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Abstract 

Self-excited induction generators are used in small-scale generation systems such as small wind 

turbines and micro-hydro schemes where a grid connection is not available. In such 

applications, there is a strong need to model the generator as accurately as possible in order to 

obtain a realistic estimation of machine behaviour and dynamics. This study presents a 

generalized dynamic analytical model of a three-phase self-excited induction generator (SEIG) 

in the natural three-phase ABC/abc reference frame. The developed model accounts for the 

significant effects of magnetic saturation by expressing the magnetizing inductance as an 

exponential function of the magnetizing current, considering both variation in magnetizing 

inductance and its rate of change with magnetizing current (dLm/dim). This more accurately 

predicts the dynamic behaviour. The proposed model has the capability to include the effects 

of mutual saturation between the stator windings as well as that between the rotor windings. 

Additionally, the proposed model is extended to cover leakage saturation, such that, the effect 

of the derivative of leakage inductance with respect to magnetizing current is taken into 

account. The proposed dynamic saturated model is used to successfully predict the performance 

of the SEIG at steady state, load perturbation, faults, and balanced and unbalanced conditions. 

The results are verified experimentally using a 7.5kW induction generator test rig. A high level 

of agreement has been obtained between experimental waveforms and those from the proposed 

model.  
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Chapter 1.  Introduction 

 Background 

In recent years, research efforts have been focused on renewable energy because of serious 

environmental and geopolitical concerns related to the use of fossil fuels [1-3]. Wind, biomass 

and small-scale hydro (micro-hydro) systems are good alternative clean energy sources, 

particularly in rural areas where the power grid is not available. In such remote areas, the self-

excited induction generator (SEIG) is an attractive and viable option for power generation [4-

9]. 

Environmental degradation, the increase in the fossil fuel prices particularly during the 1970s 

and the increasing rate of depletion of oil resources within the next 50 years support the crucial 

role to be played by renewable energy in the future [5]. As a result, research efforts have been 

focused on renewable energy such as wind, photovoltaic, and hydro power plants. The 

European Commission (EC) plan to achieve a target of 20% of the European Union’s (EU) 

energy consumption to be derived from renewable resources by 2020. Renewable energy share 

in 2020 is shown in Figure 1.1. By 2030, it is expected the target of at least 27 % of renewable 

energy should be achieved  [10].  

Induction generators are widely used in renewable energy sources such as wind and small 

hydroelectric (micro-hydro) energy conversion [11-15]. Micro-hydro units up to a few hundred 

kilowatts which can operate on an off-grid basis are preferred as they do not cause problems 

such as deforestation, environmental degradation, or the displacement of populations [5]. This 

make them suitable to be used in rural areas, in particular where there is no access to the grid. 

 



Chapter 1             Introduction 

2 

 

 

Figure 1.1 Renewable energy share in 2020: (target 2020: 20%)[10] 

 

What has helped the SEIG to gain this momentum are its inherent advantages, including the 

absence of a DC power supply for excitation, brushless construction with the squirrel-cage 

rotor, low maintenance costs, reduced size, simple construction and better transient 

performance and stability [8, 13, 14, 16-29]. Induction generators are used as highly reliable 

generators for critical areas such as fire-fighting equipment [30] and as reliable and accurate 

applications for instance, auxiliary braking for heavy vehicles [31, 32]. However, there are 

certain drawbacks associated with the use of this type of generator, such as its reactive-power 

consumption, and poor voltage and frequency regulation [8, 16]. 

The SEIG is a cage induction machine that does not rely on the grid to obtain its reactive power 

requirement. Instead, the reactive power requirement of the SEIG is provided by excitation 

capacitors connected to its stator terminals. The self-excitation process of the SEIG can take 

place if there is sufficient residual magnetic flux in the rotor [11] or if an initial voltage is 

imposed across the terminals of the excitation capacitors. The value of the excitation 

capacitance must be sufficient to provide all the reactive power requirement of the isolated 

system. Many publications have considered the calculation of the minimum capacitance value 
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required for self-excitation and, for a particular capacitance value, the corresponding minimum 

prime-mover speed for building up the generator voltage [33-35]. The development of robust 

control systems for overcoming the poor voltage and frequency regulation of the SEIG has also 

been the subject of many investigations [5, 7, 36-38].  

The performance of the SEIG has been analysed and investigated, although some authors have 

neglected the effect of saturation, [39-43]. In these literatures, a simple machine model is 

employed considering the machine parameters with constant values. However, such a model is 

suitable to study the performance of the induction machine model only at a specific operating 

point. Hence, at a variable operating point this approach would not be accurate, as there will be 

variations in the parameters since flux magnitude and frequency vary.  

Other papers [44-48] have accounted for the saturation effect in the induction machine by using 

the conventional equivalent circuit (EC) of an induction machine such that it is applicable in 

steady state conditions but cannot be employed to predict transient performance.  

Several authors [9, 16, 49] have taken into consideration the non-linearity in the induction 

machine in the steady state and dynamic response by representing the variation in the 

relationship between inductance and magnetizing current. However, these conventional 

machine saturation models have ignored the effects of the derivative of magnetizing inductance 

with respect to magnetizing current (i.e., dynamic inductance) (dLm/dim), which may lead to a 

noticeable error in the dynamic state. This will be shown and highlighted in this study.  

A few studies [50, 51] have included the saturation effect by both representing the variation in 

the relationship between magnetizing inductance and magnetizing current, and taking into 

account the effect of the change in magnetic inductance with current compromising model 

accuracy. Furthermore, the proposed models in these papers were developed in the d-q 

synchronous reference frame and therefore would not be appropriate for unbalanced conditions 

[49, 52-54]. Additionally, these models include neither the mutual saturation between stator 

windings, nor that between rotor windings; moreover, the leakage path saturation is not 

included in these models. In addition, the models that include dynamic inductance have been 

tested only at constant speed, and none of them were tested under variable speed. 
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Although the main aim in some papers [16, 49, 55] is to predict the dynamic performance of 

the SEIG, the effects of dynamic inductance are neglected, which may lead to insufficient 

accuracy in the results. For this reason, one of the aims of this study is to highlight and include 

the derivative of magnetizing inductance with respect to magnetizing current. This will be 

implemented by comparing both a model that includes dynamic inductance with one that 

neglects this effect.  

For a more accurate representation of the variation in magnetizing inductance with current, a 

polynomial function is conventionally used to model the nonlinearity caused by magnetic 

saturation [50, 56]. The nonlinear relationship between the air-gap voltage (Vg) and the 

magnetizing current (Im) has also been represented by piecewise linear  and exponential 

functions [1].  

 Objectives and scope of the research 

The  steady-state performance characteristics of the SEIG circuit have been extensively studied 

and reported in literature [23, 38, 39, 57, 58]. For a certain speed and excitation capacitance, 

the steady-state machine equivalent circuit is solved for the generated frequency and the 

magnetizing reactance. The magnetizing reactance is then substituted in the magnetization 

characteristic to obtain the air-gap induced voltage in the stator which is used to calculate other 

quantities of interest, such as terminal voltage, load current and power [57-59]. However, a 

noticeable disparity is observed when comparing the results obtained from these models with 

actual experimental results. This can be attributed to the absence of an accurate representation 

of magnetic saturation effects in the machine [50, 54], which plays a crucial role in the process 

of voltage build up and the stable operation of the SEIG [50, 56]. Accounting for the main flux 

saturation is important in any analysis of the self-excitation, because the induction machine 

relies on the intersection between capacitor voltage line and the magnetizing curve to determine 

the steady state operation point [60].  

This thesis aims to develop a new general dynamic mathematical model of a three-phase self-

excited induction generator (SEIG) by including the non-linearity of the induction machine 

such that the model can represent the main path saturation, mutual saturation between stator 
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winding, mutual saturation between rotor windings and leakage path saturation. This developed 

model should be able to predict the performance of the induction machine precisely at different 

conditions not only in terms of magnitude but also as phase. These conditions can be steady 

state, balanced and unbalanced conditions or even at more stressful conditions such as transient 

conditions. In addition, this study aims to represent the variation in the relationship between the 

magnetizing inductance and magnetizing current using an accurate and simple methodology.  

 Novelty and contributions 

A new general dynamic mathematical model in the natural three-phase ABC/abc reference 

frame has been developed which has the capability to represent the nonlinearity of a self-excited 

induction generator accurately under different conditions. This model has the ability to 

represent the main path saturation, leakage path saturation, and the mutual saturation between 

the stator windings as well as that between the rotor windings. For a more accurate prediction 

of the performance of the SEIG during the dynamic state, the rate of change of magnetizing 

inductance with magnetizing current (dLm/dim) is included in this model.  

An improved model of SEIG saturation is developed in which the magnetizing inductance is 

modelled as an exponential function of the magnetizing current, taking the variation of Lm with 

respect to the magnetizing current fully into account. The model is developed in the natural 

ABC/abc frame of reference so as to be universal and applicable under various unbalanced 

operating conditions and to allow the tracking of the natural phase currents directly at any time 

during a transient [52]. The determination of the magnetizing inductance function requires only 

three measurement points of the open-circuit magnetizing curve of the generator, avoiding the 

need to take measurements at high current values.  

The model is implemented in Matlab/Simulink environment and used to investigate the 

generator’s operating characteristics at different operating conditions, including voltage build-

up, steady-state and transient operation when operating under balanced and unbalanced 

conditions. The results are validated experimentally using a 7.5kW SEIG test rig. The 

experimental investigation demonstrates a high level of agreement between the measured 

waveforms and those obtained from the proposed model.  

The interest of the magnetizing inductance derivative with respect to the magnetizing current 
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has been demonstrated clearly in this study. The results obtained by the proposed model which 

includes the magnetizing inductance derivative with respect to the magnetizing current are 

compared with those yields from a conventional model.   

 The following section gives an outline of each chapter of this thesis. 

 Published Material 

A. Alfarhan, S. M. Gadoue, B. Zahawi, M. Shalaby, and M. A. Elgendy, "Modelling of 

magnetizing inductance saturation in self-excited induction generators," in 2016 IEEE 

16th International Conference on Environment and Electrical Engineering (EEEIC), 

Florence, 2016, pp.  

 Structure of the thesis 

The work carried out in this thesis is organised in nine main chapters. An outline of each chapter 

is given as follows:  

 Chapter 1: This chapter gives an introduction to the thesis. It provides the background 

to the self-excited induction generator, describes some of the more important points in 

the research field of the three-phase self-excited induction generator (SEIG), and 

emphasises the importance of this research. The chapter presents and highlights the 

objectives of the study and gives an overview of the thesis. 

 Chapter 2: The phenomena of self-excitation has been described intensively. This 

chapter provides a review of the literature relevant to the self-excited induction 

generator, describing the background and development of this type of generator. In 

addition, the applications of this generator are highlighted, including its advantages and 

drawbacks and how to overcome the drawbacks. Reference is also made to different 

approaches to the inclusion of nonlinearity in this type of generator.  
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 Chapter 3:  This chapter presents the background of the conventional dynamic model 

of the three-phase induction machine. Additionally, a step-by-step generalized dynamic 

model of a three-phase self-excited induction generator in the natural three-phase abc 

reference frame is derived and clearly explained. Furthermore, this chapter 

demonstrates how to simulate mathematically the resistive load, inductive load, 

electromagnetic torque, mechanical torque, residual flux and magnetizing current. 

 Chapter 4: This chapter focuses on how to represent the variation in the magnetizing 

inductance as a function in magnetizing current by using an exponential function. 

Different methods for mathematically representing the variation in the magnetizing 

inductance with respect to magnetizing current are also discussed. 

 Chapter 5: This chapter describes the experimental rig used and its components. The 

circuit diagram of the experiment set-up is shown. The identified parameters of the 

machine under study are analysed and the methods of determining these parameters are 

explained.  The magnetizing characteristics test of the machine under study is presented 

and explained in this chapter. The experimental results of this test are compared with 

those obtained by the exponential method are also depicted in this chapter. The method 

used for measuring and controlling the speed of the shaft experimentally is highlighted 

and its positive effects are mentioned.  

 Chapter 6:  The aim of this chapter is to test the performance of the proposed 

mathematical model in different operational conditions. The developed model is 

implemented in the Matlab/Simulink environment to solve its differential equations. 

This numerical technic is used to investigate the generator’s operating characteristics at 

different operating conditions including voltage build-up, steady-state and transient 

operation, and under balanced, unbalanced, load perturbation and fault conditions. The 

results obtained by the developed model are validated against those obtained in the 

laboratory.  

 Chapter 7:  The importance of including the derivative of magnetizing inductance with 

respect to magnetizing current during the dynamic response is demonstrated and 

explained clearly in this chapter. To appreciate this effect, the proposed model will be 
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compared with a model which ignores this derivative effect together with experimental 

results in order to validate the results.  

 Chapter 8: The effect of leakage saturation is investigated in this chapter. The leakage 

saturation path has been included in the developed mathematical model. The results 

obtained by a model which includes both the main path saturation and leakage path 

saturation along with experimental results are compared with those produced by a  

model which includes only the main path saturation. Both models are verified against 

experimental results.  

 Chapter 9: This chapter presents the conclusions of the research together with a  

summary. Suggestions for future research are discussed. 
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Chapter 2. Review, analysis and 

 modelling of the SEIG 

 Introduction 

In the last three decades, there has been immense interest in the various issues related to the use 

of the SEIG as a potential alternative to the synchronous generator to feed power to remote 

areas where there is no access to the grid. This chapter, therefore, reviews developments in self-

excited induction generator research and development since its first invention. In particular, 

studies of the dynamic modelling of induction machines that can adequately account for the 

non-linearity of the machine as a result of saturation effects are highlighted. 

In this chapter, an overview of the self-excited induction generator is presented, and the self-

excitation phenomenon, steady-state operation, voltage regulation, transient analysis, the main 

saturation effects, and leakage saturation effects in SEIGs are discussed. 

 The self-excitation phenomenon 

The self-excitation phenomenon in induction machines is considered to be a complex physical 

phenomenon  which has been well-known since the 1930s and has been investigated extensively 

in the past [60] since being discovered by Basset and Potter [61]. This initial work was followed 

by further work by C.F Wagner, the purpose of which was to analyse the circumstances under 

which self-excitation becomes possible, based on the equivalent circuit shown in Figure 2.1. 

Wagner concluded that the voltage at which a machine can be excited at a specific frequency 

depends upon its no-load excitation characteristics at that frequency.  
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Figure 2.1 Per-phase equivalent circuit of the induction machine referred to the stator. 

 

Doxy [62] described the principle of the self-excitation phenomena of an induction generator 

as follows: “After starting, a residual magnetism must be present in the rotor. Hence, an emf 

will be induced in the stator winding at a frequency proportional to the rotor speed. A leading 

current flowing in the capacitor which is the same current passing through the stator windings, 

will produce an armature reaction flux assisting the originally existing one.” Although this 

phenomenon has been known for a long time, it is still a subject to close attention [11, 60].   

The phenomenon of self-excitation can take place if the following conditions are satisfied: 

 There is sufficient residual magnetic field in the rotor [11, 63] or if an initial voltage is 

imposed across the terminals of the excitation capacitors. 

 The value of the bank of three shunt capacitors should be sufficient (with a minimum 

capacitance value) [11, 15, 64] 
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Figure 2.2 The self-excitation phenomena. 

 

When the induction generator is running at suitable speed while three excitation capacitors are 

connected to its terminals, and there is a sufficient residual magnetism, an electromotive force 

Eres will be induced in the winding. The induced stator voltage causes a capacitor current that 

generates a corresponding flux in the generator. This flux will aid the residual flux because it 

is in the same direction as shown in the phasor diagrams shown in Figure 2.3. Again because 

the total flux will now be higher than the residual flux, therefore a voltage Etot will be generated 

across the stator terminals which is greater than Eres. Therefore the capacitor current IC will 

follow in the circuit, and then flow through the stator windings and cause a corresponding 

magnetic field. This in turn causes a higher induced stator voltage leading to a successive 

increase in current and flux [65]. 
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Figure 2.3 The direction of flux, current and volt of self-excitation phenomena [66]. 

 

This process will continue until the capacitor voltage curve intersects the no-load curve of the 

induction generator. At this point, the generator will reach its steady- state operating point, the 

current passing through the shunt capacitor must be equal to the magnetizing current (Ic =Im) at 

no load. The slope of the load line is given by  𝑡𝑎𝑛−1 [
1

𝜔𝐶
]  [63] as illustrated in Figure 2.4. 
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Figure 2.4 Determination of stable operation of self-excited induction generator. 

One of the major problems which may face the self-excited induction generator (SEIG) at 

starting is guaranteeing that there is a sufficient residual magnetism in the rotor [18]. A 

reduction in residual flux can occur when there is fault on the terminals of the induction 

generator or if the generator’s speed is allowed to slow down while a small resistive load is 

connected to its terminals. An insufficiency of the residual magnetism in the induction generator 

results in failure to initiate self-excitation, and thus, failure to build up the voltage. Several 

methods can be employed to overcome this problem as follows [18]: 

1) Applying a DC voltage source to the terminals of the machine before it is run up to 

speed. 

2) Increasing the machine speed above the rated speed value of the machine. 

3) Connecting sufficient terminal capacitance and then running the generator at a suitable 

speed. 

According to the experimental work conducted in this study, the most practical and easiest 

method is the third method. A long time may be taken for the induction machine to gain                  
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a sufficient residual magnetism if the second method is employed. Care should be taken in 

applying the second and third methods, and it is imperative to avoid a high voltage which may 

be generated suddenly when the machine becomes excited.  

 Steady-state operation of SEIGs 

Previous studies focusing on the self-excitation process and the operation of the SEIG can be 

classified into two major groups. One deals with various aspects of steady-state operation 

whereas the other is concerned with dynamic models and the transient simulation of self-excited 

induction generators at different conditions under various no-load and loading conditions [60]. 

Many of the previous studies on the SEIG have analysed the steady-state conditions [5-8]. For 

a certain speed and excitation capacitance, the steady-state equivalent circuit is solved for the 

generated frequency and the magnetizing reactance. The magnetizing reactance is then 

substituted in the magnetization characteristics to obtain the air-gap induced voltage in the 

stator which is used to calculate other quantities of interest, such as terminal voltage, load 

current and power [44-46]. C.F Wagner [67] analysed the circumstances under which the SEIG 

becomes possible based on the equivalent circuit shown in Figure 2.1. Wagner concluded that 

the voltage at which the machine can be excited at a specific frequency depends upon its no-

load excitation characteristics at that frequency. 

Although the phenomena of self-excitation has been well known since the 1930s, the interaction 

between load, excitation capacitance, speed and various machine parameters remained unclear 

until the 1980s [23] when some papers were published such as [17] [71] .Murthy et al. [17] 

developed a very efficient analytical technique using the Newton-Raphson method to determine 

the steady state performance and to obtain the magnetising reactance and output frequency of  

a self-excited induction generator for a given capacitance, speed and load.  Performance was 

computed using the steady-state equivalent circuit. 

Based on the per-phase steady-state equivalent circuit of the induction machine, several 

researchers relied on concepts of loop impedance [35, 68] and nodal admittance [59, 69, 70] to 

analyse the steady-state performance of the induction generator. At given speed, capacitance 

and load conditions, the performance of the machine can be determined provided that its 
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parameters are known. In the loop impedance and nodal admittance the principle of the 

conservation of active and reactive powers was employed and to satisfy the conditions for self-

excitation, the sum of the loop must be equal to zero, which implies that both the real and 

imaginary parts would separately also equal zero. These methods were used effectively to find 

the minimum value of the terminal capacitance which is sufficient for self-excitation. Another 

method used to predict the steady state performance of the SEIG is based on a generalized 

machine theory in which a numerical technic is used to solve the equation of the operational 

impedance matrix. 

Several researchers have described different techniques to determine the suitable value of 

terminal capacitance of the SEIG [22, 34, 35, 68, 71]. A formula to calculate the minimum 

excitation capacitance value required to ensure that a SEIG can initiate its build-up process at 

no load conditions has been given as shown below [35]: 

                                                       𝐶𝑚𝑖𝑛 =
1

𝜔2𝑣2(𝐿𝑚+𝐿𝑙𝑠)
                          (2.1) 

where is 𝜔 the base angular frequency, 𝑣 is the per unit speed and 𝐿𝑙𝑠, and 𝐿𝑚 are the stator 

leakage and magnetizing inductances respectively. It was found that the value of minimum 

excitation capacitor is inversely proportional to the unsaturated magnetizing inductance and 

inversely proportional to the square of per unit speed of the machine. In this study, it was 

concluded that the SEIG requires a higher capacitance value when it is loaded than when at no 

load conditions. Eltamaly [69] relied on nodal analysis instead of loop analysis to present a new 

formula to determine the minimum value of capacitance required for the SEIG. By using an 

eigenvalue based approach, the minimum and maximum values of capacitance required for the 

self-excitation of the induction generator was predicted by Wang et al. [72].  

Generally, the induction machine must work at a speed above the synchronous speed (negative 

slip) to work as a generator, whereas to work as a motor the speed should be lower than the 

synchronous speed (positive slip). The output voltage and generated frequency in SEIG mode 

are affected by the speed, load, and capacitance value in Farads [73]. J. Bjornsted et al. [74] 

proposed a method to determine the steady state performance of a loaded SEIG by extending 

the method of determining the operating point of  the steady state at no-load conditions which 

relies on the intersection between the generator no-load curve and the capacitor characteristics, 
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as illustrated in Figure 2.4. In addition, the effect of resistance on the remaining flux was 

experimentally investigated, and the flux was found to initially decrease with increasing applied 

resistance until the SEIG voltage generated due to the remaining flux was too low to be 

measured. 

 Voltage regulation of SEIGs 

The main drawback of a SEIG is unsatisfactory voltage and frequency regulation at varying 

loads, which has been a major barrier to its application [22]. To overcome this problem, several 

papers have been published discussing different techniques to regulate voltage and frequency 

[5, 75, 76]. The poor voltage regulation of the SEIG occurs even at regulated speeds [22]. The 

proposed voltage regulating schemes use switched capacitors, variable inductors, and saturable 

core reactors, which are considered to be the three most popular schemes [23, 77, 78]. Of these 

the voltage regulating use of the switched capacitor is a simple and cheap scheme. 

To avoid the high installation costs of using a speed governor, uncontrolled turbines are used 

in off-grid applications [5]. Therefore, to maintain constant generated power, electronic load 

controllers (ELCs) have been used by several authors [5, 7, 37, 38] to dissipate the excess power 

in dump resistors. Chilipe et al [37] proposed a new voltage and frequency controller (VFC) for 

standalone parallel operated self-excited induction generators driven by constant power micro 

hydro turbines. An electronic load controller (ELC) is used to balance the generated power such 

that the ELC does not dissipate the excess energy in a dump resistor as designed in pervious 

papers, instead it uses the excess energy to feed useful load such as pump system. Additionally, 

a STATCOM in this VFC is used to regulate the voltage during load variation such that, it 

works as a reactive power compensator. 

