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Abstract

The tetrablock
E={rcC®:1—-22—zow+mz32w #0 for |2] <1, |w| <1}

has very interesting complex-geometric properties. It meets R3 in a regular tetrahedron
and its distinguished boundary is homeomorphic to D x T, where D is the closed unit
disc and T is the unit circle. We exploit this geometry to develop an explicit and detailed
structure theory for the rational maps from the unit disc D to E, the closure of IE, that
maps the boundary of the disc to the distinguished boundary of E. We call such maps
rational E-inner functions or rational tetra-inner functions.

In this thesis, we provide a description of all rational inner functions x from D to E of
degree n. Here deg(x) is the degree of z, defined in a natural way by means of fundamental
groups. We show that, for any rational E-inner function z = (1, 79, 23), deg(z) is equal
to deg(x3) (in the usual sense) of the finite Blaschke product xs.

The variety Rg = {(z1, 72, 23) € E : 21175 = 23} plays a crucial role in the function

theory of E. We prove that if z is a rational E-inner function, then either z(D) = Rg or
z(D) meets R exactly deg(z) times.
For a rational E-inner function z, we call the points A € D such that 2()\) € Rg the royal
nodes of . We describe the construction of rational E-inner functions z = (1,9, 23) Of
prescribed degree from the following interpolation data: the zeros of z; and x5 in D and
the royal nodes of z.

It is easy to see that the set J of all rational TE-inner functions is not convex. We prove
that the subset of J of rational E-inner functions (21, 29, x3) for a fixed inner function x3
is convex. We show that a rational E-inner function z is not an extreme point of the set
J if the number of royal nodes of x on T, counted with multiplicity, is less than or equal
to 1 deg(z).
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Chapter 1

Introduction and historical remarks

The tetrablock T was introduced by A. A. Abouhajar, M. C. White and N. J. Young in [2]
which studied the complex geometry of the tetrablock. Recently, the tetrablock has also
been studied in several papers (see [8, 16, 18, 27, 38, 39]). The motivation to study the
tetrablock came from a p-synthesis problem.

In this thesis we study algebraic and geometric properties of rational tetra-inner func-
tions. In Theorem 4.3.1 we give a description of rational tetra-inner functions z =
(21, 22, x3) with a prescribed degree n. A rational tetra-inner function is a rational func-
tion from the open unit disc to I, the closure of E, which maps the unit circle to the
distinguished boundary bE. The royal variety is defined by

Rg = {(ml,x27x3) el :xizy = xg}.

It plays a crucial role in the geometry and the function theory of E. The degree of a
rational tetra-inner function x = (x1, 2, z3) is the degree of z3 in the usual sense of the
finite Blaschke product (Proposition 4.2.4). In the case that z is nonconstant, then either
x(D) = Ry or the number of times that (D) meets the royal variety is equal to the degree
of x (Theorem 5.2.5). One of our main results is Theorem 5.2.10. There we describe the
construction of a rational tetra-inner function from certain interpolation data. The set of
rational E-inner functions, denoted by 7, is not convex. However, we prove that, for a
fixed inner function x3, the set of functions in J with the third component x5 is convex.
We study extremality in J and we show that no point of 7 can be extreme if the number
of its royal nodes on T, counted with multiplicity, is at most half of its degree. To prove

all the above results we adapt methods and results which were obtained in [7].
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1.1 Relation to the py-synthesis problem

We begin by stating two known types of interpolation problems, the classical Nevanlinna-
Pick problem and the two-by-two spectral Nevanlinna-Pick problem.

The Nevanlinna-Pick problem: Given \y,..., A\, € D and ay,...,a, € D. Does there
exist an analytic function F': D — C such that f(\;) = a;,j =1,...,n and |f(N)| <1,
for all A € D?

It was shown, by G. Pick in 1916 that this problem is solvable if and only if the Pick matrix

=,
1— N lim

The two-by-two spectral Nevanlinna-Pick problem: Let \q, ..., \, be distinct points
in D and A;,..., A, € C**2. Construct, if possible, an analytic function F on D such that

is positive semi-definite.

(1) F(A\j)) =4, j=1,...,n,
(2) r(F(X)) <1 for every A € D.
Here r is the spectral radius defined, for A € C?*2, by
r(A) = max{|\;| : \; are the eigenvalues of A}.

The p-synthesis problem is an interpolation problem for analytic matrix functions on the
disc which are subject to a boundedness condition. It is a generalisation of the Nevanlinna-
Pick problem. In order to solve the p-synthesis problem, we have to construct an analytic
m X n matrix function F' on the open unit disc ID which satisfies some interpolation con-

ditions and p(F(A)) <1 for all |A| < 1, where p is a type of cost function.

Definition 1.1.1. Let E be a linear subspace of C"*™ and let A be an m x n matrixz. The
structured singular value of A relative to E is

1
A pumy
p(A) inf{||X||: X € E, (I — AX) is singular}’

where pugp(A) =0 in the event that (I — AX) is nonsingular for all X € E.

The pp-synthesis problem is the following:
For given distinct points A; in D and W; € C™*", j = 1, .., ¢, construct, if possible, an

analytic m x n matrix function F' on D such that



1.1. Relation to the pu-synthesis problem

(2) pup(F (X)) <1 for every A € D.

One can see that if n = m = 1, the pu-synthesis problem is the classical Nevanlinna-Pick
problem. If E is the whole space, that is, £ = C™™ then ugr(A) = ||A]||, where ||A|| is
the operator norm of the matrix A. In the case that n = m and F is the space of scalar
multiples of the identity matrix I, in other words, E = {cI : ¢ € C}, ug is the spectral
radius r and the p-synthesis problem is the spectral Nevanlinna-Pick problem. It is worth
noting that these two special cases are extremal in the sense that, for any E, ug(A) < ||A||
and if n = m and I belongs to E, then pg(A) > r(A).

In the attempt to solve the two-by-two spectral Nevanlinna-Pick problem, Agler and Young

introduced in [10] a domain in C? known as the symmetrised bidisc G. It is defined by
G= {(z4w,z2w):|z] <1,|w| <1}

and its closure is
I={(z+w,z2w):|z] <1,|w] <1}

A T-inner function is an analytic function A : D — I" with the property that h maps the
unit circle T to the distinguished boundary bI" of T'. In [11], Agler and Young showed that
the solvability of the two-by-two spectral Nevanlinna-Pick problem is equivalent to the
solvability of the I'-interpolation problem: given A, ..., \, distinct in D and (s;,p;) €
G, j=1,...,n, find, if possible, an analytic function h : D — I' such that h();) = (s;,p;).
Since 1995, the I'-interpolation problem and its associated domain, the symmetrised bidisc,
have been studied widely, see for example, [4, 5, 7, 8, 10, 11, 12, 13].

In this thesis, we consider the pp;qq-synthesis problem from D to C?*2. The structured
singular value in this case is defined by

1
ia, A) = . . 5
piag(A) = LIFNTT X € Diag, det(I — AX) = 0

Diag:z{[z 0] :z,wEC}.
0 w

We set fipjqg(A) = 0 if (I — AX) is non-singular for all X € Diag. The domain associated
with this problem is called the tetrablock and defined as

(1.1.1)

where

E={zecC®:1 22— mw+axszw#0 for 2| <1, |w| <1}

This interpolation problem was introduced and studied by Abouhajar, White and Young
in [2]. They showed that the solvability of the jip;qq-synthesis interpolation problem is

3
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equivalent to the solvability of the tetra-interpolation problem: given A{,..., A, in D and
zk = (x’f, zk, xlg) € B, 1 < k <n, can we construct a tetra-inner function x : D — E
such that

(M) = (z1(A\), 22 (M), 23(Ne)) = (2, 25, 25),

(see Theorem 2.2.3).

In [18], D. C. Brown, Lykova and Young used a different strategy to give a criterion
for the solvability of the ppj.e-synthesis problem. First, they reduced the problem to an
interpolation problem in the set of analytic functions Hol(DD, IE) from D to E. Then they
induced a duality between Hol(DD, E) and the Schur class 82 of the bidisc. Finally, they used
Hilbert space models for the Schur class S to obtain a necessary and sufficient condition

for the existence of a rational tetra-inner function  : D — I, (see Theorem 2.2.4).

1.2 Historical remarks

The structured singular value of a matrix was first introduced by J. C. Doyle [Caltech, USA]
and G. Stein [Honeywell Laboratories, USA] in 1980s [23] and studied further in [21, 22] by
Doyle. The motivation was a fundamental question which arises in H* control theory, the
p-synthesis problem. It is a problem of robust stabilisation of a system which is subject
to structured uncertainty. It is a fact that this type of problem has led to interpolation
problems; see for example [21]. Although the p-synthesis problem is still unsolved, there
are computational approaches: see for example [19]. Accordingly, the study of even special
cases of the problem will throw the light on the difficulty of the more general cases and
provide a test tool for the existing software.

The tetrablock E arose in connection with the study of the j1p;q4-synthesis interpolation
problem [2]. In [2] Abouhajar, White and Young [all at Newcastle University, UK], proved
connections between fip;q4-interpolation problem and tetra-interpolation problem and pre-
sented some geometrical properties of the tetrablock. They showed that IE is non-convex
and polynomially convex. Further, the authors showed that the Carathéodory distance and
the Lempert function of E coincide with one of the arguments fixed at the origin. They
also provide a proof of a Schwarz lemma for the tetrablock and described a large group of
automorphisms of £ which they conjectured to be the group of all automorphisms of the
tetrablock. Later, in [38] Young proved that this group of automorphisms is indeed the
group of all automorphisms of E. Moreover, he showed that the tetrablock is inhomoge-
neous and not a holomorphic retract of the unit ball of the space of 2 x 2 matrices.

During the last 30 years, attempts to solve the p-synthesis problem have led to the
study of several domains in C". For instance, the symmetrised bidisc in C2?, which was
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introduced in [10] by Agler [UC San Diego, USA] and Young; the tetrablock in C? in [2],
pentablock in C? by Agler, Lykova and Young in [6]; the symmetrised poly-disc in [26]
and the generalised tetrablock in C" [39] have all been studied. These domains turned out
to have rich structures, and they drew the attention of specialists from several complex
variables and operator theory areas.

The pentablock is defined to be the bounded domain

P = {(agl,tr A,det A) 1 A = [aij}ijzl € ]B2><2} cC?

where Byyo is the open unit ball in the space of 2 x 2 complex matrices. In [6] the
authors gave a number of characterisations of the domain P. They proved some basic
complex geometry of P. In particular, it is nonconvex, polynomially convex, starlike
and intersects R® in a convex bounded set with five faces. They gave a description of
the distinguished boundary and studied the connection between the pentablock and the
symmetrised bidisc. A group of automorphisms of P is described. It was shown later, by
L. Kosinski [Jagiellonian University, Poland] in [31], that this group forms the whole group
of automorphisms of P.

The Lempert theorem asserts that for any bounded convex domain 2 C C", the
Carathéodory distance and Lempert function coincide. It was an open question for more
than 20 years regarding whether there exists a domain which cannot be exhausted by
convex domains with the property that the Carathéodory distance and Lempert function
coincide. In 2004, Agler and Young [12] proved that the symmetrised bidisc is such a
domain. Costara in [20] proved that G is not isomorphic to a convex domain. Later in
[25], A. Edigarian, Kosinski and W. Zwonek [all at Jagiellonian University, Poland] proved
that I cannot be exhausted by any convex domains and yet the Carathéodory distance
and the Lempert function are equal on E. In [5], Agler, Lykova and Young studied the
3-extremal holomorphic maps. These are the maps from D to G, whose restriction to
any three distinct points in D gives interpolation data that are extremally solvable. They
describe a large class of such maps; these maps are rational of degree less than or equal to
4.

As a generalisation of the symmetrised bidisc, D. J. Ogle [Newcastle University, UK]
in [32] established the study of the symmetrised polydisc, also known as the symmetrised
n-disc. In his PhD thesis he studied the connection between the symmetrised polydisc and
the solvability of the nxn spectral Nevanlinna-Pick Problem. He used an operator theoretic
approach. In [32], Ogle gave an extended necessary condition for the solvability of the nxn
Nevanlinna-Pick problem. He derived a necessary condition for the existence of solution
for the spectral n x n Nevanlinna-Pick problem by establishing necessary conditions for
n-tuples of commuting operators to have the symmetrised polydisc as a complete spectral
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set.

In [15], G. Bharali [Indian Institution of Science, Bangalore, India] introduced a large
family of domains related to the p-synthesis problem, called ji ,,-quotients. This family
contains some known domains, such as the symmetrised polydisc and the tetrablock. The
author studied analytic interpolation from D into the space of n x n matrices A with
structured singular value y1 ,(A) less than 1. He showed that such an interpolating problem
is equivalent to an interpolation problem from D to the associated i ,-quotient domain.
In addition, he introduced characterisations of 1 ,.

The generalised tetrablock, was introduced by P. Zapalowski [Jagiellonian University,
Poland] in [39]. It contains the family of p4 ,-quotients which was introduced by Bhar-
ali in [15]. The paper showed that the generalised tetrablock IE,,n > 2, cannot be ex-
hausted by domains which are biholomorphic to convex ones. It is also proved that the
Carathéodory distance and Lempert function are not equal on a large subfamily of the
generalised tetrablocks for n > 4. In addition, he studied the complex geometry of the
generalised tetrablocks n > 4 and showed that none of them is convex or starlike about
the origin.

A subset V' of a domain U € C" has the norm-preserving extension property if every
bounded analytic function on V' has an analytic extension to U with the same norm. In
[8] Agler, Lykova and Young showed that an algebraic subset V' of the symmetrised bidisc
G has the norm-preserving extension property if and only if V' is either the whole set G,
a singleton, a complex geodesic of G, or the union of the set {(2\,A\?) : |A\| < 1} and a
complex geodesic of degree 1 in G. They also proved that the complex geodesics in G
coincide with the nontrivial holomorphic retracts of G (see Definition B.0.33).

1.3 Main results
The closed tetrablock is the subset of C? defined by
E={ze€C:1—212—mw+a32w £0 for |z| <1,|w| <1}

In this thesis we study rational E-inner functions. We define a rational E-inner function
to be a rational analytic function from D into |E which maps T into bE where bE is the
distinguished boundary of I, or Shilov boundary. The distinguished boundary bE of I is

VE = {2 = (21,29, 23) € C* : 21 = Tows, |w3] = 1 and |zo] < 1},

see [2].
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Definition 4.2.1. The degree of a rational E-inner function x, denoted by deg(x) is
defined to be x,(1), where x, : Z. = m(T) — 71 (bE) is the homomorphism of fundamental
groups induced by x when x is regarded as a continuous map from T to bE.

Proposition 4.2.4. For any rational B-inner function v = (x1, s, x3), deg(z) is the
degree deg(x3) (in the usual sense) of the finite Blaschke product xs.

Theorem 4.3.1. If x = (1,29, 73) is a rational B-inner function of degree n then there
exist polynomials E1, Ey, D such that
(1) deg(E1)7 deg(E2)7 deg(D) <n,

(ii) D(\) #0 on D,

n

(ili) z3 = 25~ on D,  where D~"(X) = A"D(1/X),

(iv) = = % on D,

(v) 2o =22 on D,
(vi) |E:(N)| < [D(A)| on D, for i=1,2,
(vii) Ei(\) = E5™(\), for A € D.

Conversely, if Ey, Ey and D satisfy (i),(vi) and (vil), D(A) # 0 on D and 1,22 and
x3 are defined by (iii)—(v), then x = (21, T, x3) is a rational B-inner function of degree at
most n.

Furthermore, a triple of polynomials Ei, E3 and D' satisfies (i)—(vii) if and only if there
exists a real number t # 0 such that

El =tF,, E)=tE, and D'=tD.

Proposition 5.2.5. If x is a non-constant rational E-inner function, then either

2(D) = Ry or x(D) meets Ry evactly deg(x) times.

E, Ey D™
D’ D’ D
R(\) = (D™"D — EE>)()). We call the points o € D such that R(c) = 0 the royal nodes
of x.

Let z = be a rational E-inner function. The royal polynomial of x is
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Theorem 5.2.10. Suppose that o, ...,ap € D and of, ...,af, € D, where ky + ko = n.
Suppose that o1, ...,0, € D are distinct from the points of the set {aé,j =1,..,k,1 =
1,2} N'T. Then there exists a rational B-inner function v = (x1, 15, 23) : D — E such that

(1) the zeros of x, in D, repeated according to multiplicity, are ol ..., 04/,1€1 ;
(2) the zeros of x4 in D, repeated according to multiplicity, are o2, ..., Oz,%z ;

(3) the royal nodes of x are oy, ...,0, € D, with repetition according to multiplicity of the

nodes.

Such a function x can be constructed as follows. Let t; > 0 and let t € C\{0}. Let R be
defined by

n

RO =t [[A = 0,)(1 - 330,

j=1
Let Ey be defined by
k‘1 k’2
Ey(\) =t[[(x—ah) JJa —an).
j=1 j=1

Then (i) and (ii) hold:
(i) There exists an outer function D of degree at most n such that
ATR(A) + [Ex(N)|* = [DOV[?
forall N € T.

(ii) The function x defined by

E, ET™ D™
r=|—=
D" D’ D
is a rational B-inner function such that the degree of = is equal to n and conditions

(1), (2) and (3) hold. The royal polynomial of x is R.
Proposition 6.1.3. The following sets are convez:
(1) EN(C? x {x3}) for any x5 € D;
(2) bEN (C* x {x3}) for any z3 € D.

We have shown that the set of all E-inner functions is not convex.
Theorem 6.2.1. For a fixed inner function z3, the set of E-inner functions (z,, zs, z3) is
convex.
Theorem 6.2.12. Let x € R™*. If 2k < n, then z is not an extreme point of the set of

rational E-inner functions 7.
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1.4 Description of results by section

In Chapter 2, we recall the main properties of the tetrablock. Most of the definitions and
results in this chapter are from [2]. We present a number of characterisations for £ and I in
Theorems 2.1.4 and 2.1.5 respectively. We state that the solvability of the pp;q4-synthesis
problem is equivalent to the solvability of the tetra-interpolation problem in Theorem 2.2.3
and Theorem 2.2.4. Chapter 2 concludes with a number of equivalent definitions for the
distinguished boundary in Theorem 2.3.1 and for the topological boundary in Corollary
2.4.2.

