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Abstract

Stochastic differential equations (SDEs) provide a natural framework for describing the
stochasticity inherent in physical processes that evolve continuously over time. In this
thesis, we consider the problem of Bayesian inference for a specific class of SDE — one
in which the drift and diffusion coefficients are linear functions of the state. Although
a linear SDE admits an analytical solution, the inference problem remains challenging,
due to the absence of a closed form expression for the posterior density of the parameter
of interest and any unobserved components. This necessitates the use of sampling-based
approaches such as Markov chain Monte Carlo (MCMC) and, in cases where observed data
likelihood is intractable, particle MCMC (pMCMC). When data are available on multiple
experimental units, a stochastic differential equation mixed effects model (SDEMEM) can
be used to further account for between-unit variation. Integrating over this additional
uncertainty is computationally demanding.

Motivated by two challenging biological applications arising from physiology studies
of mice, the aim of this thesis is the development of efficient sampling-based inference
schemes for linear SDEs. A key contribution is the development of a novel Bayesian
inference scheme for SDEMEMs.
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Chapter 1

Introduction

Stochastic differential equations (SDEs) are arguably the most used and studied stochastic
dynamic models. SDEs (Fuchs,[2013) allow the representation of stochastic time-dynamics,
and are ubiquitous in applied research, most notably in finance (Steele, 2012), systems
biology (Wilkinsonl [2018), pharmacokinetic/pharmacodynamic modelling (Lavielle|, |2014)
and neuronal modelling (Saarinen et all [2006). SDEs extend the possibilities offered by
ordinary differential equations (ODEs), by allowing random dynamics. As such, they
can in principle replace ODEs in practical applications, to offer a richer mathematical
representation for complex phenomena that are intrinsically non-deterministic.

However, in practice switching from ODEs to SDEs is usually far from trivial, due to the
absence of closed form solutions to SDEs (except for the simplest toy problems), implying
the need for numerical approximation procedures (Kloeden & Platen, 1992). Numeri-
cal approximation schemes, while useful for simulation purposes, considerably complicate
statistical inference for model parameters. For reviews of inference strategies for SDE
models, see e.g. Fuchs (2013) (including Bayesian approaches), Sgrensen (2004) (classical
approaches) and Wilkinson| (2018]) (for sampling based approaches in the biological con-
text). Generally, in the non-Bayesian framework, the literature for parametric inference
approaches for SDEs is vast, however there is no inference procedure that is applicable to
general nonlinear SDEs that is also easy to implement on a computer. This is due to the
lack of explicit transition densities for most SDE models.

In this thesis, we consider a linear class of SDE model, for which the governing tran-
sition densities are available in closed form. We assume that observations are available
at discrete times, and the inferential goal is learning the SDE parameters and any unob-
served dynamic states. By adopting a Bayesian approach to inference, our prior beliefs
are encapsulated via a prior density, which is subsequently combined with the observed
data likelihood to give a posterior density. Unfortunately, the latter is rarely tractable,

and we turn to computationally intensive techniques to generate samples from the poste-
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rior distribution. We place particular emphasis on Markov chain Monte Carlo (MCMC)
methods (see e.g, book by |Gamerman & Lopes| (2006])) which will be used as the basis for
inference.

In this thesis, we consider “repeated measurement experiments” (longitudinal data),
modeled via mixed-effects, where the dynamics are Markov processes expressed via lin-
ear stochastic differential equations. These dynamics are assumed directly unobservable,
i.e. are only observable up to measurement error. The practical goal is to fit observa-
tions pertaining to several individuals (i.e. independent experiments) simultaneously, by
formulating state-space models having parameters randomly varying between those indi-
viduals. The resulting model is referred to as a stochastic differential equation mized-effects
model (SDEMEM). SDEMEMs are interesting because, in addition to explaining intrinsic
stochasticity in the time-dynamics, they also take into account random variation between
experimental units. The latter variation permits the understanding of between-subjects
variability within a population. When considered in conjunction with an observation
model, these two types of variability (population variation and intrinsic stochasticity) are
separated from the third source of variation, namely residual variation (measurement er-
ror). Thanks to their generality, and the ability to separate the three levels of variation,
SDEMEMs have attracted attention, see e.g. Donnet & Samson| (2013a) for a review and
Whitaker| (2016) for a more recent account.

Here we review key papers on inference for SDEMEMs, and refer the reader to https:
//umbertopicchini.github.io/sdemem/|for a comprehensive list of publications. Early
attempts at inference for SDEMEMs use methodology borrowed from standard (deter-
ministic) nonlinear mixed-effects literature such as FOCE (first order conditional esti-
mation) combined with the extended Kalman filter, as in |Overgaard et al.| (2005). This
approach could only deal with SDEMEMSs having a constant diffusion term. The resulting
inference is approximate maximum likelihood estimation, and no uncertainty quantifi-
cation is given. Moreover, only Gaussian random effects are allowed and measurement
error is also assumed Gaussian. Other maximum likelihood approaches are in [Picchini
et al. (2010) and [Picchini & Ditlevsen (2011), where a closed-form series expansion for
the unknown transition density is found using the method in |Ait-Sahalia (2008), how-
ever the methodology could only be applied to reducible multivariate diffusions without
measurement error. Donnet et al. (2010) discuss inference for SDEMEMs in a Bayesian
framework. They implement a Gibbs sampler when the SDE (for each subject) has an
explicit solution, and consider Gaussian random effects and Gaussian measurement er-
ror. When no explicit solution exists, they approximate the diffusion process using the
Euler-Maruyama approximation. Donnet & Samson| (2013b)) construct an exact maximum
likelihood strategy based on stochastic approximation Euler-Maruyama (SAEM), where

latent trajectories are “proposed” via particle Markov chain Monte Carlo (Andrieu et al.,
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2010). The major problem with using SAEM is the need for sufficient summary statistics
for the “complete likelihood”, which makes the methodology essentially impractical for
arbitrarily complex models. Delattre & Lavielle (2013) also use SAEM, but they avoid
the need for the (usually unavailable) summary statistics for the complete likelihood, and
propose trajectories using the extended Kalman filter instead of particle MCMC. Unlike
in Donnet & Samson (20130), the inference in [Delattre & Lavielle| (2013) is approximate
and measurement error and random effects are required to be Gaussian. |Whitaker et al.
(2017) work with the Euler-Maruyama approximation and adopt a data augmentation
approach to integrate over the uncertainty associated with the latent diffusion process
by employing carefully constructed bridge constructs inside a Gibbs sampler. A linear
noise approximation (LNA) is also considered, see e.g. |Golightly et al. (2015). However,
the limitations are that the observation equation has to be a linear combination of the
latent states and measurement error has to be Gaussian. In addition, constructing the
bridge construct in the data augmentation approach or the LNA-based likelihood requires
some careful analytical derivations. Consequently, neither approach can be regarded as
a plug-and-play method (that is, a method that only requires forward simulation and
evaluation of the measurement error density). In Picchini & Forman| (2019)), approximate
and exact Bayesian approaches for a tumour growth study were considered: the approxi-
mate approach was based on synthetic likelihoods, where summary statistics of the data
are used for the inference, while exact inference used pseudo-marginal methodology via
an auxiliary particle filter, which is suited to target measurements observed with a small
error. It was found that using a particle approach to integrate out the random effects
was very time consuming. Even though the dataset was small (comprising 5-8 subjects
to fit, depending on the experimental group, and around 10 observations per subject), the

number of particles required in the procedure was in the order of thousands.

1.1 Contribution of this thesis

The aim of thesis is to investigate Bayesian inference for linear SDEs with focus on SDE-
MEMs whose underlying dynamics are driven by linear SDEs. We consider separately,
scenarios for which the observed data likelihood is tractable and intractable. The for-
mer arises, for example, when the linear SDE admits a (linear) Gaussian transition den-
sity and the observation process is both linear and Gaussian. In this case, the observed
data likelihood can be calculated efficiently using a forward filter (Bucy & Josephl 2005).
Metropolis-within-Gibbs scheme is then used to alternate between draws of blocks consist-
ing of parameters governing each experimental unit, the populations level parameters, and
the parameters governing the observation process. An intractable observed data likelihood

is encountered, for example, when a nonlinear observation model is assumed.



Chapter 1. Introduction

In this case, we derive a pseudo-marginal Metropolis-Hastings scheme, within which
the intractable likelihood is replaced with an unbiased estimator thereof. A particle filter
(see Andrieu et al., [2009) is used to generate non-negative unbiased estimates (Del Moral
et al., 2006) giving an algorithm known as particle MCMC. We present a novel pMCMC
scheme, applicable to SDEMEMs. Our contribution here is two-fold:

1. We consider a blocking strategy that reduces the variance of the acceptance proba-

bility of the move-step for the parameters common to all experimental units, and

2. we exploit recent advances based on correlated pMCMC (see e.g. Deligiannidis et al.,
2018|).

We apply the resulting methodology in two challenging applications. The first appli-
cation involves data consisting of hourly average temperature values in 20 mice, over a
period of six months. Of the 20 mice, 10 were fed ad libitum (AL) and 10 were caloric
restricted (CR), in which calorie intake is reduced but adequate nutrition is maintained.
The goal of this study is to look at the ways in which mice compensate for the reduction
in calories by studying their core body temperature. Caloric restriction has been shown to
delay the onset of some cancers and other age related diseases in organisms such as yeast,
worms, flies and mice (Weindruch & Walford, 1988). Most of the previous studies focus on
lifespan (see|Spindler}, [2005]) or cancer incidence (see |Volk et al.,|1994) and few focus on the
whole-animal physiological response to CR. One such study jointly models temperature
and activity for late onset, short term caloric restriction (see |Golightly et al.l 2019) and
found that core body temperature was lower for CR mice, as found in other related work
(see Weindruch & Walford, |1988; Duffy et al., [1989; and Roth et al., [2002). Our focus is
to study how rodents may physiologically compensate for reduced food availability during
long term late onset CR whilst attempting to capture the inherent stochasticity in the
data, both within and between groups.

The second application considers synthetic data on tumour volume generated from
the SDEMEM described in |Picchini & Forman| (2019). We fit the synthetic data using
our novel pMCMC scheme. We seek to verify the accuracy of our approach and compare

efficiency with standard pMCMC approaches and a linear noise approximation (LNA).

1.2 Organisation of the thesis

This thesis is organised as follows. In Chapter [2| we introduce Monte Carlo methods
for estimating integrals including importance sampling and weighted resampling. This
takes us to an outline of Markov chain Monte Carlo (MCMC) as a method for simulating
from distributions whose densities are only available up to a normalising constant and

we introduce some variations on this technique; the Metropolis-Hastings algorithm, the
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Gibbs sampler, a pseudo-marginal MCMC scheme, and finally we introduce the correlated
version of the pseudo-marginal MCMC scheme.

In Chapter [3] we build up an intuitive understanding of SDEs by first considering
ODEs. We introduce Brownian motion and its properties, which form the building blocks
of SDEs. Geometric Brownian motion is used as the motivation for requiring a method
to integrate when Brownian motion is the integrator, introducing It6 integrals and the
fundamental concepts of Ito calculus. We then generalise to multivariate processes. We
focus on linear SDEs and review the different types by classifying them depending on the
characteristics of the governing coefficients. We further describe general solutions to linear
SDEs in the narrow sense and in the homogeneous case. Finally, we discuss how to create
a linear SDE approximation of a non-linear SDE using the linear noise approximation
(LNA).

In Chapter [4|we describe how to perform Bayesian inference for parameters that govern
linear SDEs, given observations at discrete times that may be incomplete and subject to
observational error. Inference in this case may be required for the joint distribution of the
parameters and the latent process, but we focus on inference via the marginal parameter
posterior given the observational data. We derive the forward filter which can be used
to calculate the marginal likelihood when the observation model is linear, and we briefly
discuss a backwards sweep to allow inference regarding the latent process. We describe
an MCMC scheme that we can use to perform inference on the unknown parameters that
makes use of the forward filter to calculate the marginal likelihood. We introduce having
a nonlinear observation model so that the marginal likelihood is intractable and we look
at how to linearise the model using the LNA from Chapter [3] allowing us to obtain a
tractable (but approximate) marginal likelihood. By recalling Chapter [2f we adapt the
theory of the pseudo-marginal MCMC scheme and the correlated version along with the
use of a bootstrap particle filter to obtain estimates of the observed data likelihood. We
conclude this chapter by performing Bayesian inference on an Ornstein-Uhlenbeck process
comparing PMMH with CPMMH schemes.

In Chapter [5] we consider models for repeated measurement experiments where we
allow for fixed effects and random effects. In the resulting mixed-effects framework, dy-
namics of each experimental unit are described by linear SDEs. We look at Bayesian in-
ference in this framework considering linear and non-linear observation models. We utilise
a Metropolis-within-Gibbs strategy and introduce auxiliary variables to allow pseudo-
marginal Metropolis-Hastings updates followed by correlated pseudo-marginal Metropolis-
Hastings updates. We again use a bootstrap particle filter to obtain estimates of the
observed data likelihood for each experimental unit.

In Chapter [6] we work on a real data set comprising of minutely observations of mice

temperatures over six months. The mice were subject to two different feeding regimes,
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or treatments, and we seek to understand the physiological impact of these treatments
via studying their core temperatures. We build an SDEMEM to jointly model core tem-
perature over multiple experimental units (mice). This allows for the incorporation of
intrinsic stochasticity inherent in observed temperature traces for time varying amplitude.
We start by building an SDE for individual units which are linear in the narrow sense
that we are then able to solve. Proceeding via Bayesian inference we utilise a forward
filter to find the marginal likelihood within a Metropolis-Hastings scheme. Following this
we extend the SDE to an SDEMEM allowing us to consider both fixed and mixed effects.
The results show a clear distinction between the two treatments.

In Chapter[7] we use a stochastic differential mixed effects model to describe the tumour
volume dynamics in mice receiving treatment for tumours. This is based on the work of
Picchini & Forman (2019). We use their model to generate synthetic data and compare four
approaches to perform Bayesian inference. The approaches we consider are a naive PMMH
(where the auxiliary variables are updated with both the subject specific and common
parameters), PMMH (where the auxiliary variables are only updated with the subject
specific parameters), CPMMH and the LNA based approach. The CPMMH scheme shows
a clear advantage in efficiency compared to the other schemes.

Finally, in Chapter [§] we discuss the thesis and results that we found and also present

some ideas for future work.



Chapter 2

Monte Carlo methods

Monte Carlo methods use the law of large numbers and repeated sampling of random vari-
ables to approximate an expected value. Probabilities, integrals and summations can all
be expressed as expectations, therefore Monte Carlo methods are widely used in Bayesian
statistics, particularly when the posterior distribution is intractable. We begin by re-
viewing key concepts such as Monte Carlo integration, importance sampling and weighted

resampling before giving an introduction to Markov chain Monte Carlo (MCMC).

2.1 Monte Carlo integration

Monte Carlo integration is a particular Monte Carlo method that uses random sampling to

numerically compute an estimate of an integral. Suppose we want to evaluate an integral

= /D 5(0)d0

over some domain D, for which there is no closed-form analytical solution. If the integrand

of the form

can be written as

for some density function 7 with support D, then the integral has the form

/ 6(6)d0 = / 360)n(0)d0 = E[3(O)
D D

where O is a random variable with PDF = (). If we know how to generate independent

realisations of @, say 011, ..., 0) then we may construct the estimate
~ 1 XM
| oyt = Bl@©)) ~ 5 30 0(6) = 1
i=1
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Abusing notation, we will also denote the corresponding estimator by I. This method of
approximating integrals is known as Monte Carlo integration. In its simplest form, the
domain D is just an interval [a, b] and we take the density 7(#) to be the uniform density
ﬁ, a <6 <b.

Note that E(I) = I and Var(I) o + assuming that Var(¢(©)) is finite. Hence I is an
unbiased and consistent estimator of I, and the estimate will converge to the true value of
the expectation with large enough N. Now, consider again the variance of the estimator.
That is

Var(I) Var[ > o 9“]
- NVar 3(0)]
-5 [ =0 (30) - £ [3()]) ar
_;/I)W(e)< /¢> dy> d.

This integral is a measure of the roughness of the function 5 However, we usually cannot
evaluate this integral either. Instead we work out the standard error of the estimator I

which is an estimator of the variance. Explicitly

N
standard error? = Z 5 H(Z

2.2 Importance sampling

Importance sampling is another way of estimating integrals and may give an estimator

with smaller variance than the procedure described above. Suppose, as before we have

I— /D (0)d0 — /D 3(0)m(0)do

but that we cannot easily simulate from 7(-). Suppose that we can simulate from a density

g(+) that has the same support as 7(-). Then

EIOLO
/D¢(9)d9—/ (@ g(0)db

1 X g(gi (i)) .
NZ — 1js.

=1
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This is very similar to simple Monte Carlo integration, but we weight each contribution

to the sum by the ratio 7(6®)/g(0)). Tt is easy to show that I;; gives an unbiased

and consistent estimator of I, assuming Var(%) is finite. Note that the variance

of the estimator can be reduced by finding an importance density g(-) that is a good

approximation of 7(-)$(-).

2.3 Weighted resampling

Consider now the problem of generating draws from 7(-). The idea behind resampling
methods is to simulate from one distribution that is easy to simulate from and then correct
that value according to some criterion ensuring we get samples from the right distribution.

At the first step of the algorithm, N points {9(1), o0 )} are sampled from some

proposal density g(-). For each #U), a (normalised) weight w() is constructed as

W) — 7(0D)/g(8D) -
7= Zz]\il 77((9(7’))/9(6’(1))’ J = 1""7N- (21)

Finally, the second sample of size M (where M = N in practice) is drawn from the discrete
distribution on {#M, ... 00} with probabilities {w™,...,w™)}. The resulting sample
{6, ...,00} has approximate distribution (). Note that if only 7(-) = kn(-) can be

evaluated (so that only the unnormalised target is available), then weighted resampling

can still be applied. The weights are
wd) = %ﬁ(@(j))/g(g(j))
§ i 7 (09)/g(0)

and as the ks cancel we are left with the earlier form of (2.1). Hence weighted resam-

pling is particularly useful in Bayesian statistics, where only the posterior density up to

j=1,...,N.

proportionality is known. The method can be justified as follows.
For simplicity, consider a univariate ©. The distribution function of a univariate ©

generated by the algorithm is

j:0()<a
SN 7 (09)/g(0D)I(0Y) < a)
SN m(0)/g(00))
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where Z(09) < a) takes the value 1 if 8Y) < a and 0 otherwise. Taking N — oo yields

Jo [7(8)/9(6)] Z(0 < a)g(6)db
Jo [x(6)/9(6)] 9(6)df
Jom(0)Z(6 < a)df
m(0)do
PO < a)

Fola) —

®%

Example

If m(6) is only known up to proportionality, that is we have 7(-) = ”( ) then k = J7(-)de.

o)
It is clear that EN W((e(;)) is an unbiased (and consistent) estlmator of k as

We see that the average unnormalised weight gives an unbiased and consistent estimator
of k.

Choosing a suitable proposal density can be far from straightforward in practice. We

therefore consider another simulation based technique, Markov chain Monte Carlo, which
has been ubiquitously applied in Bayesian statistics. In what follows we provide an intu-

itive introduction and refer the reader to Gamerman & Lopes (2006) for further details.

2.4 Markov chain Monte Carlo

Markov chain Monte Carlo (MCMC) is a generic tool for simulating from distributions
whose density may be known only up to proportionality, which is particularly useful for
Bayesian inference. Suppose we have a generic target density 7(6) where 6 = (61, ...,60,)T €
S, from which we wish to generate samples. The MCMC strategy takes advantage of the

fact that it is easy to simulate from a Markov chain. The basic strategy is as follows.
e Construct a Markov chain with stationary distribution m(0).
e Simulate realisations of this chain.

e When the chain is in equilibrium, take the realisations as a (dependent) sample from
m(0).

e Use this sample to evaluate integrals/perform inference.

Thus, providing that the chain has converged, any value sampled will be from the

density of interest m(-).

10
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2.4.1 Metropolis-Hastings algorithm

Metropolis et al. (1953) introduced this algorithm which was generalised by |[Hastings
(1970), hence the name Metropolis-Hastings. Central to the Metropolis-Hastings algo-
rithm is the idea of a proposal density, denoted ¢(:|-). It can be advantageous to have a
proposal density which is easy to simulate from, however it need not (necessarily) have

7(0) as its stationary distribution. The Metropolis-Hastings algorithm is as follows:

1. Initialise the iteration counter to j = 1, and initialise the chain to #(©) chosen from

somewhere in the support of 7(0).
2. Generate a proposed value 6* using the proposal density q(0*|0(j *1)).

3. Evaluate the acceptance probability a(&*]ﬁ(j *1)) of the proposed move, defined by

a1y _ s m(07)q(0]6%)
o (6*]6¢ ))—mln{l,ﬂw)qw*w}.

4. Put AU) = #* with probability a(6*|#7~1); otherwise put §0) = gU—1,
5. Put j to j + 1 and go to step 2.

At each stage a new value is generated from the proposal distribution. This is either
accepted, in which case the chain moves, or is rejected, in which case the chain stays
at the same point. Note that the target density m(-) only enters into the acceptance
probability as a ratio, and so the method can be used when the target density is only
known up to a multiplicative constant. Plainly, the algorithm defines a first order Markov
chain. To see that the Markov chain has 7(-) as an invariant distribution, we can check
that the detailed balance equation (see e.g. Chapter 4 |Gamerman & Lopes, 2006)) is
satisfied. Detailed balance is shown to hold for the chain (9,0 9 in the following
way. First we need to obtain the transition kernel of the Markov chain. The transition

kernel is given by

p(¢l0) = a(¢l0)q(¢l0)  when 6 F# ¢.

There is also a finite probability that the chain stays at 6, which depends on 6, and which

we denote as w(f). The full transition kernel is

p(¢l0) = a(4]0)q(¢]0) + w(0)d (0 — ¢)

where §(+) is the Dirac delta function (6(-) = 1 when 6 = ¢ and §(-) = 0 when 6 # ¢). To
find w(0), note that the probability of the chain staying at 6 is 1 minus the probability

11
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that the chain moves. Therefore
w() = 1= [ a@lo)a(oip)do.

So the final expression for the transition kernel is

p(816) = a(610)al16) +5(9 — ) [1 -/ q<¢|9>a<¢|e>d¢>} .