To overcome the problem of the temporary loss of synchronization due to the severe 

fluctuations created by the random load variation in the SEIG system, Chen et al. [79] 

developed a new advanced STATCOM which is almost totally immune to frequency 

fluctuations. In a paper by Chilipe et al [5], the performance of a self-excited induction 

generator with a voltage and frequency controller (VFC) in a standalone micro-hydro power 

generating system is presented.  
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 Transient analysis of SEIGs 

Although the self-excitation phenomena has positive effects, in some practical circumstances it 

can be undesirable due to a destructive voltage which can be generated during transient 

conditions which may cause damage to the machine insulation [80-82] or it may cause winding 

overheating [81, 83]. 

The literature indicates that the steady-state operation of the SEIGs has been covered by 

intensive experimental investigation. However, only a few papers have focused on transient 

analysis [60]. Most of this research focuses on the grid mode rather than the self- excited mode.  

The failure of shunt capacitor banks at the terminals of an induction generator driven by a wind 

turbine was investigated by Le Tang et al. [84]. They concluded that this failure is likely to be 

due to the phenomena which happens when a windfarm is disconnected from the utility 

networks leading to a total loss of load which can result in a high magnitude of voltage.  

M.A Ouhrouche et al. [21] studied the transient behaviour of an induction generator by using 

EMTP software package. It was noted that, when it is sufficiently compensated, the induction 

generator remains excited after it is disconnected from the power grid. Induction generators in 

this situation will either accelerate or slow down, depending on the value of the capacitive 

compensation level used. Theoretically, a new equilibrium point should be reached where the 

electromagnetic torque is equal to the mechanical torque applied by the prime mover. At this 

equilibrium state, high overvoltage is generated at the IG terminals.   

Wang et al. [16] derived the dynamic equations of a SEIG with unbalanced excitation capacitors 

using an ABC/abc natural frame model for a three-phase induction machine. It was concluded 

that, when one of the three balanced excitation capacitors is suddenly switched off, the studied 

SEIG can maintain self-excitation and generates adequate voltage in the other two phases. In 

this case, if the neutral line is connected between the excitation capacitor bank and the SEIG, 

the transient recovery time to return to the steady state value can be effectively minimized. In 

addition, when two of the three balanced excitation capacitors are suddenly switched off from 

the machine, the generated voltage of the SEIG collapses and gradually declines to zero. 
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In order to analyse the transient behaviour of an SEIG, Kishore et al. [85] developed a general 

dynamic model for a three phase SEIG using d-q variables in a stationary reference frame. The 

effect of main and cross flux saturation was included to investigate the behaviour of the SEIG 

in various transient conditions. The consideration of main flux and cross-saturation gave good 

results. One of the main advantages of this approach is the separation of machine parameters 

from the self-excitation capacitors and the load parameters, and therefore, the transient analysis 

can be effectively conducted. 

 Wang et al. [86] studied the difference between the short-shunt and long-shunt connections of 

an isolated self-excited induction generator feeding an induction motor load. Their comparison 

of different shunt capacitor topologies showed that the short shunt connection provide better 

voltage regulation, whereas the long-shunt connection might cause unwanted oscillation.  

The influence of different capacitor excitation configurations (shunt, short-shunt and long-

shunt) on the steady state and dynamic performance of a single phase SEIG has been 

investigated by Ojo [87]. In this study, it was observed that, when the induction generator is 

overloaded, the voltage collapses while with neither a long shunt or short shunt connection, the 

generator is able to sustain the load at a lower operating voltage and larger load current. 

S.K Jain et al. [88] presented the transient performance of a three-phase SEIG. They developed 

a generalised dynamic model of a SEIG in a stationary reference frame using d-q variables. The 

effect of main and cross-saturation was considered in the model. Although this study focuses 

on the dynamic response of the SEIG, the effects of the derivative of the magnetizing inductance 

with respect to the magnetizing current is neglected in this study, which may affect the accuracy 

of the results. The delta configuration was chosen because it does not have a zero-sequence 

component in the line current and phase voltage. It was observed that the faults result in voltage 

collapse and de-excitation. The authors recommended that, during shaft design, the excessive 

high torque during short-circuit and the sustained pulsating torque which results from 

imbalance disturbance may be taken into account. 

Alsalloum et al. [9] derived a general model in direct phase (a-b-c reference) quantities in order 

to analyse the performance of the SEIG and its load and excitation capacitor under different 

balanced and unbalanced conditions. The effect of saturation was simulated by a corresponding 
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change in the value of Lm. Variations in magnetizing inductance were represented by a linear 

piecewise method in this study, and on the other hand the effects of the derivative of 

magnetizing inductance with respect to magnetizing current was neglected. Furthermore, the 

effects of leakage saturation were not taken into account. 

 The main saturation effects of SEIGs 

In order to maximize torque production for a given machine frame, the induction machine is 

usually designed to be slightly saturated at the operating point [89]. It has been reported that it 

is unsatisfactory to assume that the circuit is linear in induction machine modelling and analysis 

in many transient conditions such as switching on and switching off the transients [12, 73, 90]. 

The value of voltage reached after the self-excitation process in an SEIG is initiated, due to the 

magnetic saturation, which balances the excitation capacitance and machine voltage [22]. 

The nonlinearity of the iron has to be taken into account in the model of an induction machine 

in order to enhance the accuracy of the simulation, because it is well known that the air gap in 

the induction machine is generally narrow [50, 51, 91, 92]. The disparity between simulated 

results achieved using the traditional model and experimental results can be attributed to the 

main saturation being neglected [93]. Basically, there are two main types of saturation effects 

that influence the performance of induction machines. The first is main flux saturation (i.e. 

magnetizing inductance saturation). The second type is leakage flux saturation. The saturation 

in the magnetic circuit of an induction generator plays a crucial role in the process of voltage 

build-up and stabilization of the operation at loaded and unloaded conditions [56, 94]. Not only 

that, but also the linear model is not capable of describing the behaviour of different conditions 

of the system such as studying the voltage build-up [92, 95]. Saturation considerably affects the 

stability and dynamic conditions of induction machines [50, 96]. Several methods have been 

used by researchers to represent the relationship between magnetizing inductance and 

magnetizing current. Generally, the two most popular methods used to represent the variation 

between magnetizing inductance and magnetizing current (or the air-gap voltage in some 

studies, which is the voltage across the magnetizing inductance), are linear piecewise and a 

polynomial function. A linear piecewise association within the range of the magnetizing current 

is used to approximate the variation in the magnetizing inductance. Several authors have applied 
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this method [9, 16, 86]. Wang et al. [16] approximated the nonlinear relationship 

between 𝑖𝑚 and 𝑋𝑚 using piecewise linear approximation. Four straight lines were used to 

represent saturated curve and one for an unsaturated curve. In this method, the magnetizing 

reactance versus air gap voltage (or exciting current) can be represented as a constant for 

unsaturated, low values of voltage, and this is decreased when it saturates [16, 86]. The 

magnetizing reactance 𝑋𝑚 = 𝜔𝐿𝑚 can be expressed as follows: 

 

𝑋𝑚=

{
 
 
 
 

 
 
 
 

𝑎0  𝑓𝑜𝑟 0 ≤ 𝑖𝑚 < 𝑖1
𝑎1

(𝑖𝑚 + 𝑏1)
 𝑓𝑜𝑟 𝑖1 ≤ 𝑖𝑚 < 𝑖2 

𝑎2
(𝑖𝑚 + 𝑏2)

 𝑓𝑜𝑟 𝑖2 ≤ 𝑖𝑚 < 𝑖3

𝑎3
(𝑖𝑚 + 𝑏3)

 𝑓𝑜𝑟 𝑖3 ≤ 𝑖𝑚 < 𝑖4 

𝑎4
(𝑖𝑚 + 𝑏4)

 𝑓𝑜𝑟 𝑖4 ≤ 𝑖𝑚

 (2.2) 

This means that the straight line 𝑎0 represents the unsaturated line. However, the approximation 

in this method does not reflect the actual variation in magnetizing inductance. Therefore, it does 

not predict the behaviour of actual phenomena during the initiation of self-excitation [56, 94] 

where all of the constants can be obtained experimentally. Another method used to represent 

the nonlinear relationship between air-gap voltage (Vg) and magnetizing current (𝑖𝑚) is a 

polynomial function to express the magnetising inductance with respect to magnetising current 

𝑖𝑚 as shown: 

 𝐿𝑚 = 𝑎5𝑖𝑚
5 +𝑎4𝑖𝑚

4 +𝑎3𝑖𝑚
3 + 𝑎2𝑖𝑚

2 + 𝑎1𝑖𝑚 + 𝑎0 (2.3) 

This polynomial function is of degree 5, but a polynomial function of different degrees can be 

used. The degree of the polynomial obviously influences accuracy, such that a higher 

polynomial degree gives higher accuracy [50]. The coefficient in the equation above 

(𝑎0, 𝑎1, 𝑎2 …𝑒𝑡𝑐 ) can be obtained experimentally. For better results in representing the 

variation in magnetizing inductance, a polynomial function is used by many authors [9, 44, 50, 
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56]. For example, in K. Idjdarene et al. [50] used a polynomial function of the 12th degree with 

respect to the magnetizing current in order to model the nonlinearity caused by the saturation 

effect. The effect of the variation in magnetizing inductance with voltage on self-excitation has 

also been presented by Seyoum et al. [56]. This effect is taken into account in order to predict 

accurately whether or not self-excitation will occur in the SEIG for various speed and 

capacitance values at both no load and loaded cases. It was concluded that the relationship 

between magnetizing inductance, Lm, and the induced stator voltage determines the regions of 

stable operation in addition to the minimum generated voltage without loss of self-excitation. 

In addition, it was  concluded that the speed required to initiate self-excitation is always more 

than the speed at which self-excitation ceases. Additionally, Coussens et al [97] modelled 

nonlinearity in the magnetizing inductance by using the hyperbolic tangent function. 

The no-load test is the traditional method for identifying the magnetizing inductance of 

induction machine; however, some alternative methods have been proposed to avoid the very 

lengthy measurements required in this test [94, 98, 99]. Lukáˇs et. al. [94] proposed an 

alternative method which avoids complex and lengthy measurement to obtain the measured no-

load curve. The results show a good correspondence between  measurements and the new 

method; however, this model was not tested in practice. To overcome the complexity in the 

conventional method of determine magnetizing inductance, novel method was presented by A. 

Stnkovic et. al. [98] using a static DC excitation technique. The disadvantage of this method is 

that it can be employed only if the neutral of the induction machine is accessible. In addition, 

leakage inductance cannot be measured using this method. 

However, most previous studies [16, 49, 56, 100] neglect the effects of the derivative of 

magnetizing inductance with respect to magnetizing current even if the main aim of these 

studies is to predict the dynamic performance of SEIG, which may lead to significant errors in 

predicting the behaviour of the SEIG during the dynamic state. There are only a few studies 

which consider the effects of saturation taking the derivative of magnetizing inductance with 

respect to magnetising current into account when the dynamic response of self-excited 

induction generator is investigated [50, 51, 101]. Furthermore, the proposed models in these 

papers were developed in the d-q reference frame and therefore would not be appropriate for 

unbalanced conditions [49, 52-54]. Additionally, these models include neither the mutual 
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saturation between stator windings nor mutual saturation between rotor windings; moreover, 

the leakage path saturation is not included. 

A recent study which does include the dynamic inductance effects is by K. Idjdarene et al. [50]. 

In this study, a diphase model to allow main path saturation effects to be taken into account has 

been developed, while the leakage saturation is still neglected in the model. In order to 

approximate the nonlinearity caused by saturation effects, the authors used a polynomial 

function of the 12th degree, which is a function in the magnetizing current. The effects of the 

derivative of magnetizing inductance with respect to the magnetizing current is taken into 

account in this approach; however, the effects of mutual saturation between stator windings and 

that between rotor windings are neglected. Additionally, the effect of leakage saturation is 

neglected. The residual magnetism is represented in the simulation, which was implemented in 

a Matlab / Simulink environment, by a small voltage source and so the relationship between 

residual magnetism and rotor frequency is also neglected in this approach. In this study, it was 

observed that, within a specific load range, there is no significant change in the phase voltage 

magnitudes and frequencies, and therefore it can be concluded that it is possible to use the SEIG 

as an efficient and cheap system to feed an isolated load even if the load is unbalanced, 

irrespective of whether static converters are used.  

Hallenius et al. [101] developed a d-q model to study the transient performance of induction 

machines which included the effects of main path saturation by utilizing the magnetizing 

inductance and its derivative with respect to magnetizing current.  The computed results in this 

study give good agreement with experimental results. This study was followed by another by 

E. Levi [51] to investigate the effects of cross saturation on the accuracy of the orthogonal axis 

model of induction machines taking dynamic inductance into consideration. However, neither 

of these studies consider leakage saturation and mutual saturation and the models are not 

appropriate for the study of unbalanced conditions.  

 The leakage saturation effect of SEIGs 

The assumption of considering the stator leakage and rotor leakage inductances to be constant 

values becomes inadequate if the stator phase current of the SEIG is high; hence, in order to 

obtain a realistic modelling for the SEIG, the leakage saturation should be considered [102]. If 
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a very high level of accuracy is required, where the stator current and rotor currents are expected 

to have very high values, taking leakage inductance saturation into account becomes imperative 

[49]. Lipo et al. [102] presented a method for modelling the stator and rotor leakage reactance 

saturation. In this approach, the total stator and rotor leakage inductances are separated into 

iron-dependent and air-dependent portions, such that the iron-portion is considered a saturable 

quantity (nonlinear inductance), whereas the air-dependent part is considered unsaturable 

(constant inductance). The representation of leakage inductance in this approach relies on the 

saturation factor.  

A new approach to the analysis of induction machines in a d-q frame has been presented by 

Keyhani et al. [96] which assumes that the leakage inductances are nonlinear. The degree of 

saturated leakage inductance in this approach is represented by a nonlinear function. This 

approach was implemented and simulated with the help of IGSPICE. In this paper, the stator 

current and rotor speed of a machine during free acceleration, were measured experimentally 

and the results were then compared with those from their proposed method. Okoro [49] has 

studied the effects of leakage saturation, and the  variation in leakage inductance in this study 

was represented using a polynomial function of degree third which is a function of magnetizing 

current. It was concluded that including the saturation improved the results and for the accurate 

prediction of induction machines in dynamic states, the effect of saturation must be taken into 

account. However, in these papers [49, 96, 102] the inclusion of the derivative leakage 

inductances with respect to magnetizing current was not taken into consideration. 

 Conclusion 

An overview of studies of the SEIG has been presented in this chapter. Most of the previous 

literature has investigated the performance of SEIGs at steady state conditions focusing on 

improving voltage and frequency regulation. However, studies interested in representing the 

saturation effects in dynamic conditions are scarce. The simplicity and low cost of maintenance 

and operation mean that the self-excited induction generator could be preferable to the 

synchronous generator in remote isolated areas.  

From this chapter, it can be concluded that a general model for the SEIG that accounts for 

saturation effects, has not yet been proposed, so that it can be applicable for different conditions 
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and in particular, for unbalanced conditions with the ability to include mutual and leakage 

saturation. Also, it should cope with changes in speed. In addition, the importance of the 

derivative of magnetizing inductance with respect to magnetizing current has not yet been 

highlighted and thus some recent studies still ignore the effects of this derivative even while 

trying to predict the dynamic response of the SEIG.  
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Chapter 3. Mathematical model of 

  the saturation of the SEIG 

 Introduction  

Predicting the performance of the SEIG is important in order to investigate its behaviour in 

different conditions, such as transient states, since this type of generator is beginning to be used 

as a highly reliable generator in critical areas like fire-fighting [18] and electrical vehicles [32]. 

In such applications, accuracy is important for reliable and safe operation. It has been reported 

that an appropriate dynamic saturated machine model is required for the successful simulation 

of any of the transients associated with an SEIG’s operation [60]. While d-q reference frames 

have a very wide area of application, they are not appropriate in studying the unbalanced 

operation of the motor [49, 52]. Hence, the aim of this chapter is to derive a generalized dynamic 

mathematical model of a three-phase self-excited induction generator in an ABC/abc natural 

frame taking into account the nonlinearity effect in the induction machine due to  saturation 

phenomena.  This model could then be suitable for steady state, dynamic response and balanced 

and unbalanced conditions. For more realistic representation, saturation effects in the mutual 

inductances between stator windings and between rotor windings are both taken into account 

in this proposed model, whereas the effects of leakage saturation is neglected. This dynamic 

model is derived based on the basic voltage equations for an induction machine in the natural 

three-phase ABC/abc reference frame. In order to accurately predict the performance of this 

type of generator, the model is implemented in the MATLAB/ SIMULINK.  

In order to simulate the load and excitation capacitors in this numerical package, a mathematical 

model for a pure resistive load, resistive and inductive load, and magnetizing current, is derived 

in this chapter. 
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 Conventional dynamic model of induction machine  

A three-phase, star-connected cage induction generator is considered in this study. The output 

terminals of the generator are connected to a three-phase capacitor bank for excitation and a 

three phase load, as shown in Figure 3.1. According to Krause [53], the three phase stator 

voltage equations can be written in the following matrix form: 

 [ 𝑣𝑠 ]𝑎𝑏𝑐 = [ 𝑅 ][ 𝑖𝑠 ]𝑎𝑏𝑐 +  𝑝[ 𝜆𝑠 ]𝑎𝑏𝑐 (3.1) 

Whereas, the three equations for the three phase rotor voltages can be expressed as follows: 

 
[ 𝑣𝑟  ]𝑎𝑏𝑐 = [ 𝑅 ][ 𝑖𝑟 ]𝑎𝑏𝑐 +  𝑝[ 𝜆𝑟 ]𝑎𝑏𝑐 

(3.2) 

 

Excitation 

Capacitors

n

SEIG

Load

G
e
a
r
b

o
x

 

 

Figure 3.1 Schematic diagram of self-excited induction generator driven by a wind  

turbine feeding a three-phase load 
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𝑅𝑠𝑐  

𝑅𝑠𝑏  

𝑖𝑠𝑐  

𝑅𝑠𝑏  
𝑖𝑠𝑏  

𝑖𝑠𝑐  
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𝑅𝑟𝑎  

𝑅𝑟𝑏  

 

Figure 3.2 Machine diagram in natural reference frame[53]. 

 

The three phase stator flux linkage equations can be written in the following matrix form: 

 [𝜆𝑠]𝑎𝑏𝑐 = [𝐿𝑠][𝑖𝑠]𝑎𝑏𝑐 + [𝐿𝑠𝑟][𝑖𝑟]𝑎𝑏𝑐 (3.3) 

And the three phase rotor flux linkage equations can be written in the following matrix form: 

 [𝜆𝑟]𝑎𝑏𝑐 = [𝐿𝑠𝑟]
𝑇[𝑖𝑠]𝑎𝑏𝑐 + [𝐿𝑟][𝑖𝑟]𝑎𝑏𝑐 (3.4) 

Therefore, the derivative of the three phase stator and rotor flux linkage equations can be 

written in the following matrix form: 

 𝑝[𝜆𝑠]𝑎𝑏𝑐 = 𝑝[𝐿𝑠]. [𝑖𝑠]𝑎𝑏𝑐 + [𝐿𝑠]𝑝[𝑖𝑠]𝑎𝑏𝑐 + 𝑝[𝐿𝑠𝑟]. [𝑖𝑟]𝑎𝑏𝑐 + [𝐿𝑠𝑟]𝑝[𝑖𝑟]𝑎𝑏𝑐 (3.5) 
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 𝑝[𝜆𝑟]𝑎𝑏𝑐 = 𝑝[𝐿𝑠𝑟]
𝑇[𝑖𝑠]𝑎𝑏𝑐 + [𝐿𝑠𝑟]

𝑇𝑝[𝑖𝑠]𝑎𝑏𝑐 + 𝑝[𝐿𝑟][𝑖𝑟]𝑎𝑏𝑐 + [𝐿𝑟]𝑝[𝑖𝑟]𝑎𝑏𝑐  (3.6) 

For a magnetically linear system (where the saturation effect is neglected such that 𝐿𝑚 is 

considered constant and therefore 𝑝[𝐿𝑠] and 𝑝[𝐿𝑟] = 0, whereas, 𝐿𝑠𝑟 considered as a function 

in the displacement) the flux linkages for the induction machine in equations 3.5 and 3.6 may 

be rewritten as follows: 

 
𝑝[𝜆𝑠]𝑎𝑏𝑐 = [𝐿𝑠]𝑝[𝑖𝑠]𝑎𝑏𝑐 + [𝐿𝑠𝑟]𝑝[𝑖𝑟]𝑎𝑏𝑐 + 

𝜕[𝐿𝑠𝑟]

𝜕𝜃

𝜕𝜃

𝜕𝑡
[𝑖𝑠]𝑎𝑏𝑐 (3.7) 

 
𝑝[𝜆𝑟]𝑎𝑏𝑐 = [𝐿𝑠𝑟]

𝑇𝑝[𝑖𝑠]𝑎𝑏𝑐 + [𝐿𝑟]𝑝[𝑖𝑟]𝑎𝑏𝑐 +
𝜕[𝐿𝑠𝑟]

𝜕𝜃

𝜕𝜃

𝜕𝑡
[𝑖𝑟]𝑎𝑏𝑐 (3.8) 

where [𝑅𝑠], [𝑅𝑟], [𝐿𝑠], [𝐿𝑟], [𝐿𝑠𝑟] and [𝐿𝑠𝑟]
𝑇 are a matrix which can be expressed as follows: 

 
[𝑅𝑠] = [

𝑟𝑎𝑠 0 0
0 𝑟𝑏𝑠 0
0 0 𝑟𝑐𝑠

] (3.9) 

 
[𝑅𝑟] = [

𝑟𝑎𝑠 0 0
0 𝑟𝑏𝑠 0
0 0 𝑟𝑐𝑠

] (3.10) 

 
[𝑖𝑠] =  [

𝑖𝑎𝑠
𝑖𝑏𝑠
𝑖𝑐𝑠

] ,     [𝑖𝑟] =  [
𝑖𝑎𝑟
𝑖𝑏𝑟
𝑖𝑐𝑟

] 

 

(3.11) 
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[𝐿𝑠𝑟] = 𝐿𝑠𝑟 [

𝑎1 𝑎2 𝑎3
𝑎3 𝑎1 𝑎2
𝑎2 𝑎3 𝑎1

] (3.12) 

  
[𝐿𝑠𝑟]

𝑇
= 𝐿𝑠𝑟 [

𝑎1 𝑎3 𝑎2
𝑎2 𝑎1 𝑎3
𝑎3 𝑎2 𝑎1

] (3.13) 

where, 

 𝑎1 =  𝑐𝑜𝑠(𝜃)   

 𝑎2 = cos (𝜃 +
2𝜋

3
)   