In Chapter 3, we recall the definitions of the symmetrised bidisc G and its closure I'. We
recall characterisations of the topological and distinguished boundary of G in Proposition
3.1.4 from [7]. We also provide the definition of the I'-inner functions. Finally, we recall a
description of rational I'-inner functions of prescribed degree n in Proposition 3.3.4 from
[7]. B

In Chapter 4, we define the degree of a rational E-inner function by the means of
fundamental group m;. In Proposition 4.2.4, we show that deg(z) is the degree of x3 in
the usual sense of finite Blaschke products. We also define the E-inner functions. Then
we study the relation between G and E in Lemmas 4.1.5, 4.1.6 and 4.1.7. Specifically, in
Lemma 4.1.6, for x = (z1, 19, 23) € C3, we show that

r = (21,29,23) € E

if and only if, for every a € D,
(axy + axq,x3) €T

This result allows us to study the connection between I'-inner functions and E-inner func-
tions, see Lemma 4.1.9. In Theorem 4.3.1, we give a description of all rational tetra-inner
functions of degree n, then give examples of rational tetra-inner functions.

In Chapter 5, we define the royal variety, the royal polynomial, the royal nodes and the
multiplicity of the royal nodes. In Theorem 5.2.4, we show that if x is a rational E-inner
function such that x has exactly n royal nodes in D, where k of them lie in T, then the
degree of x is exactly n. In Theorem 5.2.5, we prove that if z is a non-constant E-inner
function, then either # maps D to Ry or (D) meets Ry exactly deg(x) times. In Theorem
5.2.10 we construct a rational E-inner function from the royal nodes of = and zeros of z;
and z5. In Example 5.2.12, we use Theorem 5.2.10 to construct a concrete rational E-inner
function of degree 1. Theorem 5.2.14 is the converse of Theorem 5.2.10.

This thesis concludes with Chapter 6. In this chapter, we study the convexity and the
extremality of certain subsets of IE and subsets of E-inner functions 7. Although E and J
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are not convex, their subsets with a fixed x3 are convex. Specifically, by Proposition 6.1.3,
the subset
EN (C* x {z3}) for any fixed x5 € D is convex.

The subset of J with a fixed inner function 3 is convex (Theorem 6.2.1). In Section 6.2,
we present extreme points of 7. In Theorem 6.2.12, we show that whether x € R™* is an
extreme point of J depends on how many royal nodes lie on T. In more detail,  which
has n royal nodes where k of them are in T cannot be an extreme point of 7 if 2k < n.
We provide a class of extreme functions of the set 7 in Proposition 6.2.14.

In the Appendix we give some essential supplementary material. In Section A, we
provide the basic background of the fundamental group. Section B contains the basic

definitions and results required throughout the thesis.

10



Chapter 2

The tetrablock E

2.1 Introduction to the tetrablock

Definition 2.1.1. The tetrablock is the domain defined as

E={rcC®:1—22— 2w+ x32w #0 for |z| <1, |w| <1}.

The closure of the tetrablock is denoted by E. It is shown in [2, Theorem 2.4] that

E={zeC:1—-x1z—20w+a3200#0 for |z| <1,|w| <1}

Despite the fact that I is not convex, its intersection with R? is. It is proved in [2]
that E N R? is the open tetrahedron with the vertices (1,1,1), (1, —1,—1),(-=1,1,—1) and
(—1,—1,1), see Figure 1.

The next step is to define some rational functions which play an important role in the
study of the tetrablock.

Definition 2.1.2. For x = (11,29, 23) € C3 and 2z € C we define

T3z — T1

Y(z,z) = —, whenever xoz # 1,
Toz — 1
Y(z,z) = w, whenever x1z # 1,
r12—1
D(z) = sup|¥(z,2)|.
zeD
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2.1. Introduction to the tetrablock

(—1,-1,1)

(1,1,1)
! (—1,1,-1)

(1,-1,-1)

Figure 2.1: The tetrablock IE intersects R? in a regular tetrahedron

Clearly, the function ¥(., z) is defined if either x5z # 1 or x1x9 = 3, while the function

Y(.,x) is defined in the case that either z1z # 1 or xyx9 = 3.

Remark 2.1.3. In the case that x5 = x1x49, 2 € C,

1Tz — w1 xp(m2 — 1)

\ _ _ _
(2,2) Toz — 1 T9z — 1 o
and
T1Taz — Ty To(r12 — 1)
Y(z,x) = = = Ts.
(2,2) Tz —1 Tz — 1 2
The quantity D(z) is given by:
|ZL‘1—ZE2$3|+|5E1ZEQ—JZ3’ 1f |x2| <1
1 — |zof?
D(‘T) = |ZL‘1| if T1T9 = T3
00 otherwise.

12



2.1. Introduction to the tetrablock

Let us look at the three cases in more detail.
Case 1. If x5 € D, applying Lemma B.0.10, we can see that the linear fractional transfor-
mation ¥ maps D to another disc with centre and radius

Tr1 — le’g ‘33’1.172 — .Tg‘
1—lz2? 7 1= Jaf?

respectively. Thus

D(r) = sup [W(z, )] = (1T e — 0

zeD 1— ‘x2’2

Case 2. If 2129 = 23, we obtain the constant function ¥(.,z) = z; and hence D(z) = |z4].
Case 3. D(x) is infinite otherwise.

One can also see that if 27 € D, Y(., z) maps D to the open disc with centre and radius

To — flx;; |I1[E2 — J/’3|
1= lz? 7 1= anf?

respectively.

Theorem 2.1.4. [2, Theorem 2.2] Let x € C3. The following are equivalent,

(1) z € E;

(2) [[W(.,2)||ge <1 and if x129 = x3, then |za| < 1;

3) [|IY(.,2)||lge < 1 and if x1x9 = x3, then |z1] < 1;

(4) |21 — Tows| + |v120 — 23] < 1 — |22)?;

(5) |z — Tras| + |r120 — 23| < 1 — |24]?;

(6) |r1 — Toxs| + |we — Tyws| < 1 — |z3]?;

(7) there exists a 2 x 2 matriz A = [a;;] such that ||A|| <1 and x = (a11, age, det(A));

(8) there exists a symmetric 2 X 2 matriv A = [a;;] such that ||A]| <1 and
T = (an, a9, det(A)),

(9) |z3| < 1 and there ezist By, Pa € C such that |Bi| + |2 < 1 and
21 = B1 + By, @2 = Py + Bras.
Theorem 2.1.5. [2, Theorem 2.4] Let x € C3. The following are equivalent,

13



2.2. The tetrablock and the pip;qq-synthesis problem

(1) z € E;

(2) [W(.,2)|lge <1 and if x132 = x5, then |zo| < 1;

(3) [IY(.,2)||ge <1 and if x122 = a3, then |zq| < 1;

(4) |71 — Tows| + |T129 — 3] < 1 — |20

(5) |ro — Tyas| + w120 — 23] < 1 — |24|%

(6) |x1 — Tows| + |z2 — Tyas] < 1 — |x3]%;

(7) there exists a 2 x 2 matriz A = [a;;] such that [|A|] <1 and x = (a11, az, det(A));

(8) there exists a symmetric 2 X 2 matriv A = |a;j] such that ||A]| <1 and
T = (CLH, a9, det(A)),

(9) |z3| <1 and there exist By, B2 € C such that |51| + |B2] <1 and
vy = P14 Bots, w2 = Po+ By

Lemma 2.1.6. [2, Theorem 6.4] Let x = (1,9, 23) € B. Then (z1, Ty, x3) — (19, 71, 73)

is an automorphism of .

Proof. This follows immediately from Theorem 2.1.5 (5) and (6). See the description of
the group of automorphisms of IE in 2, Theorem 6.4]. O

Definition 2.1.7. x = (21, x9,23) € E is a triangular point if z129 = x3.

Theorem 2.1.8. [2, Theorem 2.9] E is polynomially convex.

2.2 The tetrablock and the pp;,,~synthesis problem

Definition 2.2.1. We define the map « : C**2 — C? for a matriz A =
a1 22

a1 aiz| .
Zn@2><2

to be
7T<A) = ((111, a9, det(A))

and > to be
Y= {A € C¥?%: lipigy(A) < 1}

where [ipiag(A) is defined by equation (1.1.1).

14



2.2. The tetrablock and the pip;qq-synthesis problem

Theorem 2.2.2. [2, Theorem 9.1] Let x € C3. Then x € E if and only if there emists
A € 0?2 such that

r=m(A) and  ppieg(A) < 1.

Similarly, x belongs to the closure E of the tetrablock if and only if there exists A € C**?
such that

x=m(A) and Kpiag(A) < 1.

Theorem 2.2.3. [2, Theorem 9.2] Suppose that A\i,...,\, € D are distinct points and
Ay = [afj] € ¥ are such that af,a5, # det(Ag), 1 < k < n. The following conditions are
equivalent.

(1) There exists an analytic function F: 1D — 3 such that F(A\;) = A, 1 <k <n;

(2) There exists an analytic function ¢ : D — E such that o(A\y) = w(Ayg), that is,
(M) = ( lf1aa§27det(Ak)), k=1,2,...,n.

F
D——
¥

E(TM

In the following theorem the authors give a necessary and sufficient condition for the
solvability of a pp;qg-synthesis problem by a rational E-inner function.

Theorem 2.2.4. [18, Theorem 1.1 and Theorem 8.1] Let Ay, .., \, be distinct points in D
and let Ay = [af;] € C*** be such that af,af, # det(Ag), 1 <k <n. Let

(2,28, 25) = (al, aby, det(Ar)), 1<k <n.
The following two conditions are equivalent.
(1) There exists an analytic 2 X 2 matriz function F' in D such that
F(/\k):Ak f07“ k:1,..,n,

and

Lpiag(F(N)) <1 forall X e D;

15



2.3. The distinguished boundary of the tetrablock

(2) there exists a rational E-inner function x : D — E such that

e(\) = (a¥, 28,28 for k=1,.,n.

Theorem 2.2.4 shows that the solvability of the fipiqg-synthesis problem is equivalent to
the solvability of the tetra-interpolation problem. Therefore, the understanding of rational
E-inner functions will be useful for such p-synthesis problems.

2.3 The distinguished boundary of the tetrablock

Let IE be the tetrablock. By Theorem 2.1.8, the tetrablock is polynomially convex. There-
fore, there exists a distinguished boundary bIE of E. Let A(IE) be the algebra of continuous
scalar functions on E that are holomorphic on E endowed with the supremum norm. If
there is a function f € A(E) and a point p in I such that f(p) = 1 and |f(z)| < 1 for all
r € E\{p}, then p € bE and is called a peak point of E and the function f is called peaking
function for p.

Theorem 2.3.1. [2, Theorem 7.1] For xz € C? the following are equivalent.
(1) z1 =Taxs, |zs| = 1 and |xo| < 1;

(2) either x1xoFxs and W(.,x) is an automorphism of D or x1xe = x5 and |x1| = |z5| =
w3 = 1;

(3) x is a peak point of E;
(4) there exists a 2 x 2 unitary matriz U such that x = w(U);
(5) there exists a symmetric 2 X 2 unitary matriz U such that x = w(U);
(6) = € bE;
(7) 2 € E and |x3| = 1.
Lemma 2.3.2. Let v = (z1, 72, 23) € C®. Then x € bE if and only if
To =T1x3, |r3| =1 and |x1] < 1.
Proof. By Theorem 2.3.1 (1),

v €WE & @z =Toxs, 3| =1 and |1y < 1.
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2.4. The topological boundary of the tetrablock

Since |z3| = 1 this implies T3r3 = 1. Now, since z € bE,

r1 = Tx3, and so

r1 = 13253.

Thus 723 = 22323 = 3. Note, by Theorem 2.1.5, |z;| < 1.
Conversely, if
Ty = flﬁg, |$3| =1 and |1’1| S 1

then, similar to the previous steps, one can show that z € bE. Therefore,

x € bE if and only if 29 = Tyws, |v3| =1 and |z, < 1.

2.4 The topological boundary of the tetrablock

The topological boundary of E is denoted by OF . Recall that the tetrablock is a subset
of C? such that, for z = (21,79, 73), z € E if and only if

|zo|® + |21 — Tows| + |1172 — 23] <1 and  |zy| < 1.
In Abouhajar’s PhD thesis [1], the following was shown.

Lemma 2.4.1. [1, Lemma 4.2.1] Let € C3. Then z € OE if and only if
|ZL‘1 —fgl'3| + |ZL‘1I2 — I'3| =1- |I’2|2 and |J}1| S 1.

Corollary 2.4.2. [1, Corollary 4.2.7] Let & = (21,72, 73) € C3. Then the following are

equivalent.

(1)
(2) |v1 — Toxs| + |x120 — 23] =1 — |20 and |z < 1.
(3) |wo — i3] + |w1we — 3| =1 — |21 and || < 1.
(4)

4) There exist b, ¢ € C such that bc = x125 — x3 and

T b
C T3
(5) There exist b, c € C such that [b| = |c¢| = \/|z122 — 23|, bc = x129 — 23 and

il b
C I9

=1

=1

17



2.4. The topological boundary of the tetrablock

(6) 1— |o1|> = |zo|? + |23]> = 22122 — 23| = 0, and |z1| < 1, |25| < 1, |23| < 1.
(7) 1 — |[L’1|2 —|— |[E2|2 — |I3|2 — 2|l‘1f3 —f2| = 0, and |ZL’1| S 17 |[E2| S ]_

(8) 1+ |z1)? — |wa]® — |w3]* — 2|xoT3 — 71| = 0, and |z1| < 1, |z5] < 1.

18



Chapter 3

The symmetrised bidisc and I'-inner

functions

3.1 Introduction to the symmetrised bidisc
We define the symmetrisation map on C? by

5 C*—(C?

(z,w) — (z + w, zw)

Consider the bidisc D?* = {(z1, 29) : |21] < 1,]22] < 1)}. The image of D? under the

symmetrisation map ¢ is called the symmetrised bidisc.

Definition 3.1.1. The symmetrised bidisc is the set
def
G = {(z+w,2w): 2| <1,Jw| <1},

and its closure s

def

I = {(z+w,zw):|z| <1, Jw| <1}

In 1995 Jim Agler and Nicholas Young started the study of the symmetrised bidisc
with the aim of solving a robust control problem in H* control theory. Although, the aim
has not yet been achieved, it turned out that the symmetrised bidisc has a rich structure
and it has attracted the several complex variables and operator theory specialists’ attention.

In this chapter, we review some background materials for the symmetrised bidisc and
rational I'-inner functions. Afterwards, we focus on the connection between the two-by-
two spectral Nevanlinna-Pick problem and ['-interpolation problem. Finally, we recall a
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3.1. Introduction to the symmetrised bidisc

description of rational I'-inner functions of prescribed degree. Most of the material in this
chapter is given in [3, 4, 7, 11, 12, 13].
We denote by A the spectral unit ball,

A={AecC¥? . r(A) <1}
An equivalent definition of the closed symmetrised bidisc is
I' = {(trA,detA): Ae A}.

Define a function ® : C3 — C by

2zp — s

O(z,s,p) = , for (z,s,p) such that zs # 2.

2—2zs
This rational function, which was introduced in [13], plays an important role in the study
of the symmetrised bidisc. Clearly, for z € D the function ® is defined for (s,p) € I'. In
the special case, when (s,p) € I' and s? = 4p,

2zp—s 2z§ —s  Ss(2—zs) 1

@ == = = = ——8§.
(2,5,p) 2 —zs 2 —zs 2 —zs 28

The following lemma gives a a characterisation of points of T'.
Lemma 3.1.2. [13, Lemma 1.2] For s,p € C the following conditions are equivalent:
(1) (s,p) €T

(2) |s| <2 and, for all z € D,

Theorem 3.1.3. [12, Theorem 2.3] G is non convex, polynomially convex, and starlike
about (0,0,0).

Proposition 3.1.4. [4, Proposition 3.2] Let (s,p) belong to C*. Then

(i) (s,p) belongs to G if and only if
|s —spl < 1—1pl*
(ii) (s,p) belongs to T' if and only if
|s| <2 and |s—3p| <1—|p|*

20



3.2. The two-by-two spectral Nevanlinna-Pick problem and the I'-interpolation problem

(iii) (s,p) lies in b if and only if

pl=1, |5 <2 and s—3p=0;

(iv) (s,p) € O if and only if

|s| <2 and |s—3p|=1-|p

Definition 3.1.5. A I'-inner function is an analytic function h : D — ' such that the
radial limit

hI{{ h(r\) (3.1.1)

exists and belongs to bI' for almost all A € T with respect to Lebesgue measure.

I-inner functions were defined in [4]. By Fatou’s Theorem, the limit (3.1.1) exists for
almost all A € T.

3.2 The two-by-two spectral Nevanlinna-Pick prob-

lem and the I'-interpolation problem

In [11] Agler and Young showed the connection between the two-by-two spectral
Nevanlinna-Pick problem and the I'-interpolation problem. Instead of studying the inter-
polation problem from D into the 4-dimensional domain of the 2 x 2 matrices, they studied
the interpolation problem from D into the compact 2-dimensional set I'.

Theorem 3.2.1. [11, Theorem 2.1] Let Aq,..., A, € D be distinct and A;,..., A, €
C?%2. Suppose that either all or none of A,..., A, are scalar matrices. The following are

equivalent:

(1) there exists an analytic 2 x 2 matrix function F : D — C?*? such that
r(F(A) <1 forallAeD and  F(\) =Ax, k=1,...,n;
(2) there exists an analytic function i : D — I' such that
h(A\g) = (trAg,det Ay), k=1,...,n.

Theorem 3.2.2. [3, Theorem 8.1] Let Aq,..., A\, € D be distinct and let (s, py) € T for
k=1,....,n. The following are equivalent:
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3.3. Description of rational I'-inner functions

(1) there exists an analytic function h : 1D — T" such that
h()\k) = (Sk,pk), k= 1,...,n.
(2) there exists a rational I'-inner function h : D — T satisfying

h(Ak) = (sipe), k=1,....n.

3.3 Description of rational I'-inner functions

Definition 3.3.1. Let f be a polynomial of degree less than or equal to n, where n > 0.
Then we define the polynomial f~™ by

FHA) = A" F(L/N).