We can then check whether detailed balance holds:

7(0)p(619) = 7(0)(¢]0) min {1, m} (@) (#)5(0 - ¢)

— min {n(6)q(¢]6), 7(#)a(6]6)} + 7(6)w(6)5(8 — )

The first term is clearly symmetric in 6 and ¢. Also, the second term is symmetric because

it is non-zero only when 6 = ¢. Detailed balance is satisfied since

m(0)p(]0) = 7(d)p(0])

and an easy consequence of this is that the Metropolis-Hastings algorithm defines a re-
versible Markov chain with stationary distribution m(-). It remains that we choose a

suitable proposal density ¢(-|-). In particular we want a chain that
e converges rapidly, and
e mixes well. That is, the chain

— moves often and

— moves around the support of 7(-).

Some commonly used special cases are now considered.

2.4.2 Special cases of the Metropolis-Hastings algorithm

We now review some commonly used proposal mechanisms, and where appropriate give

the form of the acceptance probability for the resulting scheme.

Symmetric chains

If the proposal distribution is symmetric

q(0710) = q(616") V0,07 € S

12
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then the acceptance probability simplifies to

a(0*19) = min{l, W<9*>}

and hence does not involve the proposal density at all.

Random Walk chains

We can define the proposed move at iteration j to be 8* = 80— 4+ wJ where w/ is a p x 1
random vector (completely independent of the state of the chain). Suppose that the w’
have density g(-) which is easy to simulate from. We can then simulate an innovation
w’ and set the candidate point to #* = #U~Y 4 wJ. The proposal distribution is then
q(6%|0) = g(0—0*) and this can be used to calculate the acceptance probability. Of course,
if g(-) is symmetric about zero, then we have a symmetric random walk chain, and the

acceptance probability does not depend on g(-).

Example: Normal innovations Suppose we take w’/ ~ N, (0, X) and so the proposal
distribution is
0%10 ~ Np(0, X).

We should therefore choose (or tune) X' to maximise the efficiency of the algorithm (in
terms of mixing). Note that choices of X that lead to large innovations will be capable
of moving the sampler further around the parameter space but is likely to lead to a large
number of rejected proposals. Conversely, choices of ' that lead to small innovations will
lead to lots of small steps around the parameter space. This suggests an optimal value of
2.

Under certain constraints of the target distribution (see Roberts & Rosenthal, 2001)),
it has been shown that the optimal choice of X (for large p) is

2.382
3 =

Var(©)

and this leads to an optimal acceptance rate of 0.234; see e.g. [Sherlock et al.| (2013) for
further details. Of course, we typically don’t know the variance Var(©). However, we
could first run the MCMC algorithm (for example by using the prior variance Var(©)
in place of X)) to obtain an estimate of Var(©). We should also note that in practice,
and especially for small p, the above formula for X' should just be used as a guide — an
acceptance rate anywhere between 0.1 and 0.4 could be close to optimal.

Finally, note that for large p, sampling a new 6* from a multivariate Normal can be
expensive. An alternative approach is to take the components of w/ = (w{ ...,wj )7

13
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as iid (univariate) Normal random variables. That is, for a component i,wz ~ N(0,s?)
where, for example, s? = %Var(@i).
Independence chains

In this case the proposed transition is completely independent of the current position of the

chain and so ¢(6*|0) = g(0*) for some density g(-). The acceptance probability becomes

m(0*)  9(0) }

X —

a(6%|f) = min {1, 267 < 7(0)

In this case, g(-) should ideally be as close to 7(-) as possible, to give an acceptance rate

close to 1.

Componentwise transitions

Constructing a suitable ¢(-|-) may be difficult. Moreover, for many problems of interest,
full conditional distributions (FCDs) may be available for directly sampling from a subset
of components of 6.

Denote the FCD for the i*® component of § by 7(6;]01,...,0;-1,0i41,...,0,). The algo-

rithm is as follows:
1. Initialise the iteration counter to j = 1.
2. Obtain a new value 89 from =1 by successive generation of values.

. ng) ~ 77(01]99'71), . .’0[(13‘71)) using a Metropolis-Hastings step with proposal
distribution g1 (61 ]99_1))

° Hg) ~ 7T(92‘0§j),9§j_1), .. .,Gl()j_l)) using a Metropolis-Hastings step with pro-
posal distribution go (62 |9§j _1)).

° 0,(57 )~ 7r(«9p|0§j ), e H;j_) 1) using a Metropolis-Hastings step with proposal dis-

tribution qp(Qp\GZ(,j*l)).
3. Change counter j to j + 1 and return to step 2.

This is in fact the original form of the Metropolis algorithm. Proving that 7(6) is the
stationary distribution of a Markov chain defined in this way can be achieved by induction
(see/Gamerman & Lopes, |[2006). Note that the Metropolis-Hastings algorithm as presented
in Section [2.4.1] can be seen as a special case of the above algorithm. If the FCD is
available for sampling from directly, for a particular component 6;, it is easy to show that
the resulting acceptance probability is 1. When all FCDs are available for sampling from,

we obtain an algorithm known as the Gibbs sampler.

14
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2.4.3 Gibbs sampler

The Gibbs sampler (or generically Gibbs sampling) originated in the field of image process-
ing. It was introduced by |Gemen & Gemen| (1984)) before being brought to the attention
of the larger statistical community by Gelfand & Smith| (1990). In essence the Gibbs sam-
pler is an MCMC scheme in which the full conditional distributions are used to form the
transition kernel. Assume that, for all components of 6, the full conditional distributions

are available and can easily be sampled from. The algorithm has the following form:

1. Initialise the iteration counter to j =1
Initialise the state of the chain to #(0) = (Ggo), e ,Héo))T

2. Obtain a new value 8U) from U—1 by successive generation of values

o 0V ~ (6,165 .. 097V
o 09 ~ w(0206), 097 .09V

o 6 ~ (6,0 ....00)

3. Change counter j to j 4+ 1 and return to step 2.

This clearly defines a homogeneous Markov chain, as each simulated value depends only
on the previous simulated value and not on any previous value or the iteration counter
j. However, we need to show that m(#) is a stationary distribution of the chain. The

transition kernel is

P
p(010) = [ m(¢ildr,- -, di1,0i11,...,6p).
i=1
Therefore, we need to check that 7(6) is the stationary distribution of the chain with
this transition kernel. Unfortunately, the form of the Gibbs sampler specified here is not
reversible, so we cannot use detailed balance. We need to check stationarity directly, ie

prove that

n(¢) = / p(610)7(60)do

15
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For the bivariate case we have:

[ p(@i0)(©)d0 = [ (o121 (Galén) w61, 02) 81t

= (alon) [ [ (611629701, 02)d81ds,

= n(anlon) [ w(rl0n) | [ w(61,00001] av
= n(6alén) [ w(6al62)m(02)

= m(p2|p1)m (1)
= m(¢1, p2)
=7(¢).

The general case is similar, see e.g. (Gamerman & Lopes (2006) for further details.

Example Consider a bivariate normal target with zero mean and unit variance for the

marginals, and a correlation of p between the two components. The target density is
Lo o
f(01,02) oc exp —272(91 + 05 —2p0102) ¢, —00 < 01,02 < o0.

We construct a Gibbs sampler for this target. The full conditional density for ©; is

f(el, 02)
f(011602) = ——=—
(6n}f) f(02)
x f(01,62)
1 2
X exp _W(el — 2pth62)
1
————— (0, — phy)? }.
ocexp{ 2(1—p2)( 1—pP 2) }
Hence, we recognise the full conditional distribution for ©; as
©1]03 = b3 ~ N(pba,1 — p?).
By symmetry, the full conditional distribution for ©, is
@2|@1 = 91 ~ N(p91, 1-— p2).
The Gibbs sampler for the target above then has the following form

1. Initialise the iteration counter to j =1

16
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Initialise the state of the chain to (9 = (0%0), 950))T
2. Obtain a new value ) from =1 by successive generation of values

o 0V~ N(poY ™V 1 p?)
° 9&]) ~ N(p9§])71 _ ,02)

3. Change counter j to j 4+ 1 and return to step 2.
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Figure 2.1: Trace plot (upper panel) and histogram (lower panel) from Gibbs sampler targeting a
bivariate normal, with zero mean and unit variance with a correlation of p = 0.1.

Figures f summarise the output of this Gibbs sampler for p € {0.1.0.5,0.9,0.999}.
Trace plots can be used as a visual aid to assess mixing of the Markov chain. Trace plots
are constructed by plotting each Metropolis-Hastings sample against the iteration number.
Ideally, the trace plot should look like a “thick pen”. The trace plot can also be used to
diagnose poor mixing (for example, as a result of a small acceptance probability showing
periods of sticking at the same value), assess burn-in and convergence. Although formal
convergence tests are possible (Gamerman & Lopes, 2006), we typically eschew these in
favour of a simple graphical approach. As p approaches 1, we see the mixing deteriorate,
as the sample is slow to explore the parameter space, due to the high correlation between

©1 and @5 that can be seen in Figure [2.5

17
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Figure 2.2: Trace plot (upper panel) and histogram (lower panel) from Gibbs sampler targeting a
bivariate normal, with zero mean and unit variance with a correlation of p = 0.5.

2.5 Pseudo-marginal MCMC

Suppose that only an estimate of 7(#) is available. This may occur, for example, if 7(-) is
obtained through an integration (by marginalising out nuisance variables). We will denote
the estimator by 7y7/(#) where U denotes all the random variables used to construct the
estimator. Given U ~ g(u), the corresponding estimate is denoted 7, (9).

Suppose that Ey(7y(0)) = m(0) where U ~ g(-) so that the estimator is unbiased. Con-

sider a joint density over U and 6 of the form
(0, u) o< 7, (0)g(u) (2.2)

Running a Metropolis-Hastings scheme with joint proposal density ¢(6*|0)g(u*) yields an
acceptance probability of min{1, A} where

A0 w) - a(0]07)g(u)
7(0,u) — q(6%]0)g(u*)

T (07)g(u*) - a(0]6%)g(u)
Tu(0)g(u) — q(0%|0)g(u*)
o (6%)  a(0]67)

T (0)  q(6*10)

A:

18
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Figure 2.3: Trace plot (upper panel) and histogram (lower panel) from Gibbs sampler targeting a
bivariate normal, with zero mean and unit variance with a correlation of p = 0.9.

We recognise this as the acceptance probability of an idealised Metropolis-Hastings scheme

targeting 7(6), with the estimates 7, (0) and 7,»(0*) used in place of w(f) and 7(6*).

Nevertheless, this scheme can be shown to exactly target 7(-) since

/ (6, u)du = / #u(0)g(w)du

= Eylfu(0)]
x 7(0).

2.5.1 Illustration

Consider a N(0,1) target with density proportional to exp{—%GQ}. To illustrate the

pseudo-marginal approach, we will take a joint density 7(6,u) o m(0)ug(u) where U ~

LN (-5,72).
Note that

(0, u)du < w(0) [ ug(u)du
/ /
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o -

T T T T T T T T T T
2000 4000 6000 8000 10000 2000 4000 6000 8000 10000
Time Time

o

Frequency
0 100 200 300 400 500 600

Frequency
0 100 200 300 400 500 600

Figure 2.4: Trace plot (upper panel) and histogram (lower panel) from Gibbs sampler targeting a
bivariate normal, with zero mean and unit variance with a correlation of p = 0.999.

since it is easy to show that E(U) = 1. Equivalently, let 7,,(f) = 7(0)u, which is unbiased
for m(0) since
Eu(u(0)) = m(0)E(U) = m(0).

We run a standard Metropolis-Hastings scheme targeting 7 (6, u) with proposal density

q(6*,u*|6,u) = q(0*]0)g(u*) and we calculate the acceptance probability as

20 s
min {1’ O P }
min {1, G 16 )
w28 3

Running this method for 10,000 iterations with a Gaussian random walk proposal mech-

anism and an initial value of 6 to be zero, we can see the effect of varying 7. Figure [2.6]
shows that increasing 7 makes the exploration of the space ‘sticky’, meaning the chain

gets stuck in one place for a while as the proposals are all being rejected. As 7 is increased

20



Chapter 2. Monte Carlo methods

62
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Figure 2.5: Plots of ©1 vs @3 from top left to bottom right with p = 0.1, p = 0.5, p = 0.9 and
p = 0.999 respectively.

the variance of U increases as

Var(U) = e AT (e”

Hence, for large 7, large values of 7.« (6*) are possible, leading to acceptance of 8* followed
by long periods of rejection, until a suitably large value of 7« (6*) is generated, allowing
the chain to move on.

As a further diagnostic check, we may compute the effective sample size (ESS) for
each chain corresponding to 7 € {0.1,2,5}. ESS is the equivalent number of independent
samples, obtained as

Niters
L+ 3702 (k)

where (k) denotes the lag-k auto-correlation. Using the coda package in R
we obtain effective sample sizes for 7 = 0.1,2 and 5 as 1167, 242 and 100
respectively.

In order to reduce the variance of the Metropolis-Hastings acceptance ratio (and alle-
viate the sticky behaviour of the chain) we consider a simple modification of the pseudo-
marginal Metropolis-Hastings scheme, whereby positive correlation is introduced between

successive values of v and u*.
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Figure 2.6: Histogram and trace plot of samples of 6 using pseudo-marginal Metropolis-Hastings
with 10,000 iterations and a starting value of zero. The N(0,1) target density is overlaid. From
left to right 7 =0.1,2, and 5

2.6 Correlated pseudo-marginal MCMC

We see in PMCMC that a highly variable 7,(#) results in ‘sticky’ MCMC chains. Cor-
related PMCMC (CPMCMC) allows us to induce positive correlation between successive
values of 7,(#), which in turn reduces the variance of the pseudo marginal acceptance
ratio.

Consider again the joint density given in . Suppose that g(u) = N(u;0, ;) where
1 is the d x d identity matrix and d is the dimension of the auxiliary variables u. The
correlated pseudo-marginal scheme (Deligiannidis et al.l 2018, |Dahlin et al., 2015) recog-
nises that rather than propose u* from g(-), we may use a kernel k(u*|u), carefully chosen
to allow correlation between u and u* (and therefore 7, (0) and 7,=(0*)). In particular

k(u*|u) should be g-invariant, that is the detailed balance equation
k(uu)g(u) = k(ulu®)g(u®)

should be satisfied. A proposal kernel that meets these requirements is the Crank-Nicolson
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proposal (Cotter et al., [2013)) which has density
E(u*|u) = N(u*; pu, (1 — p*)1y) (2.3)

and choosing p to be close to 1 will induce the required positive correlation between 7, (6))
and 7+ (6%). In the case where p = 0 we recover k(u*|u) = g(u*) which corresponds to
the PMCMC scheme. The role of correlation here should not be confused with the effect
of correlation between components in a Gibbs sampler. We emphasise that correlation is
used in CPMMH as a variance reduction technique.

The acceptance probability used in the CPMCMC scheme is min{1l, A} where A =

ﬂ;;gz;) X ZEZLGB, and remains unchanged from the PMCMC scheme. The Crank-Nicolson

proposal in equation is g-invariant where g(-) is a standard normal density. In prac-
tice, the innovations u required to generate 7, (#) may not be Gaussian. Nevertheless,
innovations from commonly used densities can be obtained by applying the inverse Gaus-
sian CDF to u to obtain standard uniform quantities, followed by the inverse CDF of the
desired distribution. The technique is known as the inversion method (see e.g. (Gamerman
& Lopes, 2006).

2.6.1 Illustration

Consider again the scenario in Section with a N(0,1) target and joint density
7(0,u) x 7(0)ug(u) where u ~ LN(—;JJ) and therefore g(u) = LN(u;—§,72). To
illustrate the CPMCMC scheme, let us rewrite 7(6,u) as

7(0,u) < w(0)g(u) exp{—g + Tu}

where g(u) = N(u;0,1). It is easily checked that

/fr(o, w)du o 7(6) /OO exp{—% + ru}g(u)du

— 00

x W(@)Eg(exp{—% +1U})

x 7(0)

since exp{—% + 7U} ~ LN (—%,7%) with expectation 1.

We ran CPMCMC with a Gaussian random walk proposal for 10,000 iterations with
7€ 0.1,2,5 and p = 0.99. Each MCMC scheme ran for 10,000 iterations and the effective
sample sizes for 7 = 0.1, 2 and 5 were 1766, 1705, and 1029 respectively, this is considerably
better than the effective sample size when the innovations for u were not correlated.

As discussed in Deligiannidis et al.| (2018), care must be taken on choosing p. For

p ~ 1, the sampler will fail to adequately mix wu, resulting in long range dependence in
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Figure 2.7: Histogram and trace plot of samples of 6 using pseudo-marginal Metropolis Hastings
with 10,000 iterations and a starting value of zero. From left to right 7 = 0.1,2, and 5

the 6 chain. We consider the effect of p in the context of an empirical application in
Chapter [7]
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Chapter 3

Stochastic Differential Equations

Stochastic differential equations are used as opposed to ordinary differential equations

(ODEs) in order to capture the inherent stochasticity that may be present in a given

process. These processes could be temperatures over time, see e.g. Figure [3.1] stock

exchange prices, or the population size of a species, to name a few. In what follows
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Figure 3.1: Hourly average temperature of a mouse.

we give an intuitive introduction to SDEs, by first considering ODEs.

For a rigorous
introduction to SDEs, we refer the reader to (@ksendall (1995]).

3.1 ODEs to SDEs

Let us take the evolution of the number of cells x; in an organism infected by a virus.

Suppose that over an infinitesimal time period the growth rate is 6x;. The ODE system

25



Chapter 3. Stochastic Differential Equations

characterising this process is therefore

dzy
dt

= Oxy, Xo =z = X; = zoe.

Although the solution to this simple ODE is available, analytic solutions of generic ODE
system are rarely tractable. In the absence of an analytic solution, an approximate nu-
merical solution can be used. We therefore compare the analytic solution z;yAr = xpefA
with a simple numerical solution — the Euler approximation. The Euler approximation

has that
dry  Tipar — o

dat T At
which we rearrange to give x4 A = x4 + 02, At. We can see several numerical solutions
plotted in Figure for decreasing At. As At — 0, the analytic solution is obtained.

Assume now that the growth rate is on average 6, but that there are fluctuations due to

150
\

Xt
100
\

50
|

Figure 3.2: Growth of a virus with § = 1 and 2o = 1. Analytic solution (black) and Euler
approximations (coloured) with At = 1 (red), At = 0.5 (green), At = 0.1 (dark blue), and
At = 0.01 (light blue).

changing unpredictable biological conditions. So, at any given time the growth rate is 6

+ ‘noise’. Using uppercase to denote the resulting stochastic process, we obtain

dX;

— = (0 + ‘noise’) Xy, Xo = xo

and we specify the random noise terms so that their mean is 0. Figure [3.3] shows a
curve described by a deterministic ODE and corresponding curves that take into account

stochasticity by including the noise term. We denote the noise term as W;. To formalise
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Figure 3.3: Deterministic growth curve of a virus (black) where § = 1 and g = 1 and realisations
of growth of the virus taking unpredictable fluctuations into account (coloured).

the role of Wy, take an ordinary integral equation of the form
t
X =z +/ a(Xs)ds + oWy, t>0 (3.1)
0

where « is some differentiable function and o is a positive scaling constant used to tune the
effect of W on X. For 0 = 0 we obtain a deterministic integral equation with equivalent
differential form given by dX; = «a(X;)dt. We wish for W, to capture the discrepancy
between the smooth and rough path. At any time ¢, W; has to be a random variable,
hence {W,;,t > 0} will be a stochastic process and we need Wy = 0 to recover x( at time

0. Working with increments of X we have
t+At
Xt-i—At — Xt = / Oé(X)dS + 0<Wt+At — Wt)
t
hal Oé(Xt)At + J(Wt+At — Wt)

We would then like the process W to have the following four properties:

1. The expected value of the noise increment should be zero

EWin — Wi =0  Vt At

2. The increment Wy, — W, is independent of the increment Wy, — Wy, for all times

0 <ty < t1 <ty < oo and the increments are identically distributed.
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3. The distribution of Wy — Wy depends only on |At¢| and not on t.
4. W has differentiable sample paths.

However, such a stochastic process does not exist, but there is a process satisfying 1-3 with
continuous sample paths. This process is known as (standard) Brownian motion (BM)
also known as the Wiener process and is described below. Note that the integral equation
in can be equivalently written in differential form as

dXt = Oé(Xt)dt + O'th

which is known as a stochastic differential equation (SDE). Since W and X are not dif-
ferentiable the above SDE only makes sense when integrated with respect to t, in which

case the integral equation is recovered. Therefore, we obtain
t
/ dWs =Wy — Wy =W,
0

Formally, {W;,t > 0} is a standard Brownian motion (BM) if W; depends continuously

on t and the following three assumptions hold
1. Wy =0.

2. For all times 0 < tg < t; < t3 < 00, the increment W;, — W;, is independent of the

increment W;, — Wy,.
3. For all times 0 < to < 11 < o0, th — Wto ~ N(O,tl — to).

Several important properties can be deduced from the definition. For example the distri-
bution of Wy, |Ws, | for t;_1 < t; are deduced by writing Wy, = Wy, — Wy, | + Wy, | which
gives

Wtz‘ ’Wti—l =Wy ™~ N(wti—lvti - ti—l)’ (32)

Hence, for an interval [0,7] partitioned as 0 = tg < t; < ... < t, = T the process can
be simulated at these discrete times by recursively drawing from (3.2]). A realisation of a
continuous-time process at discrete times is known as a skeleton path. Figure [3.4] shows

four realisations of BM giving random walk-like behaviour.

3.1.1 SDE examples

We now provide some illustrative examples of SDEs and motivate the need for a stochastic

integral.
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Figure 3.4: Brownian motion sample paths.
Generalised Brownian motion
Consider a process {X;,t > 0} satisfying an SDE of the form

dX; = pdt + odWs, Xo = o, peER, oceR”
:>Xt:x0+ﬂt+0'Wt

where the last line is found by integrating both sides of the SDE between 0 and ¢. Note
that p is known as the drift coefficient, and ¢ is known as the diffusion coefficient. Using
W; ~ N(0,t) gives X¢|Xo = 29 ~ N(x¢ + ut,o?t). Moreover, for times t; < t;_; and

29



Chapter 3. Stochastic Differential Equations

At = t; — t;_1, we obtain

th‘ = Xti - Xti—l + Xti—l
=Xg_ At —ticy) +o(Wy, = Wi, )
= Xti’Xti—l =Tt ™ N(xti—l + puAt, UQAt)'

Hence, standard BM is generalised via a linear drift controlled by i and a scaling parameter

o. Recursive simulation from the above gives a skeleton path. Figure [3.5] shows four
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Figure 3.5: Generalised Brownian motion for different choices of p and o.

skeleton paths of generalised Brownian motion for different choices of p and o. The

straight line in each plot indicates the drift and the effect of o can clearly be seen.

