||F(\)|| < 1 for all A € D}.

In order to show that the functions are kernels, we use the fact that a certain matrix is

positive semidefinite. Thus, we begin by proving this fact.

Lemma B.3.27. Let F € 8™ Define an operator Tr : H3 — H32 by
(Trh)(A) = F(A)h(N)
for allh € H3 and X\ € D. Then ||Tr|| <1 and Tr € B(H3). Moreover,
Tr(ks(-,A) @n v) = ks(-, A) @1 F(A)"v
for all A € D and v € C.

Proof. Clearly T is linear. Since F' is holomorphic, Trh is holomorphic for all h € H3.
Since ||F'(A)]| < 1 for all A € D,

1 2 2

| . 1
1Trhl[5s = Sup 5o [[F(re)h(re”)|[ad < sup —— i [1A(re)[gadd = [|A] |7

<r< 12 0<r<1 &7

for all h € H2. Hence Trh € H? and ||Tr|| < 1. Tt follows that T € B(H?2).
Let A € D and v € C%. By Proposition B.3.26, (h, ks(-,\) @y V)2 = (h(A),v)ca for
all h € H3. Hence

(h, Tr(ks (-, ) @u 0)) gz = (Teh, ks(-, ) @u v) gz = ((Trh)(A), v)ca = (F(A)A(A), v)ca

and

(h, ks(-, ) @ F(N)0) iz = (h(A), F(A) v)ca = (F(A)A(A), v)ca
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for all h € H2. Tt follows that Th(ks(-, \) @ v) = ks(-,\) @5 F(N\)*v. O

Proposition B.3.28. Let F' € 8™? and let \i,...,\, € D. Then the matrix

S Mdn((C)

M [1 - F(A»F(wr

1— AN

i,j=1

18 positive semidefinite.

Proof. Let v = [v;], € CI™ where v; € C? for 1 <7 < n. Then

(Muv, v)cin = < [Z - f(—)\%};f)\j)*vj] ) [Ui]?:1>
i=1 cin

(SR

_ Z Es(he A) (07, 0)es — (FOWF(A) "0, vi)ca)

_ Z (ks(- M) s (A0 ma (0 vi) et — (F () 0y, FO) o))
— iws( \j) @ vj, ks N) @p vi) g

— (ks(, ) @u F(A) 05, ks (-, i) @u F(Xi) vi) 2,

where kg is the Szeg6 kernel. Let Ty be the operator defined in Lemma B.3.27. By
Corollary B.1.6, since ||Tx|| < 1 and Tr € B(H3), we have I — TxTj > 0. Moreover,

Tr(ks(-, A) @u v) = ks(- A) @u F(A)*v

for all A € D and v € C%. Hence

n

<MU7 U)(Cd" = Z <kS('v )\]) OH Vs, kS('a )‘2) OH ’Ui>H§

i.j=1

— (Tr(ks(, A7) @u v;), Tr(ks (- Ai) @u vi)) 3

= Z ks(, A) @u vj — TeTy(ks(, Aj) @1 v;), ks(+s i) @ vi) g2

7,7=1
< (- Te) (zks )& ) S0 > -
H
It follows that M is positive semidefinite. O
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Corollary B.3.29. Let F € 8% and let Ay, ..., \, € D. Then the matriz

[ = F(\) F(\)
DY

M = l r: € M (C)

is positive semidefinite.

Proof. Let G(\) = F(\)* for all A\ € D, and set y; = A; for 1 < i < n. By Proposition
B.3.28, we have

[_G(,Ui)G<Mj)*]n _ [[—F(E)*F(ﬂ_j)r _ [I—F()\i_)*F(/\j) " M
1 — Tjp i1 1 — ;i i1 L= Al

4,j= 1,j= i,5=1

is positive semidefinite. It follows that M is positive semidefinite. O

Now, using Corollary B.3.29, we can show that the functions we require are indeed
kernels. The first is an M (C)-valued kernel on D, and the second is a kernel on X x D.

Proposition B.3.30. Let F € 8. Define K : D x D — M4(C) by

I — F(\)*F(\)
1— o)\

K()\l, )\2) -

for all Ay, Ay € D. Then K is an My(C)-valued kernel on D.

Proof. Let A1, ..., A, € D. By Corollary B.3.29, the matrix K = [K ()i, Aj)]};—, is positive
semidefinite. Let v = [v;]?_,; € C", where v; € C? for 1 <4 < n. Then

n

D (KN, Ay, vi)ea = < [Z K (Ai, Aj)v;

n
1,j=1 ;

, [vi]?_1> = (Kv,v)can > 0.
1 Cdn

1=

It follows that K is an My(C)-valued kernel on D. O

Proposition B.3.31. Let f : X — C? be a function on a set X, and let F € SS9,
Define a function k : (X x D) x (X x D) — C by

A= F(A)"F(A\)
1— o)\

k(x17A17I27)\2) = f(I2) f(l“l)
for all x1,x9 € X and A\, Ao € D. Then k is a kernel on X x D.

Proof. Let A\,..., A, € D. By Corollary B.3.29, the matrix

[I — F()\j)*F()‘i)r € Mgn(C)

1— M\

,j=1

is positive semidefinite. Hence, by Proposition B.3.24, k is a kernel on X x D. O]
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Corollary B.3.32. Let f : X x D — C¢ be a function on a set X, and let F € S¥9.
Define a function k : (X x D) x (X x D) — C by

J = F(A) F(A\)
1— o)\

k:(xl,)\l,xQ,)\g) = f(Z'Q,)\Q) f((lfl,/\1>

for all x1,x9 € X and A\, Ao € D. Then k is a kernel on X x D.
Proof. By Proposition B.3.31, the function given by

d = F(Xe) F(A)

J A1), AL, ,A2), Ag) , A —
(w1, A1), A1, (22, A2), A2) = f (22, Ao) W

f(xh >‘1)

is a kernel on (X x D) x D. Hence, it is a hermitian symmetric positive semidefinite
function. Using this fact, it is easy to check that k£ is a hermitian symmetric positive

semidefinite function, that is, k is a kernel on X x D. O

The following result is used frequently in this thesis, and so we give it here for conve-

nience. For kernels N and M on D? we define a function Ky : D* x D? — C by
Knm(z, A w,p) =1— (1 —wz)N(z, \,w, 1) — (1 — @A) M (2, A, w, p)

for all z, \, w, u € D.

Proposition B.3.33. Let N and M be kernels on D?. Suppose Ky is a positive
semidefinite function. Then Ky s is a kernel on D%, Suppose, in addition, N and M are

holomorphic kernels. Then Ky s is a holomorphic kernel on D?.

Proof. 1t is easy to check that Ky js is hermitian symmetric. If Ky 5s is positive semidef-
inite, then Ky s is a kernel on D2 Suppose, in addition, N and M are holomorphic
kernels. Then they are holomorphic in the first variable and conjugate holomorphic in
the second. Let

flz,w) =1—wz

for all z,w € . Then clearly f is holomorphic in the first variable and conjugate holo-

morphic in the second. It follows that K as is a holomorphic kernel. ]
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