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Abstract

A Josephson junction consists of two-weakly coupled quantum fluids through a barrier

and is an ideal environment for studying coherent quantum transport and its breakdown

due to dissipation, depending on whether or not the superfluid velocity exceeds a critical

value. Motivated by a recent experiment with 6Li (in the Bose-Einstein condensation

limit) at LENS (Florence), in this thesis we firstly characterised the dynamical regimes

observed experimentally for an elongated three-dimensional bosonic Josephson junction:

the coherent dynamics Josephson ‘plasma’ oscillations regime and the dissipative one. Our

analysis is based on both zero-temperature mean-field theory (Gross-Pitaevskii equation),

and its finite temperature kinetic theory generalisation, in which the condensate is coupled

to a dynamical thermal cloud, described by a quantum Boltzmann equation (Zaremba-

Nikuni-Griffin method), and reveals excellent agreement with experimental findings.

Secondly, we showed a direct connection between resistive superfluid current and vortex

ring (VR) nucleation, through the mechanism of phase slips, thus demonstrating a close

analogy with the phase-slippage phenomenon in superfluid helium. Specifically, we identify

the origin of dissipation as the transfer of the incompressible kinetic energy from the

axial flow to the VR swirling flow, and the phonon emission during vortex propagation.

Performing a detailed study of the VR dynamics in our three-dimensional inhomogeneous

superfluid, we highlighted the role of trap asymmetry on the emergence of elliptical VRs

exhibiting Kelvin wave excitations. The dissipation due to relative condensate-thermal

motion (at fixed condensate number, well below the transition temperature) was found to

have no effect at early times but it becomes relevant at longer timescales, affecting both

the oscillatory relative population dynamics and the VR dynamics.

Exploring a wider range of barrier heights/widths beyond the experimental parame-

ters, we constructed an extended phase diagram for the elongated trap, including –beyond

Josephson ‘plasma’ and dissipative regimes discussed above – also the expected Macro-

scopic Quantum Self-Trapping regime. Confirmation of the emergence of an analogous

phase diagram in a spherical trap, demonstrates unequivocally that all three regimes

should be observable in carefully-tailored ultracold experiments.

Studying the role of finite temperature, we distinguished two regimes: at relatively low

temperatures, where condensate mean field dynamics dominates, the relative population

imbalance oscillates with two main frequencies: in this regime, the thermal cloud is driven

by the condensate, with its presence damping the condensate motion and decreasing its

frequency. However, when the temperature becomes such that the thermal cloud mean ki-

netic energy exceeds the barrier height, the thermal cloud oscillates with its own frequency,

and begins to drive the condensate, significantly affecting its observable dynamics.
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Chapter 1

Introduction to superfluids,

supercurrent and the superfluid

instabilities

One of the most impressive phase transitions is Bose-Einstein condensation [1, 2] which

manifests itself as a phase transition both in the momentum and in coordinate space. It

was theoretically predicted by Bose and Einstein in 1925 [3, 4] for non-interacting dilute

bosonic gases and its first experimental observation in weakly interacting ultracold gases

was achieved in 1995 by [5–7]. Based on the studies of Bose and Einstein and after the

discovery of superfluidity in 4He by Allen, Misener and Kapitza [8, 9], London in 1938 [10]

suggested the idea that superfluidity and Bose-Einstein condensation are related and that

a superfluid has a non-zero condensate fraction, i.e. a macroscopically occupied quantum

state. The first self-consistent theory on the superfluidity was achieved by Landau in 1941

[11]. Superfluids have the ability to flow without viscosity if their velocity with respect

to an obstacle is smaller than a critical velocity. If such a condition is not fullfilled,

elementary excitations are generated and the superflow becomes resistive.

One of the most incredible manifestations of the macroscopic phase coherence charac-

terising a condensate state is the observation of the Josephson effect which consists of a

supercurrent flowing across a thin barrier even in the absence of any external potential

due to the tunneling of particles through the barrier. One of the main parts of this chapter

and of this thesis will be the study of the Josephson-like quantum oscillations between two

weakly coupled Bose-Einstein condensates (BEC) in a three-dimensional atomic Josephson

junction.