 𝑎3 =  𝑐𝑜𝑠(𝜃 −
2𝜋

3
)   

 𝑏1 =  𝑠𝑖𝑛(𝜃)  

 𝑏2 = 𝑠𝑖𝑛 (𝜃 +
2𝜋

3
)   

 𝑏3 =  𝑠𝑖𝑛 (𝜃 −
2𝜋

3
)   
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 𝜃 = 𝜔𝑟𝑡   

 𝑑𝜃

𝑑𝑡
= 𝜔𝑟   

 
[𝐿] = [

𝐿𝑠 𝐿𝑠𝑟
𝐿𝑠𝑟
𝑇 𝐿𝑟

] 
 

and therefore: 

 
[𝐿𝑠] =[

𝐿𝑠 −0.5𝐿𝑚 −0.5𝐿𝑚
−0.5𝐿𝑚 𝐿𝑠 −0.5𝐿𝑚
−0.5𝐿𝑚 −0.5𝐿𝑚 𝐿𝑠

] (3.14) 

     
[𝐿𝑟] =[

𝐿𝑟 −0.5𝐿𝑚 −0.5𝐿𝑚
−0.5𝐿𝑚 𝐿𝑟 −0.5𝐿𝑚
−0.5𝐿𝑚 −0.5𝐿𝑚 𝐿𝑟

] (3.15) 

By substituting equation 3.7 in equation 3.1 and equation 3.8 in equation 3.2, then equations 

3.1 and 3.2 can be rewritten as follows: 

 
[ 𝑣𝑠 ]𝑎𝑏𝑐 = [ 𝑅 ][ 𝑖𝑠 ]𝑎𝑏𝑐 + [𝐿𝑠]𝑝[𝑖𝑠]𝑎𝑏𝑐 + [𝐿𝑠𝑟]𝑝[𝑖𝑟]𝑎𝑏𝑐 +

𝜕[𝐿𝑠𝑟]

𝜕𝜃

𝜕𝜃

𝜕𝑡
[𝑖𝑠]𝑎𝑏𝑐 (3.16)   

  
[𝑣𝑟]𝑎𝑏𝑐 = [𝑅][𝑖𝑟]𝑎𝑏𝑐 + [𝐿𝑠𝑟]

𝑇𝑝[𝑖𝑠]𝑎𝑏𝑐 + [𝐿𝑟]𝑝[𝑖𝑟]𝑎𝑏𝑐 +
𝜕[𝐿𝑠𝑟]

𝜕𝜃

𝜕𝜃

𝜕𝑡
[𝑖𝑟]𝑎𝑏𝑐 (3.17) 

Equations 3.16 and 3.17 can be combined and rewritten in a general form as follows: 
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[𝑣] =  [𝑅][𝑖]  +  [L] 

𝑑[𝑖]

𝑑𝑡
+
𝜕[𝐿]

𝜕𝜃

𝜕𝜃

𝜕𝑡
 [𝑖] (3.18) 

since 

              
𝜕𝜃

𝜕𝑡
= 𝜔𝑟 

then, 

 
[𝑣] = [𝑅][𝑖] + [L]

𝑑[𝑖]

𝑑𝑡
+ 𝜔𝑟  

𝜕[𝐿]

𝜕𝜃
[𝑖]      (3.19) 

where  

 

[𝑅] =

[
 
 
 
 
 
𝑟𝑎𝑠
0
0
0
0
0

 

0
𝑟𝑏𝑠
0
0
0
0

 

0
0
𝑟𝑐𝑠
0
0
0

 

0
0
0
𝑟𝑎𝑟
0
0

 

0
0
0
0
𝑟𝑏𝑟
0

 

0
0
0
0
0
𝑟𝑐𝑟]

 
 
 
 
 

 (3.20) 

 [𝑣] = [𝑣𝑎𝑠 𝑣𝑏𝑠 𝑣𝑐𝑠  𝑣𝑎𝑟 𝑣𝑏𝑟 𝑣𝑐𝑟]𝑇 (3.21) 

 [𝑖] = [𝑖𝑎𝑠 𝑖𝑏𝑠 𝑖𝑐𝑠  𝑖𝑎𝑟 𝑖𝑏𝑟 𝑖𝑐𝑟]𝑇 (3.22) 

 [𝜆] = [𝜆𝑎𝑠 𝜆𝑏𝑠 𝜆𝑐𝑠  𝜆𝑎𝑟 𝜆𝑏𝑟 𝜆𝑐𝑟]
𝑇 (3.23) 
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[𝐿] =

[
 
 
 
 
 

𝐿𝐴𝑠
𝑀𝑠

𝑀𝑠

𝑀𝑠𝑟 𝑎1 

𝑀𝑠𝑟 𝑎2 

𝑀𝑠𝑟 𝑎3

  

𝑀𝑠

𝐿𝐵𝑠
𝑀𝑠

𝑀𝑠𝑟 𝑎3
𝑀𝑠𝑟 𝑎1
𝑀𝑠𝑟 𝑎2

 

𝑀𝑠

𝑀𝑠

𝐿𝐶𝑠
 𝑀𝑠𝑟 𝑎2
 𝑀𝑠𝑟 𝑎3
 𝑀𝑠𝑟 𝑎1

 

𝑀𝑠𝑟 𝑎1
𝑀𝑠𝑟 𝑎3
𝑀𝑠𝑟𝑎2
𝐿𝑎𝑟
𝑀𝑟

𝑀𝑟

 

  𝑀𝑠𝑟 𝑎2

  
𝑀𝑠𝑟 𝑎1
𝑀𝑠𝑟 𝑎3
𝑀𝑟

𝐿𝑏𝑟
𝑀𝑟

 

 𝑀𝑠𝑟 𝑎3
 𝑀𝑠𝑟 𝑎2
 𝑀𝑠𝑟 𝑎1
𝑀𝑟

𝑀𝑟

𝐿𝑐𝑟 ]
 
 
 
 
 

 (3.24) 

  Equation 3.19 can be rewritten in extended matrix form as shown below: 

 

  

[
 
 
 
 
𝑣𝑎𝑠
𝑣𝑏𝑠
𝑣𝑐𝑠
𝑣𝑎𝑟
𝑣𝑏𝑟
𝑣𝑐𝑟 ]

 
 
 
 

 = 

[
 
 
 
 
 
𝑟𝑎𝑠
0
0
0
0
0

 

0
𝑟𝑏𝑠
0
0
0
0

 

0
0
𝑟𝑐𝑠
0
0
0

 

0
0
0
𝑟𝑎𝑟
0
0

 

0
0
0
0
𝑟𝑏𝑟
0

 

0
0
0
0
0
𝑟𝑐𝑟]

 
 
 
 
 

 

[
 
 
 
 
 
𝑖𝑎𝑠
𝑖𝑏𝑠
𝑖𝑐𝑠
𝑖𝑎𝑟
𝑖𝑏𝑟
𝑖𝑐𝑟]

 
 
 
 
 

 + 

 

 

[
 
 
 
 
 

𝐿𝐴𝑠
𝑀𝑠

𝑀𝑠

𝑀𝑠𝑟 𝑎1 
𝑀𝑠𝑟 𝑎2 
𝑀𝑠𝑟 𝑎3

  

𝑀𝑠

𝐿𝐵𝑠
𝑀𝑠

𝑀𝑠𝑟 𝑎3
𝑀𝑠𝑟  𝑎1
𝑀𝑠𝑟 𝑎2

 

𝑀𝑠

𝑀𝑠

𝐿𝐶𝑠
 𝑀𝑠𝑟 𝑎2
 𝑀𝑠𝑟  𝑎3
 𝑀𝑠𝑟 𝑎1

 

𝑀𝑠𝑟 𝑎1
𝑀𝑠𝑟 𝑎3
𝑀𝑠𝑟𝑎2
𝐿𝑎𝑟
𝑀𝑟

𝑀𝑟

 

  𝑀𝑠𝑟  𝑎2

  
𝑀𝑠𝑟 𝑎1
𝑀𝑠𝑟 𝑎3
𝑀𝑟

𝐿𝑏𝑟
𝑀𝑟

 

 𝑀𝑠𝑟 𝑎3
 𝑀𝑠𝑟 𝑎2
 𝑀𝑠𝑟 𝑎1
𝑀𝑟

𝑀𝑟

𝐿𝑐𝑟 ]
 
 
 
 
 

[
 
 
 
 
 
 
 
 
 
 
 
 
𝑑𝑖𝑎𝑠
𝑑𝑡
𝑑𝑖𝑏𝑠
𝑑𝑡
𝑑𝑖𝑐𝑠
𝑑𝑡
𝑑𝑖𝑎𝑟
𝑑𝑡
𝑑𝑖𝑏𝑟
𝑑𝑡
𝑑𝑖𝑐𝑟
𝑑𝑡 ]

 
 
 
 
 
 
 
 
 
 
 
 

+ 
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𝜔𝑟

[
 
 
 
 
 

0
0
0

𝑀𝑠𝑟 𝑏1
𝑀𝑠𝑟 𝑏2
𝑀𝑠𝑟 𝑏3

   

0
0
0

𝑀𝑠𝑟 𝑏3
𝑀𝑠𝑟 𝑏1
𝑀𝑠𝑟 𝑏2

   

0
0
0

𝑀𝑠𝑟 𝑏2
𝑀𝑠𝑟 𝑏3
𝑀𝑠𝑟 𝑏1

 

𝑀𝑠𝑟 𝑏1
𝑀𝑠𝑟 𝑏3
𝑀𝑠𝑟 𝑏2 

0
0
0

 

 𝑀𝑠𝑟𝑏2
 𝑀𝑠𝑟 𝑏1
𝑀𝑠𝑟 𝑏3

0
0
0

 

 𝑀𝑠𝑟 𝑏3
 𝑀𝑠𝑟 𝑏2
𝑀𝑠𝑟 𝑏1

0
0
0 ]

 
 
 
 
 

[
 
 
 
 
 
𝑖𝑎𝑠
𝑖𝑏𝑠
𝑖𝑐𝑠
𝑖𝑎𝑟
𝑖𝑏𝑟
𝑖𝑐𝑟]

 
 
 
 
 

 

 (3.25) 

In the above equations the variables and parameters associated with the stator circuit are 

denoted with the ‘s’ subscript, whereas those associated with the rotor circuit are denoted with 

the ‘r’ subscript, and the ‘sr’ subscript denotes the mutual inductance between stator and rotor 

circuits. The subscripts a, b, c denote variables and parameters associated with phase a, phase 

b, and phase c respectively in the stator and rotor circuits, 

where,  

vs and vr are the stator and rotor phase voltages,  

isa, isb, and isc are the stator abc phase currents,  

ira, irb, and irc are the rotor abc phase currents, 

Rs, and Rr are the stator and rotor winding resistances,  

Lm is the magnetizing inductance, 



Chapter 3                 Mathematical model of the saturation of the SEIG 

34 

 

Lls, and Llr are the stator and rotor leakage inductances,  

Lsr is the stator-rotor mutual inductance,  

ω  

θ 

is the angular frequency in rad/sec, 

is the rotor position in rad, 

p is the differentiation operator (d/dt), and 

𝜆 is the linkage flux in weber. 

 𝐿𝑠 = 𝐿𝑙𝑠 + 𝐿𝑚𝑠  

 𝐿𝑟 = 𝐿𝑙𝑟 + 𝐿𝑚𝑟  

 𝑀 = −0.5𝐿𝑚  

 𝑀𝑠 = 𝑀𝑟 = −0.5𝐿𝑚  

and  𝑀𝑠𝑟 = 𝐿𝑠𝑟 = 𝐿𝑚  
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By substituting these values in the previous matrix, we can obtain the dynamic equations  of 

the conventional induction machine; however, these equations do not take the nonlinearity into 

account and can be written as follows: 

 

[
 
 
 
 
𝑣𝑎𝑠
𝑣𝑏𝑠
𝑣𝑐𝑠
𝑣𝑎𝑟
𝑣𝑏𝑟
𝑣𝑐𝑟 ]

 
 
 
 

 = 

[
 
 
 
 
 
𝑟𝑎𝑠
0
0
0
0
0

 

0
𝑟𝑏𝑠
0
0
0
0

 

0
0
𝑟𝑐𝑠
0
0
0

 

0
0
0
𝑟𝑎𝑟
0
0

 

0
0
0
0
𝑟𝑏𝑟
0

 

0
0
0
0
0
𝑟𝑐𝑟]

 
 
 
 
 

 

[
 
 
 
 
 
𝑖𝑎𝑠
𝑖𝑏𝑠
𝑖𝑐𝑠
𝑖𝑎𝑟
𝑖𝑏𝑟
𝑖𝑐𝑟]

 
 
 
 
 

+ 

 

 

 

[
 
 
 
 
 

𝐿𝑠
−0.5𝐿𝑚
−0.5𝐿𝑚
𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎2
𝐿𝑠𝑟 𝑎3

 

−0.5𝐿𝑚
𝐿𝑠

−0.5𝐿𝑚
𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎2

 

−0.5𝐿𝑚
−0.5𝐿𝑚

𝐿𝑠
𝐿𝑠𝑟 𝑎2
𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎1

 

𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎2
𝐿𝑟

−0.5𝐿𝑚
−0.5𝐿𝑚

 

𝐿𝑠𝑟𝑎2
𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎3
−0.5𝐿𝑚

𝐿𝑟
−0.5𝐿𝑚

 

𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎2
𝐿𝑠𝑟 𝑎1
−0.5𝐿𝑚
−0.5𝐿𝑚

𝐿𝑟 ]
 
 
 
 
 

[
 
 
 
 
 
 
 
 
 
 
 
 
𝑑𝑖𝑎𝑠
𝑑𝑡
𝑑𝑖𝑏𝑠
𝑑𝑡
𝑑𝑖𝑐𝑠
𝑑𝑡
𝑑𝑖𝑎𝑟
𝑑𝑡
𝑑𝑖𝑏𝑟
𝑑𝑡
𝑑𝑖𝑐𝑟
𝑑𝑡 ]

 
 
 
 
 
 
 
 
 
 
 
 

+ 

 

  

𝜔𝑟

[
 
 
 
 
 

0
0
0

𝐿𝑠𝑟 𝑏1
𝐿𝑠𝑟 𝑏2
𝐿𝑠𝑟 𝑏3

 

0
0
0

𝐿𝑠𝑟 𝑏3
𝐿𝑠𝑟 𝑏1
𝐿𝑠𝑟 𝑏2

 

0
0
0

𝐿𝑠𝑟 𝑏2
𝐿𝑠𝑟 𝑏3
𝐿𝑠𝑟 𝑏1

 

𝐿𝑠𝑟 𝑏1
𝐿𝑠𝑟 𝑏3
𝐿𝑠𝑟 𝑏2
0
0
0

 

𝐿𝑠𝑟𝑏2
𝐿𝑠𝑟 𝑏1
𝐿𝑠𝑟 𝑏3
0
0
0

 

𝐿𝑠𝑟 𝑏3
𝐿𝑠𝑟 𝑏2
𝐿𝑠𝑟 𝑏1
0
0
0 ]

 
 
 
 
 

[
 
 
 
 
 
𝑖𝑎𝑠
𝑖𝑏𝑠
𝑖𝑐𝑠
𝑖𝑎𝑟
𝑖𝑏𝑟
𝑖𝑐𝑟 ]

 
 
 
 
 

 (3.26) 

 Proposed dynamic model of the SEIG  

In the previous section, the inductance matrix is considered as a function of rotor position (θ) 

only in the case of LSr, whereas LS and Lr are considered as constants. The aim of this section 
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is to derive a novel general model in the natural ABC/abc frame taking into account the 

saturation effect by assuming that the magnetizing inductance is variable, and including 

dynamic inductance effects. This approach has the benefits of keeping the original arrangement 

with no need to transform the stator and rotor voltage and current quantities, in addition to the 

possibility of modelling unbalanced conditions and nonlinearities which may arise from the use 

of electronic switches even under complex unbalanced conditions [52]. The voltage equation 

can therefore be re-written as follows: 

 

 
[𝑣] = [𝑅][𝑖] + [L] 

𝑑[𝑖]

𝑑𝑡
+ [𝑖]

𝜕[𝐿]

𝜕𝑡
  (3.27) 

and since L is a function in (θ, 𝑖𝑚), then:  

 ∂[L]

∂t
=  

∂[L]

∂θ

∂θ

∂t
+
∂[L]

∂im 

∂im
∂t

=  ωr  
∂[L]

∂θ
+
∂[L]

∂im 

∂im
∂t

 (3.28) 

 
[𝑣]  =  [𝑅][𝑖]  +   [𝜔𝑟

𝜕[𝐿]

𝜕𝜃
] [𝑖]  +  [ 

𝜕[𝐿]

𝜕𝑖𝑚 

𝜕𝑖𝑚
𝜕𝑡

 ][𝑖]  + [L] 
𝑑[𝑖]

𝑑𝑡
  (3.29) 

Based on equation 3.27 the voltage equation for stator phase-a can be derived again taking into 

consideration L as a function in (θ, im). Hence, the voltage for phase a in the stator circuit can 

be derived as follows:  

 vas =  ras ias +  p( Ls ias ) +  p( Ms ibs ) +  p( Ms ics ) +  p( Msr a1 iar )   

  + p( Msr a2 ibr ) + p( Msr a3 i cr ) (3.30) 
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 𝑣𝑎𝑠 =  𝑟𝑎𝑠 𝑖𝑎𝑠 + 𝐿𝑠 𝑝𝑖𝑎𝑠 + 𝑖𝑎𝑠 𝑝𝐿𝑠 + 𝑀𝑠 𝑝𝑖𝑏𝑠 + 𝑖𝑏𝑠 𝑝𝑀𝑠 +𝑀𝑠 𝑝𝑖𝑐𝑠  

  + 𝑖𝑐𝑠 𝑝𝑀𝑠 + 𝑀𝑠𝑟 𝑎1 𝑝𝑖𝑎𝑟 + 𝑖𝑎𝑟 𝑝𝑀𝑠𝑟 𝑎1 + 𝑖𝑎𝑟 𝑀𝑠𝑟 𝑝𝑎1 +  

  𝑀𝑠𝑟 𝑎2 𝑝𝑖𝑏𝑟 + 𝑖𝑏𝑟 𝑝𝑀𝑠𝑟 𝑎2 + 𝑖𝑏𝑟𝑀𝑠𝑟 𝑝𝑎2 +𝑀𝑠𝑟 𝑎3 𝑝𝑖𝑐𝑟 +  

 

 

 𝑖𝑐𝑟 𝑝𝑀𝑠𝑟  𝑎3 + 𝑖𝑐𝑟 𝑀𝑠𝑟 𝑝𝑎3 (3.31) 

 
𝑣𝑎𝑠 =  𝑟𝑎𝑠𝑖𝑎𝑠 + 𝐿𝑠

𝑑

𝑑𝑡
𝑖𝑎𝑠 + 𝑖𝑎𝑠

𝑑

𝑑𝑡
𝐿𝑠 +𝑀𝑠

𝑑

𝑑𝑡
𝑖𝑏𝑠 + 𝑖𝑏𝑠

𝑑

𝑑𝑡
𝑀𝑠 +𝑀𝑠

𝑑

𝑑𝑡
𝑖𝑐𝑠 

 

  
+ 𝑖𝑐𝑠

𝑑

𝑑𝑡
𝑀𝑠  +  𝑀𝑠𝑟𝑎1

𝑑

𝑑𝑡
𝑖𝑎𝑟 + 𝑖𝑎𝑟

𝑑

𝑑𝑡
𝑀𝑠𝑟𝑎1 +  𝑖𝑎𝑟𝑀𝑠𝑟

𝑑

𝑑𝑡
𝑎1 

 

  
+𝑀𝑠𝑟𝑎2

𝑑

𝑑𝑡
𝑖𝑏𝑟 + 𝑖𝑏𝑟

𝑑

𝑑𝑡
𝑀𝑠𝑟𝑎2 + 𝑖𝑏𝑟𝑀𝑠𝑟

𝑑

𝑑𝑡
𝑎2 + 𝑀𝑠𝑟𝑎3

𝑑

𝑑𝑡
𝑖𝑐𝑟  

 

  
 + 𝑖𝑐𝑟

𝑑

𝑑𝑡
𝑀𝑠𝑟 𝑎3 + 𝑖𝑐𝑟 𝑀𝑠𝑟

𝑑

𝑑𝑡
𝑎3 

(3.32) 

Substituting the values of a1, a2 and a3 and taking into account that 
d

dt
Ls,

d

dt
Ms, and 

d

dt
Msr 

are not equal to zero yields:  
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vas =  ras ias + Ls  

d

dt
ias + ias  

d

dt
Ls +Ms  

d

dt
ibs + ibs  

d

dt
Ms +Ms  

d

dt
ics + ics  

d

dt
Ms + 

  
Msrcos(θ)

d

dt
iar + iar

d

dt
Msrcos(θ) + iarMsr

d

dt
cos(θ) + Msr cos  θ +

2π

3
  

d

dt
ibr 

  
+ ibr  

d

dt
Msr cos  θ +

2π

3
 + ibr  Msr  

d

dt
cos  θ +

2π

3
 + Msr cos  θ −

3π

2
  

d

dt
icr 

  
+ icr  

d

dt
Msr cos  θ −

2π

3
 + icr Msr

d

dt
cos(θ −

2π

3
) (3.33) 

or  

 
 vas =  rasias + Ls  

d

dt
ias + ias  

d

dt
Ls +Ms  

d

dt
ibs + ibs  

d

dt
Ms +Ms  

d

dt
ics + ics

d

dt
Ms + 

  
Msrcos(θ)

d

dt
iar + iar

d

dt
Msrcos(θ) − iarMsrsin(θ)ωr +Msrcos  θ +

2π

3
  

d

dt
ibr 

  + ibr  
d

dt
Msr cos (θ +

2π

3
) − ibr Msr sin (θ +

2π

3
)ωr + Msr cos (θ −

2π

3
)

d

dt
icr + 

  icr
d

dt
Msrcos (θ −

2π

3
) − icrMsr sin (θ −

2π

3
)ωr   (3.34) 

Since we know that 
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 dLm
dt

=  
dLm
dim 

dim
dt  

(3.35) 

or 

 
 
dLm
dt

=  Lm
′
dim
dt

 
(3.36) 

 then:  

  vas =  rasias + Ls
d

dt
ias + ias Las

′  
dim

dt
− 0.5Lmb  

d

dt
ibs − ibs 0.5Lm

′ dim

dt
− 0.5Lmb  

d

dt
ics  

  − ics 0.5Lm
′  

dim

dt
+ Lsr  cos(θ) 

d

dt
iar + iar Lsr

′ dim

dt
 cos(θ) −  iar Lsr sin(θ)ωr  

  + Lsr cos (θ +
2π

3
) 

d

dt
ibr + ibr Lsr

′ dim

dt
 cos (θ +

2π

3
) − ibr Lsr sin (θ +

2π

3
)ωr  

  + Lsrcos (θ −
2π

3
)

d

dt
icr + icrLsr

′ dim

dt
cos (θ −

2π

3
) − icrLsrsin (θ −

2π

3
)ωr  

  (3.37) 