Geometric Brownian motion

Geometric Brownian motion was first introduced in 1973 as a way of modelling stock prices

1973). Consider an SDE of the form

dXy = pXydt + o X dWy, Xo = xo, weER oe RT (33)
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so that the drift and diffusion functions are proportional to the value of the process. Note

here that the integral equation is

t t t
/ dstu/ Xsds+a/ XdWs,
0 0 0

but we do not yet know how to deal with the last term, where Brownian motion is the

integrator. We require a method of dealing with integrals of the form,

/Oth d

known as Ito integrals.

3.1.2 1Ito6 integrals

We cannot interpret
aw,
/ B(Xy) —tdt

in the Riemann sense as although sample paths of standard Brownian motion are contin-

uous, W; is nowhere differentiable. We consider a stochastic integral of the form

n—1

/ B(Xy)dW; = lim Zﬁ (Xy,) AW, (3.4)

for a partition of [a,b] as a = tg < t; < ... <tp, =b, AW}, = Wy, — Wy, and the limit

is in the mean square sense. The integral is obtained by considering appropriate limits
of the approximating sum as n — oo. The choice of t; is important as different choices
give different limits. As written we obtain the It6 integral. Let us consider a simple It
integral where 3(X;) = 1. Using directly gives

t n—1
W, = lim S AW,
= lim {(th — W) + Wy = Wy,) + -+ (Wy,, = Wi, L))}
= 58 Wi = W)
— lim (W, — W)
n—oo

=W, - Wy
= Wt.
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Throughout this thesis, we will typically be interested in integrals of the form

/ g(s)dv,

for some real valued, square-integrable function g(-). It can be shown that

/0 L (OdW, ~ N <0, /0 t gQ(t)dt) , (3.5)

where the result for the variance is typically referred to as the It isometry (ksendal,
1995)). The left hand side of (3.5) is an It6 integral, therefore we may write

n—1

t
/0 g(t)dW, = lim ; g(t;) AW,

for a partition 0 = tg < ... < t,, = t with ¢t;4; — t; = At. Using that AW;, ~ N(0, At)
we notice that within the summation we have a sum of constants multiplied by normal

random variables. Therefore

n—1 n—1
> g(ti) AWy, ~ N (0, > 92(152-)&) :
=0 =0

As we take the limit to infinity, the partition gets finer and At — 0, we get a Riemann
integral, as given in . Now suppose that we may write X; = fot g(s)dWs. The
corresponding differential form is dX; = g(t)dW;. A generic (Itd) stochastic differential
equation satisfied by a process {Xy,t > 0} is

dXt = a(t, Xt)dt + ﬁ(t, Xt)th (36)

where af(+,-) is the drift function (characterising the infinitesimal mean) and f(-,-) is the
diffusion coefficient (characterising the infinitesimal variance). The corresponding integral

representation of X; is

t t
X, = X0+/ oz(s,Xs)ds+/ vV B(s, Xs)dWy
0 0

where the first integral is of (deterministic) Riemann type and the second is of (stochastic)
It6 type. For a rigorous discussion of uniqueness and existence of solutions to SDEs we
refer the reader to (@ksendal (1995). Of particular use to us is the chain rule for It

processes that we give in the following section.
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3.1.3 It6 formula

Consider an It6 process {X;,t > 0} satisfying the 1t6 SDE

dX; = Oé(t, Xt)dt =+ 1/ ,B(t, Xt)th (37)

where a(t, X;) is the drift and 5(¢, X;) is the diffusion coefficient. Let g(¢,z) be a real

valued function, once differentiable in ¢ and twice differentiable in x. Let

_ 9 99 _ %
gt = 875’ gz = axa Gzx = a$2

denote the first partial derivatives of g with respect to ¢, and the first two partial derivatives
with respect to x. It6’s formula then gives the SDE satisfied by the process Y;,t > 0, where
Y = g(t, X¢) as

1
dY; = (gt(t, Xt) =+ Oé(t, Xt)gm<t7 Xt) =+ §ﬁ(t, Xt)gxz(ta Xt)> dt (38)

+ B(taXt)gx(tht)th

[to’s formula is a method to obtain SDEs satisfied by transformation of [t6 processes.
Equation (3.8]) is the It6 calculus equivalent of the chain rule in classical calculus. When

applying It6’s formula the following identities are used
dt* = dtdW; = dW,dt =0  and  dW? = dLt.

To give an indication of why (3.8)) is as it appears above, take a Taylor series expansion
of g(t + At,x + Ax) about (¢,x) to give

1 1 1
dg(t,z) ~ Atg + Az g, + 5(At)an + §AtA:E Gtz + §(Ax)29m +...

where gy = 0%g/0t? and g, = 0%g/0t0z. Using shorthand notation for a(-,-) as a and
B(-,-) as B, replace Az with aAt++/BAW and (Az)? by o?(At)?+2a~/BAtAW +B(AW)?

to obtain

1 1
dg(t,z) ~ Atg+ (@At +/BAW) g, + 5(Azt)2 gu + i(oé(At)2 + V/BALAW) g1 +

—I—%(aQ(At)z + 20/ BALAW + B(AW)?) gouw + . . -
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Now approximate (AW)? by At (and note in fact that E[(AW?2)] = At) to write the

preceding expression as

dg(t,z) = @Hﬂ%+§%&AﬂwﬂMAW+dAU

It6’s formula then follows by letting At — 0.

Geometric Brownian motion revisited

Let us again consider the SDE in (3.3)). Let g(t,z) = log(X;) and apply It6’s formula. We

have

. 1 1

gt— ) ga:—Xtv gacac— Xt2
1 11

dlog(X;) = —dX; — = —(dX;)?.

Og< t) 0+Xt t 2Xt2( t)

Substituting in dX; and (dX;)? = o2 X2dt gives

1 11
dlog(X;) = ZXt(udt + odWy) — §ﬁ02Xt2dt
t

1
:uﬁ+aﬂm—§£ﬁ

which we recognise as a generalised Brownian motion process. Now, integrating between

0 and ¢ gives
2

g
log(X,) — log(Xo) — <u _ 2) L+ oW,

and exponentiating both sides and applying our initial condition we obtain

o2
X :xgexp{<u— 2) t+aWt}.

Now, using W; ~ N(0,t) gives

X o
log =t ~ N ((n— =
og X, ((u 5 Yt o t)

so that
o2

?)tv JQt)

where LN(-,-) denotes the log normal distribution. More generally, for times 0 < s < t <

X¢| Xo =29 ~ LN (logxo + (1 —

oo,

2
X¢|Xs =25~ LN <logx5 + (1 — %)(t —5),0%(t — s)>
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and sampling from this distribution recursively gives a skeleton path. The geometric
Brownian motion is used as a model for stock indexes by Black & Scholes (1973). In
Figure [3.6] we can see four sample paths of geometric Brownian motion, all with the same

initial value, drift coefficient, and diffusion coefficient.

120
I

100
I

60
I

40
Il

Figure 3.6: Realisations of four geometric Brownian motion paths with 4 = 0.16 and o = 0.2.
Mean trajectory overlaid (light blue).

3.2 Multivariate processes

We have so far only looked at univariate processes, however it is often the case that systems
of interest involve many components. Here we shall extend the previously written theory
to the case of multivariate scenarios.

Let us now consider a continuous-time d-dimensional 1t6 process { X, ¢ > 0} with X; =
(X1, X0y ... ,Xdﬂt)T (where superscript 7' denotes the transpose) and initial condition
Xo = zg, governed by the SDE

dX; = Oé(t, Xt)dt =+ £/ B(t, Xt)th (39)

Here, the drift « is a d-vector, the diffusion coefficient 5 is a d X d positive definite
matrix with a square root representation v/B such that v/BvB. = 8 and W is a d-vector of
(uncorrelated) standard Brownian motion. The equation in is the natural extension
to the univariate case in .

A non-linear transformation can be applied to through the use of a multivariate

It6 formula. Again, we take Y; = g(t, X;) where g¢(t,z) is a real-valued function, once
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differentiable in ¢ and x;, ¢ = 1,...,d. Let

% g,

_ Ogk gk _
(%:iazj

Gk = p 0 Imk T B

a‘nd gmi,z]-,k

denote the first partial derivative of the kth element of g with respect to ¢, the first with
respect to x; and the mixed derivative with respect to x; and ;. Thus the kth component
of Y;, t > 0 will satisfy the SDE given by

d d d
1
dYy s = g kdt + Zl 9o kXt + 5 Zl 2; Ga 10X 10X . (3.10)
1= 1=1 9=

The following identities are useful in the above calculations:
dt2 = dtth’Z‘ = th,idt =0 and thvithvj = (5ijdt

where ¢;; is the Kronecker delta.

3.3 Linear SDEs

Consider an Itd process { X, ¢t < 0} satisfying the Ito6 SDE

ClXt = Oé(t, Xt)dt + B(t, Xt)th (311)
alt, X)) = ar(O)Xitar(t),  [VBEX)] = bis ()X +bg(t)

J
where X; = d-vector, a; = d X d matrix, as = d-vector, [ B(t,Xt)} ~denotes the jth
J
column of \/f(t, X;) with by ;(t) = d x d matrix, by ;(t) = d-vector, j = 1,...¢ and

dW,; = f-vector of standard Brownian motion. We note the following:
e The linear SDE is autonomous if all coefficients are constant.
e The linear SDE is homogeneous if az(t) = 0 and by ;(t) = 0.
e The linear SDE is linear in the ‘narrow’ sense (additive noise) if by ;(t) = 0.

e The noise is multiplicative if by j(t) = 0.

3.3.1 General solution to a linear SDE in the narrow sense

The linear SDE in the narrow sense means that by = 0, so the SDE becomes

dX; = (al(t)Xt + ag(t))dt + bQ(t)th.
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We now consider the solution to the SDE. Let the fundamental matrix P, satisfy

dP,
P, =1, (3.12)

where I; is the d x d identity matrix. Note that

d . _dp;t dP .,
Z PP =P+ =P =0
dpt B
dl;f = _Pt 1a1(t).

Now let Uy = P{lXt with initial condition Uy = P(;IXO = X using equation The
SDE satisfied by Uy is given by

dU; = d(P7Xy)
= (dP/'Xy) + PldX;.

Hence

dU; = —P; a1 () Xdt + P (a1 () Xy + aa(t))dt + P oo (t)dW,
= dU; = P ag(t)dt + P by (t)dW,.

Integrating both sides of dU; between 0 and ¢ gives
t t
Ui = Uy +/ P lag(s)ds + / P by (s)dW.
0 0
Recall the It6 isometry (3.5))

/Otg(S)st ~N (0,/0t9(8)g(8)Td8>

for a real-valued, square-integrable function g(-). Hence, the distribution of U|Uy is there-

fore . .
UlUp ~ N (Uo +/ Ps_laz(s)d&/ Ps_1b2(S)bQ(S)T(Ps_l)TdS) :
0 0

Now, using Uy = x¢ and Uy = Pt_lXt = X, = P,U; to give

t t
Xt|Xo=:co~N(mo+Pt | Pias)asp P;lbz<t>b2<t>T<P;1>TdsaT)-
0 0
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An equivalent representation of the mean and variance can be found as follows. Let
my = Pixg + P, fot P;lay(s)ds denote the expectation of X;. We have that

dmt dPt
W:E.’EO_FBP CLQ + Pt/ PS CLQ

Hence, using (3.12))

d t
% = a1(t) Pz + as(t) + a1 (t) Py / P lag(s)ds
0
d
— = au(t)mi + as(), mo = Xo. (3.13)

Similarly, let
V, = / Py (t)bo ()T (P Y dsPT

then by the product rule

dv; d ([t __ _ d b _
o =P ( / Ly ()b (1) (P; 1)TdsPtT> + b < /0 P by ()b ()T (P I)TdsPtT>

and applying the product rule again
D ([ B0 (2 s ST 4 P et ()

+ ay (t) (Pt /0 Ps1b2(t)b2(t)T(Psl)TdsPtT> [using (3.12)]

Vi

- P, /0 t P by (0)bo ()T (P7 Y ds[ay (t) P]T +bo(t)ba ()T + ay (1)V;

Viax (8)T

dV,
~ aTtt =Viar(t)" + ba(0)ba(t)” + a1 ()Vi, Vo =0. (3.14)

To summarise, X¢| Xo = z¢ ~ N (my, V4)

Xt’XO = T ~~ N(mt, ‘/t) (315)

where m; and V; satisfy the ODE system given by equations (3.13) and (3.14). It will be

helpful later to note that for an interval [t;, ¢, ]

Xy | Xy = oy ~ N(myy Vi) (3.16)
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where my, , is the solution to (3-13), integrated over [t;,tj+1] with initial condition my =
rjp1 and Vi, is the solution to (3.14), integrated over [t;,t;41] with initial condition
th = 0. That is
ti+1
iy =+ [ (st as(s) de
tj
and
tj+1 T .
Vi = [ (Gaa(o) +ba(s)ba(s)” + s (5)VF) .
t

Example: Ornstein-Uhlenbeck SDE

Take al(t) = (91, ag(t) = 02 and bg(t) = 093
= dX; = (elXt + 92)dt + O3dW;.

The process satisfying the above SDE is known as an Ornstein-Uhlenbeck process. We
apply (3.13]) and (3.14)) to generate the following ODE system

d

—;’Zt =01my + 02, mo = Xo (3.17)
M Vg, 102 1 0,V; = 20 03 =

g = Vit 05+ 1Vi =201V + 05, Vo=0 (3.18)

Using the method in Appendix we obtain the integrating factor e~%* and therefore

t
my = moealt + 69115 % / e—eltdt92
0

0 o]
— m0691t + 69115 X |—=2e 01t
01 0

0
— moeelt + et x 6—2 (1 — e_glt)
1

0
= moeelt + —269” (1 — e‘elt) .
01

To solve (3.18) we again use the integrating factor method with e~2%1* as the integrating

factor and hence
t
‘/t — 6291t % / e*201idt6§
0

62 t
— 201t o | _ Y3 261t
26, o

9% 201t
-3 - 1) .
20, (e
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Thus the distribution of X; is

0 §2
Xi|Xo =20 ~ N (et + 2l (1 _ e—(ﬁt) U (62911‘, B 1) ‘
01 291

For 6, negative, the expectation tends to —Z—f and Var(X;) — —% as t — oo. Figure
shows 10 skeleton paths of the Ornstein-Uhlenbeck processes, with 8, = —0.75, 62 = 3,
03 = 0.5 on the interval [0, 10] with a time step of 0.1. We took Xy to be a random draw
from a N(0,25) distribution.

T
0 20 40 60 80 100
Time

Figure 3.7: Ten skeleton paths of the Ornstein-Uhlenbeck process.

3.3.2 Homogeneous case

Consider a univariate linear homogeneous SDE
dXt = ai (t)Xtdt + bl (t)Xtth.

To solve the SDE, we apply the 1t6 formula (3.8) with g(¢,2) = logx. The three partial
derivatives we require are

dg
= =0=qg:(t, Xy) =0
gt ot gt( t)
dg 1 1
= = - = t, X)) = —
Yz or = 9(t, Xt) Xy
0%g 1 1
Gzx = W - _ﬁ = gx:v(t7Xt) = _X7t2.
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Hence
1 1) ., 1
dlog X; = (0 s (t) % + = ( )‘71) b3( %) dt+ b (t) X/ dW,

2
Y1NY)

b4 (t
= dlog X; = (al(t) - ) dt + by (t)dWy

(

2

:>/ dlog X5 = / < lﬁ(s))d +/tb1(s)dWs
:>Xt—XoeXp{/O (al(s)—b%;s)> dt+/0tb1(s)th}

and using It6 isometry (3.5) the distribution of X, is

X|Xo = 0 ~ LN (log o + /Ot (al(s) - b%§8)> dt, /Ot b%(s)dt) (3.19)

Example: geometric Brownian motion

Take a1 (t) = 01 and by (t) = 03 to give
dXy = 01 Xy dt + 02 X dW,
Using equation (3.19)) we obtain

92
X;|Xg =29~ LN <log zo + <91 — ;) t, 0§t>

and we recognise {X;, ¢ > 0} as a geometric Brownian motion process.

3.4 Linear SDEs from non-linear SDEs

Consider a generic SDE of the form

dX, = a(t, X;)dt + ex/B(t, Xp)dW; (3.20)

where the roll of € is to indicate that the stochastic term is small. For generic a(-,-) and
B(+,-) this SDE cannot be solved analytically (to give a closed form solution for X;) so
we examine a computationally efficient approximation to the solution via a linear noise
approximation (LNA). The LNA can be derived by approximating the forward Fokker-
Planck equation through a Taylor series expansion (see e.g. Komorowski et al., [2009 and

Elf & Ehrenberg, 2003). In what follows we conduct a more intuitive derivation.
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Partition X; into a deterministic path z; and a residual stochastic process, M; such that
X; = z + eM;. Let z be the solution to

dZt

= = a(t, z), (3.21)

an ODE for the deterministic process. We assume that || X; — 2| is O(e) over a time
interval of interest. As X, satisfies (3.20]) the residual stochastic process M, satisfies

M, = %{a(t,Xt) — a(t, %)}t + /BE X AW (3.22)

This SDE is typically intractable. A tractable approximation can be obtained via Taylor
expanding «(t, X;) and S(t, X;) about z;. We then obtain

alt,z + €M) = at, z) + eH My + - - -

and
ﬁ(t, Zt + GMt) = /B(t, Zt) + - ,

where H; is the Jacobian matrix with (i, j)th element

Oavi(t, z¢)
Hy); = —F——=. 3.23
( t) 5J azj7t ( )
Collecting terms of O(¢) gives an SDE satisfied by an approximate residual process {Mt, t <
0} of the form

th = HtMtdt + ,B(t, Zt)th. (324)

To indicate that the stochastic term in is small we have used €, so the drift term
a(t, X;) dominates the diffusion coefficient 3(t, X;), equivalently, diffusion << drift. How-
ever, € does not feature in or . From here, therefore, we assume ¢ = 1. In (|3.24))
for z; in equilibrium and if o and 5 are time homogeneous, we get an Ornstein-Uhlenbeck

process for M;.

3.4.1 Solving the linear noise approximation

Let us assume that the initial condition for 1D is My = o and follows a Gaussian
distribution for all t > 0, so My~ N (my, Vg) Furthermore, let P; be the d x d fundamental
matrix for the deterministic ODE

A~

dmt

T Hwan
dt tT
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which satisfies
—! = HP, Py=1, (3.25)

where I; is the d x d identity matrix. Now,

d dP~' 4P,
—ppPl=p—t =—pl=0
dt e ot T ar
Therefore using (3.25)) it follows that
dp;! .
= P 'H,. (3.26)

dt

Set U; = P, 'M;. Then Uy = My. We write

dU; = d(P71My)
= (dP;Y)M; + PY(dM).

Then using (3.24]) and ([3.26)) gives

AUy = (— P Hydt) My + P Y (H Mdt + /B(t, 2)dWs)
— — P H Mydt + P H Mydt + PY/B(L, 2)dW;

= Pt_l vV ﬁ(t, Zt)th.

Hence we can write .
U, = U, +/ P71/ B(s, z5)dWs.
0

Appealing to linearity and It6 isometry, we obtain
t
UilUg ~ N <U0,/ P 1B(s, zs)(Psl)Tds> : (3.27)
0
Therefore, for the initial assumption above, that is My = Uy ~ N (ryp, \7()), we have that

My ~ N (Pyig, PabPL) (3.28)

where

R ¢
v =W —i—/o P7B(s, 25) (P ) ds.
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Thus, the SDE 1' satisfied by M; can be solved analytically, where P, and 1, satisfy
the ODE system

dP;

o = Heh Py=1Iq (3.29)
Ay _ —I\T v
v = b BT, o= (3.30)

Hence, the approximating distribution of X;| Xy is given by
Xi|Xo ~ N (2 + Pyring, Py Pl . (3.31)
Note that can be written as
M| My = mig ~ N(my, Vy)
where it is clear from that
—t = Hymy, mo = Mo (3.32)

and the ODE for V; = thtPtT can be obtained as

av,  d (PPl
at dt ’

to which we apply the product rule and obtain

Vi d ., o (dP\
P _p L (P ) P,
dt tdt(¢t)+<dt>wtt
aprr d
=P {@Dt d; + (;:) PtT} + H; Py P

_ _I\T
=P {ﬂ)tPtTHtT + P 1B(2,0) (P, Y PtT} + H P Pl
= Py PP Hy + B(2t,0) + Hi Py PF
=ViH] + B(2,0) + HV;, Vo = 0. (3.33)

Now we can obtain a less computationally intensive solution by solving (3.21)), (3.32)) and

(3.33)) instead of (3.21f), (3.29) and (3.30]), where now the approximating distribution of
Xt is
Xt~ N(zt +my, V).
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3.4.2 LNA birth-death example
Consider a birth-death process satisfied by the following SDE

dXy = (01 — 02) Xydt + /(01 + 02) Xy dW, (3.34)

where X; denotes a population of some species at time t, #; and 65 denote the birth rate and

death rate respectively, and Wy, ¢t > 0 is standard Brownian motion. Here, H; = (61 — 62)

and the ODE system ((3.21)), (3.29), (3.30)) governing the linear noise approximation of
(3.34)) is given by

dz

CT; = (61 — 02)z;, 20 = To
dP,

ditt = (61 — 02) P, P=1
d _

% =P, 2(01 + 62) 2z

The above system of ODEs can be solved explicitly to give

2zt = xgexp { (01 — 02)t},
Pt = exp {(91 — Qg)t},
(61 + 62)xo
Y= ——— [1 —exp{—(6; — 02)t}].
o= o (L= e (6~ 62}

To generate a skeleton path of the birth-death process, we can iteratively draw from the
transition density under the LNA. We partition an interval [0,7] as 0 =ty < t; < ... <
t, = T. Hence, given x;, at a time t;, the ODEs for z;, P; and v, are initialised at x,, 1
and 0 respectively, and integrated over (t;,¢;,]. We then draw X, ., ~ N(z,_,, Pt2i+1wti )

to obtain x; Note that since we are initialising z; at the simulated value of z; in each

i+1°
interval, we have that m; = 0 for t € [0,7]. Figure shows a single realisation of
the process, and Figure [3.9| shows the mean and 95% credible region for X; from 10,000
simulations, where xop = 10, § = (0.2,0.18) and a time-step At = 0.05. In the next

section we will look at different methods of applying Bayesian inference for linear SDEs.
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Figure 3.8: A single realisation of a species X in the birth-death model, g = 10 and 6 = (0.2,0.18)
with time-step At = 0.05
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Figure 3.9: Birth-death model. 95% credible region (red line) and mean (black line) for X, with
xo = 10 and 6 = (0.2,0.18) with time-step At = 0.05 from 10,000 simulations.
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Bayesian inference for linear

stochastic differential equations

We now consider the problem of performing Bayesian inference for the parameters 6 gov-
erning an SDE of linear form given by (3.11]). That is

dXt = Oé(t, Xt, Q)dt + \V ﬁ(t, Xt, H)th

where we now allow explicit dependence of «(+) and /3(+) on an unknown parameter vector
0=(0q,..., Gp)T. Hence the drift and jth column of the diffusion coefficient take the form

Oé(t, Xt, 9) = (ta H)Xt + a2(t7 9)
VB X, Q)L = by (t,0) X + ba(t,6).