The polynomial [ is defined by

Note: f~™(\) = A"f(1/X) = A" fY(1/N).

The following result is well-known.
Lemma 3.3.2. Let f be a polynomial of degree k. For n >k, (fN”)Nn(/\) = f(N).

Proof. Let f(\) = ag + a;A + -+ + apA¥ where a; € C for j = 1,...k and a; # 0. By
Definition 3.3.1,

) = ()
Y
B o w1y

nf— a1 ay
= A (ao—i-y—i-...—i—ﬁ)

= TGN+ T\ T+ AR,

Applying the definition again yields

MM N e (1N — e %0 G Gk
()0 =T = (i )
= ag+am A+ +a,\
= f(N).
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3.3. Description of rational I'-inner functions

Corollary 3.3.3. [4, Corollary 6.10] If (s,p) is a rational T'-inner function, then s and p
can be written as a ratio of polynomaials with the same denominators. Suppose that

ARDY (V)

p

p(\) = CW

where |c| =1,k > 0 and D, is a polynomial of degree n such that D,(0) = 1. Then s can
be written as

AN
W=D,

where 0 < ( < %(n + k) = %d(p), and Ny is a polynomial of degree d(p) — 2¢ such that
N4 (0) # 0. Moreover, if Ng(\) = Z?;rg*% bjN then

b = cl_)n+k,2g,j forj=0,1,...n+k—2¢.
The degree of s is at most max {n + k-4, n}

Proposition 3.3.4. [7, Proposition 2.2] If h = (s,p) is a rational T'-inner function of
degree n then there exist polynomials 2 and D such that

(i) deg(E),deg(D) <n,
(i) B~ = E,
(iii) D(A) # 0 on D,

(iv) [EN)] <2|D(A)| on D,

on D,

(v) s =

~1

E
D
D

(vi) p= 5 on D.

Furthermore, Ey and Dy is a second pair of polynomials satisfy (1)—(vi) if and only if there
exists a nonzero t € R such that

E1 =tK and D1 =1tD.

Conversely, if E and D are polynomials satisfies (i), (ii), (iv), D(A) # 0 on D, and s and

p are defined by (v) and (vi), then h = (s,p) is a rational I'-inner function of degree less
than or equal to n.
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3.3. Description of rational I'-inner functions

The royal variety Rr of the symmetrised bidisc is
Rr = {(s,p) € €2 52 = 4p}.

Definition 3.3.5. [7, Page 7] Let h = (s,p) be a I'-inner function of degree n. Let E and
D be as in Proposition 3.3.4. The royal polynomial Ry, of h is defined by

Ri(\) = 4D(A\)D™"(\) — E(\)*.

Definition 3.3.6. [7, Definition 3.6] Let h be a rational T -inner function such that h(D) ¢
RrNTI. Let Ry be the royal polynomial of h. If o is a zero of Ry, of order £, we define the
multiplicity #0 of 0 (as a royal node of h) by

14 if o €D,

#0 =9, ‘
56 ZfGeT.

We define the type of h to be the ordered pair (n, k), where n is the sum of the multiplicities
of the royal nodes of h that lie in D, and k is the sum of the multiplicities of the royal
nodes of h that lie in T. We define R}Lk to be the collection of rational I'-inner functions

h of type (n, k).

Theorem 3.3.7. [7, Theorem 3.8] If h € Ri* is nonconstant then deg(h) = n.
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Chapter 4

Rational E-inner functions

In this chapter we give a definition of the degree of a rational tetra-inner function z by
means of the fundamental group 7. Recall that the rational inner functions on D of degree
n are exactly the finite Blaschke products of degree n. As an analogue of this description
of rational inner functions on ID we describe all rational E-inner functions on D in Theorem
4.3.1. In [7], the authors describe all rational I'-inner functions (see Proposition 3.3.4). We
use this description and the connection between I'-inner functions and E-inner functions

to describe all rational E-inner functions on D.

4.1 Definition of E-inner functions

Definition 4.1.1. An E-inner function is a map f : D — E that is analytic and is such
that the radial limit
lim f(r)\)

r—1-

exists and belongs to bE for almost all X\ € T with respect to Lebesque measure.

Remark 4.1.2. Let x : D — E be a rational E-inner function. Since x is rational and
bounded on D it has no poles in D and hence x is continuous on D. Thus one can consider
the continuous function

7:T — bE, where  T(A) = lim z(r\) for all A € T.

r—1-

Later we will use the same notation x for both continuous functions x and .
Lemma 4.1.3. Let x = (11,75, x3) be an E-inner function. Then

(i) 21 (A) = 22(N)z3(N), |22(N)| < 1 and |x3(N)| =1 for almost all X € T;
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4.1. Definition of E-inner functions

(i) w3 is an inner function on D.
Proof. (i) By the definition of E-inner function
z(A) = (z1(N), 22(\), 23()\)) € bE, for almost every A € T
and, by Theorem 2.3.1,
r1(A) =T2(N)zs3(N), |zs(A\)|=1 and |ze(A)] <1 for almost all A € T.

(ii) Since
r3:D =D and, foralmostall A\ €T, |z3(\)] =1,

3 1s an inner function. O

Remark 4.1.4. Let v = (11,79, 23) be a rational E-inner function. By Lemma 4.1.3, x3
1s an inner function on D, and so x3 is a finite Blaschke product.

In [16] the author shows that there is a relation between points in the symmetrised
bidisc and the tetrablock as follows

Lemma 4.1.5. [16, Lemma 3.2] A point x = (xy, 19, 23) € C* belongs to the tetrablock if

and only if the pair (xq + zxq, zx3) is in the symmetrised bidisc G for every z € T.
Proof. By Proposition 3.1.4 (i), (s,p) € G if and only if

|s —3p| < 1—|p|°. (4.1.1)
Suppose that x = (1,79, 23) € E, s, = 21 + 2z and p, = zx3.

|s, —Sop.| = |x1+ zm9 — (1 + 222) 223

|x1 + 229 — 2T723 — Tows

|71 — Taws + 2(22 — Tywy))|

IN

|z1 — Taxs| + |xg — Trxs), since |z| =1,

1 —|a3/* =1~ |p.]*, by Theorem 2.1.4 (6).

A\

Hence (s,,p.) € G.
Conversely, let x = (21, 72, 73) € C® and, for z € T, let

S, =x1+2ry and p, = zx3. (4.1.2)

Suppose for all z € T, we have (s,,p.) € G. We want to show that x = (z1,x2,23) € E.
Let us prove that

|.’L’1 — LU_2$3| + |.T2 — ;C_1233| <1-— |.’133|2.
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4.1. Definition of E-inner functions

By assumption for all z € T, |s, — 5,p.| < 1 — |z3]?. By equations (4.1.2), we have

|21 — Tows + 2(w2 — Tyws)| < 1— |zs]?, forall z € T. (4.1.3)
Let
z = el 6 € (0, 27];
w, = 1] — Taxs = |w |e 0, € (0,27];
Wy = X9 — T1T3 = |wo|e® 0y € (0,27].

Now substitute z, w; and w9 in inequality (4.1.3)
||w1|ei91 + ei9(|w2|6i92)| <1— |$3|2‘
This implies that
|Jwi e + |w2|ei(9+92)} <1—|xs)? for all ”.
We can choose 0 such that 0 + 6, = 6, that is, 0 = 6; — 6,. Hence
|[wi]e™ + [ws|e| = [ [wi] + [ws| = |wi| + |ws| = |21 — Taws| + |22 — Trws| < 1— |as]”.

By Theorem 2.1.4 (6), (21,22, z3) € E.
]

Lemma 4.1.6. A point v = (1,79, x3) € C® belongs to the tetrablock if and only if for
every a € D, (ax, + Gxg,x3) €T

Proof. Suppose x = (1,72, 73) € B. Consider (s,,p,) = (ax, + @y, r3). By Proposition
3.1.4 (ii), (s,p) € I' if and only if

|s —3p| < 1—|p/* (4.1.4)

Sa — 8aPa| = |axy+axs — (az) + Gxy)2s)

= |azy + axe — aT T3 — aTax3|

= |a(xy — Taz3) + a(xe — Tyas)| (4.1.5)
< la(zy — Taw3)| + |a(zy — T1w3)],

<z — Tgxs| + |20 — Trxs), since |a] <1,

< 11— |ws)? by Theorem 2.1.5 (6). (4.1.6)

Thus, |Sq — Sapa| <1 — |23 =1 — |pa|?>. Hence (s,,p,) € T.
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4.1. Definition of E-inner functions

Conversely, let © = (21,29, 23) € C3. Suppose for every a € D, we have (sq,p,) € T

where

Sq = ax1 + axs

By equations (4.1.5) and (4.1.7), we have
|5
Take a € T, then
a=e¢"
wy = 1] — Toxz = |w|e?

Wy = Ty — T1x3 = |wy|e™?

and p, = 3.

— SaPa| = |a(z1 — Taxs) +a(z2 — Tiw3)| < 1 — [pa

(4.1.7)

2, foralla €D. (4.1.8)
0 € (0, 2r];
‘91 S (0,27?];
92 S (0,27’(‘]

Substitute a, wy and wsy into inequality (4.1.8), we get

|a(zy — Taws) + alzs — Tras)| = || + e Plwa|e®| = |[wi|e"®T) + [ws|e’ )]
S 1- |.T3‘2,
0y — 04
for every 6 € (0,27]. Now choose 6 = to get
w1 — Taws| + |22 — Tras] |wi| + |ws

0o+

15| (wy | + |ws])

- Hw1|ei(92if1

0o —

_ Hw1|€z‘( 201+01)+|w2|6i(92— 5

Therefore © = (21, x9,x3) € E.

) + |w2|€i( ?

0246, )}

05—61

)’ S 1-— |$3|2.

]

Lemma 4.1.7. Let s,p € C be such that |s| <2 and |p| < 1. The pair (s,p) belongs to T’

if and only if (%s, %s,p) cE.

Proof. By Theorem 2.1.5 (6),

Thus

—~
—_

35— 350 + 35 — 530 < 1—|p|*.

1s,is;p) e E & 2lis—1isp|<1—|pf

& [s—3sp| <1—p”
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4.1. Definition of E-inner functions

By assumption |s| < 2, hence by Proposition 3.1.4 (ii),
(35,35,p) € E< (s,p) €T
O]

Proposition 4.1.8. The symmetrised bidisc G is an analytic retract in the tetrablock IE.

Proof. For (s,p) € G the map
t:G—E

with (s, p) = (%s, %S, p) € [ is a holomorphic injection with left inverse
kE-E— G

where k((zl,zz,z?,)) = (21 + 29,23). Now kot: G — G and
(kou)(s,p) = k(35,55,p) = (35 + 35,p) = (s,p) = ide.

Therefore G is an analytic retract of IE. ]
Lemma 4.1.9. Let x = (11,75, 23) be a rational E-inner function. Then
(1) hi(A) = (@1(A) + 22(N), 25(N)), for X € D, is a rational T-inner function;
(2) hao(X) = (iz1(N) —iz2(N), z3(N)), for X € D, is a rational I'-inner function.
Proof. (1) By Lemma 4.1.5, for all A € D, z(\) € E implies that
(z1(A) 4+ 22(N), 23(N)) € G.

Consider hy = (s1,p1) where

s1(A) =21 (A) + 22(A) and  py(N\) = z3()), for A € D.

It is obvious that h; is a rational function from D to G. By assumption, = is an E-inner
function. Thus z(\) € bE for almost every A € T. By Theorem 2.3.1 and Lemma 2.3.2,
for almost all A € T,

To(N) = 21 (N zs(N),  z1(N) = 2o(N)zs(N),  |zs(V)] =1 and |zo(N)] < 1. (4.1.9)

It is clear that
PN = [zs(A)| =1 for A€ T,
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4.1. Definition of E-inner functions

and, for almost all A € T,

[si N = [21(A) + 22(N)]
|21 (A)] + [z2(A)]
2.

VARVAN

Since, for almost all A € T, xo(X) = x1(A)z3(\), we have

—

z1(A) + 22(N)]z3(A)

1(AN)z3(A) + 22(AN)zg(N), by equations (4.1.9),
1(A) + 22(A)

1(A)-

s1(A)pi(A) =

I
8

I
8

I
®

Hence s1(A) = s1(A)p1(A) for almost every A € T. Therefore, by Proposition 3.1.4 (iii), hy

is a rational I'-inner function.

(2) Following the same steps as (1), let ho(A) = (s2(A), p2(A)), where
s2(A) =iz (N\) —iza(N)  and  pe(N) = x3(\), A € D.

By Lemma 4.1.6, h, is rational function from D to G. Since z is an E-inner function,
2(A\) € bE for almost all A € T. By Proposition 3.1.4, to prove that hs is a rational I'-inner

function we need to show that
Ip2(N)] =1, [s2(N)] < 2 and s5(X\) = s2(A)pa(X)  for almost every A € T.
By Theorem 2.3.1, for almost all A € T, |p(A)| = |z3(\)| =1 and
[s2(M)] < fiza (M| + liza(A)] < 2.

By Lemma 2.3.2, 29(\) = z1(A)z3(\) for almost all A € T. Hence, for almost all A € T,

s2(Mp2(A) = [iz1(A) —ima(A)]zs(A)
= i(za(N))as(N) — Z(M)xd()\), by equations 4.1.9,
= iz1(N\) —iza(N)
= s3(N).

Hence s9(A) = s2(A)p2(A) for almost every A € T. Therefore, by Proposition 3.1.4, hy is a
rational I'-inner function. ]
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4.1. Definition of E-inner functions

Lemma 4.1.10. Let v = (21, 29, 23) be a rational E-inner function. Then
r1(\) = x5 (1/N)z3(N\)  for all X € C.

Proof. By Theorem 2.3.1, for all A € T,

For A € T, we have |A\| = 1, that is, AX = 1, and so

() = 73 (A) = 23(3)-

Therefore, for all A € T,
21(A) = 23 (1/A)z5(N).

Since 1, T2, x3 are rational functions,

r1(\) = x5 (1/N)zz(N)  for all A € C.

Proposition 4.1.11. Let x = (11,22, 23) be a rational B-inner function

(i) Ifa € CU{oo} is a pole of x5 of multiplicity k > 0 and % is a zero of x5 of multiplicity
¢ >0, then a is a pole of 1 of multiplicity at least k — €.

(ii) Ifa € CU{oo} is a pole of x1 of multiplicity k > 1, then a is a pole of x3 of multiplicity
at least k.

Proof. (i) By Lemma 4.1.10, we have
r1(\) =2y (1/N)z3(\)  for X € C. (4.1.10)

Since w3 is a rational inner function, z3 cannot have any pole in D. Hence |a| > 1 and

SO |%| < 1. We know that xy is analytic in D, so % cannot be a pole of xzy. By equation

(4.1.10),
A —a)" Tz (N) = (A — )" ey (1/N)as(N).

Take the limit for both sides as A goes to a:

lim (A — a)* o (\) = im(\ — o) 12y (1/N)a3(N).

A—a A—a

The right hand side goes to oo, therefore x1 has a pole of multiplicity at least £ — [ at a.
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4.1. Definition of E-inner functions

Now suppose that oo is a pole of x3 of multiplicity k£ and 0 is a zero of x5 of multiplicity
(. By equation (4.1.10), for all A € C\{0}, we have

21(5) = x5 (N)zs(3).

k—1
Multiply both sides by v yields
)\kfl )\kfl
Since z3 is analytic at 0 and has a zero of multiplicity ¢ > 0 at 0, we have
_xy(A)
/1\13%] VR where ¢ € C\{0}.

Since by assumption, x3(A) has a pole of multiplicity & at oo,

lim N lzg(1) = oo
Hence by equation (4.1.11),
}\IE)I(I) )\k_e_llj(%) = OQ.

It follows that z(5) has a pole of multiplicity at least k — ¢ at 0. That is, z1(\) has a pole
of multiplicity at least k — ¢ at oc.

(ii) Let @ € € be a pole of 21 of multiplicity & > 1. Then |a| > 1. This implies || < 1.
Therefore xy is analytic at . Now

lim(A — a)* 12 (\) = oco.

A—a

Thus a is a pole of x3 of multiplicity at least k.
If 0o is a pole of 21 of multiplicity & > 1. Then 0 is a pole of z;(3) of multiplicity &,
that is,

. k—
}\1{)%)\ (%) = 0.
By relation (4.1.11),
Nz (3) = N ey (Vs (3)

Since z3 is analytic at 0, 0 cannot be a pole of z3 and thus

lim zy (\) = 23 (0).

A—=0
Therefore
k=1 1y
/l\lir(l] N () = 00
This completes the proof that x3 has a pole of multiplicity at least k at oo. ]
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4.2. The degree of a rational E-inner function

4.2 The degree of a rational E-inner function
Let us consider an E-inner function z : D — E,

z(A) = (z1(N), 22(N), z5(2)), A€ D.
Since x is an E-inner function, z()\) € bE for almost all A € T, see Section 4.1.

Definition 4.2.1. The degree of a rational E-inner function x, denoted by deg(z) is defined
to be x,(1), where z, : Z = 7 (T) — 7, (bE) is the homomorphism of fundamental groups
induced by x when x is regarded as a continuous map from T to bE.

Lemma 4.2.2. bE is homotopic to T and 7, (bE) = Z.

Proof. The maps

f:bE—T f(z1, 9, 23) = 23
g:T = bE 9(z) = (0,0, 2)
satisfy
(g % f)(x17x27x3) = g(f<x17x2>373)> = 9(5133) = (0,0,1‘3)
and

(f og)(z) = f(0,0,Z) =z,

that is, f o g = idy. If (21, 29,23) € bE and 0 < ¢ < 1, then (tzy,txy,23) € bBE. Let
I =[0,1]. Consider the map
h:bE x I — bE,

which is defined by
h(xb T2, 3, t) = (txlv tl’g, :U3)'

One can see that

h(l’l,JIQ,I:;,O) = (01’1,01’2,1’3) = (0,0,LIZ‘3) = (g @) f)($1,$2,$3) and

h(x1, 22, 23, 1) = (121, lzg, 23) = (21, T2, x3) = id,p.