By using the same method for voltage in phase b in the stator circuit, the following equation 

can be obtained: 
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vbs =  rbsibs + Lsb

d

dt
ibs −

1

2
Lma

d

dt
ias − ias

1

2
Lm
′  

dim
dt

− ibs Lbs
′ dim

dt
− 

1

2
Lmc 

d

dt
ics − 

  
ics  

1

2
Lmc
′  

dim
dt

+ Lsr cos  θ −
2π

3
   

d

dt
iar + iar Lsr

′  
dim
dt

 cos  θ −
2π

3
 −  iar 

  
Lsr sin  θ −

2π

3
 ωr + Lsrcos(θ) 

d

dt
ibr + ibrLsr

′
dim
dt

cos(θ) − ibr Lsrsin(θ)ωr + 

  Lsr cos (θ +
2π

3
) 

d

dt
icr + icr Lsr

′  
dim

dt
 cos (θ +

2π

3
) − icr Lsrsin (θ +

2π

3
)ωr]  

 (3.38) 

In addition, for voltage in phase c in the stator circuit, the equation below can be obtained: 

 
vcs =  rcsics + Lsc

d

dt
ics −

1

2
Lma

d

dt
ias − ias

1

2
Lm
′
dim
dt

− icsLcs
′

dim
dt

−
1

2
Lmb

d

dt
ibs − 

  
 ibs

1

2
Lmb
′ dim

dt
+ Lsrcos  θ +

2π

3
 
d

dt
iar + iarLsr

′
dim
dt

cos  θ +
2π

3
 −iarLsrsin 

  
 θ +

2π

3
 ωr + Lsrcos  θ −

2π

3
 
d

dt
ibr + ibr Lsr

′
dim
dt

cos  θ −
2π

3
 − ibr Lsrsin 

  (θ −
2π

3
)ωr + Lsrcos(θ) 

d

dt
icr + icrLsr

′  
dim

dt
cos(θ) − icrLsrsin(θ)ωr]                                  
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  (3.39) 

By using the same method for voltage in phase a in the rotor circuit, this equation can be 

obtained: 

 
var =  rariar + Lra

d

dt
iar − 

1

2
Lmb

d

dt
ibr + iar Lar

′  
dim
dt

− ibr
1

2
Lm
′  

dim
dt

− 
1

2
Lmc 

  d

dt
icr − icr  

1

2
Lmb
′  

dim

dt
+ Lsr cos(θ) 

d

dt
ias + ias Lsr

′  
dim

dt
  cos(θ)  − ias Lsr 

  sin(θ) ωr + Lsr  cos (θ −
2π

3
)  

d

dt
ibs + ibs Lsr

′ dim

dt
 cos (θ −

2π

3
) −ibs Lsr 

  sin (θ −
2π

3
)ωr + Lsr cos (θ +

2π

3
)  

d

dt
ics + ics Lsr

′  
dim

dt
 cos (θ +

2π

3
) −  

  
ics Lsr sin  θ +

2π

3
 ωr] (3.40) 

Similarly, for voltage in phase b in the rotor circuit, the following equation can be obtained: 

 vbr =  rbribr + Lrb
d

dt
ibr −

1

2
Lma

d

dt
iar + iar Lar

′
dim
dt

− ibr
1

2
Lm
′
dim
dt

− 
1

2
Lmc 

d

dt
icr  − 

  
icr  

1

2
Lmb
′  

dim
dt

+ Lsr cos  θ +
2π

3
  

d

dt
ias + ias Lsr

′  
dim
dt

 cos  θ +
2π

3
 − 
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ias Lsrsin  θ +

2π

3
   ωr + Lsr cos(θ)   

d

dt
ibs  + ibs Lsr

′
dim
dt

 cos(θ) − 

  
ibs Lsr sin(θ)ωr + Lsrcos  θ −

2π

3
  

d

dt
ics + ics Lsr

′
dim
dt

 cos  θ −
2π

3
  − 

 
ics Lsr sin  θ −

2π

3
 ωr] (3.41) 

In the same manner, for voltage in phase c in the rotor circuit, the next equation can be obtained: 

 
vcr =  rcricr + Lrc

d

dt
icr −

1

2
Lma

d

dt
iar + icr Lcr

′
dim
dt

− iar
1

2
Lma
′

dim
dt

−
1

2
Lmb 

d

dt
ibr − 

  
ibr  

1

2
Lmb
′  

dim
dt

 + Lsr cos  θ −
2π 

3
   

d

dt
ias + ias Lsr

′  
dim
dt

 cos  θ −
2π

3
 − 

  
iasLsrsin  θ −

2π

3
 ωr + Lsrcos  θ +

2π

3
 
d

dt
ibs + ibs Lsr

′
dim
dt

cos  θ +
2π

3
 −  

  
ibs Lsr sin  θ +

2π

3
 ωr + Lsr cos(θ) 

d

dt
ics + icsLsr

′  
dim
dt

cos(θ) − 

  ics𝐿𝑠𝑟sin(θ) ωr] (3.42) 

These equations can be written in a matrix form as follows: 
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[
 
 
 
 
𝑣𝑎𝑠
𝑣𝑏𝑠
𝑣𝑐𝑠
𝑣𝑎𝑟
𝑣𝑏𝑟
𝑣𝑐𝑟 ]

 
 
 
 

= 

[
 
 
 
 
 
𝑟𝑎𝑠
0
0
0
0
0

 

0
𝑟𝑏𝑠
0
0
0
0

 

0
0
𝑟𝑐𝑠
0
0
0

 

0
0
0
𝑟𝑎𝑟
0
0

 

0
0
0
0
𝑟𝑏𝑟
0

 

0
0
0
0
0
𝑟𝑐𝑟]

 
 
 
 
 

 

[
 
 
 
 
 
𝑖𝑎𝑠
𝑖𝑏𝑠
𝑖𝑐𝑠
𝑖𝑎𝑟
𝑖𝑏𝑟
𝑖𝑐𝑟]

 
 
 
 
 

+ 

 

 

 

  

[
 
 
 
 
 

𝐿𝑠𝑎
−0.5𝐿𝑚𝑎

−0.5𝐿𝑚𝑎

𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎2
𝐿𝑠𝑟 𝑎3

 

−0.5𝐿𝑚𝑏

𝐿𝑠𝑏
−0.5𝐿𝑚𝑏

𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎2

 

−0.5𝐿𝑚𝑐

−0.5𝐿𝑚𝑐

𝐿𝑠𝑐
𝐿𝑠𝑟 𝑎2
𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎1

 

𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎2
𝐿𝑟𝑎

−0.5𝐿𝑚𝑎

−0.5𝐿𝑚𝑎

 

𝐿𝑠𝑟𝑎2
𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎3

−0.5𝐿𝑚𝑏

𝐿𝑟𝑏
−0.5𝐿𝑚𝑏

 

𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎2
𝐿𝑠𝑟 𝑎1

−0.5𝐿𝑚𝑐

−0.5𝐿𝑚𝑐

𝐿𝑟𝑐 ]
 
 
 
 
 

[
 
 
 
 
 
 
 
 
 
𝑑𝑖𝑎𝑠

𝑑𝑡
𝑑𝑖𝑏𝑠

𝑑𝑡
𝑑𝑖𝑐𝑠

𝑑𝑡
𝑑𝑖𝑎𝑟

𝑑𝑡
𝑑𝑖𝑏𝑟

𝑑𝑡
𝑑𝑖𝑐𝑟

𝑑𝑡 ]
 
 
 
 
 
 
 
 
 

  

 

 

  

−𝜔𝑟

[
 
 
 
 
 

0
0
0

𝐿𝑠𝑟 𝑏1
𝐿𝑠𝑟 𝑏2
𝐿𝑠𝑟 𝑏3

 

0
0
0

𝐿𝑠𝑟 𝑏3
𝐿𝑠𝑟 𝑏1
𝐿𝑠𝑟 𝑏2

 

0
0
0

𝐿𝑠𝑟 𝑏2
𝐿𝑠𝑟 𝑏3
𝐿𝑠𝑟 𝑏1

 

𝐿𝑠𝑟 𝑏1
𝐿𝑠𝑟 𝑏3
𝐿𝑠𝑟 𝑏2

0
0
0

 

𝐿𝑠𝑟𝑏2
𝐿𝑠𝑟 𝑏1
𝐿𝑠𝑟 𝑏3

0
0
0

 

𝐿𝑠𝑟 𝑏3
𝐿𝑠𝑟 𝑏2
𝐿𝑠𝑟 𝑏1

0
0
0 ]

 
 
 
 
 

[
 
 
 
 
 
𝑖𝑎𝑠
𝑖𝑏𝑠
𝑖𝑐𝑠
𝑖𝑎𝑟
𝑖𝑏𝑟
𝑖𝑐𝑟]

 
 
 
 
 

+ 

 

  

𝑑𝑖𝑚
𝑑𝑡

[
 
 
 
 
 
 

𝐿𝑠𝑎
′

−0.5𝐿𝑚𝑎
′

−0.5𝐿𝑚𝑎
′

𝐿𝑠𝑟
′ 𝑎1
𝐿𝑠𝑟
′ 𝑎2
𝐿𝑠𝑟
′ 𝑎3

 

−0.5𝐿𝑚𝑏
′

𝐿𝑠𝑏
′

−0.5𝐿𝑚𝑏
′

𝐿𝑠𝑟
′ 𝑎3
𝐿𝑠𝑟
′ 𝑎1
𝐿𝑠𝑟
′ 𝑎2

 

−0.5𝐿𝑚𝑐
′

−0.5𝐿𝑚𝑐
′

𝐿𝑠𝑐
′

𝐿𝑠𝑟
′ 𝑎2
𝐿𝑠𝑟
′ 𝑎3
𝐿𝑠𝑟
′ 𝑎1

 

𝐿𝑠𝑟
′ 𝑎1
𝐿𝑠𝑟
′ 𝑎3
𝐿𝑠𝑟
′ 𝑎2
𝐿𝑟𝑎
′

−0.5𝐿𝑚𝑎
′

−0.5𝐿𝑚𝑎
′

 

𝐿𝑠𝑟
′ 𝑎2

𝐿𝑠𝑟
′ 𝑎1
𝐿𝑠𝑟
′ 𝑎3

−0.5𝐿𝑚𝑏
′

𝐿𝑟𝑏
′

−0.5𝐿𝑚𝑏
′

 

𝐿𝑠𝑟
′ 𝑎3
𝐿𝑠𝑟
′ 𝑎2
𝐿𝑠𝑟
′ 𝑎1

−0.5𝐿𝑚𝑐
′

−0.5𝐿𝑚𝑐
′

𝐿𝑟𝑐
′ ]

 
 
 
 
 
 

 

[
 
 
 
 
 
𝑖𝑎𝑠
𝑖𝑏𝑠
𝑖𝑐𝑠
𝑖𝑎𝑟
𝑖𝑏𝑟
𝑖𝑐𝑟]

 
 
 
 
 

 

 

   (3.43) 
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It can easily be noted that the difference between the conventional model in the previous section 

and this model is the last term in the above equation, which represents the term 

𝜕[𝐿]

𝜕𝑖𝑚 

𝜕𝑖𝑚

𝜕𝑡
[𝑖] in equation 3.29. For digital simulation purposes, equation 3.43 represented in state 

variable form so that the currents are state variables: 

 d

 dt
 ias =  1

Ls
[ vas − ras ias − ias Lm

′
dim
dt

+
1

2
Lm

d

dt
 ibs + ibs 

1

2
Lm
′
dim
dt

+
1

2
Lm

d

dt
 ics + 

  
ics

1

2
Lm
′
dim
dt

− Lmcos(θ)
d

dt
iar − iarLm

′
dim
dt

cos(θ) + iar Lm sin( θ ) ωr − 

  
Lmcos  θ +

2π

3
 
d

dt
ibr−ibrLm

′
dim
dt

cos  θ +
2π

3
 + ibrLmsin  θ +

2π

3
 ωr − 

  
Lmcos  θ −

2π

3
 
d

dt
icr − icrLm

′
dim
dt

cos  θ −
  2π

3
 + icrLmsin  θ −

2π

3
 ωr] 

   (3.44) 

These equations can be written in a matrix form as follows: 
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[
 
 
 
 
 
 
 
 
 
𝑑𝑖𝑎𝑠

𝑑𝑡
𝑑𝑖𝑏𝑠

𝑑𝑡
𝑑𝑖𝑐𝑠

𝑑𝑡
𝑑𝑖𝑎𝑟

𝑑𝑡
𝑑𝑖𝑏𝑟

𝑑𝑡
𝑑𝑖𝑐𝑟

𝑑𝑡 ]
 
 
 
 
 
 
 
 
 

 =

[
 
 
 
 
 
1

𝐿𝑠

0
0
0
0
0

 

 0 
1

𝐿𝑠

0
0
0
0

 

0
0
1

𝐿𝑠

0
0
0

  

0
0
0
1 

𝐿𝑟

0
0

 

0
0
0
0
1

𝐿𝑟

0

  

0
0
0
 0
0
1

𝐿𝑟]
 
 
 
 
 

 {  

[
 
 
 
 
𝑣𝑎𝑠
𝑣𝑏𝑠
𝑣𝑐𝑠
𝑣𝑎𝑟
𝑣𝑏𝑟
𝑣𝑐𝑟 ]

 
 
 
 

 −  

[
 
 
 
 
 
𝑟𝑎𝑠
0
0
0
0
0

 

0
𝑟𝑏𝑠
0
0
0
0

 

0
0
𝑟𝑐𝑠
0
0
0

 

0
0
0
𝑟𝑎𝑟
0
0

 

0
0
0
0
𝑟𝑏𝑟
0

 

0
0
0
0
0
𝑟𝑐𝑟]

 
 
 
 
 

 

[
 
 
 
 
 
𝑖𝑎𝑠
𝑖𝑏𝑠
𝑖𝑐𝑠
𝑖𝑎𝑟
𝑖𝑏𝑟
𝑖𝑐𝑟]

 
 
 
 
 

 

 

   − 

[
 
 
 
 
 

0
−0.5𝐿𝑚
−0.5𝐿𝑚
𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎2
𝐿𝑠𝑟 𝑎3

 

−0.5𝐿𝑚
0

−0.5𝐿𝑚
𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎2

 

−0.5𝐿𝑚
−0.5𝐿𝑚

0
𝐿𝑠𝑟 𝑎2
𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎1

 

𝐿𝑠𝑟 
𝑎1

𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎2

0
−0.5𝐿𝑚
−0.5𝐿𝑚

 

𝐿𝑠𝑟 
𝑎2

𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎3
−0.5𝐿𝑚

0
−0.5𝐿𝑚

 

𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎2
𝐿𝑠𝑟 𝑎1
−0.5𝐿𝑚
−0.5𝐿𝑚

0 ]
 
 
 
 
 

[
 
 
 
 
 
 
 
 
 
 
 
 
𝑑𝑖𝑎𝑠
𝑑𝑡
𝑑𝑖𝑏𝑠
𝑑𝑡
𝑑𝑖𝑐𝑠
𝑑𝑡
𝑑𝑖𝑎𝑟
𝑑𝑡
𝑑𝑖𝑏𝑟
𝑑𝑡
𝑑𝑖𝑐𝑟
𝑑𝑡 ]

 
 
 
 
 
 
 
 
 
 
 
 

 

 

   +

[
 
 
 
 
 

0
0
0

𝐿𝑠𝑟 𝑏1𝜔𝑟

𝐿𝑠𝑟 𝑏2𝜔𝑟

𝐿𝑠𝑟 𝑏3𝜔𝑟

 

0
0
0

𝐿𝑠𝑟 𝑏3𝜔𝑟

𝐿𝑠𝑟 𝑏1𝜔𝑟

𝐿𝑠𝑟 𝑏2𝜔𝑟

 

0
0
0

𝐿𝑠𝑟 𝑏2𝜔𝑟

𝐿𝑠𝑟 𝑏3𝜔𝑟

𝐿𝑠𝑟 𝑏1𝜔𝑟

 

𝐿𝑠𝑟 𝑏1𝜔𝑟

𝐿𝑠𝑟 𝑏3𝜔𝑟

𝐿𝑠𝑟 𝑏2𝜔𝑟

0
0
0

 

𝐿𝑠𝑟𝑏2𝜔𝑟

𝐿𝑠𝑟 𝑏1𝜔𝑟

𝐿𝑠𝑟 𝑏3𝜔𝑟

0
0
0

 

𝐿𝑠𝑟 𝑏3𝜔𝑟

𝐿𝑠𝑟 𝑏2𝜔𝑟

𝐿𝑠𝑟 𝑏1𝜔𝑟

0
0
0 ]

 
 
 
 
 

[
 
 
 
 
 
𝑖𝑎𝑠
𝑖𝑏𝑠
𝑖𝑐𝑠
𝑖𝑎𝑟
𝑖𝑏𝑟
𝑖𝑐𝑟]
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   − 

[
 
 
 
 
 
 
 
 
  𝐿𝑠

′  
𝑑𝑖𝑚

𝑑𝑡

 −0.5𝐿𝑚
′ 𝑑𝑖𝑚

𝑑𝑡

  −0.5𝐿𝑚
′ 𝑑𝑖𝑚

𝑑𝑡

 𝐿𝑠𝑟
′ 𝑎1

𝑑𝑖𝑚

𝑑𝑡

𝐿𝑠𝑟
′ 𝑎2 

𝑑𝑖𝑚

𝑑𝑡

𝐿𝑠𝑟
′ 𝑎3  

𝑑𝑖𝑚

𝑑𝑡

 

−0.5𝐿𝑚
′ 𝑑𝑖𝑚

𝑑𝑡

𝐿𝑠
′ 𝑑𝑖𝑚

𝑑𝑡

 −0.5𝐿𝑚
′ 𝑑𝑖𝑚

𝑑𝑡

𝐿𝑠𝑟
′ 𝑎3

𝑑𝑖𝑚

𝑑𝑡

𝐿𝑠𝑟
′ 𝑎1

𝑑𝑖𝑚

𝑑𝑡

𝐿𝑠𝑟
′ 𝑎2

𝑑𝑖𝑚

𝑑𝑡

 

  −0.5𝐿𝑚
′  

𝑑𝑖𝑚

𝑑𝑡

 −0.5𝐿𝑚 
′ 𝑑𝑖𝑚

𝑑𝑡

𝐿𝑠
′  

𝑑𝑖𝑚

𝑑𝑡

𝐿𝑠𝑟
′ 𝑎2  

𝑑𝑖𝑚

𝑑𝑡

𝐿𝑠𝑟
′ 𝑎3  

𝑑𝑖𝑚

𝑑𝑡

𝐿𝑠𝑟
′ 𝑎1  

𝑑𝑖𝑚

𝑑𝑡

 

 𝐿𝑠𝑟
′ 𝑎1

𝑑𝑖𝑚

𝑑𝑡

 𝐿𝑠𝑟
′ 𝑎3

𝑑𝑖𝑚

𝑑𝑡

 𝐿𝑠𝑟
′ 𝑎2

𝑑𝑖𝑚

𝑑𝑡

𝐿𝑟 
′ 𝑑𝑖𝑚

𝑑𝑡

−0.5𝐿𝑚
′ 𝑑𝑖𝑚

𝑑𝑡

−0.5𝐿𝑚
′ 𝑑𝑖𝑚

𝑑𝑡

 

 𝐿𝑠𝑟 
′ 𝑎2

𝑑𝑖𝑚

𝑑𝑡

 𝐿𝑠𝑟
′ 𝑎1

𝑑𝑖𝑚

𝑑𝑡

𝐿𝑠𝑟
′ 𝑎3

𝑑𝑖𝑚

𝑑𝑡

 

−0.5𝐿𝑚
′ 𝑑𝑖𝑚 

𝑑𝑡

𝐿𝑟
′  

𝑑𝑖𝑚

𝑑𝑡

 −0.5𝐿𝑚
′ 𝑑𝑖𝑚

𝑑𝑡

 

𝐿𝑠𝑟
′ 𝑎3

𝑑𝑖𝑚

𝑑𝑡

𝐿𝑠𝑟
′ 𝑎2

𝑑𝑖𝑚

𝑑𝑡

𝐿𝑠𝑟
′ 𝑎1

𝑑𝑖𝑚

𝑑𝑡

 −0.5𝐿𝑚
′ 𝑑𝑖𝑚 

𝑑𝑡
 

−0.5𝐿𝑚
′ 𝑑𝑖𝑚

𝑑𝑡

𝐿𝑟 
′ 𝑑𝑖𝑚

𝑑𝑡 ]
 
 
 
 
 
 
 
 
 

 

[
 
 
 
 
 
𝑖𝑎𝑠
𝑖𝑏𝑠
𝑖𝑐𝑠
𝑖𝑎𝑟
𝑖𝑏𝑟
𝑖𝑐𝑟]

 
 
 
 
 

 } 

 (3.45) 

The effects of the last term in the equation (3.45) is termed the dynamic matrix (or dynamic 

effects) in this study. 

 Flux linkage model of SEIGs 

From section 3.2, it can be deduced that the total flux in each winding is given by the sum of 

its proper flux (linked by the inductance Ls, for a stator flux) with three rotor coupling fluxes 

(linked by a mutual inductance variable according to rotor position). For a stator flux and rotor 

flux, we then obtain: 

 

[
 
 
 
 
 
𝜆𝑎𝑠
𝜆𝑏𝑠
𝜆𝑐𝑠
𝜆𝑎𝑟
𝜆𝑏𝑟
𝜆𝑐𝑟]

 
 
 
 
 

= 

[
 
 
 
 
 

𝐿𝑠𝑎
−0.5𝐿𝑚𝑎

−0.5𝐿𝑚𝑎

𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎2
𝐿𝑠𝑟 𝑎3

 

−0.5𝐿𝑚𝑏

𝐿𝑠𝑏
−0.5𝐿𝑚𝑏

𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎2

 

−0.5𝐿𝑚𝑐

−0.5𝐿𝑚𝑐

𝐿𝑠𝑐
𝐿𝑠𝑟 𝑎2
𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎1

 

𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎2
𝐿𝑟𝑎

−0.5𝐿𝑚𝑎

−0.5𝐿𝑚𝑎

 

𝐿𝑠𝑟𝑎2
𝐿𝑠𝑟 𝑎1
𝐿𝑠𝑟 𝑎3

−0.5𝐿𝑚𝑏

𝐿𝑟𝑏
−0.5𝐿𝑚𝑏

 

𝐿𝑠𝑟 𝑎3
𝐿𝑠𝑟 𝑎2
𝐿𝑠𝑟 𝑎1

−0.5𝐿𝑚𝑐

−0.5𝐿𝑚𝑐

𝐿𝑟𝑐 ]
 
 
 
 
 

[
 
 
 
 
 
𝑖𝑎𝑠
𝑖𝑏𝑠
𝑖𝑐𝑠
𝑖𝑎𝑟
𝑖𝑏𝑟
𝑖𝑐𝑟 ]

 
 
 
 
 

 33.46) 

 Electromagnetic torque equation of SEIGs 

To evaluate the energy stored in the coupling field, the following equation may be used [53]: 
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     wf (i1, …… , iJ, x) =
1

2
∑ ∑ Lpqipiq

J
q=1

J
p=1   

The yield is:  

 𝑤𝑓 = 1

2
[𝑖𝑠]𝑎𝑏𝑐

𝑇 (𝐿𝑠 − 𝐿𝑙𝑠𝐼)[𝑖𝑠]𝑎𝑏𝑐 + [𝑖𝑠]𝑎𝑏𝑐 
𝑇 𝐿𝑠𝑟[𝑖𝑟]𝑎𝑏𝑐 + 

1

2
[𝑖𝑟]𝑎𝑏𝑐 

𝑇   

  (𝐿𝑟 − 𝐿𝑙𝑟𝐼)[𝑖𝑟]𝑎𝑏𝑐 (3.47) 

the electromagnetic torque can be evaluated by [53]:  

 
Te(ij, θr) =

P

2

∂W(ij, θr)

∂θr
 (3.48) 

assuming that 𝐿𝑠 and 𝐿𝑟 are not functions of  𝜃𝑟 substituting 𝑤𝑓 from equation 3.47 into 

equation 3.48 yields electromagnetic torque in Newton meters (N.m).  