Given data at discrete times x = (x4, ¢,,...,os,)", the likelihood is given by

n

7r(£|9) = H 7T('rt¢ |$ti71 ) 9)

=1

where 7(xy, |z, ,,0) is the transition density, obtained by solving the SDE. Hence upon

ascribing a prior density 7(6) to 6, Bayesian inference may proceed via the posterior
w(0|x) < w(0)mw(x|0).

In practice, we anticipate that m(f|z) will be intractable and we resort to the sampling
based approaches from Chapter [2| to generate draws from 7(0|z). In what follows, we

assume that {X;,¢ > 0} cannot be observed directly, and adopt an observation model of
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the form
indep

Y: = h(Xt) + €, €~ N(O, Z) (41)
allowing for observation of a transformation of (a subset of) components of X;, subject
to additive Gaussian noise. We note that the observations are conditionally indepen-
dent given {X;,t > 0} and if inference is required for X, we augment 6 to include the

components of Y. Hence, the density linking the observations and latent process is

n

7r(y|x, 0) = H W(yti ’xtw 0)

1=0

If interest lies in the joint posterior for z and #, we may construct this joint posterior
m(x, Oly) o< w(O)7 (4o )7 ([0, 240 )7 (yl2, ) (4.2)

where 7(xy,) is the prior density ascribed to z;,. Note that the marginal parameter
posterior w(f|y) is given by
m(0ly) o< m(0)7 (yl6) (4.3)

where the marginal likelihood term 7(y|@) is given by

m(yl0) = / 7 (4 )7 (2] 0) 7 (y |, 0)d. (4.4)

In what follows, we assume that interest lies in the marginal parameter posterior 7(6|y).
We now consider two cases: in the first case, we assume a linear observation model so
that the marginal likelihood is tractable. In the second case, we assume a non-linear
observation model and consider a linear approximation approach, and a pseudo-marginal

sampling-based approach.

4.1 Linear SDE in the narrow sense and linear observation

model

In this instance we assume a linear observation model so in (4.1)) we take h(X;) = FT X,
so we have

Y, =FTX, +e, e P N(©0,2), (4.5)

where F'is a d X dy constant matrix allowing for partial observation of the components of
X;. In order to calculate the marginal likelihood 7(y|f) we make use of a forward filter,
often referred to in this context as a hybrid Kalman filter due to the latent process being in

continuous time and the observations being in discrete time. First note that the marginal
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likelihood can be factorised as

n

7(y10) = 7(yio10) | | 7w 1yeoet; 1 6) (4.6)
j=1

We use a forward filter to compute each term in (4.6)) recursively. To simplify the notation,
we suppress the parameters ¢ where possible. Suppose at time ¢; we have th|Y}0;tj ~
N(aj,Cj). This is the filtering distribution at time ¢;. Using ([3.16)

Xitj D/tO:tj ~ N(mtj+1’%j+l)

where my, , is the solution to , integrated over [t;,¢;41] with initial condition a;,
and V4, ., is the solution to integrated over [t;,t;,1] with initial condition V;;, = Cj.
Hence, using

Y%Hl | Xt

~N(FTX, ., %)

j+1 J+19

and
FTy,

Vi1 [Yigt, ~ N(F'my F+2)

i1 1

we see that the marginal likelihood contribution is
Tr(ytj+1 |yto:tj) — N(ytj+1; FTmtj+17FT‘/;fj+1F + 2)
Now, to update the filtering distribution, we note that
Xt N Mg Vi Vij F
ytottj ~ T ’ T T ’
}/;fj_i,_l F mtj+1 F ‘/;j+1 F ‘/%]""IF—F E

Hence conditioning on Y3, , =y, gives

th+1 |n0:t]’ - ytott]’ ~ N(aj+17 C]+1)

where
-1
A1 = My + Vi F (FT‘/%J'+1F + 2) (ytj+1 - FTthl)
-1
Cir1 = Vi + Vi, F (FTV;fjHF + E) FVijia-

The forward filter steps are as follows in Algorithm [T}

Note that for the forward filter there is no need to store values of a; or C;. However,
this algorithm can be extended should we wish to find the smoothing distribution of

Xt \yto;tj enabling us to make inferences about the latent process.

Consider the marginal posterior for the latent process, w(x|y). We note the factorisa-
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Algorithm 1 Forward filter

1. Initialisation: Compute 7 (y;,) = N (yto; FTa, FTCF + Z). The posterior at time
to = 0 is therefore X, |y, ~ N (ag, Cp) where
a =a+CF (FTCF + )" (y — FTa)
Co=C—CF(FTcF+x)" FTC.

2. For iteration j =0,1,...,n—1:

(a) Prior at t;;1. We have Xy [Yi 4, ~ N (atj, Ct].)
= X [Yig; ~ N (mtj+1vvtj+1 where my, , and Vi, , are the solutions to

the ODEs (3.13)) and (3.14)) initialised with my; = a;; and V;; = Cy;.
(b) One step forecast:

YijaYegit; ~ N (FTthNFTthHF'*' >)
Compute the updated marginal likelihood

™ (ytott]url) =T (ytottj) ™ (yth ’ytottj)

= (Ytoit,) N (yth;FTmth,FTVt F+ %)

Jj+1

(c) Posterior at tj;1. Combining the distributions in (a) and (b) gives the joint
distribution of X, , and Y3, , conditional on yt,.;

Xt; 11 Yot ~ N M1 Viin Vijn B
Y'thrl 0:tj FTmt ) FT% FT%j+1F + ¥

i+ 1
and therefore Xy, . |yto:t;,, ~ N(ag,,,,Ct,, ), where

e (FT‘/thrlF + E)_l (ytj+1 - FTmt

-1
Ctipr = Vi + Vi F (FTV%HF + E) v

ay = mtj+1 + ‘/t

Jj+1 j+1) ’

Jj+1°

tion
n—1

m(zly) = m(2e, [Yto:t,) H 77(9%- fﬂftj+1yyto:tj)
§=0
where (x4, |yty:1, ) 1S available at the end of the forward sweep of the filter and the sub-
sequent terms can be obtained using a backwards sweep. In order to sample the latter
densities we require storage of F; , and can be obtained during step 2 of Algorithm
by additionally solving . We also store each value of at,,, and C, ;. Then we may
proceed with backwards sampling as in Algorithm

Returning to the problem of inference for the parameters governing an SDE of the form
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Algorithm 2 Backwards sampler

1. Draw my, from Xy, |y ~ N(ay;,Cy;)
2. Forj=n—-1,n—-2,...,0,

(a) Joint distribution of X;, and Xy, ,. Note that Xy, |y, ~ N(ar;,Cy;). The
joint distribution of Xt and Xy, , conditional on yy,.; is

T
< X > Yioit: ~ N << At ) , < C CtthH—l))
Xtj 1 o Mty PGy Vi

~

(b) Backwards distribution. The distribution of Xy, |z, ., yto:¢; is N(a¢;, Ct;) where

J

A T -1
at. = at]. + Ctth V, (.%'tj+1 — mtj+1),

J J+1 7t
S _ T -1
Ctj - Ctj Ctj Ptj+1 th+1ptj+1ctj‘

Draw x;, from Xy |z, ), Yto:t; ~ N(at;, Cj,;)-

(3.11)) for an observation model of the form (4.1)), we note that the marginal posterior
m(Oly) o< w(0)m (y[0)

can be evaluated (up to a multiplicative constant) using the forward filter above. This leads
to the MCMC scheme in Algorithm (3| which assumes a Gaussian random walk proposal

mechanism.

4.2 Linear SDE and non-linear observation model

In this instance we assume a non-linear observation model. In this case, the marginal like-
lihood is intractable. In what follows, we therefore consider two approaches to inference:
an approximate inferential model based on a linearisation of the observed components and

exact (simulation-based) inference using pseudo-marginal methods.

4.2.1 Approximation via linearisation

Recall the general observation model (4.1]) and take h(X;) to be some non-linear function.
The marginal likelihood 7(y|f) here is intractable. However we may construct an appro-
priate linear noise approximation enabling us to obtain a tractable marginal likelihood.

For the case of d = 1, so that X is univariate, we apply the It6 formula to obtain the
stochastic differential equation satisfied by X; = h(X;). The LNA (see Section can
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Algorithm 3 MCMC with Gaussian random walk proposal

1. Initialise chain. Set 8(9) at some appropriate initial value. Set i = 0.
2. Propose 0* ~ N (%), Xp).
3. Evaluate the acceptance probability:

, . 0*ly) _ q(0®]0%)
%100y = ), T .
" mm{ T (00]y) " q(07]0@)

where

q(6°109) = N(6%;0%), 29)

£l , m(0")p(yl0”)
a(0*10%)) = min {1, 71'(0(1))1?(y|0(1))} )

4. With probability a/(6*|6®)) set 801D = #* otherwise set #U+1) = 900,

hence:

5. Set i =14 + 1 and return to step 2.

then be applied to dX,. For d > 1, we note that in general the SDE satisfied by h(X};) may
explicitly depend on (a subset of) components of X;. Hence, in this case, we define the
(do + d) vector X; = (h(Xy)", X)T and apply the multivariate It6 formula (see Section

to obtain
dX; = a(t, Xy, 0)dt + £/ B(t, Xy, 0)dW,.

Applying the LNA with the assumption that zy = Zg, then my = 0, gives

X¢|Xo ~ N(z, P Pl

where
% = a(t, 2, 0), 20 = o
% = H,P,, Py=1,
. T TR
and At 2, 0)
(Hy)ij = T on,
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Using that X; = (h(X;)T, X[)T we see that the observation model can be written as
V,=F'X;+e&,  &~N(0,X)

where F'is a (dp + d) X dyp matrix, specifically

10 0
01

0 0 1
0 0 0
0 0 0

Hence, F' is block partitioned with upper dy x dy elements as the dy X dy identity matrix
and the lower d x dy elements as 0. Thus, we may compute the marginal likelihood under
the LNA,

m(y]0) = / w(E,y|9)dz

using a forward filter, as described in Section

4.2.2 Pseudo-marginal Metropolis-Hastings

Recall that we have an intractable observed data likelihood due to our observation
model in being non-linear with h(X;) some non-linear function. Given the ability to
unbiasedly estimate the observed data likelihood 7(y|6), the pseudo-marginal Metropolis-
Hastings (PMMH) scheme of Section is applicable. Denote the unbiased estimator
by 7(y|#) = 7y (y|f) where U denotes all the random variables used to construct the
estimator. Hence, the unbiasedness property gives Ey (7 (y|0)) = 7(y|6). Now, consider
a joint target

(0, uly) oc (0)Fu(y|0)g(w) (4.7)

where g(u) denotes the density associated with U. It is easily checked that

[ .y w(6) [ wutuio)gtuda
o 7(6)m(y]6)
x 7(0|y).

and so marginalising out u gives the marginal parameter posterior in (|4.3)).

The pseudo-marginal Metropolis-Hastings approach can be seen as a standard Metropolis-
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Algorithm 4 Pseudo-marginal Metropolis-Hastings

1. For iteration (i = 0).
(a) Set 8 in the support of 7(#) and draw u(® ~ g(.).
(b) Compute 7, (y]0(?)
2. For iteration ¢ = 1, ..., Njters:
(a) Draw 6* ~ ¢(|00¢~1) and u* ~ g(-)
(b) Compute 7y=(y|0*).

(¢) With probability a/(6*, u*[0~=1 4= given by (4 , put (09, u) = (6%, u*)
otherwise store the current Values (0@, @) = (gt~ 1), ul=1)

Hastings scheme targeting (4.7)) with a proposal density ¢(0*, u*|0,u) = ¢q(0*|0)g(u*) for
which the acceptance probablhty is

[ Rl al6l6°)
o077, ) = {1’ 2 (y]0)7(0) q<9*|e>}‘ (48)

The PMMH scheme is given by Algorithm It remains that we can obtain estimates
7u(y|0). As shown by (Del Moral, 2004)) (also see Pitt et al., 2012) a particle filter can be

used to give realisations of an unbiased estimator 77 (y|@). The bootstrap particle filter re-

cursively draws from the filtering distribution (¢, |ysy:t,,0) for each j = 0,...,n (Gordon
et al., [1993) (see also [Kiinsch, [2013). Essentially, a sequence of importance sampling and
resampling steps are used to propagate a weighted sample {(z; x, w(ut; k), k= 1,..., N}
from the filtering distribution. Note that we let the weight depend explicitly on the cor-
responding component of the auxiliary variable u = (ug, ..., u,). At time ¢, the particle

filter uses the approximation

N
ﬁ(xtj ’ytoitjae) X T yt |xt ZW xtj‘xtjflylﬁ 0)w<utj717k>' (4'9)
k=1

A simple importance sampling /resampling strategy follows, where particles are resampled
(with replacement) in proportion to their weights, propagated via x;, = fj(us, x) ~

7(:|ze;_,,0) and reweighted by 7(y;|vs; k,0). Here, f;(-) is a deterministic function of
ut; k (as well as the parameters and previous latent state, suppressed for simplicity) that
gives an explicit connection between the particles and auxiliary variables. Algorithm
provides a complete description of the bootstrap particle filter with input given by param-
eters , auxiliary variables u, data y and the number of particles N. However notice the

addition of a non-standard and optional sorting step (a), which is particularly useful when
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Algorithm 5 Bootstrap particle filter

1. Initialisation (¢t = 0).

(a) Sample the prior. Put x4 1 = fo(us ) ~ (), k=1,...,N.
(b) Compute the weights. For k =1,..., N set

’lI)(UtOJf)

N — .
Zm:l w (uto ,m)

(c) Update observed data likelihood estimate. Compute 7y, (y1,]0) =
>y (k) /N

2. Forj=1,...,n

w(uto,k) = 7"-(yto|xto,kv 9)5 w(uto,k) =

(a) (optional) Sorting. Use Euclidean sorting on particles {z¢;_; 1,...,%¢;_; N}
and their weights if using CPMMH.

(b) Resample. Obtain ancestor indices a,’fji » k=1,..., N using systematic re-
sampling on the collection of weights {w(us,_; 1), ..., w(uy_, n)}-

(c) Propagate. Put xy, x = fi;(us; 1) ~ 7 <'|$tj1,afj_176>7 k=1,...,N.
(d) Compute the weights. For k =1,..., N set

ID(Utj,k:)

N — .
Zmzl w(utjﬂn)

(e) Update observed data likelihood estimate. Compute

ﬁ)(utj,k) = ﬂ-(ytj ’l‘tj,ka 0)’ w(utj,k) =

ﬁ-utoztj (yto:tj |9) = ﬁ'uto:tj,I (ytOItj—l ‘H)ﬁutj (ytj |yt0!tj ’ 9)

~ N ~
where T, (Ye;lYe:t;-150) = 2p—y Wt k) /N

implementing a correlated pseudo-marginal approach, as described in Section For
the resampling step we follow |Deligiannidis et al. (2018) among others and use systematic
resampling (see e.g. [Murray et al., 2016]), which only requires simulating a single uniform
random variable at each time point.

It is straightforward to augment the auxiliary variable u to include the random variables
used in the resampling step. As a by-product of the particle filter, the observed data
likelihood 7(y|@) can be estimated via the quantity

n N
Au(l0) = N7 T D2 dlu, p). (4.10)

=0 k=1
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4.2.3 Correlated pseudo-marginal Metropolis-Hastings

Using the PMMH scheme may lead to highly variable realisations of 7, (y|f) as we saw
in the example in Section So we turn to correlated PMMH (CPMMH) to induce
positive correlation between successive values of 7, (y|f) as in Section Consider the
joint density in . In step (2a) of Algorithm 4] pseudo-marginal Metropolis-Hastings,
the auxiliary variables u are proposed from the associated density g(-). The correlated
PMMH scheme generates a new u* from K (u*|u) where K(:|-) satisfies detailed balance
equation
() K (u*|u) = g(u) K (ulus®).

It is then straightforward to show that a MH scheme with proposal kernel ¢(6*|0) K (u*|u)
and acceptance probability (4.8 satisfies detailed balance with respect to the target

(0, u|y). Upon negating the trivial scenario that the chain does not move, we have
that

(0, u)q(0%|0) K (u*|u)a (0%, u*|0, u)
=min {m(0)g(u)7u(y|0)q(070) K (u|u), Tur (y|07)m(07)q(0107) g (u)k(u*|u) }
=min {7 (0)g(u)7u(y|0)q(070) K (u*|u), Tur (y|07)m(07)q(0]07) g (u" )k (ulu”)}

=7m(0",u")q(0]6") K (u]u*)a(0, u|0*, u™)

(6)g(u)tu(
(0)g(u)7ru(

We take g(u) as a standard Gaussian density and K (u*|u) as the kernel associated with a

Crank—Nicolson proposal (Deligiannidis et al., 2018]). Hence
glu) =N(u;0,I;)  and  K(u'|lu) =N (u*; pu, (1—p?) Is)

where I, is the identity matrix whose dimension d is determined by the number of elements
in u. The parameter p is chosen to be close to 1, to induce strong positive correlation
between 7, (y|0) and 7.+ (y|@), thus reducing the variance of the acceptance probability in
, which is beneficial because it reduces the chance of accepting an overestimation of
the likelihood function. Taking p = 0 gives the special case that K (u*|u) = g(u*), which
corresponds to the standard PMMH. Iteration ¢ of step 2 of Algorithm [4] then becomes

2. Fori=1,..., Niters:

(a) Draw 6* ~ q(-|0%~1). Draw w ~ N(0, I) and put v* = pul~1 + /1 — p2w.
(b) Compute 7.+ (y|#~1) by running Algorithm |5 with «*, 6*, and y.
(¢) With probability given by (4.8) put 8%) = 6* and u() = u*. Otherwise, store

the current values 00 = 9(—1) and 4 = (=1,

Care must be taken here when executing Algorithm [5 in Step 2(b). Upon changing 6
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and u, the effect of the resampling step is likely to prune out different particles, thus
breaking the correlation between successive estimates of observed data likelihood. Sorting
the particles before resampling can alleviate this problem (Deligiannidis et al., 2018). We
follow |Choppala et al.| (2016) (see also |Golightly et al., 2019) by using a simple Euclidean
sorting procedure which, for the case of a 1-dimensional latent state (e.g. when dim(X}) =
1 for every t) implies, prior to resampling the particles, that the particles are sorted from
the smallest to the largest. |Deligiannidis et al. (2018]) sort the particles before resampling
via the Hilbert sort procedure of |Gerber & Chopin (2015). This is step (2b) in Algorithm
denoted “optional” as it only applies to CPMMH, not PMMH.

Tuning advice

It remains that we can choose the number of particles N to be used to obtain estimates
of the observed data likelihood contributions 7, (y|f). In the case of PMMH, a simple
strategy is to fix 6, and X' at some central posterior value (obtained from a pilot run),
and choose N so that the variance log(y|f) (denoted 03%;) is around 2 (Doucet et al., [2015;
Sherlock et al., 2015)). When using a CPMMH kernel, we follow [Tran et al| (2017) by
choosing N so that 0% = 2.16%/(1 — p?) where p; is the estimated correlation between
7u(y]0) and 7y« (y|0). Hence, an initial pilot run (with the number of particles set at some
conservative value) is required to determine plausible values of the parameters. This pilot
run can also be used to give estimates of var(f|y), which can subsequently be used as the

innovation variance in a Gaussian random walk proposal for 6.

Example: Ornstein-Uhlenbeck SDE

We consider the following Ornstein-Uhlenbeck (OU) process

ind
{Yt =Xitea, @ "~ NO07) (4.11)

dX, = 01(02 — X,)dt + O5dW,.

We adopt a parameterisation where 0 € R is the stationary mean for the {X;} process,
61 > 0 is a growth rate (expressing how rapidly the system reacts to perturbations) and
03 is the diffusion coefficient. Let § = (61,02, 63). The SDE satisfied by X; can be solved
analytically (following the procedure in to give

92
Xt|X0 =x9~N ($06—91t + 92(1 — 6—9115) 7 ﬁ(l o 6—20115)) )
1

Although the linear Gaussian solution and the additive Gaussian observation model permit
a tractable marginal likelihood, we apply the pseudo-marginal schemes discussed above.
We compare “PMMH”, which is Algorithm [4] with Algorithm [5|to find the data likelihood
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Chapter 4. Bayesian inference for linear stochastic differential equations

without step 2a, “CPMMH-099”, which is Algorithm [4 with a Crank-Nicolson proposal
for the u using a correlation of p = 0.99 in step 2a, and “CPMMH-0999” where we use
a correlation of p = 0.999 in step 2a. The number of particles used for each method was
selected using the methods described previously.

We simulate data with the following settings, n = 100 observations using an inter-
observation time of 1, # = (1,20,1) and o, € {0.1,0.5,1}. We assumed an initial condition
of xyp = 5 so that the process has a reasonable burn in period before it approaches the
reversion level of 20. We further assume xy and o, to be known, for simplicity. The priors

assigned to 6 were

log(61) ~ N(3,10%),
log(f2) ~ N(3,10%),
log(63) ~ N(3,0.5%).