Given the relation between BEC and superfluidity, the concept of the critical velocity

for the onset of a resistive flow applies also for an ultradilute BEC. One of the dissipa-

tive phenomena is the generation of vortices which causes the condensate phase to slip
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Chapter 1. Introduction to superfluids, supercurrent and the superfluid instabilities

by 2π. Initially studied in superfluid 4He [12–15], phase-slippage induced resistive flows

were also observed and studied in ultradilute atomic BEC [16–24]. The onset of such

dissipative phenomena in three-dimensional atomic Josephson-junctions and the analogy

with superfluid helium will be the second part of this chapter.

One of the most important stages in achieving the Bose-Einstein condensates in ultra-

cold atom experiments is the evaporative cooling [25]. Essential for such cooling techniques

is the thermalization due to collisions between condensate and thermal cloud. Moreover,

even when the BEC is formed, the system is still partly condensed even at the lowest

experimental temperature and the condensate cloud is surrended by the thermal particles.

Thus it is important for a better understanding and comparison with experimental results

to include the effect of the thermal cloud on the system statics and dynamics. In this

thesis the modelling of finite temperature Bose-Einstein condensate is performed by using

the ‘Zaremba-Nikuni-Griffin’ model [26–28] and the third part of this chapter consists on

showing the success of such model in reproducing experimental results.

1.1 Quantum degenerate gases

In 1925 De Broglie [29] suggested the concept of wave-particle duality according to which

particles behave like waves with an associated wavelength λdB = h/p, where h is Planck’s

constant and p is the momentum of the massive particle. For a thermal gas at temperature

T the de-Broglie wavelength is defined as

λdB =
h√

2πmkBT
, (1.1)

with m the particle mass and kB the Boltzman constant. At high temperature λdB assumes

values which are small compared to the interparticle separation given by n−1/3, with n the

particle density. The particles are well-localized (pointlike) and they can be considered

as distinguishable ones (classical regime). At low temperature instead, the spatial wave-

functions of individual particles start to overlap as λdB becomes larger. Consequently,

the particles cannot be considered anymore as distinguishable ones and they enter the

quantum degenerate regime λdB ≈ n−1/3.

In the quantum degenerate regime, N elementary particles of the same species, each

characterized by a coordinate vector ri and by a projection σi of their spin along a certain

axis, for example the z axis, are described by the Schrödinger wavefunction

Ψ(r1σ1, ..., rjσj , ..., riσi, ..., rNσN ). One of the fundamental principles of quantum me-

chanics is the indistinguishability of elementary particles of the same species. A direct

consequence of this is that the probability, defined as the modulus squared of the many-

body Schrödinger wave function |Ψ |2, must be invariant under the simultaneous exchange

4



Chapter 1. Introduction to superfluids, supercurrent and the superfluid instabilities

of all the variables (position and spin projection) of two particles, i.e.

|Ψ(r1σ1, ..., rjσj , ..., riσi, ..., rNσN )|2 = |Ψ(r1σ1, ..., riσi, ..., rjσj , ..., rNσN )|2. (1.2)

This condition is fulfilled if the many-body wave-function is antisymmetric or symmetric

under the exchange of two particlesΨ(r1σ1, ..., rjσj , ..., riσi, ..., rNσN ) = −Ψ(r1σ1, ..., riσi, ..., rjσj , ..., rNσN ) Antisymmetric ,

Ψ(r1σ1, ..., rjσj , ..., riσi, ..., rNσN ) = Ψ(r1σ1, ..., riσi, ..., rjσj , ..., rNσN ) Symmetric .