 
Te =  

P

2
 [is]abc 

T ∂

∂θr
 [Lsr][ir]abc 

(3.49) 

where, 

 𝜕

𝜕𝜃𝑟
[𝐿𝑠𝑟] = −𝐿𝑠𝑟 [

𝑏1 𝑏2 𝑏3
𝑏3 𝑏1 𝑏2
𝑏2 𝑏3 𝑏1

] (3.50) 
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 𝜕

𝜕𝜃𝑟
[𝐿𝑠𝑟][𝑖𝑟]𝑎𝑏𝑐 = −𝐿𝑠𝑟 [

𝑖𝑟𝑎𝑏1  + 𝑖𝑟𝑏𝑏2 +    𝑖𝑟𝑐 𝑏3
𝑖𝑟𝑎𝑏3 +   𝑖𝑟𝑏𝑏1 +    𝑖𝑟𝑐𝑏2
𝑖𝑟𝑎𝑏2 +   𝑖𝑟𝑏𝑏3 +      𝑖𝑟𝑐𝑏1

] (3.51) 

 expanding the electromagnetic torque equation yields: 

 
Te =  −Lsr  

P

2
 [ira sin(θ) + irbsin  θ +

2π

3
 + ircsin  θ −

2π

3
 ] isa  

  
−Lsr  

P

2
 [irasin  θ −

2π

3
 + irb sin(θ) + ircsin  θ +

2π

3
 ] isb 

 

  
−Lsr  

P

2
 [irasin  θ +

2π

3
 + irbsin  θ −

2π

3
 + ircsin (θ)] isc (3.52) 

but from trigonometry we know: 

𝑠𝑖𝑛  𝜃 +
2𝜋

3
 = −

1

2
sin(𝜃) −

√3

2
 cos 𝜃 

𝑠𝑖𝑛  𝜃 −
2𝜋

3
 = −

1

2
sin(𝜃) +

√3

2
cos 𝜃 

Therefore, 

 
Te =  isaira sin(θ) − 

1

2
isairb sin(θ) +

√3

2
isairb cos θ − 

1

2
isairc sin(θ) −  
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  √3

2
isairc cos θ − 

1

2
isbira sin(θ) −

√3

2
isbira cos θ– isbirb sin(θ) − 

 

  1

2
isbirc sin(θ) +

√3

2
isbirc cos θ −

1

2
iscira sin(θ) +

√3

2
iscira cos θ − 

 

  1

2
iscirb sin(θ) −

√3

2
iscirb cos θ + iscirc sin(θ) (3.53) 

or,  

 
Te = −Lsr  

P

2
 { [  ira −

1

2
irb −

1

2
irc isa +  irb −

1

2
ira −

1

2
irc isb + 

 

  
 irc −

1

2
ira −

1

2
irb isc] sin(θ) +

√3

2
[(irb − irc)isa + (irc − ira)isb 

 

  +(ira − irb)isc] cos θ} (3.54) 

 Mechanical torque equation of SEIGs 

The mechanical torque equation can be written as follows [53]: 

 TL = Te − J (
2

P
)
∂ωmec

∂t
 - 𝐵𝑚ωmec (3.55) 
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where, 

J is the moment of inertia of the rotor and has the unit Kg.m2 

Bm is a damping coefficient associated with the rotational system of the machine and has the 

unit Nms / rad 

TL is the mechanical torque in Nm 

 Mathematical model of the load and excitation capacitors 

The load is one of the main components of an SEIG system, and hence it is important to model 

it accurately. The SEIG is tested under a resistive load connected in star connection, and an 

inductive load parallel with a resistive load both connected in the star arrangement. The 

following two sections shows how this configuration is modelled mathematically. 

3.7.1 Resistive load  

The layout of the system when the resistive load is connected is shown in the following 

Figure 3.3 . From the single-phase diagram of the system under study illustrated in Figure 3.4, 

it can be found that: 

     ias = ial+iac  

or: 

     ias = ial + c
dvac
dt
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Rotor Stator
Excitation 
Capacitor

Resistive Load

𝑉𝑠𝑎  

𝑉𝑠𝑏  

𝑅𝐿𝑐  𝐶𝑏  

𝐶𝑎  

𝐶𝑐  

 

Figure 3.3 Configuration of the system when a resistive load is connected. 

 

 From Figure 3.4 it can be observed that 𝑣𝑎𝑠 = 𝑣𝑎𝑙 = 𝑣𝑎𝑐, and therefore: 

   
𝑑𝑣𝑎𝑠
𝑑𝑡

 =
1

𝐶𝑎
[𝑖𝑎𝑠 − 𝑖𝑎𝑙] 

Thus, we can model the current of the excitation capacitors and load resistors in the three phases 

by using the following matrix equations:     

 

       

[
 
 
 
 
𝑑𝑣𝑎𝑠

𝑑𝑡
𝑑𝑣𝑏𝑠

𝑑𝑡
𝑑𝑣𝑐𝑠

𝑑𝑡 ]
 
 
 
 

=

[
 
 
 
 
1

𝐶𝑎
0 0

0
1

𝐶𝑏
0

0 0
1

𝐶𝑐]
 
 
 
 

[
𝑖𝑎𝑠 − 𝑖𝑎𝑙
𝑖𝑏𝑠 − 𝑖𝑏𝑙
𝑖𝑐𝑠 − 𝑖𝑐𝑙

]               (3.56) 

and 

       [

𝑣𝑎𝑠
𝑣𝑏𝑠
𝑣𝑐𝑠

] = [
𝑅𝑎𝑙 0 0
0 𝑅𝑏𝑙 0
0 0 𝑅𝑐𝑙

] [
𝑖𝑎𝑙
𝑖𝑏𝑙
𝑖𝑐𝑙

]               (3.57) 
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Figure 3.4 Single-phase diagram of the system under study. 

These equations can be rearranged in the form of a state-space representation and solved numerically for 

the stator currents and voltages to obtain all other machine quantities.  

3.7.2 Inductive and resistive load 

The inductive and resistive load are both connected in the star arrangement such that the 

inductive load is parallel to the resistive load as shown in Figure 3.5. Since the reactive power 

is shared by the load and the induction generator, and to meet the demands of reactive power 

by the inductive load in addition to the demand by the induction generator for excitation, the 

value of the excitation capacitance value should be increased to be 37 µF instead of 30 µF when 

the load is a resistive load. 
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Figure 3.5 Configuration of the system under study when R-L load is connected. 

 

Based on the configuration of the system depicted in Figure 3.5 the equations that relate to the 

currents passing in the excitation capacitors and the parallel combination of resistive and 

inductive loads can be expressed as follows: 

         𝑖𝑎𝑠 = 𝑖𝑎𝐶 + 𝑖𝑎𝑅 + 𝑖𝑎𝐿 

 

  or:                           

         [𝑖𝑐]𝑎𝑏𝑐 = [𝑖𝑠]𝑎𝑏𝑐 − [𝑖𝑅]𝑎𝑏𝑐 − [𝑖𝑙]𝑎𝑏𝑐                    (3.58) 

         𝑖𝑎𝑠 = 𝑐 
𝑑𝑣𝑎𝑐

𝑑𝑡
  + 𝑖𝑎𝑅 +

1

𝐿
∫𝑣𝑎𝐿dt        

then:                              

          
𝑑𝑣𝑎𝑠

𝑑𝑡
=

1

𝐶𝑎
[ 𝑖𝑎𝑠 − 

𝑣𝑎𝑠

𝑅𝑎𝑙
 - 

1

𝐿
∫𝑣𝑎𝐿dt ]  

Thus, we can model the current of the excitation capacitors and load resistors in the three phases 

by using the following matrix equation:     
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[
 
 
 
 
 
𝑑𝑣𝑎𝑠
𝑑𝑡
𝑑𝑣𝑏𝑠
𝑑𝑡
𝑑𝑣𝑐𝑠
𝑑𝑡 ]

 
 
 
 
 

=   

[
 
 
 
 
1

𝐶𝑎
0 0

0
1

𝐶𝑏
0

0 0
1

𝐶𝑐]
 
 
 
 

[
 
 
 
 
 

[
𝑖𝑎𝑠
𝑖𝑏𝑠
𝑖𝑐𝑠

] −

[
 
 
 
 
1

𝑅𝑎𝑙
0 0

0
1

𝑅𝑏𝑙
0

0 0
1

𝑅𝑐𝑙]
 
 
 
 

[

𝑣𝑎𝑠
𝑣𝑏𝑠
𝑣𝑐𝑠

] − ∫

[
 
 
 
 
1

𝐿𝑎
0 0

0
1

𝐿𝑏
0

0 0
1

𝐿𝑐]
 
 
 
 

[

𝑣𝑎𝑠
𝑣𝑏𝑠
𝑣𝑐𝑠

]

]
 
 
 
 
 

 
(3.59) 

   

  Modelling the residual flux of SEIGs 

In chapter 2, it was mentioned that the self-excitation process of the SEIG can take place if 

there is sufficient residual magnetic flux in the rotor [11] or if an initial voltage is imposed 

across the terminals of the excitation capacitors. This is also true in the simulation implemented 

in the Matlab Simulink environment. For this reason, the residual flux should be simulated. To 

simulate the remnant EMF, a voltage source has a frequency which is a function of rotor speed. 

The value of this voltage was measured at the terminals of the induction machine at no-load 

conditions while the generator was running at a synchronous speed. In this study, a small phase 

voltage value was measured at stator terminals (𝑉𝑠 is 7 rms volt), therefore the residual flux can 

be modelled as follows: 

                   𝐸𝑟𝑒𝑠 = √2𝑉𝑠 sinωrt          

where 𝐸𝑟𝑒𝑠 is voltage produced by the residual flux and ωr is the angular frequency of the 

rotor in rad/sec. 

  Magnetizing current equation for SEIGs 

The magnetizing current is important in this study, and in order to determine the value of 

magnetizing inductance this current can be defined as: 

im = is + ir 
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The stator and rotor currents can be found by solving the equation 3.45. Stable operation of 

SEIG can only occur with a reasonable degree of saturation in its magnetic circuit [56] . The 

effect of such saturation can be simulated by a corresponding change in the value of Lm 

estimated at the end of each integration step and used in the next step. The rms magnetizing 

current (Im) is calculated as [16]: 

 

𝐼𝑚 = √
1

3
{(𝑖𝑠𝑎 − 𝑖𝑟𝑎)2 + (𝑖𝑠𝑏 − 𝑖𝑟𝑏)2 + (𝑖𝑠𝑐 − 𝑖𝑟𝑐)2}   (3.60) 

Another method to estimate the equivalent instantaneous magnetizing current is to achieved by 

project the stator and rotor phase currents into stationary orthogonal d-q axes. If we assume the 

d-axis coincides with the phase a-axis, hence the rms magnetizing current (Im) is calculated [8] as:  

 isd = isa (3.61) 

 isq = (isb − isc)/√3 (3.62) 

 
ird =

2

3
 ira cos θ + irb cos  θ +

2π

3
 + irc cos(θ −

2π

3
)  (3.63) 

 
irq =

2

3
 ira sin θ + irb sin(θ +

2π

3
) + irc sin(θ −

2π

3
)   (3.64) 

This can be written in a matrix form as:   
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[
ids
iqs

] = [

1 0 0

0
1

√3

−1

√3

] [
isa
isb
isc

] (3.65) 

 

[
ids
iqs

] = 
2

3
[
cos θ cos(θ +

2π

3
) cos(θ −

2π

3
)

sin θ sin(θ +
2π

3
) sin(θ −

2π

3
)

] [
ira
irb
irc

] (3.66) 

 im = 
1

√2
  √(ids + idr)

2 + (iqs + iqr)
2 (3.67) 

        Conclusion 

In this chapter, a new three-phase analytical model of the three-phase induction generator is 

derived which accounts for the main path saturation effects and the mutual saturation between 

the three phase stator windings as well as the mutual saturation between the rotor three phase 

windings. This model is used to investigate the behaviour and the performance of a three-phase 

SEIG under various circumstances. It can be observed that the difference between the new 

proposed model presented in section 3.3 and the conventional model presented in section 3.2 

is the last matrix in equation 3.45, which represents the saturation effects. The saturation effects 

were taken into account by assuming that the magnetizing inductance is a variable and not a 

constant, and so it is considered as a function not only of rotor displacement but also of the 

magnetizing current. Hence, the model is developed taking into account the derivative of the 

magnetizing inductance with respect to the magnetizing current in order to be able to accurately 

predict the performance of the induction generator at balanced and unbalanced dynamic 

response. However, all studies employed the models developed in the natural ABC/abc 

reference frame to predict the SEIG performance described in chapter 2, neglect these dynamic 

effects. This will support the model in being able to predict the performance of the isolated 

induction generator during transient operation. Developing the model in the natural ABC/abc 

reference frame means that is applicable under various unbalanced operating conditions, and 
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it is also suitable for studying even a complex unbalanced state. In addition, the resistive and 

inductive load, linkage flux, residual flux, electromagnetic torque and mechanical torque have 

been modelled mathematically in this chapter.     
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Chapter 4. Representation of variation

 in magnetizing inductance 

 Introduction 

In the previous chapter, a new model of the SEIG has been presented taking into consideration 

the saturation effects. However, the method used to calculate the value of magnetizing 

inductance, which varies as the magnetizing current varies, was not shown. In this chapter, 

variation in magnetizing inductance is approximated by an exponential function derived by 

Simoes [99], which has not yet been tested in practice.  

A T-model consisting of two resistances and three inductances is traditionally used to model 

the induction machine. For simple simulation, parameters are considered to have constant 

values in this approach. However, due to magnetic saturation in the induction machine, the 

magnetizing inductances vary as a function of the operating point. Several authors have 

modeled induction machines by assuming that effects of magnetizing inductance are negligible 

[41-43]. In this method of analysis, the value of magnetizing inductance is considered a 

constant, and thus Lm does not vary with the magnetizing current. However, others have 

reported that saturation significantly affects the stability and dynamic states of an induction 

machine [60, 103, 104].  

It has been reported that it is unsatisfactory in induction machine modelling and analysis to 

assume that the circuit is linear in many transient conditions such as switching on and off the 

load [73]. The value of the voltage operating point reached after the self-excitation process in 

a SEIG is initiated can be attributed to magnetic saturation, which balances the excitation 

capacitance and the machine voltage [22]. The steady state operation of the SEIG take place at 

the point of the intersection of the magnetizing curve and the capacitor voltage line. The rated 

operating point on the magnetizing curve is always in the saturated region [23, 60].    Figure 4.1 
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shows that, as the excitation capacitor value increase the operating voltage increases and the 

magnetizing current also increases. 

 

C1 C2 C3

 C1 < C2 < C3
V3

V2

V1

Im

Vg

 

V1  < V2  < V3

 

    Figure 4.1 Determination of stable operation of self-excited induction generator. 

 

 Methods used to model magnetizing inductance 

The relationship between the air-gap voltage, which is the voltage across the magnetizing 

inductance (or the magnetizing current) and magnetizing inductance has been discussed by 

several authors. Generally speaking, the two main methods which are used to represent the 

variation between the magnetizing inductance and magnetizing current use a linear piecewise 

or a polynomial function. A linear piecewise association within the range of magnetizing 

current is used to approximate variations in magnetizing inductance, and several authors have 

applied this method [9, 16, 86]. Both of these methods rely on a fitting technique to approximate 

the value of magnetizing inductance as a function of Im, and both also depend on the curve of 
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magnetizing characteristics which is obtained experimentally. 

Complex and lengthy measurements are needed in the traditional method which requires the 

measured no-load curve to be obtained experimentally. This may threaten the integrity of the 

induction machine when the test is conducted and so alternative methods to determine the 

magnetizing inductance have been proposed [94, 98, 99]. 

Another method used to represent the nonlinear relationship between air-gap voltage and 

magnetizing current is a polynomial function to express magnetising inductance with respect to 

magnetising current 𝑖𝑚. The higher degree used the higher accuracy results is achieved. The 

coefficient of the polynomial function can be obtained experimentally. For better results in 

representing variation in magnetizing inductance, a polynomial function has been used in many 

studies [44, 50, 56]. 

 The exponential method to represent the magnetizing inductance  

This section shows the relationship between the magnetizing inductance and magnetizing 

current (Im) through the following nonlinear exponential equation [99]: 

 𝑉𝑔 = 𝐹𝐼𝑚 (𝐾1𝑒
𝐾2𝐼𝑚

2
+ 𝐾3) (4.1) 

where F is the per unit frequency (ffbase) and fbase is the reference frequency used in the test to 

obtain the excitation curve. K1, K2, and K3 are constants that can be calculated from the 

following equations:  

 
𝐾1 = (𝑐 − 𝐾3)  

𝑎 − 𝑏

𝑏 − 𝑐
 
49/24

 (4.2) 
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𝐾2 =
49

24

𝑙𝑛 (
𝑏 − 𝑐
𝑎 − 𝑏

)

𝐼𝑚3
2  (4.3) 

 
𝐾3 =

𝑏2 − 𝑎𝑐

2𝑏 − (𝑎 + 𝑐)
 (4.4) 

where, a, b and c in the above equations can be calculated using only three points of the 

magnetizing curve [(Im1, Vg1), (Im2, Vg2) and (Im3, Vg3)]: 

 𝑎 = 
𝑉𝑔1

𝐼𝑚1
, b = 

𝑉𝑔2

𝐼𝑚2
  and c = 

𝑉𝑔2

𝐼𝑚2
   

where Im3 is the maximum magnetising current that could be safely measured. The values of 

Im1 and Im2 are then determined from Im2= 0.7143Im3  and  Im1= 0.1428Im3. The magnetizing 

reactance can be expressed as: 

 
𝑋𝑚 =  ω𝐿𝑚 =

𝑉𝑔 

𝐼𝑚
= 𝐹 (𝐾1𝑒

𝐾2𝐼𝑚
2
+𝐾3) (4.5) 

and the variation in magnetizing reactance is obtained as:  

 𝑋𝑚
′ = 𝜔𝐿𝑚

′ =
𝑑𝑉𝑔

𝑑𝐼𝑚 
= 𝐹𝐾1𝑒

𝐾2𝐼𝑚
2
(1 + 2𝐾2𝐼𝑚

2 ) + 𝐹𝐾3      (4.6) 

More details of how those equations are derived can be found in appendix A. 
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Figure 4.2 shows the calculated magnetization curve of the induction machine used as an 

induction generator in this study. The exponential function is used to predict this curve using 

three measured points to implement the calculation as follows: (0.578 A, 58.77 V), (2.896, 

279.9 V) and (4.05, 325.32 V) as shown in the figure. The comparison between the calculate 

magnetization curve produced using the exponential function and the curve generated 

experimentally is depicted in  Figure 4.3. It is clear that there is a high level of agreement 

between the calculated and measured curve. Hence, it can be concluded that the exponential 

method used to predict the magnetization curve using three measured points is not only simple 

but also gives very good accuracy. 

 

Figure 4.2 Calculated induction machine magnetization curve. 

To find the magnetizing curve of the induction machine, the open circuit test is employed, and 

stator current and stator voltage are measured. To find the value of Lm in this test, the following 

equation is used: 

 Lm= 
Vsa

ωIsa
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 Figure 4.3 Induction machine magnetization curve.  

 

However, this method is not sufficient to obtain accurate results. The voltage shown in 

 Figure 4.3 is the air-gap voltage, which is the voltage across the magnetizing inductance 

and not the voltage across the stator terminals. If the stator voltage is measured, then the air-

gap voltage can be calculated using the following equation: 

 
𝑉𝑔 =(√

𝑉𝑠𝑎
2

𝐼𝑠𝑎
2 − 𝑅𝑠𝑎

2 -𝑋𝑙𝑠) 𝐼𝑠𝑎 (4.7) 

where, 𝑉𝑔 is the air-gap voltage across the magnetizing inductance; 𝑉𝑠𝑎  is the phase voltage 

measured across the stator terminals; and 𝐼𝑠𝑎is the current measured in the stator windings. 

 

Figure 4.4 shows the magnetizing inductance versus the magnetizing current. As can been noted 

that the magnetizing inductance begins with a small value then increases to reach a peak value 

before decreasing again as magnetizing current increases. The performance evaluation sequence 

is illustrated in the flowchart shown in Figure 4.5. 
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Figure 4.4 Magnetizing characteristics of the induction machine under study. 
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Figure 4.5 Flow chart describing the performance evaluation. 
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 Conclusion 

The saturation effects were taken by means of a variable magnetizing inductance. In other 

words, the magnetizing inductance is considered to be a function of the magnetizing current 

besides the displacement of the rotor. Hence, at each sampling step, the value of the magnetic 

inductance is adjusted according to the magnetizing current. To avoid the lengthy measurement 

process required in the conventional method of determining magnetizing inductance and to 

overcome the risk to machine integrity, an exponential function is employed to express the 

relationship between magnetizing inductance and magnetizing current. Very good agreement 

has been found between the calculated induction machine magnetization curve and the curve 

obtained experimentally.
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Chapter 5.  The experimental system 

 Introduction  

The three phase isolated induction generator system in this study is constructed of four main 

components: the prime mover, the induction machine (a 7.5kW, 415V, 50Hz, 4 pole, three-

phase cage induction machine), the bank of excitation capacitors, and the load. The layout of 

the system under study is illustrated in Figure 5.1. The prime mover in this study is emulated 

by a DC motor which is coupled mechanically to the induction generator as shown in Figure 5.2. 