We ran all three methods for the same simulated data set with o, € {0.1,0.5,1} for 50k
iterations, considering the first 10k iterations to be the burn-in period. We set the initial
value for o, = 0.7 and the starting values for § were set to their actual values.

Results are in Tables - As a reference for the efficiency of the considered
samplers, we take the minimum ESS per minute (mESS/m in Table f as measured
on PMMH as “base/default” value and set it to 1 in the rightmost column of Table
- The minimum ESS per minute for the other samplers are relative to the PMMH
value. We can see the effect of varying o, as the observation error decreases, the number
of particles required increases. However, the benefit in minimum effective sample size per
second due to increasing p from 0.99 to 0.999 is smaller as o, decreases. From Table
and Table we conclude that CPMMH is about three times more efficient than PMMH
in terms of mESS/m when o, € 0.5, 1, and from Table we can conclude that CPMMH
is 15 — 25 times more efficient than PMMH in terms of mESS/m when o, = 0.1.

The marginal posteriors in Figures |4.1 show that the three methods generate very
similar posterior inferences when o, = 1 and the true values do not fall outside of the

tails, this was the case for each value of o, but plots for these cases are omitted.

Algorithm o N CPU (s) mESS mESS/s Rel.
PMMH 0 23 929 200 0.215 1
CPMMH-099 0.99 3 319 197 0.618 2.9
CPMMH-0999 0.999 3 362 264 0.729 3.4

Table 4.1: OU SDEMEM with g, = 1. Correlation p, number of particles N, CPU time (in minutes
m), minimum ESS (mESS), minimum ESS per minute (mESS/m) and relative minimum ESS per
minute (Rel.) as compared to PMMH. All results are based on 50k iterations of each scheme.
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Chapter 4. Bayesian inference for linear stochastic differential equations

Algorithm o N CPU (s) mESS mESS/s Rel.
PMMH 0 87 1982 3214 1.621 1
CPMMH-099 0.99 22 795 3348 4.213 2.6
CPMMH-0999 0.999 22 744 3189 4.285 2.6

Table 4.2: OU SDEMEM with o, = 0.5. Correlation p, number of particles N, CPU time (in
minutes m), minimum ESS (mESS), minimum ESS per minute (mESS/m) and relative minimum
ESS per minute (Rel.) as compared to PMMH. All results are based on 50k iterations of each
scheme.

Algorithm P N CPU (s) mESS mESS/s Rel
PMMH 0 445 9221 2318 0.251 1
CPMMH-099 0.99 20 702 2529 3.803 15.1
CPMMH-0999 0.999 7 419 2644 6.309 25.1

Table 4.3: OU SDEMEM with o, = 0.1. Correlation p, number of particles N, CPU time (in
minutes m), minimum ESS (mESS), minimum ESS per minute (mESS/m) and relative minimum
ESS per minute (Rel.) as compared to PMMH. All results are based on 50k iterations of each
scheme.

4.2.4 Computational considerations

Although the approximate inferential approach based on the LNA gives a tractable marginal
likelihood, an order (dg + d)? system of coupled ODEs must be solved per marginal like-
lihood evaluation. Consequently, for systems with a large number of components (e.g.
d > 10), the LNA approach is likely to be computationally infeasible. Nevertheless, it
requires minimal tuning beyond a suitable innovation variance (if using a normal random
walk proposal mechanism) that can be obtained from a short pilot run. (C)PMMH re-
quires N X n one-step simulations per evaluation of an estimate of marginal likelihood.
For PMMH N should be order n (Bérard et al., 2013) and for CPMMH, N should be
order n'/? for d = 1 and order n?/3 for d = 2 (see Deligiannidis et al.| (2018) for further
discussion). Consequently, in scenarios with relatively short time series, CPMMH may
outperform the LNA approach computationally. However, we note that CPMMH requires
additional tuning. For example, choosing N is likely to require several short pilot runs of
the scheme. Moreover, and as discussed in Owen et al.| (2015)), pseudo-marginal schemes

can suffer from long burn-in times if poorly initialised.
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Figure 4.1: Marginal posterior densities for #; when o, = 1. Solid line PMMH, red line CPMMH-
099, green line CPMMH-0999, vertical line truth.
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Figure 4.2: Marginal posterior densities for #s when o, = 1. Solid line PMMH, red line CPMMH-
099, green line CPMMH-0999, vertical line truth.
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Figure 4.3: Marginal posterior densities for 3 when o, = 1. Solid line PMMH, red line CPMMH-
099, green line CPMMH-0999, vertical line truth.
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Chapter 5

Bayesian inference for mixed
effects stochastic differential

equations

In this chapter we consider appropriate models for repeated measurement experiments.
We consider a mixed-effects framework, where dynamics of each experimental unit are
described by linear SDEs. We describe the modelling framework before considering infer-
ence in two settings; one in which a linear observation model is assumed and one in which

observations are assumed to arise from a nonlinear model.

5.1 Stochastic differential mixed-effects models

Consider the case where we have M experimental units randomly chosen from a theoretical
population, and associated with each unit 7 is a continuous-time d-dimensional It6 process
{X},t >0} governed by the SDE

X} = o(X} 5, @) dt +\/B(X}, k,¢) W], Xi=z), i=1... M.  (51)

Here, « is a d-vector of drift functions, the diffusion coefficient [ is a d X d positive definite
matrix with a square root representation /8 such that \/Bv/3" = 3 and W} is a d-vector
of (uncorrelated) standard Brownian motion processes. Note that we surpress dependence
of @ and B on time t, for notational simplicity. Allowing explicit time dependence is
straightforward in what follows. The p-vector parameter £ = (k1,...,k,)! is common to
all units whereas the g-vectors ¢' = (¢¢, ... ,(bz)T, 1= 1,..., M, are unit-specific effects,
which may be fixed or random. In the most general random effects scenario we let 7(¢*|n)

denote the joint distribution of ¢‘, parameterised by the r-vector n = (ny,...,n,)’. The
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Chapter 5. Bayesian inference for mixed effects stochastic differential equations

model defined by allows for differences between experimental units through different
realisations of the Brownian motion paths W} and the random effects ¢’, accounting for
inherent stochasticity within a unit, and variation between experimental units respectively.
We assume that each experimental unit {X{,¢ > 0} cannot be observed exactly, but
observations y’ = (yi,...,y,)T are available. We assume the same number of observations
per experimental unit for notational simplicity and note that allowing n to depend on
is easily accommodated. The observations are assumed conditionally independent (given
the latent process) and we link them to the latent process via
Yi=h(X, D), st p(x),  i=1,..M (5.2)
where Y}’ is a d,-vector, € is a random d,-vector, d, < d, D' is a unit-specific static
or time-dependent deterministic input (e.g. covariates, forcing functions etc.), € is the
measurement noise and A(-) is a possibly nonlinear function of its arguments. We denote
the density linking Y,’ and X} by 7 (yi|zi, X). A special case that arises from our flexible
observation model is when h(X},€l) = FT X} + ¢! for a constant matrix F and €i|¥ e
N (0, X), allowing for observation of a linear combination of components of X}, subject to
additive Gaussian noise. Note that our methodology in Sections[5.2H5.4.4|can be applied to
an arbitrary h(-), provided this can be evaluated pointwisely for any value of its arguments.
We refer to the model constituted by the system f as a stochastic differential
equation mixed effects model (SDEMEM). This is a state-space model, due to the Markov
property of the Ité processes {X/,¢ > 0}, and the assumption of conditional independence
of the observations given the latent process. The model is flexible: equation explains
the intrinsic stochasticity in the dynamics (via () and the variation between-units (via the

random effects ¢?), while (5.2) explains residual variation (measurement error, via X).

5.2 Linear stochastic differential equations with linear ob-

servation model

Suppose that the latent process associated with experimental unit ¢ follows (5.1) where

the drift and diffusion functions are given by

a(Xtia K, ¢Z) = al("{a ¢Z)th + GQ(H, d)z)
B(X{, k, ¢") = b(k, ¢')

where a1, a2 and b may depend on ¢t but we suppress this dependence for notational sim-
plicity. Hence, we assume a linear SDE (in the narrow sense). Suppose further that the
observation model is

Yi=FTXit+e, " N©, ).
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Chapter 5. Bayesian inference for mixed effects stochastic differential equations

Given data y = (y*,... cyM )T the joint posterior for the common parameters «, fixed /ran-
dom effects ¢ = (¢',...,¢")T, hyperparameters 1, measurement error parameters X and

latent values z is

(K, 1, 2; b, xly) o< w(w)mw(n)m (D)7 (Pln)m x|k, p)m(ylz, &) (5-3)

where (k)7 (n)7(X) is the joint prior density ascribed to x, n and 2. In addition we have
that

m(¢ln) = H7T ¢'In), (5.4)
M n . '
r(yle, 2) = [[[[=l=}. 2) (5.5)
i=1j=1
and
(xlr, ¢) = [[w(=) [[ 7 (@hlai_1, 5, 0). (5.6)
i=1 j=2

In what follows, we assume that interest lies in the marginal posterior for all parameters,

which is given by

(k.. 2, 0ly) oc m(r)m(mm(Z)m(gln)m(yls, 2, ) (5.7)
M

x D) =@ ' 1s, 2, ). (5.8)
=1

This factorization suggests a Gibbs sampler with separate blocks for each parameter vector

that sequentially takes draws from the full conditionals
m(@ls, . 2.y) o [Ty 7(6 ) ('], 2, ),
m(kln, 5, ¢,y) = 7(klo, Z,y) o (k) [TL, 7(y' |k, 2, 67),
(L1, 6,y) = 7(k, 6.9) o w(2) [Ty 7y, £, 6,
w(nlk, 2, 6,y) = 7(nl¢) oc (n) [LL, (¢'|n).

Although the likelihood terms 7(y|x, X, ¢') are tractable, and can be computed using a
forward filter of Algorithm [I| the full conditionals in steps 1, 2 and 3 will typically be
intractable necessitating Metropolis-Hastings steps. In scenarios where the (log of the)
random effects parameters ¢ follow normal distributions (as is the case in Chapters |3{and
4) a semi-conjugate prior specification for 7 is possible, admitting tractable Gibbs steps
for these parameters. The full inference scheme is given by Algorithm [} Note that for

ease of presentation X' and x have been treated as a single block.
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Chapter 5. Bayesian inference for mixed effects stochastic differential equations

Algorithm 6 Metropolis within Gibbs (tractable marginal likelihood)

1. Initialise 0@, k(@) £0) 40 Run M forward filters (conditional on k(0 3(0) qﬁ(o))
to obtain

m(yls®, 20, 60).
Set the iteration counter to j =1
2. (a) Propose (X%, k*) ~ q(-| X0~ gU-1)
(b) Run M forward filters (conditional on (X*, k*)) to obtain 7 (y|x*, X*, qﬁ(j_l))
(c) With probability

a([g*j,ﬁ*mg(ﬁl)j,i(jfl)]) —

min g TE('Zl))W(H-) 8 ﬂ((y",j)’x(?(ﬁl (»> 1)
r(ZY Nr(kG-D)  w(ylsl=D, 201, ¢li=1)

Put (20), k0)) = (2%, k*) otherwise put (X0), ) = (X011 xG-1),
3. Fori=1,..., M:

(a) Propose ¢ ~ q(¢"0~1)
(b) Run a forward filter (conditional on ¢**, XU) k(1)) to obtain

#(y' kW), 20 g%)

(c) With probability

i) 23, —1)\ — s 7T<<Z5i*|77) w(yi\ﬁ(j),E(”,#*)
a(p™ ") mln{l,ﬂ X

(GHU-D]gu=D) ~ 7(yi|xD), 2G), giG-D)

Put ¢i’(j) = ¢™* otherwise put ¢iv(j) - ¢i7(j—1).
4. Draw 77(j )~ (-|¢(j )) [Gibbs or Metropolis-Hastings]

5. Set j:=j+ 1. Go to step 2.
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Chapter 5. Bayesian inference for mixed effects stochastic differential equations

5.3 Linear stochastic differential equations with non-linear
observation model
Consider now an SDEMEM where the dynamics of each experimental unit is described

by a linear SDE and the observation model is of the form ([5.2)), where h(-) is a non-linear

function of X}. We assume interest lies in the marginal posterior

(ki 1, X, ¢ly) o w(k)w () (L) (d|n)m(y|r, X, ) (5.9)
M

o w(®)w(m)m(2) [ [ (' |x, £, ') (5.10)
i=1

which suggests a Gibbs sampler that alternates between draws of 1, 2, 3, 4 as in Section[5.2]
Of course, in practice, the observed data likelihood 7(y*|s, X, ¢*) will be intractable. In
what follows, therefore, we consider a Metropolis within Gibbs strategy, and in particular

introduce auxiliary variables u to allow pseudo-marginal Metropolis-Hastings updates.

5.4 A pseudo-marginal approach

Consider again the intractable target in (5.9)) and suppose that we can unbiasedly estimate
the intractable observed data likelihood 7 (y|k, X, ¢). To this end let

M
v (yle, 2,¢) = [[ #vi(v'|5, 2, 6")
=1

denote a (non-negative) unbiased estimator of 7 (y|x, ¥, ¢), where u = (u',...,u")7T is

the collection of auxiliary variables used to produce the corresponding estimate, with den-
sity 7(u) = Hf\i 1 9(u%). Now, the pseudo-marginal Metropolis-Hastings (PMMH) scheme
targets

w1, 5 by uly) o ()T (S)m (Sl tulyln, 2, d)m(u) (5.11)
for which it is easily checked that
/ (s, 5, uly)du o 7 () () (Z)r(ln) / Fulylr, S, 8)m(u)du
o (5,1, 3, Oly)-

Hence, marginalising out U gives the marginal parameter posterior in (5.9). Directly
targeting the high dimensional posterior m(k,n, X, ¢, u|y) with PMMH is likely to give
very small acceptance rates. The structure of the SDEMEM naturally admits a Gibbs
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Chapter 5. Bayesian inference for mixed effects stochastic differential equations

sampling strategy that we outline in the next section.

5.4.1 Gibbs sampling and blocking strategies

The form of (5.11)) immediately suggests a Gibbs sampler that sequentially takes draws

from the full conditionals
Low(¢' u'lm,m, 2,y°) oc w(@ )iy (v |k, 2, 0% )g(u'), i = 1, M,
2. w(k, uln, 2, 6,y,u) = w(k, ul, 2,y) o< 7(8) [T 7 (g, £, 0%)g(ul),
3. w(Z,ulk, 1, ¢, y,u) = (2, ulk, ¢, y) oc (X)) [T, Fus (6|, £, 81 g (wh),

M .
4. m(nlk, X, ¢, y,u) = w(nl¢) o< w(n) [1;Z, 7(d"|n).
Note that step 1 consists of a set of draws of M conditionally independent random variables

since

M
7, ulw,n, Zoy) = [ w6 wllie,n, S,9),
i=1
Hence, step 1 gives a sample from 7 (¢, u|k,n, X,y). Draws from the full conditionals in
1-3 can be obtained by using Metropolis-Hastings within Gibbs. Taking the [¢¢, u!] block
as an example, we use a proposal density of the form q(¢™|¢")g(u**) and accept a move
from [¢%, u’] to [¢™*, u™*] with probability

min{L m(@]) | R (G107 ) Q(QSZ:W%)}'

(@) mua(ytlet) o ale[¢)

Effectively, samples from the full conditionals in 1-3 are obtained via draws from pseudo-
marginal MH kernels. However, the above strategy is somewhat naive, since the auxiliary
variables U need only be updated once per Gibbs iteration. We therefore propose to
update the blocks [¢?, ], i = 1,..., M in step 1, and condition on the most recent value

of u in the remaining steps. Explicitly, we take draws from
Lo7(¢, u'lk,m, 2,y°) o w(@H )i (v s, 2,6 )g(w'), i = 1,..., M,
2. m(kln, 2, 6.y, u) = w(k]g, 2.y, u) o< w() [[L, 7o ('], 2, 67),
3. w(E[r,m, b, y,u) = m(X|k, ¢y, w) o w(£) [T, e (|, 5, ),

4. w(nlk, 2, ¢,y,u) = m(n]e) oc w(n) [T, 7(¢']n).

The aim of blocking in this way is to reduce the variance of the acceptance probability
associated with steps 2 and 3, which involve the product of M estimates as opposed to
a single estimate in each constituent part of step 1. The effect of blocking in this way is

explored empirically in Chapter [7]
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5.4.2 Estimating the likelihood

It remains that we can generate non-negative unbiased estimates 7, (y|x, X, ¢). This can
be achieved by running a (bootstrap) particle filter that, for a single experimental unit,
recursively draws from the filtering distribution 7(zt|yi,, k, X, ¢*) for each t = 1,...,n, as
described in Section Essentially, a sequence of importance sampling and resampling
steps is used to propagate a weighted sample {(xik,w(uik)),k =1,...,N;} from the
filtering distribution. Note that we let the weight depend explicitly on the tth component
of the auxiliary variable u’ = (u¢, ..., u}), associated with experimental unit i. At time ¢,

the particle filter uses the approximation

N;

(2 yia, ki, 2,0°) o m(yilat, 2) ) mlailae g g ko 6w (up ). (5.12)
k=1

A simple importance sampling/resampling strategy follows, where particles are resam-
pled (with replacement) in proportion to their weights, propagated via xft = f,g(uff B~
W("l’éfl’k, K, ¢') and reweighted by p(yﬂmf‘/k, Y). Recall that f;(+) is a deterministic func-
tion of uik (as well as the parameters and previous latent state, suppressed for simplicity)
that gives an explicit connection between the particles and auxiliary variables. An example

of fi(+) is to take the Euler-Maruyama approximation

ft(ull;,k) - -’IJ%,L]{ + Oé(xifl,ka R, ¢Z) At + \/,8(-?3;71’16, R, ¢Z)At ull‘:,k

where u;k ~ N(0,I;) and At is a suitably chosen time-step. In practice, unless At
is sufficiently small to allow an accurate Euler-Maruyama approximation, ft(ui i) will
describe recursive application of the numerical approximation.

For a linear SDE in the narrow sense, we have that

i\ i 1 ri i
ft(Ut,k) =Tyt My g + Vt|t—1ut,k

where m! .1 is given by li integrated over (¢,¢ — 1] with initial condition z! | , and

V;Z‘t,l is .3'14) integrated over (t,t — 1] with initial condition 0. Algorithm (7| provides a

complete description of the particle filter. For the resampling step, we again use systematic

s

resampling (see e.g. [Murray et al., 2016]), which only requires simulating a single uniform
random variable at each time point. It is straightforward to augment the auxiliary variable
u' to include the random variables used in the resampling step. As a by-product of the

particle filter, the observed data likelihood 7(y*|x, X, ¢*) can be estimated via the quantity

N; n N;
(y'lm, 2, 0°) = N7 (ui ) [T @lui ). (5.13)
k=1 t=2 k=1

N
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Algorithm 7 Bootstrap particle filter for experimental unit ¢

1. Initialisation (¢t = 0).
(a) Sample the prior. Put ximk = fo(uio,k) ~7(),k=1,...,N;.
(b) Compute the weights. For k =1,..., N; set

w(uimk)

w(u =7yl |zt % w(u = —""—.
( to,k) ( to‘ to,k> )7 ( to,k) Z;V:ll QI)(’U,%O’])

(c) Update observed data likelihood estimate. ~Compute #,; (yi, |k, X, 0%) =
0
Doty (g 1) /N

2. For times t =2,3,...,n:

(a) Resample. Obtain ancestor indices afj_l, k = 1,...,N; using systematic
resampling on the collection of weights {w(uijihl), . ,w(uij_l’Ni)}.
(b) Propagate. Put xi]k = ft(“ij,k) ~ 7T(~ \xijﬂ’a? l,yﬁj,/ﬁ, X, gbi), k=1,...,N;.
i
(¢) Compute the weights. For k =1,..., N; set
=i Q|0 i w(u;ak)
w(utj,k) = W(ytj|wt]-,k72)7 w(utj,k) =

Ni ~ l .
Zm:l w(u%j,m)
(d) Update observed data likelihood estimate. Compute

N

ﬂ—ui():tj (yzo:tj ‘Kl, 27 ¢Z) - 7é‘-u’%o:tjfl

(ygo:t]‘,1 "‘{7 27 ¢l>ﬁ-uzj (yz] ’ygoitj—l » Ky 27 ¢l)

N . . . N; - .
Where Tru% (yzj ‘yl%/()ttj_l’ K/7 27 ¢Z) = Zk}:l w(uich)/NZ

J

We remind the reader that the corresponding estimator can be shown to be unbiased
(Del Morall, 2004; |Pitt et al., 2012).

The full Gibbs sampler for generating draws from the joint posterior is given
by Algorithm For ease of exposition, we have blocked the updates for x and X, but
note that the use of separate updates for these parameters is straightforward. The pre-
cise implementation of step 4 is likely to be example specific, and we anticipate that a
direct draw of nU) ~ m(-|¢)) will often be possible, for example when the components
of ¢ are assumed to be normally distributed and 7 consists of the corresponding means
and precisions, for which a semi-conjugate prior specification is possible. Executing Al-
gorithm [8| requires order n Zf\i 1 IV; draws from the transition density governing the SDE
in per iteration. Although not considered in this thesis, we note that in scenarios
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Algorithm 8 Gibbs sampler

1. Initialise ¢(® = (b . MO kO 2O Draw u»©® ~ g¢(-) and run
Algorithm for i = 1,...,M with «»©, ¢>0 kO 50 and y* to obtain
T yin(0) (3|0, 20O $:(0)) Set the iteration counter j = 1.

2. Update subject specific parameters. For i =1,..., M:

(a) Propose u* ~ g(+) and ¢l* ~ q(.|¢i,(j—1)).

(b) Compute i (y¢ |01, 20=1 ¢*) by running Algorithm 7] with u™, ¢,
H(.jfl)’ 2(]71) and yz

(c) With probability

1% N i],.(j—1) (J—1) i i,(5—1) | pi*
min 1’ 7['((;5 ’Tl) % 7Tu”<y“’%‘ 72. 7¢‘ ) % Q(¢ ' ‘(Zs )
(¢TI0 * G- (Y rED, 0D gi(=1)) T g(¢i*|pnU-1)

(5.14)

put ¢»0) = ¢** and u»\) = u*. Otherwise, store the current values ¢»\) =
¢i7(j71) and u%(]) = uiv(jfl)'

3. Update common parameters.

(a) Propose (k*, X*) ~ q(-|xU=1, £G-1D).