Therefore h defines a homotopy between g o f and id,g, that is, g o f ~ id,;. Hence bE is
homotopically equivalent to T and it follows that m (bE) = 7, (T) = Z. O

Lemma 4.2.3. Let B be a finite Blaschke product. Then the degree of B is equal to B, (1).
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4.2. The degree of a rational E-inner function

Proof. Since B is a finite Blaschke product, it can be written as

; — ‘
—69H1__J)\ where a; € D, j=1...N, and 6 € [0, 27).

One can consider the map, B : T — T, and
B, :m(T) =7 — m(T) =Z.

Now 1 € m(T) is the homotopy class of idy and B,(1) is equal to the homotopy class of
Boidy = B, when B is regarded as a continuous map from T to T. Therefore

B.(1) = n(vy,a), where n(v,a) is the winding number of v about a, which lies inside
v={B(e"):0<t<2r}. Thus

1 dz

”(%a) = i L z—a

1 [* dB(e)
omi J,  B(et) —a
1 [P B/(e")ie'dt
B 2_7m/0 B(et) —a

1 [ B'(e*)etdt
o Jo  Blet) —a

1 B'(2)dz

omi Jp B(z) —a’

By the Argument Principle, [14, Theorem 18], the integral

1 B'(z)
omi /T B(z) — adz’

is equal to the number of zeros of B in D. It is clear that B has N zeros, counting
multiplicities, and has degree N. Therefore the number of zeros of B is equal to the
winding number of v about a, and it is equal to N.

]

Proposition 4.2.4. For any rational E-inner function x = (1, 79, x3), deg(x) is the degree
deg(x3) (in the usual sense) of the finite Blaschke product x3.

Proof. Since x is a rational E-inner function, z3 is an inner function, and so z3 is a
finite Blaschke product. By Definition A.0.1, two E-inner functions x = (z1, s, r3) and
y = (0,0, z3) are homotopic if there exists a continuous mapping (), ¢) : T x I — b such
that

z(A\0)=y and  z(\1) =
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4.3. Description of rational E-inner functions

Let
2'(A) = (tz1(N), tza(X), 23(N)) for A € D and ¢ € [0, 1].

Since z(\) € bE, for all A € T, by Theorem 2.3.1 (1),
r1(A) = xo(N)z3(N) and |zz(N)] = 1.

Hence for all A € T,

Therefore,
' (N) = (tz1(N), tza(N), 25(N)) € BE for A € T.

Hence z' is a homotopy between z = z! and (0,0, x3) = 2°.
It follows that the homomorphism

r,:m(T) =7 — m(bE) = Z

coincides with (z%), = (0,0, z3),. By Lemma 4.2.3, (z3).(1) = degxs, since z3 is a finite
Blaschke product. Therefore (0,0, 23).(1) is the degree of the finite Blaschke product
xIs3. ]

4.3 Description of rational E-inner functions

Theorem 4.3.1. If v = (11,79, 73) is a rational E-inner function of degree n then there
exist polynomials E1, Es, D such that

(i) deg(Eh),deg(Ey),deg(D) < n,

(ii) D(\) #0 on D,

~n

(iii) x5 = 2~ on D,
(iv) z; = & on D,

(V) xo = % on D,
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4.3. Description of rational E-inner functions

Conversely, if E1, Fy and D satisfy (i),(vi) and (vii), D(\) # 0 on D and x1, 25 and
w3 are defined by (iii)—(v), then x = (21, T, x3) is a rational B-inner function of degree at
most n.

Furthermore, a triple of polynomials E{, E3 and D' satisfies (i)—(vii) if and only if there

exists a real number t # 0 such that
Ef =tE,, E,=tE, and D'=tD.

Proof. By assumption x = (xl, x3, xg) is a rational E-inner function. By Lemma 4.1.9 (1),
hy = (s,p) where s = x; + x5, p = x3 is a rational '-inner function. Since z3 : D — D is an
inner function, it is a finite Blaschke product and, by [4, Corollary 6.10], it can be written
in the form

AP D~(=k)(\)

D)
where |¢| = 1,0 < k < n and D is a polynomial of degree n — k such that D(0) = 1. By
Proposition 3.3.4, there exist polynomials E, D such that

x3(\) = ¢

(i) deg(E),deg(D) < n,
(ii) B~ = E,

(iii) D(A) # 0 on D,

Hence
D~

D

By Lemma 4.1.9 (2), hy = (s2,p2), where sy = iz — iz, py = x3 = p; is a rational [-inner

1+ a9 =58= and T3 =p= (4.3.1)

O &=

function. By Proposition 3.3.4, for hy = (82, pa), there exist polynomials G, D such that
(i) deg(G), deg(D) <n,
(i) G~ =G,

(iii) D(A) # 0 on D,

(iv) |G| < 2|D(A)] on D,
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4.3. Description of rational E-inner functions

(V) So9 = il’l —iIQ = % on E,

vi) po = 23 = 22% on D.
p D

Therefore, by (v),

G
By relation (4.3.1),
E
Add equations (4.3.2) and (4.3.3) to get
_ 5(E—-iG)
I = D
Substituting z; in equation (4.3.3) gives
_ 5(E+iG)
To — D

Define the polynomials F; and Es by
1 , 1 .
E1 :§(E—’LG), E2:§(E+ZG)

Since the degrees of both polynomials E,G are at most n, deg(E;),deg(F2) < n. Thus,

for A € D,
_ BN
D(A)

_ BN
- D)

z1(A) and  wa(N)

Since x is an E-inner function, for A € D,

(V)] <1 and  |m(V)| < 1,
andso  [Ei(N| <D and  [E(N)] < [DOV].

Hence |E;(\)| < |D()\)| on D, where i = 1,2. Therefore (i)-(vi) of Theorem 4.3.1 are
satisfied.
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4.3. Description of rational E-inner functions

By assumption, z is a rational E-inner function. Thus, for all A € T,

o () _ B() D\
r1(A) = T(N)w3(N) & DOV D(\) x D(\)
S0 = DU <y e D)= DY) = D'/,
Ei(A) AMER())
DN T DO
Ei(\)  EZ"(N)
DNy DY
s B0 = B0 (434)

Hence E;()\) = E5™()) for all A € T, and therefore on D. Thus (vii) is proved.

Let us prove the converse statement. Let F, Fy and D satisfy (i), (vi) and (vii)
of Theorem 4.3.1 and D(\) # 0 on D, and 21, x5, z3 be defined by (iii)—(v), that is,
B B D

ok x2—5 and x3 = o

T =

Let us show that 2 = (1, 72, ¥3) is a rational B-inner function. By Theorem 2.3.1, we have
to prove that x : D — EE and the following conditions are satisfied.

(1) |z3(A)| =1 for almost all A on T, that is, z3 is inner,

(2) ’.T2| <lon Ea

(3) x1(A) = 22(N)z3(N\) for almost all A € T.

(1) Firstly, if D has no zeros on the unit circle, then D and D~ have no common factor.
D~ (A
Therefore, z3(\) = T)(Q) maps T to T. Hence, x5 is inner function and

D~
D

deg(x3) = deg ( > = max{deg(D~"),deg(D)} = n.

Second case: if D has the zeros ay,...,a; on T then D and D~" have the common factor
~n V mmon
Hf__l(A — a;) and hence 3 =

D~
deg(z3) = deg ( > <n-—/.

is inner and

D
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4.3. Description of rational E-inner functions

(2) By assumption (vi),
|Ey(\)] < |[D(N)] for all A € D.

This implies |%(()\A))| < 1 and hence |z2(A\)| < 1.
(3) By assumption (vii), E1(A) = E3™()\), for almost all A € T and by equality (4.3.4),
x1(A) = xo(N)xg(A), for almost all A € T.

I B D
D D’ D
x(A) = (z1(A), 22(N), z3(N)) € E for all A € D. By Theorem 2.1.5 (2), for A € D,

Let us show that x = (z, 29, 23) = maps D to E, that is,

z(A) € E e W, 2(N)lm= < 1,

T3z —
where ¥(z,2) = ==L Note that, for every z € D,
ToZ —

Y(z,z): D —C
A = Y(z,z(N)

is analytic on D because z;,7 = 1,2,3, are analytic functions on D, and |z3(\)| < 1 and
29(\)z # 1 for all A € D. We have shown above that, for almost all A € T, z()\) € bE.
Thus, by Theorem 2.3.1 (2),

z()\) € bE is equivalent to W(.,z(\)) is an automorphism of D.

By the maximum principle, for all z, A € D, |¥(z,2(\))| < 1. Thus by Theorem 2.3.1,
xz(A) € E for all A € D.

Suppose that ¢ is a nonzero real number and
Ef =tE,, FE,=tFE, and D'=tD.

Then it is clear that Ej, F3 and D; satisfy (i)-(vii). Conversely, let E], E3 and D' be a
second triple that satisfies (i)—(vii). Then

E, E} —
=5 = D_11 on D, (4.3.5)
E, FEj —
Ty = 5 = D_21 on ]D, (436)
D~ Dlwn .
Ty3=—f = pr OB D. (4.3.7)
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4.3. Description of rational E-inner functions

Suppose that D(A\) = ag + a1\ + ... + apA\* where ag # 0 and k& < n. Then

D™™(X\) = X'D(1/X)

a a
= A"<a0+:1+...+:k>

A A
nl— a1 aj
= )\<GO+X+W+F)

= G\ +a A\ 4 @A
Thus, for all A € D,

D AR (@A + a4+ L+ )
T D()\) N ao—l—al/\—i—...—i—ak/\k ’

Therefore, x5 has a zero of multiplicity (n—k) at 0 , has k poles in C, counting multiplicity,
and has degree n. Hence the poles of z3 in {z € C: |z| > 1}, n and k are determined by
x3. Therefore, D and D' have the same degree k and the same finite number of zeros in
{z € C: |z| > 1}, counting multiplicity. Thus there exists t € C,t # 0 where

D'=tD onD. (4.3.8)

By equality (4.3.7), for A € D
D~ 7 D1~n B fD~n
D D' tD
Thus t = ¢, and so, t € R\{0}. By the equalities (4.3.5) and (4.3.8)

T3 =

E, E E _
Sl D.

p D w "

This implies that F{ = tE;. By the equalities (4.3.6) and (4.3.8)

xr1 =

1 1
E2 _ E2 Y
To =

on D.

D~ DU tD
Thus E21 =tEs. ]
Lemma 4.3.2. Let
—( )= E, By D™
r = \T1,T2,T3) = D ) D 9 D

be a rational E-inner function. Then, for A\ € T,
[E1(N)] = [E2(N)],  and so |z (A)] = [z2(A)].
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4.3. Description of rational E-inner functions

Proof. By Theorem 4.3.1 (vii), for all A € T,

BN = E3"(\) = N'Eo(1/N).

Thus, since A\ = 1,

[EYV] = (A E (/)
= |E(1/N)]
= [Ex(M)].
By Theorem 4.3.1 (iv, v),
E E —
T = 51, To = 52 on D.

Therefore, for all A € T,
21 (A)] = Jz2(A)].
O

Example 4.3.3. Let 2 = (11,73, 73) be a rational E-inner function such that x3(\) = .
Clearly,
deg(x) = deg(z3) =1 and D)) =1.

By Theorem 4.3.1,
deg(E;) <1 and deg(Es) < 1.

Thus
E1(>\) :l'l()\):al—f—ag)\, E2()\) :x2<)\):Ei\al()\):a_2+a_l)\

where a; and ay are complex numbers such that, for all A € D, |E;(\)| < |[D()\)| = 1
1 = 1,2. Therefore the function

z(A\) = (a1 + a2\, @ + @\, )
is rational E-inner for a;,as € D such that

lag + asA\| < 1 and laz + a7\ <1 for all A € D.

In particular, one can choose a; = 1 and as = 0 to get the rational E-inner function
z(A) = (1, A\, ).
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4.3. Description of rational E-inner functions

Example 4.3.4. More examples of E-inner functions
Suppose that Boyy = {A € C?*?: ||A|| < 1}. Let us construct an analytic map from the
open unit disc D to Bays. Consider nonconstant inner functions ¢,9 € H*(D) and the

_ e 0
h(X) = [ 0 w(}\)] for A € D.

Note ||h(A)|] = max{|p(N)|, [(A)|} < 1for A € D and h : D — Bays is analytic.
By Theorem 2.1.4, for all A € D,

diagonal matrix

(P(N), (N, det h(N)) € E,

and @(A)(N\) = det h(A). Recall that such points are called triangular points of E (see
Definition 2.1.7). However, we are seeking more interesting and general examples. To get
such examples we make use of the singular value decomposition.

Let U,V be 2 x 2 unitary matrices. Then h; : D — C?*2 defined by

hy =URV
maps D to Boys.
For example, if
1 1
NCEENG) 1
Uv=| V2 V2| ad sz:[ O]
- 01
V2 V2

then U is unitary and we obtain

h(\) = URNI

o[ o1l fery o ][ro
B E_—1 1o w01
o[ ey 0]
COV2 L0 ey
_1 ey v

V2 [—p(N) ¥

42



4.3. Description of rational E-inner functions

Define  : D — E by 2 = 7o hy where 7 defined as in Definition 2.2.1. Then for X € D,

z(A) = w(h

~—
—~

A)

A v
3 [0 v
- (222 e,

Note that this () is not a triangular point unless either p(A) = 0 or ¥(\) = 0.

~—r

= 7

7 N\

Sl

S
<

Let us show that the function z = (z1,29,23) =mohy : D — E is E-inner where

) v
V2 V2

By Theorem 2.3.1(1), for A € T, since ¢, v are inner functions,

r1(A) = 22(A) = z3(A) = (NP (A)

an() = (2o

_ N5
= ﬂwu)wm

= 2o
v
() _

Since [(A\)| < 1 for A € D, this implies that ‘&\/)2_\)’ < 1. Thus |z2(\)| < 1. Finally, for

A € T, since ¢, are inner functions,

sV = [N
e aley]
= 1

Therefore z is an E-inner function.
In particular, x is [E-inner when

A\ —
1 —a\

¢ = 1By, where |¢|=1,a€D and B, = is a Blaschke factor,

N —
) = cyBg,where |ca] =1,0€D and Bs=

— is a Blaschke factor.
1— 06X
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4.3. Description of rational E-inner functions

Now,
A— A—p
) =i, v = s
This gives
c
z(\) = (\/1_Ba, \/_BB, 12 B, Bﬁ) ).
Thus

():(cl A—a ¢ A—p A —a
V2(l—an) V2 -pn "Ch-an

Let us find F4, Es, D as in Theorem 4.3.1 for this example.

Let D(\) = (1 —a@\)(1 — BN, |c| = 1.

D™(\) = MD(1/))
= N(1-a/N(1-B/N)e
N(1—a/N) (1~ B/N)e

= A—a)(A=p)e
Then
DNQ()\) = (A= o)A _§>E where ¢ = cic
DA (1—a\(1— B¢
We have z1(\) = %(())\\)) Hence

and therefore

cCq
Ex(N) = —\—a)(1 -5\
1(A) \/5( )(1—BA)
Note that, since ¢ = cicy, |c1] =1 and |c| =1
62 = C1C2
6262 =
thus
cc1 = CCay.
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4.3. Description of rational E-inner functions

Similarly, z2(\) = %((/i\)) implies
G2 A=p _ Es(M)
V216X (1 —a\(1—pBNc
Hence
Ey(A) = “Z(A— B)(1 - aN).

QI

2

(ii) Note, for A € D, since cc; = ¢cs,

E?(N) = B (1/0)A* = Ex(1/A)N?

= ﬁ(l/X = B)(1 —a/3)A?

= ﬁ(l/A = B)(1 = a/3)N?

CCo

= E(A—a)(l—m)
= E(A—a)(l—ﬁk)
= B\,

Remark 4.3.5. In the previous example if we choose the functions @ and 1 to be in the
Schur class but not to be inner functions then one can check that we obtain an analytic
function z : D — E which is not an E-inner function.

Proposition 4.3.6. Let (s,p) be a I'-inner function. Then x = (%, %,p) is an E-inner
function.

Proof. By Lemma 4.1.7, for every A € D, z(A) = (£(A), 5(\),p(N)) € E. It is easy to see

that = € Hol(D, E). By Proposition 3.1.4 (iii), for almost all A € T,

PN =1, [s(\)[<2 and s(A)—s(\)p(\) = 0.

Thus, for almost all A € T,

Hence z is E-inner. O

See [4] for many examples of I-inner functions.
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4.4. Superficial E-inner functions

4.4 Superficial E-inner functions

In this section, we study E-inner functions & = (1,7, 23) such that x()\) lies in the
topological boundary OFE of E for all A € D. For any inner function x5 and Sy, 3, € C
such that |3;| 4 |3:| = 1, the function # = (B + B,23, B1 + Poxs, T3) is E-inner and has
the property that it maps D to OE. We also consider the connection between superficial
[-inner functions, which were studied in [4], and superficial E-inner functions.

Definition 4.4.1. An analytic function h : D — T is superficial if h(ID) C oI .

Proposition 4.4.2. [4, Proposition 8.3] A I'-inner function h is superficial if and only if

there is an w € T and an inner function p such that h = (wp + w, p).
One can define a similar notion for functions from Hol(D, IE).
Definition 4.4.3. An analytic function x : D — I is superficial if (D) C OE.
Proposition 4.4.4. An analytic function z : D — E such that
() = (B + Baas(N), B2 + Brzs(N),z3(N)), Ae€D
where 3 is an inner function and |By| + |B2| = 1 is E-inner and superficial.
Proof. By Lemma 2.4.1, we need to show that, for A € D,
2(A) = (B + Baws(N), Ba + Brs(N), 23(N)).

is in OE. Here
21(N) = B1+ Bows(N),  @2(N) = B2 + Bras(N).
Note, for A € D,

(21 — Tows)(N)] = |By+ Bors(\) — (52 + Exg(x))xgu)‘
= |+ B = (B + O
= |B1 + Bax3(N) — Baxs(N) — 51|CU3()\)|2‘

(4.4.1)

= 51<1 - |5173(>\)|2> :
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4.4. Superficial E-inner functions

We also have
o =T ] = [+ Brrah) = (B + Bara() ()
= |62+ Byws(A) — (E + ﬁ2M) 553()\)’

= B2+ Bﬁs(/\) - le?)()‘) - 52|$3(>\)’2‘

= 52(1 - |x3(A)|2> : (4.4.2)

Note that by equations (4.4.1) and (4.4.2), for all A € D,

(21 = Toas)(A)| + (22 — Taas) (V)] = ﬁl(l = |$3(>\)!2> 52(1 - !933(/\)\2>
= ‘51”1 - |373()\)’2| + |ﬁ2|‘1 - ’333()\)‘2}
= (1811 +18:0) (1 = [zs (W) = 1= fas (W

By Theorem 2.1.5 and Lemma 2.4.1, for A € D, the point

+

z(A) = (z1(N), 22(N), z3(N))

lies in OF. Let us check that z is E-inner. Clearly, for almost all A € T,

za(Nazs(A) = (B2 + Pras(N))as(N)

= Bors(\) + Brwz(N)zs(N)
= Bi+ Bars(N) = 21(N).