The verification of the results obtained by the proposed model is a crucial process. The 

calculations resulting from the simulation implemented using the MATLAB–Simulink of 

Mathworks are then compared and validated against experimental results with the SEIG is 

running under different conditions such as no load and when it is loaded with a resistive load 

and/or an inductive load, or in steady state operation, load perturbation or in fault conditions. 

 

7.5 Kw, 415V, 3-phase 

Induction Generator

SEIG

Resistive 

Load Bank

DC Motor

(Prime mover)

30µF  30µF  30µF  

 

Figure 5.1 Circuit diagram of the experimental setup. 
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A 7.5 kW, 415, V 50 Hz, 4-pole squirrel-cage induction machine with star connected windings, 

manufactured by Brook Hansen, is used as a self-excited induction generator.  

The main objective of this chapter is to give an overview of the SEIG experimental test bench 

and its components, the devices used, the equipment mounted on the bench to construct this test 

rig and how it was set up. Additionally, the types and conditions in each test carried out in order 

to study the behaviour of SEIG and to validate the results obtained by simulation are described 

in this chapter.  

The parameters of the induction machine under study are also identified and the procedures 

used in each test are clearly described. Popular and standard tests are employed to determine 

the parameters: a DC test, a no load test and a locked rotor test. The parameters of the induction 

machine are given in Table 5.4. 

 

 

Figure 5.2 Mechanical coupling between the SEIG and a DC motor for the system  

under study. 
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The magnetizing characteristics of the induction machine are among the most important 

parameters, and these are described clearly by explaining the aims and conditions of each test.  

The tests were carried out in the Power Electronic Machines and Drives Laboratory at 

Newcastle University.  

 The experimental system under study 

The three-phase, star-connected squirrel-cage induction generator 7.5kW, 415V, 50Hz, 4 poles, 

used in this study is driven by a small wind/hydro turbine through a gearbox. The output 

terminals of the generator are connected to a star-connected capacitor bank for excitation 

purposes. The three-phase excitation capacitors are connected in parallel with a three-phase 

resistive load, and in parallel with an inductive load in some cases.  Both the resistive and the 

inductive loads are star-connected. The configuration of this system under study was depicted 

in Figure 3.1. 

Three-phase capacitors are connected to the stator terminals of the induction generator for 

excitation purposes. Variable capacitor values can be selected from the capacitor bank such that 

the minimum value shown on the nameplate is 5µF then 10 µF, 20 µF, 30 µF per phase. An 

LCR meter is used in this study to measure the actual value of the capacitor. The experimental 

bench shown in Figure 5.3 is used in this study to test the SEIG model proposed in chapter 3 

and to verify its accuracy. The induction generator is driven by a DC motor, 9 kW, 240 V, 37.5 

A, maximum RPM 1800 rpm, armature: 240 V, 15 A, fields: 240 V, 0.6/0.16. 

A DC-motor was coupled mechanically to the induction machine as shown in Figure 5.2 in 

order to emulate wind/hydro turbine operation. The speed of the DC motor (prime mover) was 

controlled by a DC-drive converter to run the generator at a constant speed, and to vary the 

speed if needed. In this work, it is assumed that the machine is symmetrical with sinusoidal flux. 

Therefore, Lms = Lmr = Lsr = Lm, and the machine parameters are the same for all three phases.  
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Figure 5.3 Experimental bench for the system. 

 

The minimum value of the excitation capacitor which can trigger the process of the build-up 

voltage at no-load has been found using two mathematical methods. Using the first method [35] 

(equation 2.1), it was found that the minimum value in the no load condition is equal to 

approximately 30 µF, whereas the minimum value given by the second method [69] (as shown 

in appendix B) is equal to 25 µF. In the laboratory, the nameplate for the minimum excitation 

capacitor value in the no load condition is 25 µF, but the actual value measured by the LCR 

meter was 27 µF (where minimum tab value possible in the lab is 5 µF). In our case, it is clear 

that the second method is more accurate.  

It is recommended that a capacitor value more than the critical value should be used. For this 

reason, 30 µF has been used for the resistive load, while 37 µF is used for the L-R Load.  
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 Determination of induction machine parameters 

The identification of the parameters of the induction machine is important in this study in order 

to represent accurately all of the characteristics of the physical machine in the Matlab-Simulink 

environment. The most common ways to experimentally obtain the equivalent circuit 

parameters for induction machine are to use a standard DC test, a no load test, and a locked 

rotor test. These tests were carried out according to IEEE standards [105]. The objective of the 

DC test is to obtain the stator resistance value, and the objective of the no load test is to calculate 

the core losses and magnetising inductance, while the stator and rotor resistance and stator and 

rotor leakage inductances are obtained from the locked rotor test. The following sections give 

details of the results obtained using these tests.  

5.3.1 DC test 

This test is used to obtain the stator resistance which represents the copper loses in the stator. 

This test can be conducted when the motor is at standstill, and the DC voltage supply Vdc is 

applied until a current flows in the induction machine windings. The readings are then taken 

when the current reaches approximately the rated value.  

Voltage (v) I (A)  Rs () 

59.49 12.55 2.330 

59.52 12.50 2.380 

59.48 13.30 2.236 

59.10 12.45 2.373 

The average value of Rs 2.330 

Table 5.1 Results of the DC test. 

 

The stator resistance per phase can be calculated as  𝑅1 =
𝑉𝑑𝑐

2𝐼𝑑𝑐
 , because the connection of the 

stator is star-connected. The test should be implemented when the machine has heated up. The 
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results of this test is shown in Table 5.1. 

5.3.2 Locked rotor test 

The aim of this test is to determine the value of rotor winding resistance, 𝑅𝑟, stator leakage 

reactance 𝑋𝑠 and rotor leakage reactance 𝑋𝑟  when the rotor is locked (nr = 0), and so the slip is 

equal to unity (s = 
𝑛𝑠−𝑛𝑟

𝑛𝑠
=

𝑛𝑠−0 

𝑛𝑠
 =1). Since the excitation current is very small compared to Ir, 

the shunt branch in the equivalent circuit of the induction machine which represents 

magnetization is neglected. Hence, the equivalent circuit is as shown as in Figure 5.4. 

According to the IEEE standard test procedure [105], this test should be conducted at 25% of 

the rated frequency using an ET system variable voltage, variable frequency three-phase AC 

power supply, 3×2000VA, 3×0~270V, 3×15A. 

   

 

 

    

Xls  

Rr

VLR

Xlr

ILR Rs

 

Figure 5.4 Approximate equivalent circuit for the locked rotor test. 

 

Reading 1 

P1= 1345 Watt          P2 = 715Watt              @ f= 12.55 Hz 

VL-L =106.2V            IL-L=12.46 A   
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     PT =P1+ P2 = 1345 + 715 =2065 Watt    

   RLO= 
PT

3IL
2 = 2065/ (3×12.462) = 4.433  

   R2 = RLO –R1= 4.433 -2.33 = 2.11   

   Z =  
VPH

IL
 = 

106.2/√3

12.46
 = 4.921  

   Xln12.5HZ = √Z2 − RLO
2   = √4.922 − 4.4332 = 2.136  

   Xln50HZ = Xln12.5HZ ×
50

12.55
  = 8.513  = X1+X2 

So     X1=4.2565 = X2 

And   L1= 
4.2565

2×PI×50
 = 13.5487 mH = L2 

P1 = 1345 Watt          P2 = 715Watt              @ f= 12.55 Hz 

VL-L =106.2V                            IL-L=12.46 A   

where P1 and P2 are the readings of  Wattmeters number 1 and 2 respectively. Table 5.2 shows 

the other readings: 

Reading P1(Watt) P2(Watt) IL-L (A) VL-L(V) F (Hz) R2() L1(mH) L2(mH) 

1 1345 715 12.46 106.2 12.55 2.11 13.54 13.54 

2 1298 759 12.54 105.63 12.55 2.03 13.37 13.37 

3 1309 718 12.20 106.36 12.50 2.21 13.8 13.8 

4 1420 730 12.86 107 12.5 2.00 13.2 13.2 

The average value for the above readings 2.1 13.5 13.5 

Table 5.2: Results of the locked rotor test. 
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5.3.3 No load test 

The no load test is used to find the magnetising reactance, 𝑋𝑚 𝑎nd the stator core losses due to 

hysteresis and eddy current. This test was conducted by applying a balanced poly-phase rated 

voltage and the rated frequency on the stator. The speed of the rotor is almost equal to the 

synchronous speed (nr ≃ ns=1500 rpm) because the rotor is allowed to rotate at no load and so 

the slip will be very small (s = (ns-nr) / ns ≃0). As a result, the rotor branch in the equivalent 

circuit can be omitted; i.e. an open circuit. Consequently, the equivalent circuit for the no load 

test can be approximated as shown in Figure 5.5. Thereafter, the values of current, voltage and 

power were measured at the stator terminals, and these measurements are shown below in detail. 

P1 = 480 Watt                       P2 =325 Watt  @ f =50 Hz 

IL−L = 2.01 A                         VL-L= 415 V 

   PT = P1 + P2 = 805 Watt 

   S=√3 IV=√3 ×2.01×415= 1444.79 VA 

   Q3ph = √S2− P2 =√1444.792− 8052 = 1199.747 VARS   or    Q1ph =  399.9157 VArs 

VNL

INL RS

Xm

Xls

 

Figure 5.5 Approximate equivalent circuit for no load test. 
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From: 

    Q=I2 𝑋𝑛𝑙  

   𝑋𝑛𝑙 = 
𝑄

𝐼2
  = 

 399.916

2.012
 = 98.9866  

    𝑋𝑛𝑙= 𝑋1+ 𝑋𝑚 

   𝑋𝑚 = 𝑋𝑛𝑙- 𝑋1=98.9866-4.2565=94.7301/Phase 

Or : 

   Lm = 
 𝑋𝑚

2𝜋50
 = 301.535 mH 

 

Reading P1 (Watt) P2 (Watt) IL−L (A) VL−L (V) F (Hz) Lm (mH) Rc() 

1 480 325 2.01 415 50 301.535 64.1 

2 530 320 1.90 415 50 301.37 76.15 

3 525 320 1.94 415 50 298.85 72.51 

Average 300.585 70.92 

Table 5.3: Results of the no load test. 

 

From the above tests the parameters of the induction machine can be given as shown in 

Table 5.4.  
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Machine parameter Value 

Rsa, Rsb, Rsc 2.33  

Rra, Rrb Rrc 2.11  

Llsa Llsb Llsc 13.54 mH 

Llra, Llra, Llra 13.54 mH 

𝐿𝑚 300.58 mH 

Table 5.4: Induction machine parameters. 

 

 Magnetizing characteristics 

The saturation curve of the induction machine can be obtained by driving the rotor of the 

induction machine at a constant speed corresponding to the synchronised speed of the machine 

at 50 Hz using a DC motor, while a variable sinusoidal voltage at 50 Hz is applied to its stator 

terminals [59]. To provide the induction machine with a three-phase variable voltage, a three-

phase autotransformer is used as a variable voltage source with maximum winding current of 

20 A and maximum winding voltage 270V. This is not like the open circuit test used to find the 

machine parameters, and the induction machine should be driven at the synchronised speed so 

that the slip will be very small (almost zero), which implies that the rotor branch in the 

equivalent circuit (EC) of the induction machine can be neglected. As a result, the rotor current 

will be zero, since the magnetising current is the difference between the stator current and the 

rotor current referred to the stator. Therefore, the magnetising current will equal the stator 

current if the core losses are ignored. To maintain the rotor speed at synchronise speed is in 

practice quite difficult, especially when high values of current are reached. In practice, it is not 

only difficult to obtain accurate results at this stage but also the machine becomes unstable and 

its integrity may be effected [99]. 
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Figure 5.6 Magnetization characteristics for the 7.5 kW induction machine. 

 Speed measurements 

The speed of the DC motor used to emulate the prime mover in this study was controlled by a 

DC-drive converter, 1.5 kW, Mentor II (more details are shown in appendix C) to emulate 

wind/hydro turbine operation at a constant speed. This speed is measured using an encoder and 

torque display model number TM 210, TORQUEMASTER Vibro-Meter with rated torque 50 

N.m and a pulse wheel of 30 pulses/Rev. The shaft speed was measured and used as the input 

speed vector in the simulation model in order to account for any small vibrations around the 

average constant speed caused by the DC drive harmonics or the mechanical vibration of the 

test induction generator. If the variable speed or a sudden change in the speed was required to 

be emulated, a DC-drive converter could be employed to achieve this manually. 

 Conclusion 

The experimental bench components and layout have been described in this chapter. The 

methods and procedures for identifying the parameters of the induction machine have been 

explained. The parameters of the EC for the induction machine have been found by carrying 

out the traditional DC test, open load, and locked rotor tests. The magnetizing characteristic of 
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the induction machine under study have been identified. The calculated results from simulation 

implemented in Matlab-Simulink rely on this identification. Therefore, error in the results 

obtained in the laboratory can lead to error in the simulation results. Hence, it is necessary to 

determine these parameters as accurately as possible. So the IEEE standards have been followed 

in conducting these experiments. 
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Chapter 6. Simulation results and 

experimental validation 

 Introduction 

A numerical simulation using Matlab-Simulink has been developed in order to solve the 

proposed mathematical model presented in chapter 3.  More than fifty parameters are required 

for the simulation (for instance, the stator and rotor winding resistances in the three phases, the 

mutual inductance between the three-phase stator winding and rotor winding, and so on). In 

addition, many differential equations used to simulate the induction machine, load, and 

excitation capacitors need to be modelled and solved. In such a complex environment, it is 

likely that mistakes can be made. Hence, it is important to validate the results accomplished 

using Matlab-Simulink against the results achieved in the lab. Additionally, the experimental 

results will be used as a reference to verify the accuracy of the mathematical representation of 

the SEIG. 

The simulation is used to investigate the performance of the SEIG in the no-load condition and 

when the generator is loaded with a pure resistive load and resistive and inductive loads at 

steady-state and during transient behaviour when the load is balanced, and unbalanced. 

Furthermore, in order to show the capability of the new model in predicting the performance of 

the self-excited induction generator under very stressful conditions, its performance is 

investigated in the presence of different types of faults, the decay of the terminal voltages with 

heavy loads and with different levels of load perturbation. The values of capacitance, resistive 

load, and inductive load were chosen based on the rated values of the induction machine, the 

minimum value of the capacitors required to ensure self-excitation and the limitations in the 

laboratory, for instance, the maximum load current allowed to pass in the resistor and the rated 

voltage that can be applied to the inductive load. The root mean square error (𝑅𝑀𝑆𝑒) will be 

used to measure the difference (the error) between values predicted by the proposed model and 

values obtained by experiment as follows: 
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𝑅𝑀𝑆𝑒 = √
1

𝑛
∑(𝑥𝑖 − 𝑦𝑖)2
𝑛

𝑖=1

 (6.1) 

where, 

x is the results obtained experimentally. 

y is the results predicted by the mathematical model. 

 No-load results 

The waveforms of the stator output voltages, stator currents, flux and other parameters are 

obtained, in this case, when the SEIG is in the no-load condition. In this state, only the excitation 

capacitors are connected to the terminals of the induction generator. The excitation capacitors 

are connected to the generator through a three-phase circuit breaker, to be switched when the 

SEIG reaches the steady state and is running at the required speed.  

For the induction machine used in this investigation, the minimum per phase excitation 

capacitance for the successful build-up of the SEIG’s voltage was calculated to be 25µF at no 

load. A capacitor of 30µF was used in the load tests described in this study in order to give the 

reactive power needed by the generator in the case of only a resistive load is used. If an inductive 

load is added, the excitation capacitor should be increased to 37µF to cover the increase in 

demand for reactive power. The speed of the DC motor/prime mover was controlled by a DC-

drive converter to emulate wind/hydro turbine operation at constant speed. 

Figure 6.1 shows the measured and simulated voltage build-up process of the induction machine 

(for phase a)  when the excitation capacitors are switched on (Ca=Cb=Cc= 30 µF) at t=1.8 sec 

while the SEIG is running at no-load at a speed of 1450 rpm (with this speed being determined 

by the choice of available power capacitors at the time of carrying out these experiments), The 

experimental result is shown in Figure 6.1 a, while the predicted behaviour of the stator terminal 

voltage is depicted in Figure 6.1 b. As shown, a good agreement is achieved between the model 

results and the measurements in terms of the value of terminal voltage (𝑅𝑀𝑆𝑒= 35.61) and the 

time taken to complete the process.   
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                                                                   (a) 

 

 

 

                                                                 (b) 

Figure 6.1 Measured phase voltage (a); calculated phase voltage (b), during the build-up 

process of the SEIG at C= 30 µF per phase and 1450 rpm.                                                                       

The experimental and simulated build-up process of the phase current of the SEIG for the 

above considered case is shown in Figure 6.2 a and Figure 6.2 b respectively. As shown, a 

high level of agreement is apparent between the experimental and calculated results (𝑅𝑀𝑆𝑒= 
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0.2121). 

.  

 

 

                                                           (a) 

 

 

 

 

                                                              (b) 

 

Figure 6.2 Measured phase voltage (a) and calculated phase current (b), during the build-

up process of the SEIG at C= 30 µF per phase and 1450 rpm.                                                                       
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The variation in the calculated flux in the stator winding phase-a during the build-up process 

under the same conditions is shown in Figure 6.3 a. It can be seen that the flux acts in the same 

way as the voltage and current during the build-up process as well as taking the same time to 

reach the steady state condition. The waveform of the flux of the three-phase stator winding is 

illustrated in Figure 6.3 b. It can be observed that the flux is rotating since the machine is in a 

balanced condition which means its magnitude value is constant whereas its phase angle is 

rotates as the rotor displacement changes.  

 

 

 

                                                                                    (a)  

 

                                                                              (b)  

Figure 6.3 The variation of the flux in the stator windings during the build-up process of the 

SEIG at C= 30 µF per phase and 1450 rpm: (a) phase a (b) in a three-dimension (abc frame). 
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The variation in the magnetizing current during the voltage build-up processes is shown in 

Figure 6.4 a, whereas the change in the magnetic inductance with time during the self-excitation 

process is illustrated in Figure 6.4 b. From both graphs, it can be observed that the magnetizing 

inductance decreases as the magnetizing current increases, which agrees with the results 

presented in chapter 4 (section 4.3, Figure 4.4). In addition, it can be seen from Figure 6.4 a 

that the magnetizing current acts in the same way as the voltage, current and flux during the 

build-up process. Changes in the derivative of the magnetizing inductance with respect to the 

magnetizing current (i.e., the dynamic inductance) for the stator and the rotor are shown in 

Figure 6.4 c, and 6.3 d respectively. The waveform in Figure 6.4 c is produced by the first row 

in the dynamic matrix in equation 3.45 (in Chapter 3), whereas the waveform in Figure 6.4 d is 

produced by the fourth row of the same matrix. Both waveforms clearly demonstrate that the 

dynamic inductance does not have any significant effect on the steady-state operation of the 

induction generator. However, its effect during the dynamic response when the induction 

generator is building up its output voltage is considerable. 

 

 

 

                                                          (a) 
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                                                                  (b) 

 

 

 

                                                                   (c) 

 

 

 

                                                                (d) 

 

Figure 6.4 Variation in: (a) magnetizing current; (b) magnetizing inductance; (c) dynamic 

inductance in stator phase a; (d) dynamic inductance in the rotor phase a, during the build-up 

process of the SEIG at C= 30 µF per phase and 1450 rpm. 
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The behaviour of the mechanical and electromagnetic torque of the SEIG during the build-up 

process with a phase voltage at C= 30 µF per phase and 1450 rpm is shown in Figure 6.5. It is 

clear that both types of torque act in a similar way.  

 

 

 

                                                            (a) 

 

 

 

 

                                                            (b) 

 

Figure 6.5 Variation in: (a) mechanical torque and (b) electromagnetic torque during the 

build-up process of the phase of the voltage of the SEIG at C= 30 µF per phase and 1450 

rpm. 
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Figure 6.6 shows the measured steady-state stator generated voltage and current waveforms 

at a rotor speed of 1450 rpm together with the simulation results obtained from the proposed 

model. Excellent agreement can be observed between the calculated and measured 

waveforms (𝑅𝑀𝑆𝑒= 0.1850). According to the experimental work carried out in this study, 

the load should stay disconnected during the self-excitation process until the generator 

reaches the steady state condition in order to ensure a successful and smoothly build-up 

process of a SEIG. 

 

 
 

 
 

 

      (a) 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

      (b) 
 

 

Figure 6.6 No-load generated voltage and current waveforms at 1450 rpm; C=30µF per phase. 
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 Balanced load results 

Steady-state stator voltage and current waveforms when the SEIG is loaded with 500 Ω per 

phase and running at a rotor speed of 1450 rpm and with excitation capacitance of 30µF per 

phase are shown in Figure 6.7.  Excellent agreement is demonstrated between the experimental 

measurements and the results obtained from the proposed model in terms of both magnitude 

and frequency (𝑅𝑀𝑆𝑒= 0.2632). 

 

 

        (a) 

 

 

 

       (b) 

 

 

 

 

Figure 6.7 Steady-state generated voltage (a) and current (b) waveforms with a balanced 

resistive load of 500 Ω per phase, C = 30µF per phase. 
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To examine the transient performance of the SEIG when loaded, a balanced three-phase, star-

connected resistor-load (500Ω per phase) was connected to the stator terminals while operating 

at no load. The SEIG remains excited; however, it may suffer from de-excitation if excessive 

load is added as demonstrated later in section 6.5.  

Figure 6.8 shows the rms values of the generated voltage and current, illustrating the transient 

response of the SEIG following the sudden connection of the load resistors. It can be observed 

that the proposed model accurately predicts the behaviour of the induction generator during the 

dynamic response with (𝑅𝑀𝑆𝑒= 0.2778) 
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                                                           (d) 

 

 

 

 

 

 

 

 

Figure 6.8 Waveforms of phase voltage (oscilloscope screenshot) (a); phase voltage (rms) 

(b); phase current (oscilloscope screenshot) (c) and  phase current (rms) (d) during switching 

on a balanced load at 8.1 seconds; R=500Ω per phase. 
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Further results for a balanced load are shown in Figure 6.9. This time, the load is an R-L load 

such that R= 365Ω per phase and L= 1 H per phase and both are connected in a star connection 

as shown in Figure 6.10. In addition, the excitation capacitance is increased to 37 µF in order 

to cover the reactive power consumed by the inductive load besides the demand by the induction 

generator for excitation. The calculated steady-state generated voltage and current waveforms 

give good agreement with those obtained experimentally (𝑅𝑀𝑆𝑒= 0.0961). 

 

  

  

   (a) 

 

 

 

 
    (b) 

 

 

Figure 6.9 Steady-state generated voltage (a) and current (b) waveforms with a balanced R-

L load, R=365Ω per phase, L=1H per phase, C = 37µF per phase. 
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Figure 6.10 Configuration of the system under study when R-L load is connected. 