(b) Compute 7, (y|r*, 5%, W) = [T, 700 (¥]K*, 2*, 641)) by running Algo-
rithmfor i=1,..., M with u»), ¢(0) g* 5* and y'.

(c) With probability

: m(k*)m(2¥) a0 (yls*, 2%, 91)) (kU= 2U-D|g*, £¥)
min < 1, . : X = . : — X - ,
T(KO-D)a(Z0D) * 7,0 (ylal—D, £, ¢0) * g(w*, B¥[w0-D, 5G-D)
(5.15)

put (k0), X)) = (k*, £*). Otherwise, store the current values (k) ¥0)) =
(K(j—l)’g(j—l)),

4. Update random effect population parameters. Draw 7) ~ 7 (-|¢\)).

5. If j = njters, stop. Otherwise, set j := j + 1 and go to step 2.

where the transition density is intractable, draws of a suitable numerical approximation
are required. For example, we may use the Euler-Maruyama discretisation with time step
At = 1/m, where m is chosen to limit the associated discretisation bias. As discussed by
Andrieu et al. (2010]), the number of particles per experimental unit, /V;, should be scaled
in proportion to the number of data points n. Consequently, the use of PMMH kernels is
likely to be computationally prohibitive in practice. We therefore consider the adaptation
of the correlated PMMH scheme (discussed in Section to our problem.
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5.4.3 A correlated pseudo-marginal approach

Consider again the task of sampling the full conditional 7(¢*, u’|k, n, X, y") associated with
the ith experimental unit. In step 2(a) of Algorithm [8| a (pseudo-marginal) Metropolis-
Hastings step is used whereby the auxiliary variables u’ are proposed from the associated
pdf g(-). Recall that as discussed by Deligiannidis et al.| (2018) (see also |[Dahlin et al.,
2015)), the proposal kernel need not be restricted to the use of g(u’). The correlated
PMMH (CPMMH) scheme generates a new u** from K (u®*|u’) where K (-|-) satisfies the

detailed balance equation
g(u") K (u™|u’) = g(u™) K (u'[u’™). (5.16)

It is then straightforward to show that a MH scheme with proposal kernel q(¢**|¢*) K (u™*|u?)
and acceptance probability satisfies detailed balance with respect to the target
m(¢t, ullk,m, X, y") (see the discussion in .

We take g(u’) as a standard Gaussian density and K (u™*|u’) as the kernel associated

with a Crank—Nicolson proposal (Deligiannidis et al., 2018|). Hence
g(u’) =N (u'; 0, 1) and  K(u™u') = N (u™*; pu’, (1 - p?) I)

where I; is the identity matrix whose dimension d is determined by the number of ele-
ments in u’. The parameter p is chosen to be close to 1, to induce positive correlation
between 7, (y¢|k, X, ") and 7, (y|k, X, ¢™*), thus reducing the variance of the accep-
tance probability in . Taking p = 0 gives the special case that K (u™*|u') = g(u™),
which corresponds using PMMH. Iteration j of step 2 of Algorithm [8 becomes

2. Fori=1,...,M:

(a) Propose ¢ ~ q(-|¢"U~1). Draw w ~ N(0,1;) and put u™* = pu>U~D 4
N

(b) Compute 7« (5|71, U= $*) by running Algorithmwith u', ¢, kU1,
201 and 4.

(c) With probability given by (5.14) put ¢*@) = ¢* and u>0) = ™. Otherwise,

store the current values ¢»() = ¢»U—1) and u»0) = 4501

Care must be taken here when executing Algorithm E in Step 2(b). Upon changing ¢'
and u’, the effect of the resampling step is likely to prune out different particles, thus
breaking the correlation between successive estimates of observed data likelihood. Sorting
the particles before resampling can alleviate this problem (Deligiannidis et al., 2018). We
follow the simple Euclidean sorting procedure of Section to sort the particles before
resampling. We find that this works well for the example considered in Chapter [7}
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5.4.4 Tuning advice

It remains that we can choose the number of particles IV; to be used to obtain estimates of
the observed data likelihood contributions 7, (y'|s, X, ¢'). Note that we allow a different
number of particles per experimental unit to accommodate differing lengths of the 3’ and
potential model misspecification at the level of an individual unit. In the case of PMMH,
a simple strategy is to fix ¢!, K and X at some central posterior value (obtained from a
pilot run), and choose N; so that the variance of the log-posterior (denoted O'JQVi) is around
2 (Doucet et all 2015} Sherlock et al.l [2015). When using a CPMMH kernel, we follow
Tran et al| (2017) by choosing N; so that 012\,2, = 2.16/(1 — p?) where p; is the estimated
correlation between 7, (y|k, X, ¢') and 7, (4|, X, ¢'). Hence, an initial pilot run (with
the number of particles set at some conservative value) is required to determine plausible
values of the parameters. This pilot run can also be used to give estimates of var(¢‘|y?),
1 =1,...,M, each of which can subsequently be used as the innovation variance in a

Gaussian random walk proposal for ¢'.
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Application I

6.1 Background

Caloric restriction (CR) is when adequate nutrition is maintained but total caloric intake is
reduced. This has been shown to delay the onset of cancer and other age related diseases,
for example in organisms such as yeast, worms, flies and mice (Weindruch & Walford,
1988). It has been shown that the most dramatic effect on lifespan is when CR is early
onset, but there is also some evidence to suggest that late onset CR. can result in beneficial
effects (Weindruch & Walford, [1988; Yu et al., [1985; Spindler, |2005). Most of the studies
focus on lifespan (Spindler, |2005) or cancer incidence (Weindruch & Walford, 1988; [Volk
et al., (1994; |Pugh et al., [1999; [Spindler, [2005) and very few focus on the whole-animal
physiological response to late onset CR. In this work we look at the ways in which mice
compensate for the reduction in calories by studying their core body temperature. We
have data on 10 mice that were fed ad libitum (AL) and 10 mice that were subject to the
late onset CR diet. It has been widely shown that a reduction in core body temperature
is a key factor in increasing lifespan with CR, this result can vary with strain (Liao et al.,
2010). In this research we seek to find out if mice exposed to late onset CR also show a
reduction in body temperature.

Based on data arising from a 70 day study into the effect of late onset short term caloric
restriction on mice, Golightly et al. (2012) developed a joint model for physical activity and
core body temperature. They describe a sinusoidal pattern due to the circadian cycle in
both the activity and temperature along with a linear relationship between temperature
and (transformed) activity. A dynamic linear model was used to allow a time varying
amplitude and phase. Their initial analysis suggested that amplitude and phase were
plausibly constant and a simple hierarchical model was then used to quantify differences
between mice fed ad libitum and those that were caloric restricted. It was found that core

body temperature generally showed a decrease during caloric restriction and they found
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little difference in the linear coefficient characterising the relationship between temperature
and (transformed) activity between AL and CR mice. They also found that basal core
body temperature appeared to be fixed at a lower point in CR mice.

Unlike the approach of |Golightly et al| (2012), we will use a SDEMEM to jointly
model core temperature over multiple experimental units (mice). This allows for the
incorporation of intrinsic stochasticity inherent in observed temperature traces. Moreover,

our hierarchical model allows for time varying amplitude.

6.2 The experimental data

Mice were taken from a long established colony of the C57/BL (ICRFa) strain and placed
into one of 20 cages (10 for males and 10 for females), with between four and six mice in
each cage. Mice were fed ad libitum (AL) until they were fourteen months old and cages
were then divided into two groups, with 10 cages in each group; five male cages and five
female cages. One group was allocated to AL feeding, and the other to caloric restriction
(CR) for 36 months. CR mice were provided with a 40% food restriction relative to the
AL group, delivered as one daily ration at around 9:30am. One randomly chosen mouse
in each cage was implanted with a wireless E-mitter which continuously monitored body
temperature. The data consist of hourly average temperature measurements, but due to
some power cuts there is some missingness in the data. Data were also removed for the
period between 9am and 12 noon every day due to the mice being disturbed then for
feeding. The first two weeks and the last two weeks worth of data were also removed. The
full data set corresponds to hourly temperature averages over a period of six months, for
each of the 20 mice.

Exploratory plots of the data are always useful for building good statistical models.
From Figure it can be seen that all mice have a strong circadian pattern but there is a
clear difference in this pattern between CR and AL mice, along with an obvious difference
in overall temperature with CR mice appearing hold a lower temperature than the AL

mice. In what follows we construct and fit an appropriate SDEMEM for these data.

6.3 Modelling a single experimental unit

6.3.1 SDE model and solution

Consider a bivariate diffusion process {X¢,¢ > 0} where

X = (Z, AT
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Figure 6.1: The average hourly temperatures of a single mouse randomly selected from each group
over eight days. The pink line denotes mice fed ad libitum and the blue denotes mice fed on the
caloric restricted diet.

Here Z; denotes temperature and A; denotes amplitude. The dynamics of X; are described
by a coupled SDE of the form

t
dZt = (91 (92 — Zt) dt + %At COS <711'2 + B) dt + UldWI,t (61)
dA; = 03 (94 — At) dt + O'QdWQ’t Wl,t 1 W27t

Hence, we allow both amplitude and temperature to vary stochastically over time. We
anticipate that both processes will not deviate too far from some overall mean. We in-
corporate this belief via the form of the drift governing dA; and dZ;, which ensures that
amplitude mean-reverts around a value 64 at rate 03 and the temperature process mean
reverts around s at rate #;. We have that o1 and o9 control the intrinsic noise for the
temperature and amplitude respectively, and B denotes the phase shift for the sinusoidal
behaviour of the temperature. See Figure [6.2] for how each parameter impacts the tra-

jectories of the temperature paths. Note that the coupled SDE above can be written
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Figure 6.2: Each plot shows 10 simulated paths of mice temperatures using the model described
by with an added observation error o ~ N(0,1). Using (; = 0.1,05 = 36,03 = 0.1,6, =
3,01 = 0.1,00 = 0.1, B = 0)7 as the starting variables, we change each variable value separately
and in turn to see the effect this has on typical trajectories.
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as

dX; = [a1(t) Xy + as(t)] dt —/BEAW, (6.2)

where

—64 % cos (% + B)

a1 (t) = 5
0 —03
0105

042(75) = ,
0304
o2 0

B(t) = 7

0 0'%

which is the form of a linear SDE in the narrow sense. This particular SDE can be solved as
follows; see also Section Let U; = Plet. Recall that P; is known as a fundamental
matrix and satisfies the ODE:

dP,
ditt = a1 ()P, Py = Izx2

Note that Uy = Py ' Xo = Xo. Now

dU; = (P Xy)

and, since U; is linear in X;, It0’s formula becomes

dU; = (dP7Y) X + P ldX,. (6.3)
Note that .
d —1 o dPti dPt —1 _
PP =P+ =P =0

dp! dP;
= p—t —_Z'p-l
T at dt
L dP! B N
= PP, dtt = P loy(t) PP

= dP; ' = —Pay(t)dt.

77



Chapter 6. Application I

Substituting the above form into equation [6.3]and additionally using the form of d.X; gives

dU; = =Pty (1) Xpdt + P71 (ao(t) + aq (1) Xy) dt + P/ B(t)dW;

= P ag(t)dt + PN/ B(t)dW,

and hence

t ¢
U = Uy +/ P ras(s)ds —|—/ P N/B(s)dWs.
0 0
Using the 1t6 Isometry (3.5) we get
t t
U|lUp ~ N <U0 +/ Pslag(s)ds,/ Pslﬁ(s)(Psl)Tds> .
0 0
Since X; = P,U; we obtain
¢ ¢
X Xo~N (Pth + P, / P lag(s)ds, Py / Pslﬁ(s)(Psl)TdsPtT) .
0 0
To induce a compact notation we will write
Xi|Xo ~ N(my, Vi),

and consider m; and V; as the solutions of a coupled ODE system which we derive as
follows.

We have m; = P, Xy + P, fg P as(s)ds, so we apply the product rule to give

dm; dP, dP; /t 1 -1
e _ Sty 4t [ p ds + PP, ¢
a a0 )t a(s)ds + PP ao(t)
t
— ()P, Xo + on ()P, / Pl as(s)ds + as(t)
0
t
= o (t) <PtX0+Pt/ Ps_lag(s)ds> + as(t)
0
d
N % = ay(H)my + as(t).
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We have V; = P, fot P 18(s)(P71)TdsPL, so we apply the product rule twice to obtain

_p {Ptlﬁ(t)(Ptl)TPtT + /O P a(s) (P ds x 9 fT}

dt dt
¢ -1 —I\T T
+ L [ prateraser )

~ s+ [ P B(s) (P ds P ()T

t

as()P, [ PP dsP]
0

vy

o= Viar ()T + B(t) + an (1) V.

This yields the coupled ODE system

% = Via1 ()T + B(t) + a1(t)V;
(6.4)
% = as(t) + a1 (t)m

with initial conditions mg = x¢ and Vjj = 0gx2, that is, the 2 x 2 matrix of zeros. The
solutions to the above ODE system can be found in Appendix

6.4 Bayesian inference

Assume that we only observe the temperature component at discrete times, subject to

additive Gaussian error. That is

Y, = FTX, + e, e " N(0,02)
and
1
F= .
Let vy = (Y, .y ¥, )T denote the observations at n + 1 discrete times tg,...,t,. Upon

ascribing a prior density m()\) to A = (61, 62,603,064, 01,02, B,0.)", Bayesian inference may

proceed via the posterior density

T(Aly) o< (M) (y[A) (6.5)
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where the marginal likelihood is

n—1

W(y‘)\) = Tr(yto) H Tr(yti+1 |yt0:t“ )\)
=0

and the constituent terms (v, [Y:t;, A) are

W(yti—o—l ’yto:t'ﬂ )‘) = /W(yti-‘-l ‘:Uti-‘-v )\)ﬂ-(:’vti—o—l ’:Utiv /\)Tr(mti |yt0:tia )\)dxti3ti+1‘

Note that this integral is analytically tractable due to the linear Gaussian structure of
the model. Recall from Section that these terms can be computed efficiently using a
forward filter. For completeness, we give the forward filter in full, for this particular model
see Algorithm [0

6.4.1 Forward filter

Assume that X;, ~ N(a,C) such that if X, = x4, is known, a = x4, and C' is a 2 x 2
matrix of zeros.

Recall that A = (01, 0s,03,04,01,02, B,0.)T is the object of inference. Note that in
what follows, where appropriate, we suppress dependence on A for notational simplicity.
The forward filter steps for this model are shown in Algorithm [0] Note that if interest
is also in the marginal posterior for the latent process, m(z|y), a backward sampler can

be used to obtain draws of x given y (and \). The backward sampler is given in full in
Algorithm

6.4.2 Metropolis-Hastings

Note that the posterior in (6.5)) is intractable. We therefore generate draws of A\ using
a Metropolis-Hastings scheme. We update A\ using a random walk proposal with normal
innovations. That is, if the current value of the chain is A, the proposal mechanism takes

the form
qg(A*[A) = N (A5 A, X)

where X' is a tuning matrix. For example Roberts & Rosenthal (2001)) suggest taking
XY= #VZLT(AW} where Var(\|y) can be estimated from a pilot run.
The acceptance probability is then

13 = min d 1. A7)
o =i {1 ST

where m(y|\*) can be obtained from a single run of the forward filter in Algorithm 9] (and

m(y|\) is obtained from the last accepted value of A).
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Algorithm 9 Forward filter for temperature model

1. Initialise.

(a) Marginal likelihood update. Note that Y, | Xy, ~ N(F'Xy,,0?2), therefore
Yy ~ N (F'a, F'CF + o?)
=7 (yy,) =N (yto; F'a,F'CF + 03)
(b) Posterior at tg. Compute Xy, |y, ~ N (ag,Co) where
ap=a+ CF (F'CF + 062)_1 (yt, — F'a)
Co=C—CF(F'CF+0?) ' F'C
2. Perform the following for j =0,1,...,n — 1.
(a) Prior at tj;1. We have Xi[Y; .4, ~ N (aj,C;) which gives
X1 Wegty ~ N (m(tj1), V(Ej+1))

where m(tj11) and V(t;41) are the solutions to the ODE system in (6.4)) ini-
tialised with m(t;) = a; and V (¢;) = Cj.

(b) Marginal likelihood update. Using the observation equation we have
Y;fj+1|Yto:tj ~ N (F,m(tj+1)aF/V(tj+1)F + 062)

and therefore (yt].+1\yt0;tj) =N (ytj+1;F’m(tj+1),F’V(tj+1)F + J?). Hence
the updated marginal likelihood is

m (ytoitj+1) =T (yto : yt]‘) ™ (yth ‘yto:tj) .

(c) Posterior at t;1.

<th+1> s ~ N <( m(tj11) ) ( V(tjs) V(tj)F >)
Yy ) |70 F'm(tjz1) ) \F'V(tj41) F'V(tj1)F +0?

= th+1 ’ytoith ~ N(aj+1v Cj+1)
where

—1
ajr1=mtjr1) + V() F (F'V () F +02) " (0 — F'mltis)),

Cj1 = V(tj1) + V(tj41)F (F'V(tj41)F + 02) ™ FV(tj41).

81



Chapter 6. Application I

Algorithm 10 Backwards sampler for temperature model

1. Draw my, from Xy, |y ~ N(ay;,Cy;)
2. Forj=n—-1,n—-2,...,0,

(a) Joint distribution of X;, and Xy, ,. Note that Xy, |y, ~ N(ar;,Cy;). The
joint distribution of Xt and Xy, , conditional on yy,.; is

T
< X > Yioit: ~ N (( at; ) ,( C Ctthj+1>>
Xty o Mtjpa Ptj1Cy o Vi

~

(b) Backwards distribution. The distribution of Xy, |z, yto:¢; is N(a¢;, Ct;) where

J

A T -1
at. = at]. + Ctth V, (.%'tj+1 — mtj+1),

J J+1 tit1
S _ T -1
Ctj - Ctj Ctj Ptj+1 th+1ptj+1ctj‘

Draw x;, from Xy, |z, Yto:t; ~ N(at;, Cj,;)-

This algorithm can be applied to data for each experimental unit independently, at the
expensive cost of ignoring intra-subject variability. Therefore, in what follows, we develop

a joint model over all experimental units, formulated as an SDEMEM.

6.5 SDEMEM

To better quantify the differences between AL and CR mice we develop an SDEMEM. We
allow each mouse to have different parameters, but these parameters are drawn from dis-
tributions that are dependent on feeding regime, with regime-specific parameters. Hence,
we assess differences between groups by performing inference for the treatment-specific

parameters.

6.5.1 Bottom level

Consider experimental unit ¢ in treatment group j with ¢ = 1,...,n; and j = 1,2, with

AL mice designated as group 1 and CR mice designated as group 2. Let

ij ij  Aij T
Xt = (Zt ’At )
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and assume that Xtij follows the SDE in 1D so that
dzy =9 (egf -z ) dt + 12A” cos <12 B”> dt + o dWy,
dAY = 07 (9 A”) dt + o AW, Wi LW,

6.5.2 Top level

We complete the specification of the hierarchical model via the following.
NI = 09~ N (;ﬂl, ks

")
-t n (). w-mwr»
] > . 1

)\? = 01 ~ N (M5, |:Tg

Note that we avoided using any log normal priors to enable better 1nterpretab1hty and
comparability. It remains that we specify prior distributions for the ,uk and 7. We

assume that these parameters are independent a priori and specify
11, ~ N (b, di ), 7 ~ Ga(gk, hi), j=1,2, k=1,...,T7.

Note that, for ease of interpretation of the bottom level parameters and to facilitate natural
comparison between the two treatment groups, we specify normal distributions for the unit

specific parameters (rather than their natural logarithms).

6.5.3 Bayesian inference
We assume that observations are subject to additive Gaussian error
g o iid j
Y = 70 4 € & U N (0,[02),

allowing a different measurement error variance in each treatment group. We assume the
same observation regime within each treatment group so that mouse ¢ in treatment group

j has measurements 3" = (yig, . ,yif; ). The complete data set is denoted by
J

y= "yt Ly gy ).
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The bottom level parameters for mouse ¢ in treatment group j are denoted by \¥ =
. NT
(A’f,...,A?) with

A= (AN M AT NP A2

denoting all bottom level parameters. For the top level parameters we write @/ =

. \T , . \T
(,ujl, .. ,,u,%) and 77 = (Tf, .. ,T%) . To induce a compact notation, we further write
W = ()T, (7)) " so that

o= (¢, %)

denotes all bottom level parameters. Finally, we have o, = ([oc]', [UG}Q)T and drop the

use of the inner parentheses when referring to treatment groups. By Bayes theorem

2 Ny
w04, oely) o [ [T (o) m(@?)m(A [ (591X, o) (6.6)

j=1i=1

where we have used that the y/ are independent, given A and ol. Given the assumption

that the components of ¢/ (j = 1,2) are independent a priori we have
n(!) = [T m(u)m(7).
k=1

Since is intractable we use a Metropolis-Hastings scheme to generate draws of A, ¥

and o.

6.5.4 Metropolis-Hastings

We update A, ¢ and o, by iterating over the following draws.

1. )\Z'] ~ T ()\lJ’MJaT]aU£7yZJ)7 i = 177n]7 -7: 1’2
2. Hi;NTF(Mi'ITIg-’)\/i‘J77)\ZJ]>’ j:1)27 ]{}:1,,7
3. T]zN7T<7-]g|uiv/\llgj7"'a)‘zjj>’ j:172a k‘:L...,?.

4. b~ (Jg]/\lj,...,)\"jj,ylj,...,y"1j> L =12

Note that we have exploited the conditional dependencies between parameter blocks where
possible. Steps 2 and 3 admit tractable updates. Metropolis-within-Gibbs steps are re-

quired for the remaining updates. We provide details as follows.
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A update

We have that

™ (N 770l y7) o m(A [0 ) (y T |AY od).

Since this full conditional density (FCD) is intractable we update A%/ using a Metropolis-

Hastings step. For a symmetric proposal (e.g. random walk with normal innovations)
with density ¢ (5\” |\ ) =gq ()\ij |\ ) the acceptance probability is

ui update

We have that

a (S\ij\)\’j) = min {1,

T B
0 <M?€|Tz,>\kj, .. .,)\Zﬂ>
n;
o< T (ui) Hﬂ' (Agm{c,ﬁi)

X exp {—; [(uiy (dk + T,gnj) — ZMi (

So the full conditional distribution for ,ui/, is

(NI (yI | NI, o)

%

nj

1

nj
b+ 7> N
=1

o

dibg + 7 S0

ij
1 Ak

J
dk + ank

85

, -
dk + an]g

Il
).