We also have, for almost all A € T,

[2o(A)| = |82 + Pras(N)| < [Ba] + [Brzs(A)] = [Ba] + |51] = 1.

Since w3 is inner, for almost all A € T, |x3(\)| = 1. Therefore z(\) € bE, for almost all

A € T, and hence z is E-inner.
]

Lemma 4.4.5. Let z : D — E be such that z(X) = (81 + Baas(N), B2 + Bias(N), 23(N)),
where x3 is a non-constant rational inner function and || + |B2| = 1. Then

Y, (z(N) =k for all X € D, where

|Ba| |51
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4.4. Superficial E-inner functions

Proof. By the definition,

x3(ANw — z1(N)
To(Mw — 1

z3(Nw — (B1 + Byws(N))
(B2 + Bras(N)w — 1

23(Nw — Br — Bozs(N)
Bow + Brwws(A) =1

Yo(z(N) =

Then for all A € D,
l’g()\)w — 51 — 321’3(>\)

Y,(z(\) =k < — =k
Bow + Brwrs(A) — 1
& 23(AN)w — B1 — Bors(N) = [ng + Biwzs(N) — 1]
& w3(MNw = B = Byws(N) = kfow + kB wrs(N) — k
& w3(Nw — B1 — Boxs(A) — kfow — kBjwrs(\) + k =
& 23(N)w — By — kByw] + [k — B — kBaw] = 0.

Since x3 is a nonconstant rational inner function, this implies that
w—PBy—kBw=0 and k— ) —kByw =0.

Thus we get the system

w— Py —kBw=0
k—ﬂl—kﬁngo.
Multiply both sides of the first equation by @ and the second equation by k. We get
Bk + fow = 1
ko (4.4.3)
ﬁlk’ + 62(4) =1.
From the equation |51| + |f2| = 1 we deduce
B B2
fi— + Paro= = 1. (4.4.4)
|61 |52
It is easy to see that o
o b
w=-— and k=—
B2l |61
satisfy equation (4.4.3), and so
Y,(z(N\) =k for all A € D.
O
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4.4. Superficial E-inner functions

Lemma 4.4.6. For any inner function x3 : D — D, there are x1,x2 : D — D such that
the function x : D — B defined by x = (x1, 32, 73) is a superficial E-inner function, but
h = (x1+ x9,23) : D — T is not a superficial T'-inner function.

Proof. By Proposition 4.4.4, for any (1,82 € C such that |5;| + |52] = 1, the function
z: D — E defined by

T = (51 + B3, Ba +E$37$3>

is a superficial E-inner function. By Proposition 4.4.2, h : D — I is superficial if and only
if there exists an w € T such that h = (wp + @, p). Note that, for z; = B + Pz and
Ty = By + Pras,

PO = (1 +22,2) () = (B1+ Bozs(N) + B+ Brs(V), 25(0))
((By + Bo)as(N) + (81 + B2),25(N)), A€ D.
One can see that there are some (1, 5y € C with |B1| + |f2| = 1, but 1 + B2 ¢ T. For
example, take

Y

1
512257 81| =

1
52:—157 |52|:

| = N

Thus, h is not superficial for 5, = % and [y = ’72 ]
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Chapter 5

The construction of rational E-inner

functions

The formula for a Blaschke product is an explicit representation of a rational inner function
in terms of its zeros. In this chapter we aim to find a comparable representation for rational
E-inner function. The first question is: what is the tetrablock analogue of the zeros of an
inner function? We shall show that one satisfactory choice consists of the royal nodes of an
E-inner z together with the zeros of 2; and z,. We construct a rational E-inner function
from the royal nodes and the zeros of x; and x5. We show that there exists a 3-parameter
family of rational E-inner functions with prescribed zero sets of 1, x5 and prescribed royal
nodes. We also prove that a nonconstant rational E-inner function z of degree n either

maps D to the royal variety of IE or 2(D) meets the royal variety exactly n times.

5.1 The royal polynomial of an E-inner function

We define the royal variety for E to be

Ri = {(xl,xg,xg) eE:xixe = xg}.

By Theorem 4.3.1, for a rational E-inner function x = (1, x5, x3), there are polynomials

FE.y, B>, D such that
B, B, D™

57 IQZF’ T3 = D

T =
Thus, for A € D,

(=) = | 5 = BB 0

The royal polynomial of the rational E-inner function z is defined to be

20



5.1. The royal polynomial of an E-inner function

RO = D] - S )

= [D™"D — E1E>](\).

Definition 5.1.1. [7, Definition 3.4] We say a polynomial f is n-symmetric if deg(f) <n
and f~" = f.

Definition 5.1.2. [7, Definition 3.4] For any E C C, the number of zeros of f in E,
counted with multiplicities, is denoted by ordg(f) and ordy(f) means the same as ordoy(f).

Proposition 5.1.3. Let x be a rational E-inner function of degree n and let R, be the
royal polynomial of x. Then, for A € T,

(1) A" Ra(A) = [DV)]? = [E2(N)[?, and
(i) A" Re(A) = [DA)|* = [EL(A)]*.
Proof. (i) For A € T,

ATR,(N) =

AT
ATATD(1/X)D(A) — Ey™(A\)Ey())], since Ei(A\) = E;™(A) on T
= A "[A"D(A)D(\) — N"Ey(1/XN)Ey(N)], since Ey(1/A) = Ey(\) on T
A
= [DV] = BN (5.1.1)
(ii) Since x is rational E-inner function, by Lemma 4.3.2,
|E1(N\)| = |E2(N)] for A e T. (5.1.2)
By equations (5.1.1) and (5.1.2),
AT"R(A) = [DO) — |Ex(N)? for A€ T.
O]

Proposition 5.1.4. Let x = (1, x2,x3) be a rational E-inner function, let P = x5 — x129
and let 0 € T be a zero of P. Then o s a zero of P of multiplicity at least 2.

51



5.1. The royal polynomial of an E-inner function

Proof. Suppose o € T is such that
P(o) = z3(0) — z1(0)z2(0) = 0.

By Lemma 4.1.3 (i), 21(\) = x3(A)z3(A), for A € T. Hence on T we have
23(A\) (23(N) = 21(N)22 (V) = Jzs(V)]* = 23(\)z1(N)z2(N)

d .
— 1 — 10\ |2
0 _de( |z2(e”)] >|£

— E:E_g(l‘g — ilfl.iﬁg)(ﬁ’ie)|g
= i(ﬂfg — xlxg) (ew)‘&-a:_g(eig) + i_g(ew)\& (x3 — xlxg)(eié)
d9 de A 7

8

~~

-0
— (:(:g — )y — xgxl) (eig) ie' T, (eig) )
) =0 J:E/ £0

Since ie* # 0 and T3 (e’) # 0,

(2 — 2l wg — 2hay) () =0,

and so P'(c) = 0. We have P(c) = 0 and P'(0) = 0. Therefore o is a zero of = of
multiplicity at least 2. O

Lemma 5.1.5. Let Fy and Ey be two polynomials such that deg Fy,deg Es < n. Then
Ey(X) = ES™(A) for all A\ € D if and only if Ey(N\) = ET™(A) for all X € D.
Proof. Suppose that F1(\) = E5™()) for all A € D. Then by definition,

E1(N) = ET™(N) = A" Ey(1/N), A e D.
Therefore, for all A € D,

Ei(\) = N"Ey(1/A) forall A€ D & (1/A")E1(\) = Ey(1/)) for all A € D
& (1/N)"Ei()\) = Ey(1/)) for all A € D
& N'Ei(1/A) = Ey()\) forall A € D

& By(\) = E;™()) for all A € D.

|

The converse is obvious. ]
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5.1. The royal polynomial of an E-inner function

Definition 5.1.6. A nonzero polynomial R is n-balanced if
(1) deg(R) < 2n,
(2) R is 2n-symmetric, and
(3) A™"R(A\) >0 for all A € T.
For completeness, we shall say that zeros of the zero polynomial have infinite order.

Proposition 5.1.7. Let x be a rational E-inner function of degree n and let R, be the
royal polynomial of x. Then R, is 2n-symmetric, \""R,(\) > 0 for all A € T, and the
zeros of R, on T have even order or infinite order.

Proof. To show that R, is 2n-symmetric we have to prove that RY**(\) = R,(\), for
A € D. Recall that

Ro(\) = D™(\)D(A) — Ey(\)Es()),  where o — (% %, %),

Recall also that, by Theorem 4.3.1 (vii) and Lemma 5.1.5, for A € D,

BN = ") = NB(I/X),  Ba(N) = Er"(\) = X'Ey(L/).

Now

RZPM(A) = XD~ (1\A) A"D~(1\X) — \"E1(1/X) \"Ey(1/X)
= D\)D™(A) — E2(M)Ei(N) = Ra(N).-

Hence R, is 2n-symmetric.

Clearly, if (D) C Ry, the royal polynomial R, is identically zero. Hence the zeros of
R, on T have infinite order.
In the case (D) € R, by Proposition 5.1.3, for A € T,

ARy () = [DN)* = [Ex(A)]*. (5.1.3)

By Theorem 4.3.1 (vi),
ID]> = |Eo>>0 on T. (5.1.4)

By equations (5.1.3) and (5.1.4), A™"R,(\) > 0 on T. By the Fejér-Riesz theorem, there
exists an analytic polynomial P(X) = """ b\ of degree n such that P is outer and

AT"R(\) = |P(\)]? forall A€ T.

Hence if ¢ € T is a zero of R,, then o is a zero of even order. Therefore in the case
z(D) ¢ R, the zeros of R, that lie in T have even order. O
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5.2. Rational E-inner functions of type (n, k)

Lemma 5.1.8. Let x be a rational E-inner function of degree n. Then the royal polynomial

R, of x s either n-balanced or identically zero.

Proof. If (D) C Ry then, by the definition of the royal variety,
33'1()\).1'2()\) = xg()\) for all A € E

Thus
D(A) D™ (X)) = Ey (M) Ey(N) for all A € D.

Therefore the royal polynomial R, is identically zero.
If (D) ¢ R then, by Proposition 5.1.7, the royal polynomial R, of x is 2n-symmetric

and A™"R,(\) > 0 for all A € T. Clearly, R, has degree less than or equal to 2n. Hence
R, is n-balanced. O

5.2 Rational E-inner functions of type (n, k)

Definition 5.2.1. Let z = (21,29, 23) be a rational E-inner function such that (D) ¢ Rg.
Let R, be the royal polynomial of x. If o is a zero of R, of order £, we define the multiplicity
#0 of 0 (as a royal node of x) by

14 if o €D,

#0 =
3l if o € T.

We define the type of x to be the ordered pair (n, k), where n is the sum of the multiplicities
of the royal nodes of = that lie in D, and k is the sum of the multiplicities of the royal
nodes of x that lie in T.

Definition 5.2.2. Let R™* denote the collection of rational E-inner functions of type
(n, k).

Remark 5.2.3. [7, Equations (3.2) and (3.3)] For any m-symmetric polynomial f, the
following two relations hold

(1)
deg(f) =m — ordy(f).

(2) Since f is m-symmetric, if o« € D\{0} is zero of f, then é is also a zero of f. Thus
ordo(f) + 2ordp\ (03 (f) + ordp(f) = deg(f).

o4



5.2. Rational E-inner functions of type (n, k)

Theorem 5.2.4. If x € R™* is nonconstant then the degree of = is equal to n.

Proof. Let R, be the royal polynomial of . By assumption € R™* and is nonconstant.
Hence n > 1 and 2(D) € Rg. Thus R, is not identically zero. By Proposition 5.1.7, R, is
2 deg(z)-symmetric. By Remark 5.2.3 (1) and (2), it follows that

deg(Ra:) =2 deg($) - OrdO(Rx)

and
ordg(Ry) + 2ordpy (0} (Rz) + ordy(R,) = deg(R,).

Substitute the first equation in the second equation,
ordo(R,) + 201dpy 0y (Ry) + orde(R,) = 2 deg(w) — ordo(R,.),
which implies that
2ordy(R,) 4 20rdpy 0y (Rz) + ordr(R,) = 2deg(x).

Therefore, by Definition 5.2.2,

1
n = ordy(R;) + ordp\ o3 (Rz) + §Ordqp<Rm) = deg(x).

Theorem 5.2.5. If z is a nonconstant rational E-inner function, then either

2(D) = Ry or x(D) meets Ry evactly deg(x) times.

Proof. Suppose that x is a nonconstant rational E-inner function. Then either, (D) C Rg

and the royal polynomial R, of z is identically zero, or by Theorem 5.2.4, (D) meets Rg
exactly deg(x) times. O

Lemma 5.2.6. [7, Lemma 4.4] For o € D, let the polynomial Q, be defined by the formula
Qo(A) = (A=0)(1 —7A).

Let n be a positive integer and let R be a nonzero polynomial. The polynomial R is n-

balanced if and only if there exist points 01,09, ...,0, € D and ty > 0 such that

RO\ =t ﬁQUj(A), A€ C.
j=1
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5.2. Rational E-inner functions of type (n, k)

Proposition 5.2.7. Let the royal nodes of a rational E-inner function x be o1, ..., 0y, with
repetition according to multiplicity of the royal nodes as described in Definition 5.2.1. The
royal polynomial R, of x, up to a positive multiple, is

&W:HQMM (5.2.1)

Proof. By Lemma 5.1.8, R, is n-balanced. This implies that, by Lemma 5.2.6, there exists
t. >0and ny,...,n, € D such that

Ra(V) =t [T @0, (),

By Definition 5.2.1, the royal nodes of x and their multiplicities are defined in terms of

zeros of R, in D and their multiplicities. Hence the list 7, ..., 7, coincides, up to a
permutation, with the list oq,...,0,. Therefore R, is given, up to a positive multiple, by
equation (5.2.1). O

Before we proceed to the next theorem about constructing a tetra-inner function x from
the zeros of xy and w9, let us prove the following elementary lemma.

Lemma 5.2.8. Let Fy and E5 be polynomials of degree at most n such that
Ei(X\) = E3™(\), for € D. Let o, ..., be the zeros of By in D, o, ...,af, be the zeros
of By in D, where ky + ko =n. Then

k1 ko

B0 =t [ —a) [[a-a2v.

where t € C\{0}.

Proof. Since af, ..., 04,161 € D and o2, ..., oz,%Q € D, where k; + ko = n, are zeros of Ey and F,
respectively, we have

Ei(\) = (A —a7)ec(A =) pi(N) (5.2.2)
and

Er(A) = (A = a)-.(A — ag,).p2(N).

where the polynomials p;(A) and pa(A) do not vanish in D.
Since Ey(\) = \"E,(1/)) on D, we have

Ei(A) = MN(1/X—ad)..(1/x—a2).p2(1/X)
= AR —ai)...(1—a;,\).p(1/N). (5.2.3)
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5.2. Rational E-inner functions of type (n, k)

Since deg Fy < n and ki + ky = n, equations (5.2.2) and (5.2.3) implies that F; can be
written in the form

Ev(A) = t(A—ab).(A—al) (1—a2\)..(1—aZ\)

k‘1 k’2
= t[J-a) [J(a-a3)), AeD,
j=1 j=1
for some t; € C\{0}, and
kg kl
B\ =t][A-a) ]t -ajr) AreD,
j=1 i=1

k1 ko
N'E((1/X) = A" <t [Ta/x-eh ] - a;m))
Jj=1 Jj=1
k1 ko
= XE[Ja/x-oh [ -a21/x)
j=1 j=1
k1 ko
= N [Ja/xa-a) ] - ol
j=1 Jj=1
k1 ko
= a[Ja-an ][ -a)
=1 =1
ko k1
= BN =t][A-a)]J(-ajr), AeD,
Jj=1 Jj=1
and so ty = ;. O

Remark 5.2.9. For the polynomials Ey and Ey from Lemma 5.2.8, if « € D\{0} and «
1s a zero of Ey then % 18 a zero of Fs.

Theorem 5.2.10. Suppose that ai, ...,oz,lﬁ € D and o?, ...,oz,%z e D, where ki + ko = n.
Suppose that o1, ..., 0, € D are distinct from points of the set {aj-,j =1,.,k,i=1,2}NT.
Then there exists a rational E-inner function © = (x1,z9,23) : D — E such that

(1) the zeros of x, in D, repeated according to multiplicity, are ol ..., 04,191 ;

(2) the zeros of x4 in D, repeated according to multiplicity, are o2, ..., a,%Q ;
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5.2. Rational E-inner functions of type (n, k)

(3) the royal nodes of x are oy, ...,0, € D, with repetition according to multiplicity of the
nodes.

Such a function x can be constructed as follows. Let t, > 0 and let t € C\{0}. Let R be
defined by

n

7j=1
let £y be defined by
k’l k?2
Ex(\) =t[[x—ap) JJ1 —aN).
j=1 7j=1

Then (i) and (ii) hold.
(i) There ezists an outer polynomial D of degree at most n such that
AR + |EY(V))? = |[DV))? (5.2.4)
forall N € T.

(ii) The function x defined by

E, ET" D~
96:(561,902,9173): 5’?’ D

is a rational E-inner function such that the degree of = is equal to n and conditions
(1), (2) and (3) hold. The royal polynomial of x is R.

Proof. (i) By Lemma 5.2.6, R is n-balanced, and so A™"R(A) > 0 for all A € T. Therefore
AR + |Ey(A)P >0 forall A€ T.