 

 

 Unbalanced-load results 

In this section, the performance of the SEIG during operation with an unbalanced load is tested 

and demonstrated. Operation with an unbalanced load is shown in Figure 6.11. In this test, an 

unbalanced resistive load (Rla = Rlb = 620Ω and Rlc = 500Ω) is applied at the SEIG generator 

terminals. Excellent prediction performance is achieved here for both current and voltage.  
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Figure 6.11 Steady-state generated voltage and current waveforms; unbalanced resistive 

load (Rla = Rlb = 620Ω and Rlc = 500Ω), C = 30µF per phase. 

 

Figure 6.12 shows the stator voltage and current waveforms for a more severely unbalanced 

loading condition where 500Ω load resistances are connected to phases b and c while phase a 

is left as an open circuit. As in the previous tests, the results of the proposed model show very 

good agreement with the experimental results even in the presence of severely unbalanced 

loading conditions.   

Figure 6.13 shows the generator voltage and current waveforms when an unbalanced R-L load 

is connected across the stator terminals (La=1.4H, Lb=0.6H, Lc=1.54H, Ra=Rb=Rc=365Ω, 

Ca=Cb=Cc=37µF). It is clear that the developed model is not only able to match the magnitude 

value but it also able to follow the shape of the experimental waveform even if the waveform 

is not pure sinusoidal, but instead is distorted. Machine waveforms are no longer sinusoidal 

because of the distortion of the flux waveform because the flux is not rotating flux. 
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Figure 6.12 Generated voltage and current waveforms; 500Ω resistive load connected to 

phases b and c while phase a is open circuited; C = 30µF per phase. 
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                                                                                  (a) 

 

  

 

 

   (b) 

 

Figure 6.13 Steady-state of voltage (a) and current(b) waveforms; unbalance R-L load, C = 

37µF per phase, 1400 rpm.  
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 Load perturbation results 

The SEIG was then exposed to more severe conditions due to a sharp and sudden change in 

voltage and current in order to investigate the capability of the proposed model in predicting 

the performance of the induction generator under balanced and unbalanced load perturbation 

such as sudden load application or load rejection.  

The dynamic response of the SEIG following a sudden three-phase resistive load rejection is 

demonstrated in Figure 6.14. This transient was applied in order to examine the performance of 

the proposed model in predicting the behaviour of the SEIG during load perturbation. With the 

generator operating with a balanced three-phase, star-connected resistor-load (500Ω per phase), 

a sudden disconnection of the three-phase resistive load occurred. Figure 6.14 shows the rms 

values of the generated voltage and current, illustrating very good prediction produced by the 

proposed model for the transient response of the SEIG following the sudden disconnection of 

the load resistors.  
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                                                        (b) 

 

Figure 6.14 Waveforms of phase voltage (a), phase current (b), during switching of a balanced 

load at 10.3 seconds; R=500Ω per phase. 

 

With the generator operating with a balanced three-phase, star-connected R-L load (La=1.0H, 

Lb=1.0H, Lc=1.0H, Ra=Rb=Rc=365Ω, Ca=Cb=Cc=37µF), a three-phase load rejection was 

applied to examine the performance of the SEIG during load perturbation. Figure 6.15 shows 

the rms values of the generated voltage and current, illustrating the transient response of the 

SEIG following sudden disconnection of the three- phase R-L load suddenly at 11.4 seconds. 

The calculated voltage and current waveforms give good agreement with those obtained 

experimentally (𝑅𝑀𝑆𝑒=0.2776). 

It can be observed easily that the phase voltage and current increase significantly by more than 

200 % of its steady state value. This increase can be attributed to a sudden increase in the 

excitation power after load rejection. Hence, a schematic protection is required for conditions 

such as these in order to protect the generator and the excitation capacitors as well as 

maintenance staff. 
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                                                      (b) 

 

 

 

 

 

 

Figure 6.15 Waveforms of: (a) phase voltage; (b) phase current, during the removal of a 

balanced load; R=365Ω per phase, L=1H per phase, C=37µF per phase. 

 

Figure 6.16 and Figure 6.17 show that, after the steady state was attained with an unbalanced 

resistive load (Ra = Rb = 500Ω) while phase c is unloaded, a load rejection for phase-a and 

phase-b occurred at 11.5 sec. while the voltage and current for phase c remain almost constant. 

From the figure, it is clear that good agreement has been achieved between the measured and 

calculated results. 
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                                                      (b) 

 

 

 

 

 

 

 

  

 

                                                      (c) 

 

Figure 6.16 Behaviour of phase voltage: (a) phase a; (b) phase b; (c) phase c, during load 

perturbation at unbalanced conditions with two phase load rejection, C = 30µF per phase, 

1450 rpm. 
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                                                     (c) 

 

 

 

 

 

 

 

Figure 6.17 Behaviour of the generated current (r.m.s): (a) phase a; (b) phase b; (c) phase c, 

during load perturbation at unbalanced conditions with two phase load rejection, C = 30µF 

per phase, 1450 rpm. 

 

Figure 6.18 and Figure 6.19 show the performance of the induction generator was tested under 

conditions of unbalanced disturbance by applying an unbalanced load rejection such that, when 

the generator was running at a rotor speed of 1400 rpm and feeding R-L load (La=1 H, Lb=1 H, 

Lc=1 H, Ra=Rb=Rc=365, Ca=Cb=Cc=37 µF), one phase (phase-a) of the R-L load was suddenly 

disconnected while the other two phases were still connected. A high level of agreement 

(𝑅𝑀𝑆𝑒= 0.1020 for phase b and c whereas phase a is 0.3551) between measured and calculated 

results for phase current and voltage is demonstrated in Figure 6.18 and Figure 6.19 

respectively.  
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                                                             (c) 

 

Figure 6.18 Behaviour of the stator current: (a) phase a; (b) phase b; (c) phase c; of SEIG 

after removing one phase (phase a) of the load. 
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                                                          (c) 

 

Figure 6.19 The Behaviour of output voltage: (a) phase a; (b) phase b; (c) phase c, of SEIG 

after removing phase a of  the load. 

 

Figure 6.20 and Figure 6.21 show the performance of the SEIG when an excessive load was 

added suddenly when it was operating at a no-load condition at a speed of 1330 rpm (the load 

is considered as excessive in this case because the speed is less than it should be for this 

particular load; the speed would be expected to be 1400 rpm). It is clear that the voltage, 

current and flux all collapsed immediately following the application of the R-L load 

(La=Lb=Lc=1.0H, Ra=Rb=Rc=365Ω), with the excitation capacitance at Ca=Cb=Cc=37µF, 

and the generator becoming de-excited. To avoid this de-excitation, either the value of 

excitation capacitance or shaft speed should be increased. In this case, the 𝑅𝑀𝑆𝑒=0.2145. 
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            (d) 

 

 

Figure 6.20 SEIG performance after adding an excessive three-phase load when running at 

1330rpm at no-load: (a) phase current (oscilloscope screenshot);(b)phase current (rms)  

(c) phase voltage (oscilloscope screenshot) (d) phase voltage (rms). 
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  (b) 

 

Figure 6.21 SEIG performance after adding an excessive three-phase load when running at 

1330rpm at no-load: (a) flux, (b) dynamic inductance. 

 Fault response results 

The fault responses of the SEIG calculated from the developed model and compared with 

experimental measurements are shown in Figure 6.22 and Figure 6.23, again showing excellent 

agreement. Figure 6.22 shows the behaviour of the induction generator following the 

introduction of a balanced three-phase fault (solid fault) at the stator terminals, while the 

response to a line-to-line fault on the system is shown in Figure 6.23. Both faults were 

introduced at the stator terminals while the generator was in steady-state operation feeding a 

balanced, three-phase R-L load (Rla=Rlb=Rlc=365Ω, La=Lb=Lc=1H, Ca=Cb=Cc=37µF). The 

results demonstrate how the SEIG is a self-protected generator with the generated voltage and 

current dying quickly after the fault. This happens because the excitation capacitor is feeding 

the fault rather than feeding the generator. From both Figure 6.22 and Figure 6.23, it can easily 

be observed that the developed model is able to follow the phase and the magnitude of the 

experimental signal, even in the worst cases  when there is a sharp and sudden change such as 

three-phase fault (𝑅𝑀𝑆𝑒=1.80) and line to line fault (𝑅𝑀𝑆𝑒=1.21).   

The shaft speed in rpm during the line-to-line fault is shown in Figure 6.24.  This mechanical 

speed is almost constant at 1400 rpm apart from a small change during the Double line fault by 

approximately ±30 rpm.  
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                                                      (d) 

 

Figure 6.22 Fault behavior of the SEIG with a three-phase fault at the generator terminals. 
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Figure 6.23 Fault behaviour of the SEIG with a line-to-line fault at the generator terminals. 

 

 

 

 

 

 

 

 Figure 6.24 Shaft speed of self-excited induction generator during a DL fault. 

 

 Sudden change in speed results 

To investigate whether or not the proposed model can cope with a sudden change in the input 
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that the speed varied as shown in Figure 6.25 by applied a sharp change  manually (±150 rpm.).  

Figure 6.26 and Figure 6.27 show the behaviour of the stator current and output phase voltage 

respectively as a result of a sudden sharp fluctuation in mechanical speed when the generator 

was loaded with a balanced R-L load such that La= Lb= Lc =1H, Ra=Rb=Rc=365, and with 

excitation capacitance Ca=Cb=Cc=37 µF. Although there was a sudden sharp drop and then a 

sharp increase in the shaft speed, the model successful coped with these variations in speed with 

error 𝑅𝑀𝑆𝑒=0.1732 for the current whereas the error for voltage is 𝑅𝑀𝑆𝑒=26. It can be observed 

that the variation in voltage and current follow almost the same behaviour as the variation in 

mechanical speed; hence, it can be concluded that the developed model can be used for 

applications with a variable speed within a limited range. Figure 6.28 shows the effects of 

dynamic matrix produced by the last matrix in equation 3.45, it can be observed that the effects 

of the dynamic inductance is significant and change as the speed change.          

 

 

 

 

 

 

Figure 6.25 Variation in shaft speed of the prime mover of the SEIG. 
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Figure 6.26 Performance of the SEIG during a sudden change in rotor speed:  

(a) phase stator current; (b) screen shot of the oscilloscope of the phase current, 

with a balanced R-L load. 
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                                                   (a)        

 

 

       

 

 

    (b) 

 

 Figure 6.27 Performance of the SEIG during a sudden change in rotor 

speed:(a) phase stator voltage; (b) screen shot of the oscilloscope of the phase 

voltage when a balanced R-L load was connected. 
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                                                                    (b) 

 

                 

Figure 6.28 Change in the dynamic inductance of phase-a in: (a) the stator; (b) the rotor, due 

to sudden change in speed. 

  Conclusion 

In this chapter, a simple three-phase analytical model of the induction generator that accounts 
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windings as well as the mutual saturation between the rotor three-phase windings is employed 

to investigate the behaviour and performance of a three-phase SEIG under various 

circumstances. The saturation effects were taken into consideration by means of a variable 

magnetizing inductance. In other words, the magnetizing inductance is considered to be a 

function of the magnetizing current and the displacement of the rotor.  

The proposed model is validated through comparison of the results calculated from the model 

with those measured experimentally under different conditions. The performance of the SEIG 

was tested in a variety of conditions such as no-load, build-up, an excessive load application, 

balanced, unbalanced, and balanced and unbalanced fault conditions. Some of these conditions 

considered are severe in order to examine the performance of the proposed model in predicting 

the behaviour of a self-excited induction generator in extreme cases. This validation shows a 

high level of agreement between calculated and measured results. The small differences 

observed between the measured and calculated results are likely related to neglected losses, 

leakage saturation, magnetization curve approximation and measurement error.
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Chapter 7. The effects of dynamic 

 inductance 

 Introduction 

Many authors have tended to employ simple machine models by considering machine 

parameters with constant values [39-43]. Such models are suitable to study the characteristics 

of an induction machine at specific operating points in the steady state condition. However, if 

the operating point varies the parameters will no longer remaining constant and this approach 

will not be sufficient since flux magnitudes and frequencies will vary.    

Several recent studies have considered saturation effects [9, 16, 49], but although they 

investigate the performance of the SEIG during a dynamic response, they neglect the derivative 

of magnetizing inductance with respect to magnetizing current. Therefore, the effects of this 

derivative (that was already taken into account in Chapter 6) on the accuracy of representation 

of the non-linearity in a self-excited induction generator should be highlighted. In order to 

achieve this, a comparison need to be made between the performance of the analytical 

developed model and that of a conventional model that does not take such a derivative into 

account.  

The variation in magnetizing inductance due to the saturation effect is represented in the 

conventional machine saturation model using the same exponential function used in the proposed model, 

without considering the derivative of magnetizing inductance with respect to the magnetizing current 

(i. e. ,   
d[L]

dim 
 is neglected). 

Hence, the conventional model is the same as the developed model except that the dynamic 

matrix which is modelled by the last matrix in equation (3.45) is omitted in this model.  



Chapter 7                               The effects of dynamic inductance 

120 

 

The performance of both the proposed and the conventional models are examined under the 

same transient conditions such as load perturbation and faults, and validation against 

experimental results is conducted.   

 Results and discussion 

The three curves in the following figures show a dashed grain line, which represents the results 

obtained in the laboratory, a blue solid line that represents the results obtained by the proposed 

model, and a red dotted line showing the results obtained by the conventional model. Some 

severe dynamic cases shown in chapter 6 are repeated here to show the effects of the derivative 

of magnetizing inductance with respect to magnetizing current.  

In order to examine the dynamic response of the proposed model in predicting the behaviour of 

the SEIG during load perturbation, a sudden three-phase resistive load disconnection is applied 

while the generator is operating with a balanced three-phase, star-connected R-L load 

(La=1.0H, Lb=1.0H, Lc=1.0H, Ra=Rb=Rc=365Ω, Ca=Cb=Cc=37µF). Figure 7.1 shows the 

rms values of the generated voltage and current, illustrating no significant effects of the 

derivative of the magnetizing inductance with respect to magnetizing current during the steady 

state condition. In both values of the generated voltage and current the results produced by the 

conventional and proposed models are almost the same apart from a small difference which 

may be due to variation in speed or error in the numerical solution. However, a significant error 

in the results produced by the conventional model (𝑅𝑀𝑆𝑒=1.24) after load rejection occurs. 

This error can be observed in both the voltage and current generated, whereas the proposed 

model predicts the performance of the induction generator much more accurately (𝑅𝑀𝑆𝑒=0.27).  
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 (a) 

 

 

 

 

 

    (b) 

 

 

Figure 7.1 Comparison of the performance of the proposed and conventional models following 

sudden disconnection of balanced three-phase R-L load, R=365Ω per phase, L=1H per phase, 

C = 37µF per phase, 1400 rpm. 

 

 

The effects of the derivative of the magnetizing inductance with respect to magnetizing current 

during this load perturbation are produced by the first row in the last matrix in equation 3.45  
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as demonstrated in Figure 7.2-a, whereas that produced by the forth row of the same matrix 

presented in Figure 7.2-b. At steady state, there is a small effect of the dynamic response. This 

effect can be attributed to the small variation in rotor speed during the steady state. 
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                                                                 (b) 

 

Figure 7.2 Behaviour of the dynamic effects in the stator phase-a (a), and  the rotor phase-

a (b) for same case as figure 7.1. 
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From Figure 7.3 it can be observed that, in the steady state condition, the results produced by 

both proposed and conventional models are almost the same, while in the transient state the 

difference between them is considerable. From this, it can be deduced that the error is not 

present only in voltage and current values but can also extend to other parameters such as fluxes.  

  

 

    (a) 

 

 

 

 

     (b) 

 

 Figure 7.3 Comparison of the behaviour of (a) the flux of stator windings in phase-a and (b) 

electromagnetic torque obtained by the proposed and conventional models during sudden 

removal of balanced three phase R-L load, R=365Ω per phase, L=1H per phase, C = 37µF 

per phase, speed =1400 rpm. 
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The fault responses of the SEIG calculated from the proposed and conventional models are 

shown in Figure 7.4 and Figure 7.5 and validated against measured results. 

Figure 7.4 shows the behaviour of the machine following the introduction of a balanced three-

phase fault at the stator terminals. The fault was introduced at the stator terminals while the 

generator was in steady-state operation feeding a balanced, three-phase R-L load 

(Rla=Rlb=Rlc=365Ω, La=Lb=Lc=1H) with excitation capacitance (Ca=Cb=Cc=37µF). The fault 

responses of the SEIG predicted by the conventional and proposed models are depicted in 

Figure 7.4 and compared with measurement results. The results produced by the proposed and 

conventional models produced results with almost the same level of accuracy in the stead state 

condition; on the other hand, after fault, an outstanding disparity between the measured and 

results obtained by the conventional model can be noted (𝑅𝑀𝑆𝑒=2.75), whereas the disparity 

between the measured and results produced by proposed model is small relatively 

(𝑅𝑀𝑆𝑒=1.80).  
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Figure 7.4 Comparison of the proposed and conventional models during three-phase fault 

when parallel R-L load is connected, R=365Ω per phase, L=1H per phase, C = 37µF per 

phase, 1400 rpm.  

 

Predictions of the performance of the SEIG following the introduction of a line-to-line fault 

generated by the proposed and the conventional models are shown in Figure 7.5. The fault was 

introduced at the stator terminals while the generator was in steady-state operation feeding a 

balanced, three-phase R-L load (Rla=Rlb=Rlc=365Ω, La=Lb=Lc=1H) with excitation 

capacitance (Ca=Cb=Cc=37µF). The results produced by both analytical models compared 

with experimental measurements, again the results produced by the proposed model showing a 

good agreement (𝑅𝑀𝑆𝑒=1.21), whereas the results generated by the conventional model 

showing a noticeable error (𝑅𝑀𝑆𝑒=1.63) due to neglecting the effects of the dynamic response.   
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                                                      (a) 

 

 

 

 

 

(b) 

 

Figure 7.5 Comparison of the stator current phase-a (a) and phase-b (b) produced by proposed 

and conventional models during line-to-line fault when parallel R-L load is connected, R=365Ω 

per phase, L=1H per phase, C = 37µF per phase, 1400 rpm.  
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 Conclusion 

In this chapter, the importance of the derivative of the magnetizing inductance with respects to 

the magnetizing current has been clearly highlighted. This has been achieved by comparing the 

results obtained by the proposed model which includes the magnetizing inductance derivative 

with respect to the magnetizing current with those produced by the conventional model which 

neglects the dynamic response. In both models, variation of magnetizing inductance is 

simulated by the exponential function. It can be clearly concluded that the impact of dynamic 

inductance on the accuracy of predictions of the performance of the SEIG in terms of current, 

voltage, torque and flux is important. In particular, adding the effects of this derivative during 

the dynamic response can improve the accuracy of the result produced from the model. The 

small disparity between the predictions of the proposed and conventional models during the 

steady state conditions can be attributed to a very small variation in the measured shaft speed 

during the steady state.  
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Chapter 8. The effects of leakage 

saturation 

 Introduction 

Modelling the self-excited induction generator accurately is important in most applications such 

as electrical vehicles, small wind turbines and micro-hydro schemes where a grid connection is 

not available. The main path saturation of the self-excited induction generator is included in a 

wide range of previous studies; however, the leakage saturation of self-excited induction 

generators is neglected in previous studies. 

The drop in voltage across the leakage inductance becomes prominent as the load increases 

[23]. Taking the leakage inductance saturation into consideration becomes imperative if the 

stator and rotor currents are very high [49]. The inclusion of the nonlinearity approach to 

modelling induction machines based on the saturation of leakage inductance is usually applied 

to motors with large inrush current conditions, in particular in high-power industrial motor 

drives [102].   

In all papers mentioned which have focused on how to include saturation effects in models 

employed to predict the performance of the self-excited induction generator,  the effects of 

leakage saturation have been neglected. The aim of this chapter is to determine whether or not 

this approximation may affect the accuracy of the simulation of induction generators at different 

conditions of operation, and in particular in terms of the dynamic response. 

In this chapter, a generalized dynamic model of a three-phase self-excited induction generator 

(SEIG) in the natural three-phase abc reference frame is presented such that leakage saturation 

is taken into account (as it will be shown in section 8.3). Additionally, the effects of the 

derivative of leakage inductance with magnetizing current is included in this model. The 

variation in leakage inductance is approximated by a polynomial function. 
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 Leakage inductance characteristic  

The leakage saturation curve can be obtained using the locked rotor test explained in chapter 5. 

The method will be the same except that this time the value of leakage inductance should be 

measured at different stator current values. The leakage saturation curve is depicted in 

Figure 8.1. 

 

Figure 8.1 Effect of leakage inductance saturation. 

 

 Modelling leakage saturation 

In the analytical model presented in chapter 3 and the results demonstrated in chapters 6 and 7, 

the leakage saturation is neglected and 𝐿𝑙𝑠𝑎
′   is assumed to be equal to zero. However, as can be 

observed from Figure 8.1 the value of leakage inductance is not constant but changes as the 

stator current changes and therefore 𝐿𝑠𝑎
′  can be rewritten as follows: 
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saturation as follows: 
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                                            (8.1) 

 

To represent the variation between the leakage inductance and line current, a numerical curve 

fitting method to predict the leakage saturation curve is required. To achieve this, a polynomial 

function from the 12th  degree is employed such that: 

P = [0.000000  0.000000  0.000000  0.000000   0.000013  -0.00014   0.001113  -0.005880 

        0.020929  -0.048370   0.067332  -0.047838    0.025737] 
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where P is a row vector of length 12 containing the polynomial coefficients in descending 

powers. 

 

  Model results and experimental validation 

In this section, the results obtained by the proposed analytical model presented in chapter 6, 

which include the main path saturation and neglect the leakage saturation, are compared with 

those obtained by the model that includes the main saturation as well as the leakage saturation 

effects presented in section 8.3. Experimental results are used as a reference for this 

comparison. 

The results in Figure 8.2 show the behaviour of the output current and voltage of SEIG after a 

three-phase fault has occurred between the excitation capacitor and the resistive load.  This fault 

occurred when the generator was feeding a balanced R-L load (Rla = Rlb = Rlc = 375 Ω, 

La=Lb=Lc= = 1 H, Ca=Cb=Cc = 37µF) per phase. Those results strengthen the truth that the SEIG 

is a ‘self-protected’ generator. It is clear that the voltage and current die quickly after the fault. 