Chapter 6. Application I

Tg update

We have that

J1,,9 i njJ
W(Tkmk,)\k,...,)\k )

n;
X T (Té) H7T (AZJW#Ti)
i=1
N gr—1 . N /2 Tj i . A 2
x (T]Z § eXp{—Tlghk} (T]z) ! exp {—2]‘3 ()\ZJ —ui)
i=1

e 13-y}

i=1
So the full conditional distribution for T]z is

s
. 1 < . N 2
Té'NF<gk+nj/2,hk+2 E ()\;g—/ubi) )

=1

ol update

We have that
nj
m (oA, Ny yT) (o) [T ey N, o).
i=1

We sample this intractable FCD using a Metropolis-Hastings step. Since o) must be
strictly positive we work with gf)j = log ol and propose (f;é using a normal random walk.

Hence the acceptance probability is

r (5) T2y (307, 64)
m () T = (139, 02)

! (gz%kbé) =min | 1,
where 7 (qbé) =N (¢£; by , d(;l) is the prior density ascribed to ¢Z;.

6.6 Application to real data

The model was fit to the complete data set. Recall that this consists of around 4000 hourly
temperature averages per mouse. After completing a pilot run to obtain appropriate tuning
values (e.g. suitable starting values and innovation variances used in the MH updates for

the bottom level parameters and observation error parameters) the Metropolis-Hastings
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scheme was carried out with 100k iterations. The priors for the hyper parameters were

g~ N(1,01), 1 ~1I(10,0.1),
fiz ~ N (36,0.1), 1~ I(10,0.1),
ps ~ N (1,01), 15~ I(10,0.1),
s~ N (3,01), 74~ I(10,0.1),

s ~ N (0.5,0.1), 75~ I(10,0.1),
e ~ N (0.5,0.1), 76~ I'(10,0.1),
7~ N(0,0.1), 7~ I(10,0.1),
log(oe) ~ N (0,1).

This specification incorporates relatively strong prior beliefs regarding the average rever-
sion levels of Z; and A;. In particular, we expect average core temperature level to be
around 36, and the prior for average amplitude level reflects our belief of a strong diurnal
pattern between 33 and 39. We have relatively weak prior beliefs regarding the precision
parameters. Our prior beliefs regarding average reversion rates and intrinsic noise reflects
beliefs that the process should be strongly mean reverting and that the level of noise is
small. Note also that the probability of assigning a negative value is small under these
priors.

Running the Metropolis-within-Gibbs scheme with 100k iterations including 10k for
burn-in (without thinning) gave output with reasonable mixing. Figures - give
the marginal posterior distributions for each hyper parameter for both treatment groups.

In Figure the top centre plot shows the marginal posterior distributions of average
(across experimental units) of the overall temperature level (ug) for the two treatment
groups. We see that the AL group exhibits a distinctly higher average temperature than
the CR group and the tails of these distributions do not considerably overlap. This result
is consistent with other works showing that mice compensate for the lack of calories with
a reduced core body temperature (Weindruch & Walford, [1988; [Duffy et al., [1989; Roth
et all,2002)). The top left plot in Figure shows the posterior distribution for the mean
reversion rate for the temperature, and the top right shows the posterior distribution for
the mean reversion rate for the amplitude, although the two groups of mice seem to revert
to the amplitude at the same rate, their rates of reversion to the temperature appears a
lot slower for those on the caloric restricted diet than for those fed ad libitum. We can
see the posterior distribution for the mean of the intrinsic stochasticity parameters for the
temperature process (us5) in Figure (top centre plot). It appears to be small and similar
for both groups. Also in Figure the top left plot shows the posterior distribution of

the mean of the overall amplitude level (u4) for the two treatment groups. We see that
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Figure 6.3: Marginal posterior distributions with top row showing the means p1, ps and pg from
left to right and and the bottom row showing the precisions 71, 75 and 73 from left to right. Pink
line shows AL mice, and blue line shows CR. mice.

the AL group has a considerably higher amplitude than the CR group with the posteriors
not overlapping significantly. This suggests that the diurnal variation is plausibly lower
in the CR treatment group, as found previously (Golightly et all 2012). The intrinsic
stochasticity for the amplitude is shown in the top right plot of Figure [6.4] and we can
see that the CR treatment group has a smaller underlying random variation. Whilst we
haven’t overlaid the prior distributions it is clear that the analysis has been informative.
We conclude that our findings support the hypothesis that mice have a lower temperature
with a reduced calorie diet and that their diurnal variation is also smaller. In Figure 6.5
the left hand plot shows p7, the mean of B, the phase shift. The posterior variance of this
parameter is much smaller for the AL group compared to CR, perhaps suggesting that

CR mice may enter different phases of the sinusoid during the diurnal period.
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Figure 6.4: Marginal posterior distributions with top row showing the means p4, ps and pg from
left to right and the bottom row showing the precisions 74, 75 and 7. Pink line shows AL mice,
and blue line shows CR mice.

Figure 6.5: Marginal posterior distributions for mean p7, precision 77 and mean of .. Pink line
shows AL mice, and blue line shows CR mice.

6.7 Assessing model fit

Model fit can be assessed by drawing from the posterior predictive density (for mouse i in

treatment 7)
n(@l) = [ 7@ )axT,

Although this predictive density will typically be intractable, samples can be obtained by
taking a thinned set of posterior parameter samples {A\“(1),...,A\¥(N)} and executing

the following steps for each m=1,..., N :

1. Run the forward filter, backward sampler (Algorithms |§| and conditional on

A¥(m) to obtain x%(m)
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2. Set 5V (m) = 2 (m) + €7, € ~ N(0O, [02(m)), t=to... tn..

J

We assess model fit by comparing the data at each time point with their corresponding
(marginal) predictive distributions. Figure shows the marginal predictive mean and
95% credible intervals for two randomly chosen mice fed ad libitum, and two randomly
chosen mice on the caloric restricted diet. We used 96 data points from the middle of
the study and overlayed for comparison, with the disruptive periods removed. The model
appears to fit the data reasonably well, with nearly all observations falling within the
95% credible intervals in each case. Similar results across the entire data set suggest a

reasonable fit overall.
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Figure 6.6: Predictive plots using the forward filter and backwards sampler. Top two plots show
results for two mice fed ad libitum. Bottom two plots show results for mice on the caloric restricted
diet. The black line shows the mean of predictive samples, the black dotted line shows the 95%
credible interval, and the red line shows the real data.
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Chapter 7
Application II

This application is based on the work of |Picchini & Forman (2019), that used a stochastic
differential mixed effects model to describe the tumour volume dynamics in mice receiving a
treatment for tumours. The original study involved four treatment groups and one control
group, and each group comprised seven or eight mice. Measurements of the tumours were
taken every Monday, Wednesday and Friday for six weeks; however the majority of the
mice were euthanized before the end of the study, once their tumour volumes exceeded
1000 cubic mm. We use the model derived in this study to generate a synthetic data set,
in order to facilitate comparison between CPMMH accuracy and efficiency with PMMH.
Although a transformation of the tumour growth process satisfies a linear SDE, a nonlinear
observation model precludes tractability of the observed data likelihood, necessitating the
use of (C)PMMH. We additionally derive a linear noise approximation (LNA) of the
SDEMEM, and compare inferences made under the LNA with the output of (C)PMMH.

7.1 Tumor growth SDEMEM

Following Picchini & Forman (2019), we consider a stochastic differential mixed effects

model with

dXi, = (B + (v")?/2) X 4dt + ' X7 ,dWH
dX5, = (=8' + (v*)?/2) X5, dt + ' X3, dW3, (7.1)

for experimental units ¢ = 1,...,M. Here, Wi; and W5; are uncorrelated Brownian
motion processes, X {'7,5 and Xé,t are respectively the volume of surviving tumor cells and
volume of cells killed by a treatment for mouse i. We have that v? controls the within-
subject growth rate variance which therefore means that the instantaneous growth rate
is not exactly 4° but deviates from this by a random normal perturbation. Similarly,

1 controls the within-subject kill rate variance and so the instantaneous kill rate is not
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exactly §°. We adopt the parameterisation in ((7.1)) (with (7")2/2 and (¥%)?/2 included in
the drift of the SDE) so that the individual growth/death processes are given by

X{,t = 5'33,0 exp(B) + 'VWIi,t)
X%,t = xé,o exp(—6; + 1/’W2i,t) (7.2)

which are log-normally distributed stochastic processes. Note that in the absence of in-
trinsic stochasticity (with v = ¢ = 0) we obtain $Zi,0 exp(Bit) and wé,o exp(—4&°t), which
coincides with the ODE mixed effects model described later in Section [7.4l

Let V} = Xit + Xit denote the total tumor volume at time ¢ in mouse 7. The

observation model is given by
Yi=logVi+e, e P N(0,02). (7.3)

That is, the logarithm of total tumour volume is observed subject to additive Gaussian
noise. Let ¢ = (log 3%, log~?,1og 6, log ¥*). We complete the SDEMEM specification via
the assumption that
i indep _ .
G5l "~" N(uj,770),  j=1,...,4 (7.4)
so that = (1, ..., 4, T1, -+, T4)-
We recognise that X %,t and X%yt are geometric Brownian motion processes and 1} can
be solved analytically (by applying the It6 formula to the logarithm of both components)

to give ((7.2). Hence,

X{ 1 X1,0 =10 ~ LN (log(z10) + B, (v')*t)
X5 4| Xa0 = w20 ~ LN (log(22,0) — 0’ , (¢")*t) (7.5)

where LN (-,-) denotes the lognormal distribution. We emphasise that despite the avail-
ability of a closed form solution to the underlying SDE model, the observed data likelihood
is intractable, due to the nonlinear form of .

We mimicked the real data application in [Picchini & Forman (2019) by generating 21

observations at integer times for M = 10. We took
n = (log 0.29, log 0.25,10g 0.09, log 0.34, 10, 10, 10, 10)

and sampled ¢§-|77 using . The latent SDE process was then generated using
with an initial condition of xog = (75,75)7 (assumed known), and each observation was
corrupted according to with 02 = 0.2. The resulting data traces are consistent
with the observations on total tumor volume of those subjects receiving chemotherapy
in [Picchini & Forman| (2019) and can be seen in Figure Note that for simplicity we
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only consider this treatment group and therefore do not include a treatment effect. We

have also assumed data traces of equal length and on a regular time grid. We analyse this
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Figure 7.1: Simulated data for 10 units of tumour volume growth in mice. Dotted lines denote the
tumour volume without observation error, solid lines have had observation error added.

synthetic data set in Section In what follows, we note that a tractable approximation
of the SDEMEM can be found by seeking a (linear) Gaussian approximation of log V;.
The resulting linear noise approximation (LNA) is derived next in Section We then
compare inference under the gold standard SDEMEM to that obtained under the LNA.

7.2 LNA

Consider the tumor growth model in , and and a single experimental unit

so that the superscript i can be dropped from the notation. To obtain a tractable observed

data likelihood, we construct the linear noise approximation of log V; = log(X7 ¢+ + Xa,4).
Let Zy = (Z14, Zoy, Z37t)T = (log V4, log X1 ¢+, log ngt)T. The SDE satisfied by Z; can
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be found using the It6 formula, for which we obtain

dZy = o Zy, p)dt + / B(Zy, ¢)dWy

where
a(Zta ¢) =
{B + 0'572} eZ2t= 21 + {_(5 + 0-57’2} eZst=Z1t _ ()5 {7262(Z27t*Z17t) + ¢262(Z3,t*Z1,t)}
p
-6
7262(22,t*Z1,t) + T2€2(Z3,t*X1,t) 7262(Z2,t*Z1,t) ¢2e2(Z3,t*Z1,t)
B(Zt, ¢) = N2e2(Z24=211) ¥ 0

,¢2€2(Z3,t7Z1,t) O 11)2

We apply the linear noise approximation (LNA) by partitioning Z; as Z; = m; + R; where

my is a deterministic process satisfying

dmt

= (i, 9) (7.6)

and {Ry,t > 0} is a residual stochastic process satisfying

dRy = {a(Zt, ) — a(my, @)} dt + \/ B(Zt, §)dW.

By Taylor expanding « and § about the deterministic process m; and retaining the first
two terms in the expansion of «, and the first term in the expansion of 3, we obtain an

approximate residual stochastic process {f?t, t > 0} satisfying

dRy = JyRydt + /B(my, ¢)dW,

where J; is the Jacobian matrix with (¢, j)th element (J;); j = doi(my, ¢)/Om ;. Assuming

initial values mg = zp and Ry = 0, the approximating distribution of Z; is given by
Zt‘Z() =20~ N(mt, Ht) (77)

where m; satisfies (7.6 and, after several calculations which we omit for brevity, H; is the

solution to JH
s = HJ + B(me, ¢) + JiHy. (78)
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7.2.1 Inference using the LNA

Note that the observation model in ([7.3]) can be written as

Yi=P Zite, e "EPNO,02). (7.9)

e

where P is a 3 x 1 ‘observation vector’ with first entry 1 and zeros elsewhere. The linearity
of (7.7) and (7.9)) yields a tractable approximation to the marginal likelihood 7 (y|®, o¢),
which we denote by 7mNa(y|®,0e). The approximate marginal likelihood 7pna (y|®, o)

can be factorised as

n

mLNA (Y6, 00) = Tina(ilé, o) | [ mma (wilyrio1, 6, 0¢) (7.10)
i=2
where y1.; 1 = (y1,...,¥i-1)7. Suppose that Z; ~ N(a,C) a priori, for some constants a

and C. The marginal likelihood under the LNA, 7y NA (Y1:1|0, 0¢) := mLNA (Y]@, 0¢) can be
obtained via a forward filter, which is given in Algorithm [I] Inference for the SDEMEM
defined by (7.1), (7.3) and (7.4) may be performed via a Gibbs sampler that draws from

the following full conditionals
L wNa(@ln, 0, y) o< [y m(6m)mina (vi]oe, ¢°),
2. mina(oeln, 6,y) o< m(oe) [T muna(yloe, ¢,

3. m(n|oe, . y) o w(n) [T, m(¢'|n).

The results for this scheme can be seen in the following section, in Table [7.I]and Figure[7.2]
where we will also compare with the SDEMEM model using the various PMMH schemes.

7.3 SDEMEM vs LNA

We adopted semi conjugate, independent N(—2,1) and Ga(2,0.2) priors for the p; and
7; respectively. We took logo. ~ N(0,1) to complete the prior specification. Given the
use of synthetic data of equal length for each experimental unit, we pragmatically took
the number of particles as N; = N, ¢ = 1,...,10. Our choice of N was guided by the
tuning advice of Section We compare four approaches: naive PMMH (where the
u® are updated with both the subject specific and common parameters), PMMH (where
the u’ are only updated with the subject specific parameters — Algorithm , CPMMH
(Algorithm |8 with a Crank-Nicolson proposal on the u’) and the LNA-based approach.
We ran each scheme for 500k iterations.
The results are summarised in Table and Figure
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Algorithm p N CPU (m) mESS mESS/m Rel.
LNA - - 1286 3676  2.858 16
PMMH - naive 0 40 8844 1598  0.181 1
PMMH 0 30 3842 2559 0.666 4
CPMMH 0.999 10 957 2311 2.415 13

Table 7.1: Tumour model. Correlation p, number of particles N, CPU time (in minutes m),
minimum ESS, minimum ESS per minute and relative minimum ESS per minute. All results are
based on 500k iterations of each scheme.

Figure shows marginal posterior densities of the components of 7, based on the
ground truth SDEMEM and LNA. We see that inferences for these parameters are con-
sistent with the true values that generated the data (with similar results obtained for the
other parameters). Figure shows the trace plots for p; and 71, which we can see show
that the CPMMH scheme converges well. Convergence is similar for all other parame-
ters. We also note that the LNA based approach provides an accurate alternative to the
SDEMEM.

Table[7.1] indicates that CPMMH with p = 0.999 yields results that are 13 times more
efficient that naive PMMH and three times more so than standard PMMH. Although we
can see that LNA is slightly more efficient than CPMMH there is a significant saving in
CPU time making this method a reasonable competitor to using the LNA with the Gibbs

sampler.

7.4 Comparison with ODEMEM

To highlight the potential issues that arise by ignoring inherent stochasticity, we consider
inference for an ordinary differential equation mixed effects model (ODEMEM) of tumour
growth. We take the SDEMEM in (7.1)) and set v* = ¢’ = 0 to give

da , = B'af ydt,
dah, = —6'x} ,dt (7.11)

for : = 1,...,M. The observation model and random effects distributions remain un-
changed from ((7.3) and ((7.4) upon omitting log~* and log®’ from ¢‘. The ODE system
in (7.11) can be solved to give

al, = 2} g exp{B't}, xh, = xhgexp{—6't}.
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The likelihood associated with each experimental unit is then obtained simply as

21
w(y'16%,0e) = [N (v o + 2,),0%)

t=1
Fitting the ODEMEM to the synthetic data set from Section [7.1]is straightforward, via a
Metropolis-within-Gibbs scheme. Figures [7.4] and summarise our findings.

Unsurprisingly, since the ODEMEM is unable to account for intrinsic stochasticity, the

observation standard deviation is massively over-estimated. Figure [7.4] shows little agree-
ment between the marginal posteriors under the ODEMEM and SDEMEM for this param-
eter. In terms of model fit, both the observation (Y;') and latent process (X} = log V;!)
predictive distributions for unit 1 are over-concentrated for the ODEMEM. Similar re-
sults (not shown) are obtained for the other experimental units. Notably, from Figure
around half of the actual simulated X; values lie outside of the 95% credible interval under
the ODEMEM.
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Figure 7.5: Posterior predictive mean (black) and 95% credible intervals (grey) for the observed
process Y,! (circles, left panel) and the latent process X} = log V;! (circles, right panel). Dashed
line shows results from ODEMEM, solid line is from SDEMEM.
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Discussion and further work

The aim of this thesis was to efficiently infer model parameters of biological processes that
evolve over time. These processes are often complicated by inherent stochasticity and the
observations are usually subject to measurement error. When observations on multiple
experimental units/subjects are available, it is important that the modelling approach
additionally accounts for between subject variation. We sought to create Bayesian infer-
ence schemes that could capture these variations whilst inferring the model parameters.
We focused particularly on SDEMEMs whose underlying dynamics were driven by linear
SDEs. While SDEMEMs are a flexible class of model that capture both between- and
within-subject variation, their widespread use has been limited by technical difficulties
that make the execution of inference algorithms (both classic and Bayesian) computa-
tionally intensive. In the SDEMEMSs we considered, the random effect parameters could
have any distribution (not restricted to the Gaussian family) and the observation model
does not have to be a linear combination of the latent states. Our contribution, therefore,
is an inferential framework that applies to a large class of SDEMEMs, albeit under the
assumption that the underlying SDE is linear in the state process.

We considered both instances of the observation process being linear and non-linear.
These scenarios typically lead to the observed data likelihood being tractable and in-
tractable respectively. For example, the former may arise if the SDE admits a Gaussian
solution and the observation model is linear and Gaussian. In the scenario where the
observed data likelihood was tractable it was calculated analytically using a forward filter.
It is worth emphasising that even in this case, the marginal (in the sense of integrating out
the latent dynamic process for each experimental unit) posterior distribution of all quanti-
ties of interest remains intractable. We therefore used a Metropolis-within-Gibbs scheme
to generate draws from the posterior. We proposed alternating between draws of blocks
consisting of parameters governing each experimental unit, population level parameters,

and parameters governing the observation process.
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For a non-linear (and/or non Gaussian) observation process, the observed data likeli-
hood became intractable. Nevertheless, a particle filter (targeting the distribution of the
latent process given the observations) can be used to unbiasedly estimate the observed data
likelihood. This technique admits a class of Metropolis-Hastings (MH) scheme known as
pseudo-marginal MH (PMMH). In essence, a carefully constructed MH scheme is used to
target a joint density over an extended state space (that includes the variables used to gen-
erate the likelihood estimates) that admits the posterior density of interest as a marginal.
We proposed a pseudo-marginal-within-Gibbs scheme applicable to SDEMEMSs, and pro-
posed to block together updates of the population level parameters and the innovations
to improve mixing. It is worth noting again here that the efficiency of pseudo-marginal
schemes will be sensitive to the number of particles N used in the particle filter. A like-
lihood estimator with large variance is likely to result in parameter chains that exhibit
sticky behaviour. This problem can be alleviated by increasing IV, but also at an increased
computational cost. We therefore further adapted a recently proposed correlated pseudo-
marginal MH method to the case of SDEMEMs. The basic idea is to induce strong and
positive correlation between successive likelihood estimates, thereby reducing the variance
of the MH acceptance ratio. This correlation is induced by proposing new innovations us-
ing a Crank-Nicolson kernel, which in turn requires specification of a correlation parameter
p by the practitioner. We investigated the performance of the proposed methodology in the
second of two applications, and additionally compared against an approximate approach,
that constructs a linear noise approximation (LNA) of the SDEMEM.

In our first data application we used an SDEMEM to model core temperature over
multiple experimental units (mice) that were involved in a feeding regime experiment. This
allowed for the incorporation of intrinsic stochasticity inherent in observed temperature
traces. Our hierarchical model allowed for time varying amplitude, was governed by
underlying linear SDEs and had a linear observation model. We fitted the model to 4000
observations on 20 experimental units. We used the Metropolis-within-Gibbs algorithm
described above to infer the model parameters. We found that the mice have a lower
temperature when subjected to a reduced calorie diet and that their diurnal variation is
also smaller. This is consistent with previous studies (e.g Weindruch & Walford} |[1988;
Dufly et al.l|1989; [Roth et al., |[2002; |Golightly et al. 2012).