By Fejér-Riesz theorem, there exists an outer polynomial D of degree at most n such that

AR 4 |EY(V)]? = [D(A)]? forall A€ T. (5.2.5)

(ii) Let D be an outer polynomial of degree at most n such that equality (5.2.5) holds
for all A € T. By hypothesis

Then A™"R()\) and |F;(\)|? are non-negative trigonometric polynomials on T with no

common zero. Thus

AR+ |EY(A))* >0 on T.
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5.2. Rational E-inner functions of type (n, k)

By equality (5.2.5), D has no zero on T, and so D and D~" have no common factor.

Hence Dn
deg(zs) = deg ( D

) = max{deg(D), deg(D~")} = n.

Since

AT"R(A) >0 forall AeT,
D =ATRO) + [Ei(N)]* = [E (V)]

for all A € T. It follows that
DN = |[Ei(A)],  forall AeT.

Since D(A) # 0 on D, the function % is analytic in a neighbourhood of D. By the
Maximum Modulus Principle, we have

[Ex(V)]

<1 forall A €D.
|D(A)]|

Therefore, by the converse of Theorem 4.3.1, since conditions (i),(ii), (vi) and (vii) are
satisfied, the function

(B B0 DY)
x“”‘(MM’Du>’Du>)f“AGD

is a rational E-inner function such that deg(x) = n. The royal polynomial of x is defined
by
R.(\) = DOVD™(A) — Ey(NBy(), A€ D,

where Fy(A) = E7™(N), A € D. By Proposition 5.1.3, for all A € T,
AT R,(N) = DV = [E (V]
Therefore, by equation (5.2.4),
AT"RL(A) = AT"R(N) forall A e T,

where Fy(A) = ET"(A) for A € D. Thus R, = R, that is, the royal polynomial of x is equal
to R. O

Remark 5.2.11. (1) For large n the task of finding an outer polynomial D satisfying
equation (5.2.4) cannot be solved algebraically.
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5.2. Rational E-inner functions of type (n, k)

(2) The solution D is only identified up to a multiplication by @ € T. Thus if we replace
D by wD we obtain a new solution

B E, ET™ ,D™
xr = wD,wD,w o)

Example 5.2.12. Let n = 1, o? = % and o; = 0. Let us construct a rational E-inner
function = = (21, x9,23) : D — E such that a? is a zero of x5 and o0 is a royal node of .

As in Theorem 5.2.10, for A € T, let

R(N\) = tyA, t, is a positive real number.
Ei(\) = t(1—1N), t € C\{0}.

2

The equation (5.2.4) for the polynomial D is the following, for all A € T,

D = AR + [E: (V)]
= XA+ [H(1 =N
=ty + [t(1 =N
=t 4 [tP(1— N1 = 1N
=ty + [P+ 51— 32— 3N
= 4+ 32— 't‘ A—EX (5.2.6)

Since the degree of D is at most 1, D(\) = a; + as A, where aj,a, € C and A € T,

DD = |ar + as)|?
= (a1 + ag)\)(al —|—52X) = |a1|2 + |6L2|2 + alagx —I—ElaQ)\. (527)

Compare equations (5.2.6) and (5.2.7). We have

|t

a1a —_——

102 1?27
a1y = ——|2| , (528)

Finally the function x can be written in the form
E, E* D!
)\ e _— — —
7Y (D "D D

60



5.2. Rational E-inner functions of type (n, k)

where ) ( 1)\)
_El _t 2

n) = F0 =25

Et f()\—l)

() = - = -C=2

D1 [

() = —— _ AT

(7 = 5 = A

where |as| < |a;| and aq, as are given by solving equations (5.2.8) as functions of ¢, and t.
These formulas gives a parametrization of solutions for the above problem.

7
For example, for the given t = /2 and ¢, = T the system

61a2 = —]_,
&162 = —1,
7 10 17
2 2 14 -
‘a1| + ‘G/Q‘ - 4 + 4 4
has a solution
ap = —21,a9 = %2 or ap = —2,a, = %

Thus, for w € T,
D) =w(=2+ 1)) =2w(—1+ 1)) = —2w(1 - 1))

Therefore

D™ (A) = AD(1/X) = =X (2w(1 — X)) = (—2w) (A — 1).

Hence the functions z = (1, 72, 73) : D — E, where w € T and

( V2(1 - 3N
ZE1<>\) = —2w(1 — i>\>’
V2(A —3)
N = iy
w(A— 1)
\xB(A) T w(I =Ly

— 1
are rational E-inner functions such that 5 is a zero of x5 and 0 is a royal node of x.

Remark 5.2.13. Theorem 5.2.10 gives a 3-parameter family of rational E-inner functions

with prescribed royal nodes and prescribed zeros of x1 and xo. It appears at first sight
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5.2. Rational E-inner functions of type (n, k)

that the construction in Theorem 5.2.10 gives us a 4-parameter family of rational E-inner
functions with the given data. Howewver, the choice of ty.t, D and w leads to the same x
as the choice 1,t/\/t+, D/\/t+ and w. Theorem 5.2.14 tells us that the construction yields
all solutions of the problem, and so the family of functions x with the required properties

1s indeed a 3-parameter family.
Theorem 5.2.14. Let v = (z1, 72, x3) be a rational E-inner function of degree n such that

(1) the zeros of x1, repeated according to multiplicity, are o, . .. 04,161 e D,

(2) the zeros of xa, repeated according to multiplicity, are o2, . . . 0‘%2 € D, where ki+ky, = n,
and
(3) the royal nodes of x are oy, ...,0, € D, repeated according to multiplicity.

There exists some choice of ty >0, t € C\{0} and w € T such that the recipe in Theorem
5.2.10 with these choices produces the function x.

Proof. By Theorem 4.3.1, there exist polynomials E}, E} and D! such that

(1) deg(E}), deg(E}) and deg(D") < n,

(2) D'(A\)#0 on D,
(3) Ex(A) = (E1)™(N)
(4) |E}N)| < |D*(\)] on D,i = 1,2 and

By Ey

D1~n _
Bo,-5 (DY)

Di on D.

(5) =1 =

and x5 =

By hypothesis, the zeros of z;, repeated according to multiplicity, are i, ..., a}cl, and the
zeros of T, repeated according to multiplicity, are a2, ..., azz where k| + ko = n.
By Lemma 5.2.8,

kl k'2
Ei(\) = tH()\ — ;) H(l — 6?)\) for some t € C\{0} and all A € D.

j=1 7j=1

By hypothesis, o4, ...,0, are the royal nodes of z. Thus, by Proposition 5.2.7, for the
royal polynomial R' of z, there exists £, > 0 such that

RY(\) =ty H(A —0;)(1 —5,\).
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5.2. Rational E-inner functions of type (n, k)

By Proposition 5.1.3, for A € T,
ATTRY(N) = [DY VP =[BTV
By Theorem 4.3.1, D*()\) # 0 on D. Hence, for A € T

ATTRYA) + [ EY(V)F = [DY AP £ 0.

This implies that of,... ’O‘llm and of, ... ,Oziz which are on T are distinct from o;, 1 =
1,...,n. By the construction in Theorem 5.2.10, for o;, i = 1,...,n and of,... ,oz,lCl and
of,...,af , the rational E-inner function = (1, z, z3) can be defined by

E, ET" D™

D’ D’ D
for a suitable choice of t, > 0, t € C\{0} and w € T. Since E{ and R' coincide with E,
and R in the construction of Theorem 5.2.10 for a suitable choice of ¢, > 0 and ¢t € C\{0},
D' is a permissible choice for wD for some choice w € T, as a solution for equation (5.2.4).

Hence the construction of Theorem 5.2.10 yields = (1, 2, 23) for the appropriate choices
ofty >0,te C\{0} and w € T. O
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Chapter 6

Convex subsets of E and extremality

In this chapter we study convex subsets of E. We show that, for a fixed z3 € D, the
subset E N (C? x {x3}) is convex. Recall that the distinguished boundaries of the tridisc
D3 and the ball B3 contain no line segments. Thus every inner function in Hol(D, D?)
is an extreme point of Hol(D,D?) and every inner function in Hol(DD, B3) is an extreme
point of Hol(DD, Bs). However, this property contrasts sharply with the situation in the
tetrablock. Despite the fact that the set J of rational tetra-inner functions is not convex,
the conventional notion of extreme point of J is well defined and fruitful. In Theorem
6.2.12, we prove that for z € R™* with 2k < n, x is not an extreme point. A class of

extreme points of the set J is introduced in Proposition 6.2.14.

6.1 Convex subsets in the tetrablock

Definition 6.1.1. A domain 2 is convex if for all z,w € Q2 and all t such that 0 <t <1,
the point tz + (1 — t)w belongs to €.

Proposition 6.1.2. [2, page 8] E is not convexz.

Proof. Take x = (i,1,4) and y = (—1,4, —4). Let us first show that 2,y € E. By Theorem
2.1.5 (6), the point w = (wy, wy, ws) € E if and only if

\wl - U)_QUJg’ + ’U)Q —’IU_1U)3| S 1-— ’U}3|2. (611)
For z = (i, 1,4), inequality (6.1.1)

li—i|+[1—-1 = 1-1=0
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6.1. Convex subsets in the tetrablock

is satisfied, hence z € E.
Similarly, for y = (—1, ¢, —1), inequality (6.1.1)

| =141 +i—i = 1—|—d*=0

is satisfied, hence y € E.
Now if we take t = 1/2, then the point w = tx + (1 — t)y is equal to

w=131r+(1-%Yy = 1(i,1,9)+i(-1,i,—0)
L(=1+1,1+14,0).

Note that w is not in E, since

S
4
e
I
B

Hi—1-0/+31+i—0| =

Therefore I is not convex. [
We show that the set E is convex in (1, 5) for a fixed x3 € D, that is, the set
EN (C* x {3}) = {z = (21,20, 23) € C°: |z1 — Taws| + |2 — Tyas| < 1— |z5)*}

is convex for every x3 € D. In consequence, some associated sets have a similar property.
Proposition 6.1.3. The following sets are convex:

(1) EN(C? x {x3}) for any x5 € D;

(2) bEN (C? x {3}) for any x5 € D;

Proof. (1) Let 2,y € EN (C? x {x3}), and so, by Theorem 2.1.5 (6) = and y satisfy the

inequalities

|21 — Toxs| + |12 — Tows| < 1 — |z3]? (6.1.2)
and

Y1 = Gows| + |y2 — Tras| < 1— |ay? (6.1.3)
respectively. For all ¢ € [0, 1],

w=tr+(1—-ty = t(z,x,x3)+ (1 —1)(y1,y2,x3)
= (tw1 + (1 — t)yr, tes + (1 — t)ya, twg + (1 — t)as)
= (txl + (1 = t)y1, tee + (1 — t)ys, xg).
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6.1. Convex subsets in the tetrablock

Let us check that the point w € C? is in the set IE N {C? x {z3}}. By Theorem 2.1.5 (6),
w € B if and only if

|w1 —E2x3| + |U}2 —E1ZE3| S ]_ — |ZL‘3|2.
N o N o

g g

Let us consider the first term on the left hand side

w1 —Waxs| = [twr + (1 =ty — (T2 + (1 — 1)) a3
= |tz — Taws) + (1 — ) (31 — You3)]
< |ty — Tomws)| + [(1— ) (y1 — Yos))|
= t}xl —Tgxg‘ +(1- t)!yl — @2.753}. (6.1.4)

For the second term of the left hand side we have
ws — Wias| = |tws + (1 —t)ye — (t71 + (1 — )7 a3
|t(x2 —T1xg) + (1 —t)(y2 — ylx?))‘

|t(x2 — Tazs)| + |(1 — ) (g2 — Ty3)]
= tlos —Tiwg| + (1 1)y — G|, (6.1.5)

IA

Add inequalities (6.1.4) and (6.1.5) we get
\wl — @2.T3| -+ |’UJ2 — wlxgl =
t’l’l — fg$3| + (1 - t)‘yl —yzl’g’ + t‘l‘g —fll’g‘ + (1 — t)|y2 — yll'g .
Take ¢t and (1 — t) as common factors we have
|U}1 —@2x3| + |w2 — w1$3| =
t(|lz1 — Taws| + |2 — Tows|) + (1= 0) (Jyr — Yows| + |v2 — Tys|).
Therefore, by inequalities (6.1.2) and (6.1.3),

|w1 — w2I3| + "LUQ —E1x3| = t( ’Il — fg$3| + }1'2 —fll’g‘ )

-~

_|_

(1— t)(iyl — o3| + |2 — ?71903D
t(1 —Jz5l*) + (1 =) (1 — [as]?)
= (t+1-1t)(1 - |asf)

= 1- |l'3‘2.

IN

Hence for all ¢t € [0,1], w =tz + (1 — t)y € EN (C? x {x3}). Therefore EN (C? x {z3}) is
convex for any fixed x5 € D.
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6.1. Convex subsets in the tetrablock

(2) Let #3 € D and 2,y € bEN (C2 X {xg}) where = = (x1, 29, 23) and y = (y1, Y2, x3).
Note that, by Theorem 2.3.1 (1),

w € C* belongs to bE if and only if w; = Wows, |wy| <1 and |ws|=1. (6.1.6)
Thus we have
Ty =Tox3, |r2| <1 and |z =1,

and
Y1 =Ygz, |y2| <1 and |z3] = 1.

Fort:0<t<1,let
w = (w1, wy, w3) =tx+ (1 —t)y = (tar + (1 — t)yr, tws + (1 — t)yo, x3).

To prove the convexity of bIE N {C? x {z3}}, we need to check that, for all ¢ such that
0<t<1, wlesin bEN (02 X {arg}), that is, it satisfies condition (6.1.6).
Note that

Wowsz = (t.??g + (1 — t)yQ)LUg
= tfg.f(]g + (1 - t)y2l’3
= ta:1+(1—t)y1 = W1

and
lwa| = |twg + (1 —1t)ys]
< ftao| + (1 = )yel

tlza] + (1 —1)|ye]
< t4+1—t=1.

Obviously, |ws| = |z3] = 1. Therefore the set bE N {C? x {x3}} is convex for any fixed
T3 € D. O

Lemma 6.1.4. Let x = (11,79, 23), ' = (21,2, 21) and 2' = (22, 2%, 22) be in VE such

that x = ta' + (1 — t)z? for t € (0,1). Then x3 = xi = x3.
Proof. Since z, ', 2% € bE, by Theorem 2.3.1,
lzs| =1, 23] =1 and |23 = 1.

By assumption x3 = tad + (1 — t)z3. Since every point of T is an extreme point of D,
12
T3 = Ty = T5. ]
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6.2. Extremality in the set of E-inner functions

6.2 Extremality in the set of E-inner functions

In this section we show that, for a fixed inner function 3, the set of rational E-inner
functions © = (z1,x9,23) with third component x3 is a convex set. We prove that an
E-inner function z is not an extreme point of the set J if the number of the royal nodes
of x on T, counted with multiplicity, is less than or equal to half of the degree of z. In
Proposition 6.2.14 we give a class of extreme rational E-inner functions z € R™F of the set
J for which 2k > n.

Theorem 6.2.1. For a fived inner function xs, the set of E-inner functions (x1, zo, x3) is

CONver.

Proof. For the fixed inner function x3, let © = (21,29, z3) and y = (y1, Y2, v3) be E-inner
functions. For 0 <t <1 and \ € D,

(tz 4+ (1= t)y)(\) = (tzy + (1 = t)y1, tas + (1 — t)yo, 23) (N).
The function
w(A) = (wl,wg, wg) (\) = (txl + (1 —t)ys, tes + (1 — t)yz,$3)()\), AeD

is analytic on D and by Proposition 6.1.3 (1), w(D) C E. By Proposition 6.1.3 (2), since
for almost all A € T, z(\) and y()\) are in b, w(A) has also to be in bE. Thus w is an
E-inner function. Therefore the set of E-inner functions # = (1, 72, 3) is convex for any

fixed inner function xs. O

Definition 6.2.2. A rational E-inner function x is an extreme point of J if whenever
has a representation of the form x = tx' + (1 — t)x? for t € (0,1) and x',2* are rational

E-inner functions, x* = x2.

We will show below that J is not convex, however the notion of extreme points still
has the usual sense.

Lemma 6.2.3. Let x = (x1, 29, 23), 2t = (a2} 2 2}) and 2?2 = (22,22, 22) be rational
) y &3/ 142543 1)%25%3

E-inner functions. If v = tz' + (1 — t)a? for some t € (0,1) then x3 = x3 = 2.

Proof. Since z = tz' + (1 — t)z?, we have

(z1,2,,23) = (o], tay, tay) + ((1 — )z, (1 —t)z2, (1 — t)x%)
Thus x3 = toi + (1 — t)z2. Hence, for every point A € T,
3(A) = taz(A) + (1 — t)z5(N).

68



6.2. Extremality in the set of E-inner functions

By assumption, 2! and 22 are rational E-inner functions, and so, by Lemma 4.1.3 (ii),
x} and 22 are rational inner functions, that is, for all A € T,

[z3(M[ =1 and  |z3(\)| = 1.
Every point of T is an extreme point of D, and therefore,
23(A) = 23() = 3(\)
for all A € T. Since z! and z? are rational functions, x5 = i = 2. O
Lemma 6.2.4. The set of rational E-inner functions J is not convex.

Proof. Suppose that 2! = (21,2}, 2}) € J and 2? = (2%,23,23) € J such that o} # 3.
Then by Lemma 6.2.3, z = tx' + (1 —t)2? is not in J for all ¢ € (0,1). Therefore J is not

convex. ]

Definition 6.2.5. A real or complex-valued function f on a real interval I is said to take
a value y to order m > 1 at a point tg € I if f € C™(I), f(to) = vy, fY(ty) = 0 for
j=1,...m—1and f™(ty) #0. We say that f vanishes to order m > 1 at a point ty € I
if f takes the value O to order m at tg.

Remark 6.2.6. Let f € C™(I), f(to) =y at to € I, and let y # 0. If f? takes the value
y? to order m > 1 at ty, then f takes the value y to order m at t.

Proof. Let I be a real interval and let f € C™(I). Suppose that f? takes the value y* to
order m at ty. Then, by Definition 6.2.5

Plto) =92 A1V t) =[Pt == [ Dt) =0,  [f*]"™(t) #0.
(6.2.1)

[fQ](l)(x) _ 2f($)f(1)(x).
At the point ¢y, by equations (6.2.1),
2D (ko) = 2/ (to) S (to) = 0.