(1.3)

In the first case Ψ describes an ensemble of fermions, that have a half-integer spin in units

of the reduced Planck’s constant; in the second case instead, it describes an ensemble

of bosons, which have an integer spin in the same units. Bosons obey the Bose-Einstein

statistics; for example the photon has spin 1 and is a boson, while fermions obey the Fermi-

Dirac statistics; for example an electron or a nucleon has spin 1/2 and is a fermion. For

non-interacting bosons and fermions, the average occupation number of a single-particle

state, i , with energy εi is given by

f(εi) =
1

e(εi−µ)/(kBT) ± 1
, (1.4)

where µ is the chemical potential, with the sign ‘+’ for fermions and the sign ‘−’ for bosons.

The first one gives the Fermi-Dirac distribution function while the second one gives the

Bose-Einstein distribution function. The antisymmetry condition for the fermion’s many-

body wave-function implies that two identical fermions can not occupy the same quantum

state because this would lead to Ψ = 0. This represents the Pauli exclusion principle [30].

For bosons instead the symmetry condition for Ψ implies that there is no constraint

on the number of particles occupying the same quantum state. For temperature lower

than a critical value the macroscopic occupation of the lowest energy level happens and

the system exhibits a phase transition known as Bose-Einstein condensation [3, 4]. For

a fermionic system, for temperature going towards T = 0 and in the absence of Cooper

pairing each energy state is occupied by only one fermion (known as the Fermi sea [31]).

The distinction between these two different classes is valid not only for elementary particles

but also for composite ones, with the sum of spins of their costituents defining the quantum

nature (bosons or fermions) of these particles. For instance, a 6Li atom is composed of

an odd number of fermions (3 neutrons, 3 protons and 3 electrons) and it is therefore a

fermion.

The condition for the onset of Bose-Einstein condensation corresponds to the onset

of the quantum degenerate regime where λdB becomes on the order of the interparticle

distance. For an ideal gas of non-interacting particles in a three-dimensional box this
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Chapter 1. Introduction to superfluids, supercurrent and the superfluid instabilities

condition is given by [1]

nλ3
dB = ζ(3/2) ≈ 2.612, (1.5)

where nλ3
dB, also known as the phase-space density, gives the number of particles within

a volume V = λ3
dB (where n = N/V is the density with N the particle number). This

condition leads to a critical temperature

Tc =
2π

[ζ(3/2)]2/3
~2n2/3

mkB
≈ 3.31

~2n2/3

mkB
, (1.6)

where ζ(3/2) is the Riemann zeta function evaluated at 3/2. The occupancy or the number

of particles in the condensate state for an ideal non-interacting gas in a 3D box [1] can be

found as

N0 = N

[
1−

(
T

Tc

)3/2
]
. (1.7)

The condition (1.5) means that for Bose-Einstein condensation to happen, relatively high

densities are required at relatively low temperature. On the other hand, a phase transition

into a liquid or solid has to be avoided in order to achieve a BEC. Therefore the density

must be high enough in order for the trapped particles to thermalize but also low enough

in order to avoid three-body collisions and thus favouring the dominance of elastic two-

body collisions. Due to such conditions a pure Bose-Einstein condensate was observed

experimentally for the first time in weakly interacting gases in 1995 [5, 6, 32]. For the

three dimensional weakly interacting BEC trapped in a harmonic potential, the critical

temperature instead is found as [1, 2]:

Tc =
~ω̄N1/3

[ζ(3)]1/3
≈ 0.94

~ω̄
kB
N1/3, (1.8)

where ω̄ = (ωxωyωz)
1/3 is the geometric mean of the trap frequencies along the x, y and

z directions and ζ(3) = 1.202 is the Riemann function evaluated at 3. The condensate

number is found as

N0 = N

[
1−

(
T

Tc

)3
]
. (1.9)

1.1.1 The relation between Bose-Einstein Condensation and superfluid-

ity

Bose-Einstein condensates are described by a wavefunction Ψ0, which is not invariant

under Galilean transformations [2] as it acquires a phase factor. For a uniform system,
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the field operator Ψ̂(r, t) satisfies the equation

i~
∂Ψ̂(r, t)