In our second data application we used a stochastic differential mixed effects model to
describe the tumour volume dynamics in mice receiving treatment for tumours. We im-
plemented the pseudo-marginal-Metropolis-within-Gibbs algorithm described above, and
compared against a PMMH approach, and an MH scheme targeting the posterior un-
der the linear noise approximation, where the latter was constructed by an appropriate
linearisation of the observation model. We found that a correlated PMMH (CPMMH)

approach permits fewer particles compared to PMMH, while still obtaining a comparable
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effective sample size (ESS). Consequently, overall efficiency, as measured by ESS per sec-
ond is much reduced. We found that an increase in overall efficiency of up to a factor of
25 was possible. The LNA gave improved performance, as expected (since in this case the
observed data likelihood can be calculated without recourse to sampling), although there
was relatively little difference between the CPMMH and LNA approaches. It is worth not-
ing that some care must be taken when choosing p, which governs the level of correlation
between successive likelihood estimates. Taking p &~ 1 can result in the sampler failing to
adequately mix over the auxiliary variables. We found that this problem was exacerbated
when using relatively few particles (such as N = 1), but can be overcome by reducing p.
It was also necessary to set the number of particles N and, when correlated particle filters
are used, the correlation parameter p (however this one is easily set within the interval
[0.90,0.999]). Finally, the usual settings for the MCMC proposal distribution should be
decided (covariance matrix of the proposal density, ¢(+|-)). Nevertheless, it is clear that
the CPMMH approach requires minimal tuning, over and above PMMH.

There are a number of ways in which our approach could be extended and improved
upon. The proposed methodology relies on the use of the bootstrap particle filter, within
which particles are propagated according to the SDE solution, myopically of the next ob-
servation. In scenarios where the density of process conditional on the next observation is
available, or can be accurately approximated, its use inside the particle filter (for propa-
gating particles) is likely to lead to gains in overall efficiency. Examples of this approach
for generic SDEs can be found in |Golightly & Wilkinson| (2011). We have focused on
SDEMEMs driven by a linear class of SDE. The extension of our inference approach to
nonlinear SDEMEMSs also remains of interest. However, we note that several difficulties
become apparent. For example, nonlinear SDEs rarely admit analytic solutions necessitat-
ing a tractable approximation (such as the LNA) or the use of numerical approximations.
If the latter approach is adopted, it is usually the case that intermediate times are added
(between observation instants) to make the numerical approximation achieve a desired
level of accuracy. Integrating over the uncertainty at these intermediate times is partic-
ularly challenging, and typically requires the use of a proposal construct that takes into
account the observations, between which the latent process is required. This scenario is
considered in Botha et al. (2019); see for example their component-wise pseudo-marginal
(CWPM) method, which is similar to the naive Gibbs strategy we also propose. In order
to correlate the particles, Botha et al.| (2019) advocate the use of the blockwise pseudo-
marginal strategy of [Tran et al|(2017)): this way, at each iteration of a CPMMH algorithm
they randomly pick a unit in the set {1,..,M}, and only for that unit they update the
corresponding auxiliary variates, whereas for the remaining M — 1 units they reuse the
same auxiliary variates u; as employed in the last accepted likelihood approximation. This

approach implies an estimated correlation between loglikelihoods of around 1—1/M, which
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also implies that the correlation level is completely guided by the number of units. This
means that for a small M (e.g. M = 5 or 10, implying a correlation of 0.80 and 0.90
respectively) a blockwise pseudo-marginal strategy might not be as effective as it could
be. Nevertheless a comparison of our approach with that described in Botha et al.| (2019)

remains an interesting avenue for future research.
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Appendix A

A.1 Solving a linear SDE model of temperature dynamics

A.1.1 SDE model

Recall that
Xe = (Ze, A)"

where

t
dZ; = 0105 — Zy)dt + %At cos (7172 + B) dt + odW,

dA; = 05 (04 — Ay) dt + o Ad W/

Therefore our SDE is

—01 {5cos (% + B) Zy 0165 o 0 Wy
dX; = + dt + d
0 —05 Ay 0304 0 oa WA

= dX; = [Oél(t)Xt + Oég(t)] dt ++/ ,B(t)th
and the solution will be of the form
Xit|Xo ~ N (m(t),V(t)).

Note that in what follows, for notational clarity, we denote deterministic functions of ¢ as
m(t), V (t) etc.
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A.1.2 Solving first-order linear ODEs with integrating factors

Consider a first order linear differential equation of the form

dy(t)
“ar q(t) = p(t)y(?)
for known functions ¢(-) and p(-). It is straightforward to show that

u(ti-)y(tio1) I "
W) = S g ), wos

where
u(t) _ efp(t)dt

is an integrating factor.

A.1.3 Mean

The mean of the process with varying amplitude satisfies

dm(t
ﬂ;i) = as(t) + a1 (OHm(t)
9192 —91 % COS (% + B) ml(t)
= +
050, 0 —03 ma(t)

This yields a system of linear ODEs.

dmi(t) T 27t
dt = 0102 — 91m1(t) + E COS <24 + B> mg(t) (1)
dma(t
”Z( ) 0,0, — Byma(t) 2)
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Equation (2) can be solved using the integrating factor with p(t) = 603, and ¢(t) = 6504,
so that u(t) = e%!. Hence we obtain

e9s(tif1)m270

t
mQ(t) = T bt + 6_93t/t 9394693Sd8
i-1

= m2(t¢_1)€_93(t_ti*1) + 6_03t [046935}1&

ti—1

= my(ti_y)e PUTtim1) 4 708t [04693t - 94693“*1}

= m2(t7j_1)6793(t7ti71) + 6, (1 _ 6793(t7t¢,1)> )

Now, to solve equation (1), substitute in the form of mg(t) to give

dmy (t s mt o
dlt( ) = 0102 — O1mq (t) + T h (12 + B> Moy, e O3t—t;_1
T mt T it
— — 4+ B)O— — — 4 B gttt
+1zcos<12+ > 4 1200s<12+ > L€

The above can be solved using the integrating factor with

p(t) =03
t
q(t) = 6169 + % coS (7;2 + B> mzytiile—eiit—ti—l
T oeos (T BY) 0y — T cos (L 4 B gy sttt
+1QCOS<12+ > 4 12COS<12+ > L€
u(t) = et

Hence we obtain
t
my(t) = et Um (1) + e_elt/ u(s)q(s)ds
ti—1
Now

t t
/ u(s)q(s)ds = 6,6, / g

ti-1 ti—1

t
+ Tmalti et [ 00 cos (T2 4 ) s

ti—1 12
t
m TS
% " cos (1o + B) d
+ 9 4/ti_1e Cos 1o + s

12 12

t
_ 7T64694ti1/ 65(61—93)COS (LS + B) ds.
ti—1
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Using fi(t,v) for [ e*) cos (% + B) ds which is derived in Appendix we get

t
/ u(s)q(s)ds = 6 |:€9§ — eeltifl}
tz 1

+ %mz(tifl)eeg’(ti‘l) [fi(t, ) = fi(tizi, 1))

+ %04 [fl(tv 91) - fl (tifb 91)]

™

- 5946’64“_1 [fi(t, ) = fi(tizi, 1))

where 11 = (01 — 03). Bringing this all together for mi(t) we have

ma(t) = e (1)
+ e 0tg, |:€9§ — 601“’1}
- efelt%mﬂti—l)egg(ti*l) [f1(t,v1) = filti-1, )]
+ e_elt%94 [f1(t,01) — fi(tiz1,01)]

—e Gltﬁe4ee4tl_1 [fl(ta Vl) - fl (tiflv Vl)] .

A.1.4 Variance

The variance of the process with varying amplitude satisfies

W — VB + 60 + aa (V1)
Vu(t) Vm(t) —91V11 (t) + Vio (t)l% COS (% + B) —03V12 (t) 0‘2 0
= i = +
‘/21(0 VQQ(t) —91V21 (t) + Voo (t)l% COS (% + B) —93V22 (t) 0 0124

—01V11(t) + Var(t){5 cos (% + B) —01V12(t) + Vao(t) {5 cos (% =+ B)
+
—03Vo1 (1) —03Vaa(t)

This yields a system of linear ODEs.
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dvlllt(t) =2 (Via(t){5 cos (15 + B) — 01V (1)) + o2, Vi1 (ti—1) = vi1(ti—1)
dvift(t) = dvillt(t) = —Via(t) (01 + 03) + Vao(t) 75 cos (75 + B) Via(ti—1) = via(ti—1)
dvil?:(t) = —203Vas(t) 4 07, Vao(ti—1) = vaa(ti—1)

(A.1)
The hierarchical nature of this system suggests starting with the ODE satisfied by Vaa(t).

Solution of Vas(t)

Using the integrating factor method as in let p(t) = 203, q(t) = o, hence u(t) =
03t Then

t
Vaa(t) = Via(0)c 2001 =2t [ g3

ti—1

t
— ‘/22(0)6_203(t_ti_1) + 6—293t/ 0'316203st

ti—1

0.2 t
= ‘/22(0)67293(7571‘4‘71) + |:A6293s:|
ti—1

203
o2
— ‘/'22(0)6—293(t_ti—1) 4+ A (1 _ 6_263(t_ti—1))
205
Solution of Vis(t)
Substituting in the form of Va2(¢) we obtain
dVia(t
20— Via(t) (61 + )
t
2
 N\e—20s(t—ti1) | TA ( _ —293<t—ti71)) s mt
+ [‘@2(%—1)6 + 205 l1—e 58 1 +B
Again, using the integrating factor method, let
p(t) =61 + 03
— 1 lt . 7293(15*152'—1) 0-124< o *293(157151‘_1))
q(t) 1 CcoSs <12 + B> |:V22(t1_1)6 + 205 1—e¢

u(t) = et(01+03)
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Then .
Via(t) = ‘/'12(ti71)eti—1(01+03)_t(01+03) + e—t(91+93)/ u(s)q(s)ds

ti—1

t t
/ u(s)q(s)ds = 7rng(ti_l)/ e5(01105) g =203(s=5i-1) ¢ (% + B) ds
ti—1

t
KV 5(01+63) (1 — —293(8—81—1)) (ls B) d
—1—12293/“16 e cos 12+ s

= Via(t) :‘/12(t,iil)e(ti—l_t)(@l‘i‘ei%)

t
+ %V22(ti—l)e_t(91+93)6293(5i*1) / e5(01703) cog (

n B) ds
- 12

*

2 t
T OA _—1(61+63) 5(61+03) (1 _ *293(5*32'71)) (E B) d
+122936 /t11e e Ccos 12+ S

~~
%k

Looking at % we have

" psti-ty)
= s(01-05 B) ds
* [ (& COS(12 )

1—1

= fi(t,v1) — fi(ti—1,11)
Where v) = 61 — 03 and fi(t,v1) is given in Appendix

Looking at *x we have

91+93) 6_293(5_5"*1)> cos ( + B) ds
12

t
/ s(01+03) g (12 B) ds — 20s(ti-1) / e5(01=03) g (% + B) ds
ti—1
fi(t

va) — fi(ti—1,va) — 2B (fi(t,v1) — fi(tio1, 1))

Where v1 = 01 — 03, v = 01 + 03 and fi(t) is defined in Appendix
Pulling this all together we get an expression for Via(t)
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Via(t) :Vm(ti_1)e*(t*ti—1)(91+93)

T _ )
+ EVQQ(tFl)e HO1H0s) 25ti=1 (£ (8, 11) — fi(tim1,11))

2
o .
+ ﬁe_t(elws) filt,ve) — filtioi,vo) — 21 (fi(t,v1) — fi(tioa, Vl))}

Solution to Vj;(¢)

Substituting in the form of Via(t), we get:

() _, N — (01403 (t—ti_1) it
T 212V12(t1—1)6 cos | 15 +B
2 t
2 (17;> Vaa(tioa)e ") 201 (£ (8, 01) — fu(tior, 1)) cos (71T2 " B)

2 ‘ t
4 %2146—::(91%3) [fl(t, Vo) — fi(tio1,v0) — o203ti-1 (fl(t, v1) — fi(ti-1, yl))} cos (71T2 + B)

— 291V11(t) + 0'2.

Using the integrating factor method, let

p(t) = 203
_o e (B1403)(t—ti_1) wt
q(t) 212‘/12(%71)6 cos <12 +B
1 2 ) —t(61+63) ,203t;_1 - ) lt
+2 (12) Voa(ti—1)e e (f1(t,v1) = fi(ti—1,11)) cos D +B
2
oA T —t(61+03) . ) 203t B ‘ 711
T 129, 24° [fl(t’ v2) = filti-1,v2) —e (f1(t; ) f1<tz—17V1))] cos (12 + B)
+ o2
u(t) = et

Then .
Vi (t) = Van(ti—q)e 200tz 4 e_zolt/ u(s)q(s)ds

ti—1
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Now

t t
_o O\ p(tim1(01-63)) 5(01+03) s
/ u(s)q(s)ds 212V12(tz_1)e X / e Cos (12 + B) ds

ti—1 ti—1

*
™

2 t
+2 (—) V’gg(ti_l)eze‘?’ti*l X / 65(91703)f1(8, V1) cos (E + B) ds
12 - 12

**

9 t
—2 <17T—2> ‘/Ygg(ti_l)€293ti_1f1 (ti—la Vl) X / 68(91_93) COS (% + B) ds

ti—1

*

t
X / e*01=93) £, (s, 1) cos (%9 + B) ds
ti—1

* k&

2 2 t
_A (T . 5(01—03) s
o, (288> fi(tiz1,1v2) % / e cos (12 + B) ds

ti—1

~~
*

t
e20sti—1 o / 65(91793)]"1(8, V1) cos (% + B) ds
ti—1

**

2 2 t
5 () @ Al x [ 0o (T4 ) as

ti—1
t
+ 02 / 201t s,
ti—1

The solution to the integral in * is defined in to be fi(t,v) with v = 0; & 03, hence:

*

* = filt,v) — fi(ti_1,v)

The solution to the integral in xx can be found using integration by parts which states

that:
/udv:uv—/vdu

We shall define v = f1(s,v1) and dv = €"*° cos (% + B), hence:

mt
du = e"* —+B
u = e’° cos <12 + >

v = fi(s,11)
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so then we have that

! t
lil fl(s, 1/1)657/1 Ccos (% + B) ds = fl(s, Vl)f1<3, 1/1) _ /til f1(87 Vl)el/ls cos <% + B) ds

t
:>2/ fi(s,v1)e® cos (% + B) ds = fi(s,v1)?
ti—1

t
- /ttil frls,m)e™ cos <71L; + B> ds = % (fl(t, V1)2 — fi(ti-1, y1)2)

then 1
k= o (fl(t, v1)? = fi(ti_1, V1)2)

Now, substituting the form for f;(¢, 1) into x * x we obtain

L s
* ok k= e fl(s,yg)cos(ﬁ—kB)ds

ti—1

t 12
/t. "% cos (% + B) <e”23 sin (g + B) - ?1/26’/25 cos (% + B)) ds

To solve A we first apply the double angle formula (shown in [A.2.4) to get

A:;/tt eQelssin(Q [%%—B})ds

1—1
and the solution to the above integral is defined in to be ¢1(t)

Hence:

1

A= (g1(t) = g1(ti-1))

To solve AA we again apply a double angle formula, as described in section This
yields

AN = /tjl 201 (1 + cos (2 <% —|—B>>) ds
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Resulting in:

1 1 [
AN = 10, (eQGlt - €261ti_1> + 2/t 2015 cos (2 (% + B)) ds

i—1

o

To complete the solution for AA, we again need to employ repeated integration by parts
to solve o. In section the solution to ¢ is defined to be ga(t), hence:

1

O = 5 (gg(t) - gz(ti—l))

Pulling this all together for * x x we have

¢ it mt
* kK = e fa(t,va)cos | — + B | dt
ti1 12

= (1 + (12>2V§>_1 x
5 00—t - P (g (0= G ) - o)) )]

Pulling these solutions together for Vi1(t) we get that
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V,H(t) _ Vll(ti—1)€7201 (t—ti—1)
2 .
+ 6*29”1—7;1/12(t¢_1)6t“1(yl) [f1(t,v1) — fi(tiz1, 1))
2 1
+2 (%) Vao(ti—1)e¥sti1 [2 (f1(t,11)? = filtio1,11)?)

-2 (%)2 Voo (ti—1)e*™= fi(tim1, 1) [fa(t,01) = fi(tioa, )]
% [ 2 X 12\? , 2
() 1+ () 4)
S0 -t - Zon (- (0= 04 L) - i) )|
02 7T2
— 0*? (288) filtir,v2) [fi(t,v1) — fi(tiz1,1)]
2
288> e20stiz1 B (f1(t,11)* = filtioa, VI)Q)}

O-% i 203t; 1 t t t;
+ @ e fl( z—layl)[fl( 71/1)_f1( Z—l’yl)}

201t 6291t¢,1i| .

A.1.5 Mean and variance summary

The mean of the process with varying amplitude is governed by:

my(t) = e 0ti-Um (4,_)

o t )
4 ity [691 B eeltlfl}

+ e_elt%mQ(ti,1)€03(ti_l) [fl(ta Vl) - fl(tifla Vl)]

+ 6—61t11294 [f1(t,01) — fi(tio1,01)]

_ 6—917511204694“*1 Lfi(t,vn) = fi(tio, 1))

ma(t) = ma(t;1)e P01 4 6, (1 - 6_93@_“71))
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The variance of the process with varying amplitude is governed by:
Vit (t) = Vip(tig)e 201 (7ti-0)
+ 672917&%‘/12(t¢—1)6ti’1(yl) Lfi(t,v1) = fi(tio1,v1)]
+2 (%)2 Voo (ti—1)e?sti=1 [; (Ait,v1)? = fitio1,11)?)

—2 (%)2 Vaa(ti1)e* = fi(tioa, ) [fi(t, ) = fi(tioa, )]

2 2 2\ !
ox (T 12 9 12
A2 ) [ -z -z
T3, <288)<+<7r> ”2> T

o [ 72
- 97? (288) Siltio,v2) 11t 1) = fitioa, )]
0‘124 7T2 203t;_1 1 2 2
_ 973 (288) e’ |:2 (fl(ta v1)® = fi(ti-1,11) )}
0’% 7 203t;
+ 973 <288) e fitima, v1) [f(t v1) — fitioa, v))]
o? 201t 201t;
+ gy [t =]

Vig(t) =Vig(ti_y)e (t-ti-1)(01463)

T _ ]
+ EV22(tifl)e 8(61+63) g 203ti—1 (fi(t,v1) = fi(tiza, 1))

2
Yiyea .
+ 72492 ¢~ HO1163) [fl(t, vo) — fi(tim1,va) — €251 (fi(t,01) — fi(tica, Vl))}
2
— 7293(157%‘,1) UA . 7293(t7t¢,1)
Vgg(t) VQQ(O)Q + 7293 (1 e )

The functions in the above solutions are all defined below.
12212\ " 12 t 12 t
filt,v) =1+ = et (sin (= +B) + —veos = + B
™ ™ 12 m 12
120\ " /6 12 t t
g(t,0=|[1+ s =) et [ 29, sin (2 il +B| ) —cos|2 il + B
T T T 12 12
120:\2\ " /6 t 12 t
g2(t,0) =1+ =1 2) et (sin (2| +B|) + —0;cos | 2 ZiB
T T 12 T 12
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A.2 Useful integrals

A.2.1 Deriving fi(¢)

To solve [ ! cos (JL + B) dt we use integration by parts which states that

/udvzuv—/’udu

with u = e and dv = cos (71% + B). This results in
t t 12 12 t
/6ith°S T4 B)dt=e"sin (T +B) = F V/eiytsin ™ B)at
12 12 T T 12

Using the technique again for [ e sin (% + B) dt gives:

t t 12 12 t
et sin W——i—B dt = Fet cos 7T——i—B S 42y e teos 7T——i—B dt
12 12 T T 12
Combining the two equations above yields:
t 12 t 12\? t
/ei”t cos (71T2 + B> dt = ?eil’t sin (7;2 + B) + (77) vett cos (7172 + B)
120\ 2 t
_ (= /eil’tcos 7T—%—B dt
T 12

We then add the last term to both sides of the above equation and then divide through
by (1 + (%)2) we are left with:

o\ —1
S _ 12v 12 ot (g (™ 12 mt
/e cos<12+B>dt—<1+<W>> ¢ sin 12—|—B j:ﬁucos 12—|—B
Which we shall define as fi(t):

fi(t) = /eeltcos <71T; + B) dt

A.2.2 Deriving ¢ (t)

To solve fe%lt sin (2 [71% + B]) dt we use integration by parts with u = €21t and dv =
sin (2 [71% + B]) This results in:

201t _: lt __9 201t lt B 201 s E
/e sm<2[12+3})dt— 776 cos<2[12+B +7T01 e cos<2[12+BDds
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Again, we have an integral in the above solution that requires the use of integration by
parts to solve it. We will use v = €2?1* and dv = cos (2 [71% + B])

/62015 o8 <2 {% + BD ds = 262«% sin (2 [g + B] ) _12:1/62915 sin <2 {% + BD ds
(A.3)

Substituting in what we have for [ e201t sin (2 [% + B]) dt and rearranging gives us

2
W15 s 12\ 2 [ 2005 s
/e s1n(2[12—i—BDds—|—<7r 07 | e 51n(2[12—|—B])d5
2 t t
= (;) 6291t91 sin (2 [7;2 + B]) — gezaltcos (2 [7;2 + B})

Dividing through by (1 + (1772)2 6?) leaves us with
/ezeltsin 2 W—t—Q—B dt
12
12\2 L\ /6 12 t t
=1+ (=) 6 =) ¥t [ =0, sin (2 £+B —cos (2 7T——I—B
us s s 12 12

Which we define as ¢ (t)

g1(t) = /e291t sin <2 [g + BD dt

A.2.3 Deriving ¢12(t)

To solve f e201t o (2 [71% + B]) dt we use the result from |A.3l This results in:

6 t 126
2915 cos (2 [E + BD ds = —e®tsin (2|2 4 Bl | -==2 [ 5 gin (2 [E + BD ds
12 s 12 T 12
(A4)
In the above result we have the same integral as so substituting that result in an

rearranging give us

/ewltcos 2 7r—t—i-B dt + 2 29%/6261t008 2 7r—t—i-B dt
12 7r 12

6 t 7260 t
= ;ezelt sin <2 [7172 + B]) + T;e%lt cos (2 [; + B])
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Dividing through by (1 + (?2) 6?) leaves us with

[egen 2]
_ <1 ; (1:) 9%) (j) 2001 <sm <2 [g n BD + 24, cos (2 [g n BD)
Which we define as g(t)

92(t) = /ewltcos <2 Hé + BD dt.

A.2.4 Double angle formulae

The double angle formula can be stated in in multiple ways

Double angle formula for functions of the form sin(2A4)

2sin (A) cos (A) = sin (2A4)

Double angle formula for functions of the form cos(2A4)

cos(24) = cos?(A) — sin?(A)
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