Since f(to) # 0, fP(to) = 0,
Similarly, for z € I,

[ () = 2[f VP (@) + 2f () F D (2).
At z = ty, by relation (6.2.1),

[£2]®) (to) = 2[f VP2 (to) + 2f (to) f P (to) = 0.
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6.2. Extremality in the set of E-inner functions

Since f(to) # 0 and fM(ty) = 0,

The same way, one can check that
fP%) =0 forj=1,...,m—1.

For the mth derivative we have

(£ (t0) = 2 (to) f™ (to) # 0.
Hence we get f(™(ty) # 0. Therefore

flto) =y, f9ty) =0, forj=1,....m—1 and  f™(ty) # 0.
[

Definition 6.2.7. A function f is analytic on T if there exists a function g analytic in a
neighbourhood Ut of T such that f = g|r.

Lemma 6.2.8. Let 7 = ¢ and let f(t) = (e —7)**G(e") in a neighbourhood of to where
G(z) is analytic on T and G(1) # 0. Then

f9(te) =0 for 7=0,1,...,20—1 and f@)(ty) #0. (6.2.2)

Proof. Since G is analytic on T, by Definition 6.2.7, there exists Ur a neighbourhood of T
and there exists G analytic on Uy such that G = G|y. Let z = e, ¢(2) = (z — 7)*G(2)
and ¢(z) = (z — 7)2G(z). Define (7, 7) to be an anticlockwise circle centred at 7 with
radius r

y(r,r)={2€C:|z—71|=r},

where r is taken sufficiently small such that v C Uyr. Hence the function b is analytic
inside the curve . Therefore, by Cauchy’s integral formula,
-‘ v
) _ &d
$7(7) 2mi ), (z —7)i+! )
! — )G
L [=GE)

2mi )., (z—7)it!

J! 20—j—1 /A
= = [ (z=7)"7'G(2)dz. (6.2.3)

271 .

For 0 < j < 2v — 1, the function (z — 7)2*7~'G(z) is analytic on Up. Therefore, by
Cauchy’s Theorem,

» 7 o

oD (r) = L= / (z — 72 971G(2)dz = 0. (6.2.4)

21 ~
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6.2. Extremality in the set of E-inner functions

If j = 2v, then equation (6.2.3) becomes

é(zv)(T) _ (21}).! / (G(z) D,

2mi ), (2 —7)
By Cauchy’s integral formula,
S0 (21})!/ G(2) 1 o 5
() omi | (Z_T)dz (2v)! G(1) # 0. (6.2.5)

Hence ¢(2)(1) # 0 because ¢ agrees with ¢ on T. Note that,
(1) = (¢ = &)PIG(E) = o(e").

By the chain rule,

df  d¢ dz
dt — dz dt
Ef (6 d2\dz  dp dPz
a2 (dz2 dt)_t dz di*
P (d2\? dpdx
- dz2( )+dzdt2

Pf (@0 e (2N o (yds P2\ (P d\Px do 4
a3~ \dz dt dz2 dt dit2 dz dt ) dt ' dz di3
3 3 2 2 3
_ dgb(dz) +3d¢dzdz do d*~

dz? d=2 dt? dt

02 A A dz i
Similarly, one can see that

d2v—1f _ d2v—1¢ d_Z 2v—1 N @ d2v—lz
dt2=1  dz-1\ dt dz dt2v=1"

By equation 6.2.4 and since ¢ and ¢ agree on T,

&

£(7)=0, forj=1,...,20—1,
and so,

47

d;]b()—oa fOrjzl,...,Q’U—l.

That is, fU(ty) =0 for j=1,...,2v — 1.
Now for the (2v)th derivative we have

d2v d2v d v dd d2v
dt?v dz2v \ dt dz dt?v
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6.2. Extremality in the set of E-inner functions

By equations (6.2.4) and (6.2.5),

dj d2v
d_ﬁ(T)_O’ forj=1,...,20—1 and %()#0
d2v dz 2v
Hence f)(t) = ?ﬁ(ﬂ <%) (to) # 0.
Therefore fW)(to) =0for j =0,...,2v — 1 and f®(t,) # 0. [

Lemma 6.2.9. Let x = (1,15, 23) be a rational E-inner function. For 7 € T,
(i) |z1(7)| =1« 7 is a royal node of x.

(ii) |xzo(7)] =1< 7 is a royal node of x.

Moreover,

(iii) 7 = €™ is a royal node of x of multiplicity v if and only if |x1(e")| = 1 to order 2v
att = to.

(iv) T = €' is a royal node of x of multiplicity v if and only if |xo(e™)] = 1 to order 2v
att = to.

Proof. (i) If 7 = €' is a royal node of z of multiplicity v, by Definition 5.2.1,
(x5 — 2112)(\) = (A = 7)*F()) (6.2.6)

where F'is a rational function, analytic on T and F(7) # 0 on T. By Lemma 2.3.2, since
x is E-inner function, 2o = Zyx3 on T. Therefore, for A € T,

(xg — m1x2> (AN = (mg — xlx_1x3> (N
= 23(\) —z3(\) |21 (M)
= W= B P, (6.2.7)

Therefore, for any 7 € T,
‘xl(T)‘ =1 <~ (173—.1'11'2)(7') :O,

that is, if and only if 7 is a royal node of x.

(ii) Since z is rational E-inner function, by Theorem 2.3.1, z; = Tyz3 on T. The rest
of the proof is similar to the above proof of (i).
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6.2. Extremality in the set of E-inner functions

(iii) Suppose that 7 = e is a royal node of x of multiplicity v > 1 then on combining
equations (6.2.6) and (6.2.7), for all ¢t € R,

w3(e")(L — |2 (e")]) = (e — ) F(e").

This gives
) ) F(eit)
1 — |z ezt 2 _ ezt _ \2v :
| 1( )| ( 7_) 1'3(6”)
X X it F(Git . . . it
The rational function G(e") = o) is analytic on T and is not equal to zero at 7 = e"°.
x3(e

Thus we have
1— |:E1(6it)|2 — (eit . 7_)21;G(€it)'

Since z is rational and |z;(e")| = 1, the function f(t) = 1 — |z (e™)]* is C*° on a neigh-
bourhood of t;. By Lemma 6.2.8,

fO) =0 forj=0,1,...,20—1 and f@(t) #0.

Therefore f takes the value 0 to order 2v at o, which implies, by Remark 6.2.6, |x1(e")| = 1
to order 2v at tg.

(iv) The proof of this statement follows from (ii) and is similar to the above proof of
(i) u

Lemma 6.2.10. Let n > 1. Any x = (11,22, 23) € R™° is not an extreme point of J.
Proof. Since x has no royal nodes on T, by Lemma 6.2.9, for all A € T |
lz1(N)] < 1 and |za(N)]| < 1.

Since T is compact, the supremum of z; and z, is attained on T, that is, there exist
A1, Ay € T such that

sup |1 (A)] = |z1(A\1)] < 1 and sup |z2(A)] = |z2(A2)] < 1. (6.2.8)
AET AET

Choose €1 > 0 and €3 > 0 such that
|l‘1()\1)|(1 + 81) <1 and |l’2()\2)|(1 + 62) < 1. (629)
Take ¢ = min{ey, eo}. If 21(A1) = 0, then

x1(A) =0 forall A& T.
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6.2. Extremality in the set of E-inner functions

Likewise, if 25(\2) = 0 then
zo(A) =0, forall A eT.
Define x! and 22 to be
' = ((1+¢e)zy, (1+¢)xp, 23) and 2% = ((1— &)z, (1 —e)ap, x3).
Since & = (1, T9, T3) is a rational E-inner function, for almost all A € T,
r1(A) = To(N)zg(A), |z2(N)] <1 and |z3(N\)] = 1. (6.2.10)

Let us check that #' and #? are rational E-inner functions. By Theorem 2.3.1 (1), this will

follow if we show that
(14 e)z1(N) = (14 e)Ta(N)zs(N), (1+¢e)|za(N)| <1 and |zz3(N\)| =1,
and x'(D) C E. By equations (6.2.10), we have to show only that
(14+¢)|z2(A)] <1 onT.

This statement follows from inequalities (6.2.8) and (6.2.9). Thus 2'(T) C bE. By Theorem
2.3.1 (2), for almost all A € T,

' (\) € bE < U(.,2'()\)) is an automorphism of D.

By the maximum principle, for all A € D, ||¥(.,2'(\))||z= < 1. Therefore, by Theorem
2.1.4, for all A € D, z'(\) € E. This completes the proof that z! is a rational E-inner

function.

In a similar way we can show that z? is a rational E-inner function. Moreover, by
Lemma 6.2.9, x!, 2% have no royal nodes on T and therefore z',22 € R™°. However
x = iz' + 122, which implies that z cannot be an extreme point of J since 2! # 22, [
Proposition 6.2.11. Let © = (1, %9, x3) be superficial and x = tx' + (1 — t)z* for some
0 <t<1, where ' = (2}, 21, 2)) and 2? = (22,23, 22) are rational E-inner functions.

1 2 - ol a2
Then z* and x* are superficial and T3 = x5 = 5.

Proof. By Lemma 6.2.3, r3 = 23 = x3. Suppose, for a contradiction, x! is not superficial.
Then there exists A9 € D such that 2*(A\g) € E. Let us show that in this case z()\g) € E,
and so is not superficial.

By Theorem 2.1.4 (6), it is enough to show that

|271()\0) — fg(/\(])%g,()\o)‘ + ‘wg()\o) — Tl()\o)l’g()\o)’ <1l-— ‘Ig()\(])’z. (6211)
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6.2. Extremality in the set of E-inner functions

Since 2*(\g) € E and 22 is rational E-inner function, this implies that

|21 (No) — T3(No)z3(No)| + [23(Xo) — T1(No)z3(Ao)| < 1 — |23(Mo)[?
and

|27 (Xo) — T5(No) 23 (No)| + [23(X0) — T (No)x3(Mo)| < 1 — |23 (Mo)[*.
Let us begin with the first term on the left hand side of inequality (6.2.11).

|[71(Xo) — T2(Ao)z3(Ao)|
= Jte1(No) + (1 = t)zi(No) — (tT5(No) + (1 = £)T5(No)) z3(No)|
= |tz1(No) + (1 = 1)z (No) — tT3(Ao)a3(No) — (1 — )T5(Ao)a3(No) |
= |t(z1(M) = T3(Ao)as(No)) + (1 =) (2T (No) — T3 (Ao)z3(No)) |
< t(z1(h) = Ta(Ao)zs(Mo)) | + [(1 =) (27 (N) — T3 (Ao)23(Mo)) |
= |21 (M) — ThO0)zs (o) + (1 — 1)]22(h0) — T2(Ao)zs(Ao)]. (6.2.12)

The second term on inequality (6.2.11)

[z2(Ao) — Z1(Ao)x3(No)]

= |tw3(Xo) + (1 — t)a3(No) — (tT1(No) + (1 — )T )azg(Ao)|
[t3( o) + (1 = £)25(No) — 71 (o) w3 — (1 — )T (No) (o)
= |t(z3(%0) = T1(No)x3(N)) + (1 = 1) (23(No) — Ti( >\0 )z3(No)) |

IN

‘t(l’é()\o) —Ti()\o){lfg )\() )‘ + ‘ 1 —1 ($§(>\0) — 1‘1()\0)273()\0)”
t|z3(Ao) — Z1(Mo)zs(No)| + (1 — t)|23(Ao) — T1(Ao)zs (o). (6.2.13)

Add inequalities (6.2.12) and (6.2.13) gives
tlzt (M) — Ta(Ao)aa(No)| + (1 — B)|23(No) — T3 (No)ws(No)| +
t|z3(Ao) — T1(Ao)zs(Ao)| + (1 = ) |23 (Ao) — TT(Xo)3 (o)
_ <|m1()\0) — T (No)z3(N0)| + |75(0Ne) — T (No)as(Mo))|
(1= 0)([2100) = Bz (N0)] + [a3(h) =T M)z (M)

< (1= Jas(Mo)l?) + (1= )(1 = |zs(M) )
= (t+1-1)(1 = |zs(Mo)]*) =1 — |23(No)|* (6.2.14)

By equations (6.2.12), (6.2.13) and (6.2.14), this proves relation (6.2.11).
[

Theorem 6.2.12. Let x € R™*. If 2k < n, then x is not an extreme point of the set J
of rational E-inner functions.
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6.2. Extremality in the set of E-inner functions

Proof. Let x € R™*. By Definition 5.2.1, 2 has n royal nodes in D and k royal nodes that
lie in T. By Theorem 4.3.1, there exist polynomials F;, Fy and D of degree at most n

such that
E, ET™ D™
r=|—= —— —
D’ D’ D

where, for all A € D, D(\) # 0 and Ey(A\) = E;™(\). Let 71, ..., 7 € T and ay1, ..., €
D be the royal nodes of z in D repeated according to multiplicity. By Proposition 5.2.7,
the royal polynomial of x is

_THQTJ H Qaja

Jj=k+1

for some r > 0. Thus for all A € T,

AT'R(N) = TA_"{ [T =ma =70 ] A —a - 04_;')\)}

j=1 j=k+1
= H|A—TJ|2 H A — o2 (6.2.15)
j=k+1

By Proposition 5.1.3 and equation (6.2.15), for all A € T,

DV = [E (W = —THIA—TJI2 H A = oy, (6.2.16)

Jj=k+1

Assume first that n is even and write n = 2m. This implies that & < m. Define a

polynomial g by

g\ = A”?(%) = )\"{?1 T (x)i,k H(% _ Tj)2}




6.2. Extremality in the set of E-inner functions

Let
Ei=FE +tg and Ei=E"+tg forteR.

The polynomial E! has degree at most n. We also have, for all A € D,

(B) () = (B +1tg) (V)
= (ET)7"(N) + (tg) " (\) = (B +tg)(N) = E{(\).  (6.2.17)

Note that, on T,

DI —|E{[* = |DI* - |E1 +tg]®
= [D]* = (Ey + tg)(E) + tg)
= |D|? — |Ei|* — t*|g|* — 2Re(tgE"). (6.2.18)

Let || F1||s denote the supremum of |E;| on T. Then, for all A € T,

Re(tg(\Er(A) < [tg(NEL(N)] = [tEL(N)]

k
?1 .. .Fj)\m_k H()\ — Tj)2
j=1

k
= REWI] -7l
j=1

k
< B [T 1A -7 (6.2.19)
j=1
Note that, for all A € T,
i 2 i 2
g =7 m X[ =) = [ T[- )
i=1 j=1
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6.2. Extremality in the set of E-inner functions

Combine equations (6.2.16) and (6.2.18) and inequality (6.2.19), for all A € T, to get

DN = [EL (V)]

= [DP = [Ex(N)I* = [tlg(N)[* — 2Re(tg(A) E1(N)), (by equation (6.2.18))
= rH A =17 H A= aj]* = [t]*|lg(N) > = 2Re(tg(A)E1())), (by equation (6.2.16))

Jj=k+1
k
2TIIM—@P]1|A—%F—HHA)\—ﬂﬂﬁﬂ@[hA—@ﬁ(@d%@ﬂMy@&N”
j=k+1 j=1
k
= H!A—TJI2 H [Qay (W] = [tV > = 2[¢l || Ex[loo [T 1IN = 7517
j=1 Jj=k+1 j=1
k k ) k
= H A =7l H Qs W= [t TT 1A = 7P| = 2l Ealloo [T 1A = 7
j=k+1 j=1 j=1
k
> —BF{WW—QWIIM—%F+ﬂWWMm)}
j=1

>

N
111
j=1

k
[IA=ml {TM— [t (1] gl +2||E1||oo)}

where M = infy [ |Qq,| > 0.
Let us show that for |¢| sufficiently small |[D(X)[* — |EY(A)|*> > 0 on T. It suffices to find
|t| such that

rM — [t (] 119l + 2/ E1lloc) > 0,

or equivalently,

Fil|oo M
|t|(|t|+2H 1 )- T <o

191100 [191]oo

21| Bl oo M

If we take |t]§min{ [EAl , L },then
lgllso " 8l E1lloc
0 M Eil|s Eil|s M
|t|(|t|—|—2|| 1|| )_ r < |t|<2|| 1|| +2|| 1|| )_ r
[19fo0 [l91]oo [19lo0 [191loo [l9foo

_ |t|<4HE1HOO)_ rM
[lglo [l91]oo
rM (4HE1HOO>_ rM

— 8l \ gl [191]oo

M M M
= T T 00 (6.2.20)

20l9lle Mlgllee  2llgllse
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6.2. Extremality in the set of E-inner functions

Therefore
DE-|BF>0  onT,

and by Theorem 5.2.10, the functions

(Eii—t E;_t D~n>
Ty =

D’ D’ D

and
B E;t E;t DNTL
“=\D " D' D

are rational E-inner function. Obviously,

1 1 L/E Eff D™\ 1/E" Eyt D™
gl gt = §(D’D’ D>+§(D’D’ D)
B Efrt—i—El_t E;t+E2_t D~
B ( 2D ' 2D D)
 (Ei+tg+ Ey—tg ET" +itg+ ET" —tg D™
B ( 2D ’ 2D ’ D)
- (BE o) -,
D’ D’ D '

Hence x is not an extreme point of 7.

If n is odd, assume n = 2m+1. This case requires a slight modification. By assumption,
2k < n thus 2k < 2m + 1. This implies that £ < m. Choose w € T such that

k
w’ = -7 [[7.
=1

Let i
gN) =wA" A=) [ -7)% Aec

J=1
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6.2. Extremality in the set of E-inner functions

Clearly, the polynomial g has degree m+k-+1 < n. Let us check that the g is n-symmetric

0 =391 = (w5 -m) TG -)°)
11 L
- A”(wAm_A;—n)gl(X— »)

_ )\m+k+1 B H %

—

j
k
= w\" k(l—Tl)\ H 1—7'j)\)2

As in the even case, define the polynomials on D
El=FE +tg and E,=FE™+tg forteR.