∂t
=

[
−~2∇2

2m
+

∫
Ψ̂ †(r′, t)V (r′ − r)Ψ̂(r, t)dr′

]
Ψ̂(r, t) (1.10)

in the Heisenberg representation with V (r′ − r) the interaction potential. Also the field

operator Ψ̂ ′(r, t) found under the Galilean transformation satisfies the equation

Ψ̂ ′(r, t) = Ψ̂(r− vt, t)exp

[
i

~

(
mv · r− 1

2
mv2t

)]
, (1.11)

with v a constant vector. For a large particle number, at T = 0 and for ultradilute

weakly-interacting BEC, we could neglect the quantum and thermal fluctuations [2]. In

this approximation, the condensate component is found from the expectation value of the

field operator ψ0 = 〈Ψ̂〉 (which is also called the order parameter) and it also follows

the same transformation law as the field operator (1.11). In the reference frame where

the system is in equilibrium and for a uniform system, the condensate wavefunction can

be written as ψ0 =
√
n0e−iµt/~ with n0 the position-independent condensate density and

µ the chemical potential. In the frame where the fluid is not at rest and moves with a

constant velocity v, the order parameter becomes ψ0 =
√
n0eiφ with φ expressed as

φ(r, t) =
1

~

[
mv · r−

(
1

2
mv2 + µ

)
t

]
. (1.12)

In this way the system velocity is proportional to the phase gradient

vs =
~
m
∇φ, (1.13)

which can be identified as the superfluid velocity (it is also valid if the velocity is not

constant in time and space but vary slowly). This equation guarantees the irrotationality

of the superfluid motion, where the phase of the order parameter plays the role of a velocity

potential. Equation (1.13) represents is a consequence of Bose-Einstein condensation,

i.e. of the existence of a macroscopically populated state to which is associated a classical

field ψ0 [2]. We must note that Eq. (1.13) does not include the system density. This means

that the condensate density does not map onto the superfluid density. Even at T = 0 where

the fluid is all superfluid, the condensate density is smaller than the superfluid one due to

quantum depletion of the condensate [33]. However, in three-dimensional dilute ultracold

atoms the quantum depletion is very small [34]. Moreover, a recent experiment perfomed

by R. Lopes et al. in [35] has measured the quantum depletion for a 3D interacting

homogeneous BEC, where they showed that in this case the quantum depletion is present

but it is small. Thus for our three-dimensional geometry and in the case of T = 0 we use

7
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the words ‘superfluid’ and ‘condensate’ interchangeably (disregarding the small difference

between them due to quantum depletion).

1.2 Josephson current and Josephson-Anderson relation

One of the most fascinating manifestations of superfluidity is the presence of a non-zero

stationary current between two weakly linked superfluids even in the absence of any ex-

ternal potential; this is known as the Josephson ‘dc’ current. This is associated with the

macroscopic quantum phase coherence related to the presence of a non-zero BEC fraction,

allowing to describe each part of the superfluid in terms of an order parameter also called

the superfluid order parameter. In this section we show the consequence of such coherence

following the description in [12] by introducing the general equations which describe the

Josephson effect. The superfluid order parameter can be found as the expectation value

of the Bose-field operator 〈Ψ̂(r)〉 =
√
n(r)eiφ(r) in the limit of large particle number and

under the assumption that the phase and the amplitude are slowly varying functions of

the position r. Penrose and Onsager in 1956 [36] suggested the idea that the superflu-

ids are characterized by non-zero values of the off-diagonal long range order (ODLRO)

term, which is consistent with the superfluid exhibiting a macroscopic phase coherence.