This happens because the excitation capacitor is feeding the fault rather than feeding the 

generator. From this figure, it can easily be observed that the results generated by the proposed 

model, which take the leakage saturation and the main saturation effects into consideration, is 

more accurate in transient conditions (𝑅𝑀𝑆𝑒= 1.57) than results obtained by the model which 

includes the main path saturation but neglects the leakage saturation (𝑅𝑀𝑆𝑒= 1.80). However, 

there is no significant difference in the steady state condition. Figure 8.3 can explain this 

phenomenon, showing that the effect of dynamic inductance appears only for a dynamic 

response, whereas otherwise it is almost zero (theoretically it is zero but in our case it is a very 

small value and not equal to zero because the measured speed practically at steady state is not 

constant perfectly but it changes slightly). It can be seen that the effects of the dynamic matrix 

(as defined in equation 3.45 on page 47) calculated by the proposed model including leakage 

saturation is more than that produced when the leakage saturation is neglected as shown in 

Figure 8.3 and Figure 8.4 respectively.  
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    (a) 

 

 

 

 

 

    (b)  

 

Figure 8.2 Behaviour of stator current (a) and output voltage (b) of SEIG during a three-

phase fault with and without including leakage saturation. 
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(a)  

 

 

                                                                           (b) 

                                                                      

Figure 8.3 Behaviour of dynamic inductance of stator (as defined in the equation 3.45)         

(a) and rotor (b) in phase a during a three-phase fault when leakage saturation is included.  
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(a) 

 

 (b) 

Figure 8.4 Behaviour of dynamic matrix of stator (as defined in the equation 3.45)       (a) 

and rotor (b) in phase a during a three-phase fault when leakage saturation is not included.  

 

Figure 8.5 shows a comparison between the behaviour of current and voltage when including 

leakage saturation and main path saturation together in the same model (brown line) and 

including the main path saturation only (blue line) during the sudden removal of an R-L load 
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this case are small in both steady state and transient conditions such that the RMS𝑅𝑀𝑆𝑒 without 

leakage saturation is 0.27, whereas with leakage saturation is 0.21. 

 

                                                                         (a) 

 

    (b) 

Figure 8.5 Prediction of the behaviour of current (a) and voltage (b) of the SEIG whith and 

without including leakage saturation after removing a three phase R-L load.   
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however, this effect becomes considerable after disturbance has occurred. In addition, it can be 

seen that the disparity between the dynamic response when the leakage saturation is included 

and the dynamic response without including leakage saturation is not significant.    

 

   (a) 

 

    (b) 

Figure 8.6 Behaviour of dynamic matrix of stator phase-a (a) and rotor phase-a (b) during 

the removal of three-phase load with and without including leakage saturation.  
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 Conclusion 

The analytical model developed has been extended to be capable of accounting for the main 

path leakage saturation besides the main path saturation and mutual saturation between the 

stator windings as well as that between rotor windings.  A polynomial function of degree the 

12th has been employed to represent the variation in the leakage inductance. The impact of 

including the leakage saturation on accuracy has been investigated in this chapter.  

According to the results presented in this chapter, it can be concluded that the impact on 

accuracy of the inclusion of the nonlinearity approach to modelling the self-excited induction 

generator based on the saturation of leakage inductance becomes significant if high current 

values are reached during the dynamic response. However, during steady-state conditions the 

impact of including the leakage saturation on the accuracy is not considerable. 
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Chapter 9. Conclusion and future  

 work 

 Conclusion 

A new, simple and general dynamic model of a three-phase self-excited induction generator with 

saturable inductances has been presented in this study. This analytical model of the three-phase self-

excited induction generator was developed in the natural abc frame reference in order to be a universal 

and applicable model for various unbalanced operating conditions and to allow the tracking of 

the natural phase currents directly at any time during a transient [52], taking into consideration 

changes in magnetizing inductance with both rotor position and magnetizing current. The derivative of 

magnetizing inductance with respect to magnetizing current is included in the model so as to improve the 

accuracy of the calculation with dynamic responses. In this analytical model the main path saturation and 

the mutual saturation between stator windings as well as, that between the rotor windings are included. 

In the proposed model presented in chapter 3, variation in magnetizing inductance is represented as an 

exponential function of the magnetizing current that can be derived from only three measured points of 

the open-circuit magnetizing curve of the machine [(Im1, Vg1), (Im2, Vg2) and (Im3, Vg3)]: where Im3 is the 

maximum magnetising current that could be safely measured. The values of Im1 and Im2 are then 

determined from Im2= 
5

7
 Im3 and Im1= 

1

7
 Im3. This method is safer for the machine under study as well as 

being simple and its use can avoid the lengthy measurements needed to obtain the measured no-load 

curve. 

The proposed model was implemented in the Matlab/Simulink environment and used to predict the 

performance of the SEIG’s operating characteristics at different operating conditions. The performance 

of the induction generator was investigated when operating at no-load, and when loaded with a star- 

connected resistive load and it has been tested at steady state and transient and balanced and unbalanced 

conditions. In addition, generator performance was investigated when both a resistive and an inductive 
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load were connected in parallel. Different operating conditions were considered: steady state, balanced 

and unbalanced load conditions, balanced and unbalanced load perturbation, and balanced and 

unbalanced fault conditions. 

The results produced by the proposed model have been verified experimentally using a 415V, 7.5kW 

SEIG test machine driven by a DC motor. For successful excitation of the SEIG, a capacitance of 30µF 

was used in the resistive load tests described in this study whereas, 37µF was used when an R-L load was 

connected. Results obtained from the proposed model are shown to be in very good concordance with 

measured waveforms. This agreement is not only in the magnitude value of current and voltage but it is 

also in the phase angle. Despite that, the SEIG has been exposed to conditions, which may be considered 

as severe conditions, the proposed model was able to demonstrate a high capability in predicting the 

performance of induction generator at these severe conditions. 

The importance of the derivative of the magnetizing inductance with respect to the magnetizing 

current has been clearly demonstrated. This has been achieved by comparing the results 

produced by the analytical proposed model with those using the conventional model. The 

proposed model accounts for the effect of saturation by including the magnetizing inductance 

derivative with respect to the magnetizing current, whereas the conventional model neglects the 

effects of dynamic inductance. In both models the variation in magnetizing inductance is 

approximated by an exponential function. Both models are employed to predict the dynamic 

response of the SEIG during different transient conditions, and are validated against 

experimental results. In all cases, the proposed model produces more accurate results than those 

from the conventional model, and this is not only true for voltage and current but also flux and 

torque. Therefore, it can be concluded that the impact of the derivative of the magnetizing 

inductance with respect to magnetizing current (dLm/dim) on the accuracy of the simulated 

results is considerable. particularly during transient conditions whereas during the steady state 

there is almost no effect and the two sets of results almost coincide. 

It can be observed from the results obtained from the comparison of the proposed and conventional 

models that there is an unexpected small disparity between the results from the proposed model and those 

produced by the conventional model during some cases in steady state conditions. This disparity may be 

attributed to a small change in the measured shaft speed which is used as the input speed vector for the 

simulation model.  



Chapter 9     Conclusion 

140 

 

The output stator voltage and current of the SEIG during fault events decline quickly, where the voltage 

collapses to zero immediately while the current takes approximately two cycles to do so. This shows that 

the SEIG is a self-protecting generator, which supports its use rather than  other types of generator. During 

the first cycle of the three-phase fault current, a surge of current of  a magnitude ten times the steady state 

current occurs. The prefault conditions such as the instant value, the value of excitation capacitance, and 

the value of the demanded current contribute to determining the magnitude of the current surge. It clear 

that the developed model has the capability to follow the behaviour of the SEIG accurately during this 

severe condition. 

 

A DC-drive converter was used to run the generator at a constant speed by controlling the shaft speed of 

the prime mover (DC motor). It can be observed that the model accounts for any small variations around 

the average constant speed caused by the DC drive harmonics or mechanical vibrations. This was 

achieved by measuring and using the actual shaft speed to improve the accuracy of the proposed and the 

conventional models. In addition to the ability of the proposed model to perform well at constant 

shaft speed, it can also cope with a sudden change in mechanical speed. Despite a sudden drop 

and increase in shaft speed, the model succeeded in following this change.  Hence, it can be 

conclude that the developed model can be used for applications with a variable speed within a 

limited range, which in our results was approximately ±15 % of the shaft speed. This advantage 

supports the use of the self-excited generator as a viable option for wind turbines applications, 

whereas, permanent magnet generators are not preferred in such applications since their output 

voltage increases linearly with prime mover speed.  

 

The proposed model accounts for main path saturation as shown in chapter 3, and has been 

improved to be able to represent leakage path saturation effects by assuming that leakage 

inductance is variable, and therefore the derivative of leakage inductance is not equal zero. In 

this improved model, the derivative of leakage inductance with respect to magnetizing current 

is included. Additionally, the variation in leakage inductance is represented by a polynomial 

function of degree 12. The coefficient of this polynomial can be obtained using measured 

results. The inclusion of leakage saturation was investigated in this study by comparing the 

model which includes leakage effects with those which ignore it, and both sets of results are 

validated by experimental results.   
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According to the results produced by the dynamic model of the SEIG considering leakage 

saturation, it can be observed that the accuracy of predicting the SEIG performance at different 

operational conditions is improved noticeably in the dynamic response, whereas taking leakage 

saturation into account in the steady state condition does not have a significant impact on 

accuracy. 

It has been observed from the experimental work that the ability of the generator to initiate the 

self-excitation process decreases as the load increases. Hence, for a smooth, reliable and 

successful start-up process for a SEIG, it is recommended that the load should stay disconnected 

until the induction generator has built up its voltage successfully and becomes stable. Then the 

load can be connected while the excitation capacitors are left connected during the process. 

The remanent magnetism in the machine under study is represented by a small sinewave voltage 

source in the simulation model, such that its frequency is a function of rotor speed whereas its 

magnitude is constant if the speed is constant (almost 7 rms in this study at a speed of about 

1500 rpm). It has been observed that this method of representing the residual flux can help in 

improving the accuracy of the model.  

From experimental work, it has been observed that the induction generator may experience a 

reduction in its remanent magnetization and become de-excited, which results in its voltage 

failing to build up. This may happen after a fault has occurred on its terminals or if the generator 

is left to slow down while a small resistive load is connected to its terminal as a result of the 

reduction of remanent magnetization in the rotor. Thus, it is not possible to initiate the self-

excitation process. To overcome the adequacy of the remanent magnetism in the induction 

generator, several methods can be employed in order to increase the residual flux. From the 

experimental work, it has been noted that the easiest, most practical, and quickest method is to 

run the machine when the induction machine is connected to the capacitance. From the 

experiment, it has been noticed that the higher the capacitance a shortest time is taken to 

increase the residual flux. When 40 µF is connected, the generator will take approximately one 

minute to recover its remnant magnetic field. 
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 Future work 

For more realistic operation conditions, the investigation of the performance of the SEIG under 

different operational conditions employing the proposed model accounting for main path 

saturation can be implemented using a wind/hydro turbine as the prime mover. This has a 

constant change nature, whereas the DC motor used in the experimental bench in order to 

emulate the wind turbine by given a constant speed. 

 

For more investigation for the performance of proposed mathematical model developed in 

ABC/a-b-c frame in predicting the response of the SEIG in different operation conditions. An 

investigation study can be introduced. This could be implemented by having a path for a zero 

sequence in the system under study. For a more accurate representation, it is necessary to 

include the zero component in the mathematical model in the stead state operation. The model 

can then improved to have the capabilities of including the zero sequence by using the 

symmetrical components. In order to find a path in the circuit for the zero sequence, the system 

is required to be reconnected such that the induction generator is connected to the ground and 

the induction generator, excitation capacitor, and load should be connected to neutral.   
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 Derivation of the exponential  

 function 

The mathmatical derivation of the exponential function presented in chapter 4, which is used 

as a numerical curve-fitting method to predict and approximate the magnetizing curve from the 

measured three points, can be shown as follows: 

By substituting the three measurements points, (Im1, Vg1), (Im2, Vg2) and (Im3, Vg3), in the 

follwing equation: 

 Vg = FIm (K1e
K2Im

2
+ K3) A.1 

  and assuming F=1, we can get: 

 Vg1 =  (K1e
K2Im1

2
+ K3)Im1 A.2 

 Vg2 =  (K1e
K2Im2

2
+ K3)Im2 A.3 

 Vg3 =  (K1e
K2Im3

2
+ K3)Im3 A.4 

Or more specifically, 

 a =
Vg1 

Im1
=  (K1e

K2Im1
2

+ K3)  
A.5 

 
b =

Vg2 

Im2
=  (K1e

K2Im2
2

+ K3) 
A.6 

 c =
Vg3 

Im3
=  (K1e

K2Im3
2

+ K3)  
A.7 
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Manipulation of the last three equations can produce: 

 c − K3

a − K3
=  

b − K3

a − K3
 
k

 A.8 

In order to make equation A.8 more beneficial, the value of k should be any real value not equal 

to 1. And to find the relationship between Im1
Im2

Im3
which can be memorise and applied in the 

laboratory: 

 
k = 

Im3
2 −Im1

2

Im2
2 −Im1

2 = 2  A.9 

Therefore, 

 Im3
2 − Im1

2 = 2(Im2
2 − Im1

2 ) 
A.10 

Or 

 Im3
2 =(Im

2
1 − Im3

2 )/2   A.11 

If this is done in equation 25,  Im3
= nIm1

 , and n is an integer, we get:  

 
Im2

=Im1
√

n2+1

2
    A.12 

In order to have a sequence of minimum integer numbers, it is important to select the smallest 

convenient value of n; in this case, it could be n=7. So,  

 Im3
=7Im1

 A.13 

By substituting n=7 in the equation A.12,   



Appendix A                                                                                 Derivation of exponential function  

145 

 

we get: 

             Im2
=5Im1

 

Equation A.8 has infinite solutions for integers k> 1, therefore for trivial solutions the next 

smallest integer is k =2, which is the simplest solution. So, 

 (c − K3)(a − K3) = (b − K3)
2

 A.14 

Or, simplifying, 

 b2 − 2bK3 + K3(a + c ) − ac = 0    A.15 

By isolating K3 we can get: 

  K3 =
b2−ac

2b−(a+c)
   A.16 

To find  K1 and K2 the following derivations can be used. 

If equation A.16 is replaced in expression a − K3 and c − K3 we get: 

 (a − K3) = 
( a−b )2

a+c−2b 
  A.17 

 (c − K3) = 
( a−b )2

a+c−2b 
  A.18 

With further manipulation of the two above equations A.17 and A.18 taking into consideration 

that: 

 Im1 =
Im3

7
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   we get,     

 K2 =
49

24

ln (
b − c
a − b

)

Im3
2  

A.19 

After some algebraic transformation, 

 K1 = (c − K3)  
a − b

b − c
 
49/24

 A.20 

 K3 =
b2−ac

2b−(a+c)
  A.21 
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 The determination of the minimum 

capacitor value 

The method used in this study to determine the minimum value of the excitation capacitance 

required to initiate the build-up process is the formula derived by Eltamaly [69] as follows: 

𝐶𝑚𝑖𝑛 =
1

2𝜋
(
𝑋𝐿𝑎

𝑀3
+

𝑀4

𝑀1
2 +𝑀2

2) 

The coefficients 𝑀𝑙 , 𝑀2, 𝑀3 and 𝑀4 are as follows: 

𝑀1 = 𝑅𝑠𝑅𝑟 − 𝑓(𝑓 − 𝑣)𝐿1          

𝑀2 = 𝑅𝑟𝑓𝐿3 + 𝑅𝑠(𝑓 − 𝑣)𝐿2 

𝑀3 = 𝑅𝐿
2 + 𝑋𝐿

2𝑓2 and 

𝑀4 = 𝑅𝑟
∗𝑀2 − 𝐿2𝑓(𝑓 − 𝑣)𝑎𝑓 Where 

𝐿1 = 𝑋𝑠(𝑋𝑟 + 𝑋𝑚) + 𝑋𝑟𝑋𝑚 , 

𝐿2 = 𝑋𝑟 + 𝑋𝑚 and, 

𝐿3 = 𝑋𝑠 + 𝑋𝑚 

𝑎: 𝑃𝑢 per unit frequency 𝑓/𝑓𝑏 

𝑓 actual or (generated) frequency (Hz). 

𝑓𝑏 based frequency of induction generator (Hz).
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 Laboratory tools 

 

Item Description Purpose Photo 

Three-phase 

AC sources 

ET system variable 

voltage, variable 

frequency three-phase 

AC power supply, 

3×2000VA, 3×0~270V, 

3×15A 

Type: 

EAC/3P2000/cc/ATI- 

10/LT 

Serial No.: 7.13.2389. 

Used when calculating the 

equivalent circuit 

parameters to carry out the 

locked rotor and no-load 

tests and also for the 

machine magnetic 

characteristics tests. 

 

RLC meter 
Hameg HM 8118 To measure inductance and 

capacitance 

 

Wattmeter 

Weston Wattmeter, 

Model S.67, maximum 

Current: 5 A, maximum 

voltage: 300V. 

Active and reactive power 

measurements for the no-

load and locked rotor tests 

carried out to determine 

the machine equivalent 

circuit parameters. 

 

DC Drive 

 

 

1.5 kW Mentor II Digital 

DC Drive manufactured 

by Control Techniques. 

 

Control and rotate the DC 

motor. 

 

javascript:void(0);
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Item 

 

Description Purpose Photo 

Three-phase 

autotransformer 

Three-phase 

autotransformer 

used as a variable 

voltage source, 

maximum winding 

current: 20 A, 

maximum winding 

voltage: 270V. 

To provide the induction 

machine with a three-phase 

variable voltage, used to 

find the magnetising of 

characteristics of the 

induction machine. 

 

Voltage probe 

Tektronix 

P5200 high voltage 

differential probe. 

Measurement and 

recording of the generator 

output voltages. 

 

Variable 

resistive load 

 

Three Curtis variable 

resistors, 5 A, 300 V, 

2×60 ῼ. 

 

To provide the generator 

with a three-phase variable 

resistive load. 

 

Induction 

machine 

 

A 7.5 kW, 415 V, 

15A, 50 Hz, 4-pole 

star connected three-

phase squirrel-cage 

induction machine, 

manufactured by 

Brook Hansen. 

The machine is Used as 

induction generator after 

its terminals connected to 

capacitors. 
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Item Description Purpose Photo 

DC motor 

A 9 kW, 240 V, 37.5 A, 

maximum RPM 1800 

r.p.m, armature: 240 V, 15 

A, fields:240 V, 0.6/0.16 

A. 

Drives the induction 

machine. 

 

Capacitor 

bank 

Three-phase variable 

excitation capacitor bank 

To provide the reactive 

power needed by induction 

generator. 

 

 
Current 

probe 

Tektronix A622 

 AC/DC Current probe. 

Measure and record 

generator, load and 

capacitor currents. 

 

Oscilloscope 

Tektronix MSO 4034 

mixed signal oscilloscope, 

350 MHz, 2.5Gs/S, voltage 

110~240 V, frequency 

50~60 Hz, maximum 

power 250 W 

Serial No. MSO04034 

C000029 

To capture data and export 

it to an external device for 

further processing. 

 

Torque 

display 

Magtrol 

Model 3411 

 

 

To read the output signal 

of the encoder 

 

Torque and 

Speed 

transducer 

Torquemaster TM 210 

Rated torque: 50 Nm 

Pulse wheel: 30 pulse/ Rev 

Serial No. G-0185 

 

 

 

To measure shaft speed  

 

https://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjSipH_z4LMAhVJ1RQKHaSFCN0QjRwIBw&url=https://octopart.com/a622-tektronix-39387492&psig=AFQjCNGvZK0fzD7RUS0VGNwvIGgwuTDMNg&ust=1460328024086514
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 Lagrange polynomial 

The Lagrange interpolating polynomial is the polynomial 𝐿(𝑥) of degree ≤(n-1) that passes 

through the n points (𝑥1, 𝑦1 = 𝑓(𝑥1)), (𝑥2, 𝑦2 = 𝑓(𝑥2)), … . , (𝑥𝑛, 𝑦𝑛 = 𝑓(𝑥𝑛)), and is given 

by: 

 
𝐿(𝑥) = ∑𝐿𝑖

𝑛

𝑗=1

(𝑥) 
 

 
𝐿𝑖(𝑥) = 𝑦𝑖 ∏

𝑥 − 𝑥𝑗

𝑥𝑖 − 𝑥𝑗

𝑛

𝑗=1
𝑗≠𝑖

 
 

For example to find a polynomial order 3 we need four points which was chosen from 

magnetising test as follows: 

 

Im 𝐿𝑚  

0.270 0.300626 

0.403 0.346271 

0.934 0.364659 

2.640 0.226796 

 

 
𝐿𝑚 =

(𝑥 − 𝑥2)(𝑥 − 𝑥3)(𝑥 − 𝑥4)

(𝑥1 − 𝑥2)(𝑥1 − 𝑥3)(𝑥1−𝑥4)
 𝐿1 + 

(𝑥 − 𝑥1)(𝑥 − 𝑥3)(𝑥 − 𝑥4)

(𝑥2 − 𝑥1)(𝑥2 − 𝑥3)(𝑥2−𝑥4)
𝐿2  

      

         + 
(𝑥 − 𝑥1)(𝑥 − 𝑥2)(𝑥 − 𝑥4)

(𝑥3 − 𝑥1)(𝑥3 − 𝑥2)(𝑥3−𝑥4)
𝐿3 +

(𝑥 − 𝑥1)(𝑥 − 𝑥2)(𝑥 − 𝑥3)

(𝑥4 − 𝑥1)(𝑥4 − 𝑥2)(𝑥4−𝑥3)
𝐿4  
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   = 𝑥3 − (𝑥2 + 𝑥3 + 𝑥4)𝑥
2 + (𝑥3𝑥2 + 𝑥2𝑥4 + 𝑥3𝑥4)𝑥 − 𝑥2𝑥3𝑥4  

 
= (0.3006) +  

𝑥3 − (𝑥1 + 𝑥3 + 𝑥4)𝑥
2  +  (𝑥1𝑥3 + 𝑥1𝑥4 + 𝑥3𝑥4)𝑥 − 𝑥1𝑥3𝑥4

(0.403 − 0.27)(0.403 − 0.934)(0.403 − 2.64)
(0.3463) 

 

 
+ 

𝑥3 − (𝑥1 + 𝑥2 + 𝑥4)𝑥
2  +  (𝑥1𝑥2 + 𝑥1𝑥4 + 𝑥2𝑥4)𝑥 − 𝑥1𝑥2𝑥4 

(0.934 − 0.27)(0.934 − 0.403)(0.934 − 2.64)
 (0.3646) 

 

 
+ 

𝑥3 − (𝑥1 + 𝑥2 + 𝑥3)𝑥
2  +  (𝑥1𝑥2 + 𝑥1𝑥3 + 𝑥2𝑥3)𝑥 − 𝑥1𝑥2𝑥3 

(2.64 − 0.27)(2.64 − 0.403)(2.64 − 0.934)
 (0.2268) 

 

 

 

L(x)= 0.1747𝑥3 − 0.7463𝑥2 + 0.7858𝑥 + 0.1394       or 

L(x)= 0.1747𝑖𝑚
3 − 0.7463𝑖𝑚

2 + 0.7858𝑖𝑚 + 0.1394 
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