Similar to equation (6.2.17), for all A € D, E{(A) = (E%)™"(\) and similar to equation
(6.2.18), for all A € T,

DV = [ETN)* = D) = [E((N)? = £[g(N)]* = 2Re(tg(A) Ex (V). (6.2.21)
For all A € T,
Re(tgEi(A) < [tgBa(V)] = \tEl(A)\‘wAmk(A - ﬁ)H(A —7)°

k
= REWIA =7l [T A =7l

k
< B ool = TTIN =7 (6.2.22)

Jj=1
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6.2. Extremality in the set of E-inner functions

Combine equations (6.2.16), (6.2.21) and inequality (6.2.22) gives, for all A € T,

[IDNP =BT
= [DOYF = [E: (N = [t7|g(V)I* = 2Re(tg(\) E1(V))

k
= r[[A-nl H A —a;” = [t[*lg(V)? = 2Re(tg(A)E1(X)), by equation (6.2.16)

Jj=1 j=k+1
k k
> r||Ix=7? H N = o = [tPlgN)* = 20| B[l A = 7o T] 1A = 1%, by inequality(6.2.22)
Jj=1 Jj=k+1 Jj=1
k
= HIA—TJI2 H 1Qa, M| = 1tP1gNP = 20| Erl|oolX = 7 T IN = 7517
j=k+1 Jj=1
= HM—TJW H |Qa,(N)| — [t M—T\2HM—TJ!4—2!tIHE1HooM—ﬁll_[M—TJ\Q
j=k+1 Jj=1 Jj=1
k
> A= PrM —\—7| | [tPIN=T A — 72 2t |Eq oo
> 1_11 J\{ | 11(1\1 TTIA =7 2B
=t <2 = _
<111%/lglloo
k
> HM—%\Q{TM—%WHQHOO+2\tIHE1Hoo)}
j=1

where M = infy [[|Qq,| > 0. By similar arguments as in equations (6.2.20), one can find
|t| such that
rM = 2([tP||glloo + 21t][| E1ll) >0

Therefore,
IDI>—|E{*>0, onT.

Hence, by Theorem 5.2.10, the functions

B (B)" D
Tt = D ) D ) D

are rational E-inner functions. One can check that x = %x+t + %:v_t and therefore x is not

an extreme point of 7. O]

Theorem 6.2.13. [7, Theorem 5.13] A rational T-inner function h € R is extreme in
the set of rational I'-inner functions if and only if 2k > n.

Proposition 6.2.14. Let x = (21,29, 23) € R™* be a rational E-inner function such that
T1 = Xy and 2k > n. Then x is an extreme point of the set J of rational E-inner functions.
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6.2. Extremality in the set of E-inner functions

Proof. By Lemma 4.1.9 (1), the function h = (s,p) = (221, x3) is [-inner. By Theorem

4.3.1, there are polynomials E;, Es, D such that z = (%, %, %). Here, since =1 = x4,

necessarily £; = E5. By Definition 3.3.5, the royal polynomial R;, of h is
R,(\) = D*(\) (4933 - 4x§) (\)

= DQ(A)(4D;— g—lz)(A)

= 4(DD™ — E7)(\) = 4R, (N).

It is clear that if 2 € R™*, then h has degree n and k royal nodes on T, counted with
multiplicities, such that 2k > n. Thus, by Theorem 6.2.13, h is an extreme point of the
set of rational I-inner functions. That is, if h' = (s!,p!) and h? = (s% p?) are I-inner
functions such that

h=th' + (1 —t)h? for some t € (0,1),
then h = h' = h%. Note that, in this case, we have

s=ts' + (1 —1t)s = s=s =3

1 ) o (6.2.23)
p=tp' + (1 —1t)p =p=p =p.

Suppose
x=tz'+ (1 —t)a*, for somet € (0,1)

and for rational E-inner functions z! = (21, z}, ¥3) and z? = (z%, 3, 22). This implies that

Ty =tol + (1 —t)z?
Ty = tod + (1 — t)z3
w3 =p = tas + (1 — t)z3.

Recall that (s,p) = (221, x3), hence

s =2tx; +2(1 —t)a?
s = 2txy +2(1 — t)x3 (6.2.24)
p=txy+ (1 —t)z3.
Therefore
(5,p) = t(271,73) + (1 — t)(227, 23)
and

(s,p) = t(2x3,x3) + (1 — t) (223, 23).
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6.2. Extremality in the set of E-inner functions

Since h is an extreme rational I'-inner function, we have

I
®

1_ 9,2
2z = 2x7

Therefore x = ' = 2. Hence z is extreme in the set J. O
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Appendix A

The fundamental group of a

topological space

Definition A.0.1. [30, Definition, page 150] Let I = [0,1] be the unit interval. Two
mappings [ and g of a topological space X into a topological space Y are homotopic,
denoted f ~ g, if there is a continuous mapping h : X x I —Y such that for each x € X

h(z,0) = f(x) and h(z,1)=g(x).
such a map h is called a homotopy between f and g.

Definition A.0.2. [30, Definition, page 157] Two spaces X and Y are homotopically
equivalent (or of the same type) if there are mappings f : X — Y and g : Y — X such

that the composite mappings
fog:Y =Y and gof: X —X
are homotopic to the identity mappings
id:Y =Y and id: X =X

respectively.

Let Y be a topological space and let yo € Y. Let C(Y,yo) be the collection of all
continuous mappings f : I — Y such that

f(0) =yo = f(1).

Definition A.0.3. [30, Definition, page 159] Suppose that f and g are two mappings in
C(Y,y0). Then f is homotopic to g modulo yy, denoted by f ~ g if there exists a
Y0

continuous map h : I x I —'Y such that
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A.0. The fundamental group of a topological space

h(z,0) = f(x) and h(z,1)=g(x) forall x € I.
and h(0,t) = yo = h(1,1) forall t € I.

Theorem A.0.4. [30, Theorem 4-2] Let A be any set, and let R be an equivalence relation
on A. Then A is decomposed by R into disjoint subsets called equivalence classes.

Lemma A.0.5. [30, Lemma 4-16] Homotopy modulo yo is an equivalence relation on

C(Ya yO)'

By Theorem A.0.4, C(Y,yo) can be decomposed by the relation ~ into disjoint equiv-
Yo

alence classes, namely the arcwise-connected components of C(Y,yo). We denote the col-

lection of such classes m(Y,yo). Now, let [f] be the homotopy class such that f is in

C(Y, o), that is, [f] denote the collection of all g in C(Y,yo) such that f ~ g. Define the
Yo

Juataposition f * g of f and g on 7 (Y, yo) by

(f *g)(x) =

f(2x) 0<z<
g2z — 1) %

One can see that f * g is also an element in C(Y, yo), since (f * g)(3) = f(1) = g(0) = .
Finally, we define the product of [f], [¢g] in 71 (Y, yo) by

[f]o[g] =[f *gl.

The set m1(Y,yo) is called the fundamental group and it is indeed a group under the o
operation which we shall consider in this thesis.

Theorem A.0.6. [30, Theorem 4-20] A continuous mapping h : (X, xo) — (Y, o) induces

a homomorphism h, : (X, zo) = m (Y, %0).

Proof. Define a mapping
h’# : C<X7 'CEO) — C(Y7 yO)
 f e h(f(2))

that is, (hgf)(t) = h(f(t)). First we need to show that hy is continuous. Suppose that
fo in C(X,z0) and let U 2 hyfy be any basis element in the compact-open topology of
C(Y,yo). By definition, U is the collection of all continuous functions in C(Y,yo) which
map a compact set K into an open set O. Now consider the basis U~! of the collection
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A.0. The fundamental group of a topological space

of all continuous functions in C'(X,zg) that map K into h=(O0). [hyf](K) belongs to O,
thus h(f(K)) lies in O and f(K) lies in h=1(0), therefore fy belongs to U™t If g lies in
U=, then g(K) lies in h71(0) and [hyg](K) = h(g(K)) lies in O, and hence hyg € U.
Therefore, hy is continuous.

Define h, ([f]) = [hyf]. Clearly, h, is well-defined, since hy maps C(X, o) into C(Y, o).
It remains to show that h, is homomorphism, that is,

he([f12[g]) = ha([f]) © hu((g])-
We only need to show that
hyu(f % g) = hyf * hyg.

One can see that

g~ JPUED) = [hef1(22) for0<a<?
[y (f % 9)(x) = h(g2z — 1)) = [hyg)(2e —1)  for i<z <1

= [hgpf * hygl(x).

Theorem A.0.7. [30, Theorem 4-21] Suppose that the mappings f and g from (X, zq) into
(Y, yo) are homotopic. Then the induced homomorphisms coincide. If f: (X, xz0) = (Y, v0)
and g : (Y,yo) = (Z,20), then (gf)« = s fe-

Theorem A.0.8. [30, Theorem 4-3] Let Y denote the space of all continuous functions
from X into Y. Then the homotopy classes of YX are precisely the arcwise-connected
components of YX.
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Appendix B

Basic definitions

Definition B.0.1. A domain Q2 C C",n > 1, is called starlike about a fized point a € 2

if, for any point z in ), the line segment between a and z lies entirely in 2.

Definition B.0.2. A subset Q) of C",n > 1, is called starlike if it is starlike about some
point.

Definition B.0.3. Let Q be a domain in CV. We say that Q is polynomially convex if for
every point z € CNV\Q, there is a polynomial p such that

sup{[p(w)| : w € Q} < [p(2)].

Definition B.0.4. The polynomially convex hull of a compact subset S of CV, denoted by
§, 1s defined as

~

S = {Z e CV: |p(2)] < max Ip(s)| for all polynommls}.
se

S is said to be polynomially convex if S = S.

Definition B.0.5. A domain € is polynomially convex if for every compact subset S of
Q, S cq.

Definition B.0.6. Let Q be a domain and let Q be its closure. We denote by A(SY) the
algebra of continuous scalar functions on Q that are holomorphic on Q.

Remark B.0.7. Let Q be a domain. A subset C of Q is called a boundary if every
function in A(Q2) attains its mazximum modulus on C. By the theory of uniform algebras
[17, Corollary 2.2.10], if Q is polynomially convez, there is a smallest closed boundary of
Q contained in all the closed boundaries of Q2. This boundary is called the distinguished
boundary, or Shilov boundary, of Q and denoted by bS).
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B.0. Basic definitions

Lemma B.0.8 (Schwarz Lemma). [14, Theorem 13| Let f : D — D be a analytic
function such that f(0) = 0. Then

(i) |f(2)] < |z]| for every z € D;
(i) [f(0)] <1.

Moreover, if either |f(w)| = |w| for some w € D\{0}, or |f'(0)| = 1, then f is a
rotation, that is, f(z) = cz for some ¢ € T.

Definition B.0.9 (Mobius transformation). [33, Page 23] The function

_az—i—b
ez +4d

f(2) (B.0.1)

where a,b,c,d € C such that ad — bc # 0 is called Mobius transformation. In the case that
c =0 we have f(z) = %z + C%, thus the Mobius transformation is linear. We extend the
definition to the Riemann sphere as follows:

d a
_ = d ——
f( C) 00 an f(o0) .
The inverse of the Mdobius transformation (B.0.1) is given by f~H(w) = _d;‘:;f’a. One

can see that f(z) maps the extended complex plane onto itself.

Lemma B.0.10. Let a,b,c,d € C be such that ad — bc # 0 and ¢ # 0. Suppose that
cz+d#0 forall z€D. Then the linear transformation

az+b
S(Z):cz—l—d

maps the open unit disc D into the set S(D) = {z € C: |z — C| < R}, where C and R are
the centre and the radius of S(D) respectively where

bd — ac lad — be]
P =P dP =P
az+b : .
Proof. Let S(z) = —d be a linear transformation such that ad # be, and let w = S(z)
cz
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B.0. Basic definitions

then we have

az+b

cz+d
w(cz+d) = az+b

w =

wez +wd = az+b

wez —az = —wd+b
z(we—a) = —wd+b
—dw +b
z = —
cw—a
—dw +b
cw—a
So for w = S(z) we have z = S7!(w) = M The limit of S™(w) as w — oo is
cw—a

—. The preimages of the centre C' and oo are conjugate with respect to the open unit
c

circle T, that is, S~1(C') - S~'(00) = 1 and so S~1(C) - =% = 1. Therefore, S'(C) = =*.
Now,

SoSY(w) = S(M)
(

adw—ab—cbw+ab
—cw—+a

cdw—cb—cdw+ad
—cw—+a

adw — cbw
—cb+ ad
w(ad — cb)
= —= =w. B.0.2
ad — cb v (B.02)
Similarly, S~ o S = id.
We have C'= S(S71(C)) this gives

—C a(
¢= S<7> - c(

)—l-b_ bd — ac
)+d |d* —]*

|
mlﬁ\ mlr‘:\
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B.0. Basic definitions

The radius R = |S(1) — C| is equal to

at+b bd — ac
c+d |d?—|c|?
(a+b)(|d]* —|el*) — (¢ + d)(bd — ar)
(c+d)(|df? = |ef?)
ald|? — alc|> + b|d|* — b|c|> — bed + alc|> — bld|? + ade
(e +ad)(|d* = |c?)
ald)? = blc|* — bed + ade
(c+d)(|df* = |ef?)
ad(¢ + d) — be(C + d)
(c+d)(|df* = |ef?)
(¢ +d)(ad — be)
(c+d)(|dP? = |ef?)
ad — bc
|dI* = |cf”

R:

O

Definition B.0.11. The Schur class is the class of analytic functions which map the open
unit disc D to its closure D. The Schur class is denoted by Hol(ID, D).

Definition B.0.12. H>°(D) is the Banach space of bounded analytic functions on the open

unit disc D with supreme norm || f]ls = sup |f(N)].
AeD

Definition B.0.13. [37, Definition 13.1] L*(T) denotes the Banach space of essentially
bounded Lebesque-measurable C-valued functions on T with pointwise algebraic operations
and essential supremum norm:

[1£lloo = ess sup |£(2)].

Theorem B.0.14 (Fatou’s Theorem). [36, Theorem 11.32] To every f € H*(D) there
corresponds a function f € L*(T) defined almost every where by

f(eit) = lim f(re™).

r—1

The equality || f|lo = ||f]loc holds, where ||f]|o = sup IFVI.
S
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T
N

S7H(w)
Figure B.1: The linear fractional S maps the open unit disc D.

Definition B.0.15. An inner function is an analytic map f : D — D such that the radial
limat
lim f(r)\) (B.0.3)

r—1-

exists and belongs to T for almost all A\ € T with respect to Lebesque measure.

Definition B.0.16. [9, page 2| A Finite Blaschke product is a function of the form

Bz)=c][{—o  forzeO\{/m.....1/a),

1-— i”

z —

where |c| = 1 and oy,...,a, € D. The function B,(z) = 1 is called a Blaschke

—Qz
factor.

Theorem B.0.17. [9, page 2| Let B be a finite Blaschke product. Then the function B
has the following properties:

(1) B is analytic in D and continuous in D.
(2) B is inner.
(3) B(z) =0 at ay, .., a, only.

(4) B has poles at a% .., = only.

) Qg
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Remark B.0.18. [29, Theorem 3| The rational inner functions on D are precisely the
finite Blaschke products.

Theorem B.0.19 (The maximum modulus principle.). [14, Theorem 12| If f(z) is
an analytic and non-constant function in a domain ), then |f(z)| has no mazimum in €.

Theorem B.0.20. [14, Theorem 12/] Let S be the closure of a bounded domain. If f is
defined and continuous on S and analytic on the interior of S, then | f| attains its mazimum
on the boundary of S.

Lemma B.0.21. (Fejér-Riesz theorem) [34, Section 53] If f(A) = >_1  a; A" is a trigono-
metric polynomial of degree n such that f(X\) > 0 for all X € T then there exists an analytic
polynomial D(X) = Y1 biA" of degree n such that D is outer (that is, D(X) # 0 for all

AeD) and

forall A € T.

Definition B.0.22. Let ) be an open set in C and X a Banach space. Then we say a
map [ :Q — X is analytic if for every zo € Q there exists f'(z9) € X such that

f(z) — f(%)

zZ— 20

=0.
X

Definition B.0.23. Let X be a domain in CV. We denote by Hol(D, X) the space of
analytic functions from D to X.

lim
Z—r20

— f'(20)

Definition B.0.24. Let C" = {x : © = (x4, ...,2z,) : x; € C}. The inner product of two
vectors x,y € C" is defined by
(,y) = szyz
i=1

Define the norm of the vector z in C" by
1
lzller = (z,2)>
N\
- (k)
i=1
Definition B.0.25. [37, Definition 3.4] A Hilbert space is an inner product space which

18 a complete metric space with respect to the metric induced by its inner product.

Definition B.0.26. [37, Page 23] A Banach space is a normed space which is a complete
metric space with respect to the metric induced by its norm.
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Remark B.0.27 (Operator norm of a matrix). Let W € C™*",

a1 a2 ... Qip
asy aon
W = , ai; € C.
Am1 Am2 ... Amn
Then W defines a bounded linear operator
w . C"—=C™
x+— Wax, where
ai a19 ... QAip I E;‘:laljxj
W — a91 Aop T2 _ E;-"”:lanxj
Ami  Ama - Qmn Tn Z?zlamja:'j

The operator norm of W is given by

W[l = sup [[Wl[em.

|zllen <1

Definition B.0.28. [14, page 115] Let v be a closed curve that does not pass through a
point a. Then the winding number, or the index of the point a with respect to v is an

(7.a) 1 / dz
n(v,a) = — )
v 2mi ), 2 —a

Theorem B.0.29. (Cauchy’s integral formula) [14, Theorem 6] Suppose that f(z) is

analytic in an open disc 2, and let v be a closed curve in . For any point a not on ~y

nra) fla) = — [ L

21 yZ—a

integer given by

The higher derivatives of the function f at the point a are given by

alna) - £ = o [ SEE

271

Theorem B.0.30. (Cauchy’s Theorem) [14, Theorem 4| If f(2) is analytic in an open

disc B, then
/f(z)dz =0
v

for every closed curve v in B.
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Theorem B.0.31. [14, Theorem 18] If f(z) is meromorphic in a domain Q with the zeros
a; and the poles by then

1 '(2)dz
i ijg(i) :;”(%ag’)—;n(v,bk).

Definition B.0.32. A domain Q) is said to be an analytic retract of a domain 2o if there
exist analytic maps v : 1y — Qo and k : Q9 — 0y such that ko =idg,.

Definition B.0.33. [8, Page 1] A holomorphic retraction is a holomorphic map v : U — U
such that v ot = ¢, and a holomorphic retract in U s a set which is the range of a
holomorphic retraction of U.
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