The total particle number operator is conjugated to the phase operator, satisfying the

relations: ~d〈N̂〉dt = 〈∂Ĥ
∂φ̂
〉 = ∂E

∂φ ,

~d〈φ̂〉dt = −〈∂Ĥ
∂N̂
〉 = ∂E

∂N .
(1.14)

In a superfluid state the average value is to be taken over a coherent state, with definite

phase. In Eq. (1.14) [right side], the energy change for adding or removing a particle

from the system, i.e. ∂E/∂N , gives the chemical potential µ. Let us suppose now that

two parts of a superfluid are linked through a barrier, for example. Each part of the

superfluid is coherent and has a definite phase φ1(2). The coupling energy EJ between the

two reservoirs must depend on the relative phase ∆φ = φ1 − φ2 and the flux through the

barrier can be defined as:

J =
dN1

dt
= −dN2

dt
=
∂EJ
~∂φ

. (1.15)

This current, called also the Josephson current, is a supercurrent because it is different

from zero even in the case where no external drive is applied. In the presence of a chemical

potential difference ∆µ between the two subsystems instead, the relative phase evolves in

time with a rate:
d∆φ

dt
= −∆µ

~
(1.16)

and this is called the Josephson-Anderson relation. This ‘ac’ effect was firstly discussed by

Brian Josephson [37] in superconductors for the tunneling current between two supercon-

8
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ductors separated by a thin insulator. The Josephson-Anderson relation means that in a

steady state, where the superfluid state is constant in time and thus the chemical potential

is also constant in time, there is no chemical potential difference ∆µ = 0. Moreover by

taking the gradient of the Josephson-Anderson relation we obtain:

F = ~
d(∇φ)

dt
, (1.17)

and by defining the superfluid momentum p = ~∇φ = mv we conclude that the superfluid

accelerates under the effect of a chemical potential difference.

1.3 Experimental observation of the Josephson effect

As we discussed in the previous section, when two superfluids (of bosonic or fermionic

nature) or two superconductors are weakly coupled together through a barrier or a thin

insulator, a supercurrent flows across the barrier driven by the phase difference between

the two reservoirs, which is called the Josephson current. It is named after the scientist

Brian Josephson who first discovered the effect in 1962 [37] in superconductors. He found

that even in the absence of an applied external potential difference ∆V = 0, a current

flow between two superconductors separated by a thin insulator due to the tunneling

of Cooper pairs across the junction occurs. This current is called the ‘dc’ Josephson

current. In the presence of an applied external potential the quasiparticles tunnel through

the insulator contributing to the Josephson current which is now an alternating current

oscillating sinusoidally in time and it is called the ‘ac’ Josephson current. For weak links,

the Josephson junction is characterised by a sinusoidal current-phase relation

I = Ic sin(∆φ), (1.18)

where ∆φ is the relative phase between the two superconductors and Ic is the critical cur-

rent, defined as the maximum current that can flow in the junction. In the ‘dc’ Josephson

effect if the external applied current is smaller that Ic then no chemical potential difference

is present in the junction and the current has a constant value. For the ‘ac’ Josephson

effect and for an applied time-independent ∆V the relative phase increases linearly in time

depending on the external ∆V according to the Josephson-Anderson relation Eq. (1.16)

applied to the superconductors:
∂∆φ

∂t
=

2e∆V

~
(1.19)

and the Josephson current oscillates sinusoidally in time with a frequency set by the

external ∆V . In this way a Josephson junction becomes also an efficient tool for precise

measurement of frequencies acting like a voltage to frequency converter. The Josephson

9
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effect was then first observed in [38].

Since its discovery the Josephson effect is also observed between two neutral superfluids

such as between two helium superfluids coupled by a small orifice [39, 40] or between

two ultacold atoms superfluids coupled by a thin barrier. In this system the Josephson

current consists of atomic mass current and not of a charge current as in superconductors.

Moreover the analogue of the external voltage difference of superconductors is given by

the chemical potential difference ∆µ between the two superfluids. The Josephson effect

in superfluid helium was initially observed in 4He [39] and then in 3He superfluids [40]

where the superfluid dynamics was induced through the nanoscopic apertures (with a

size on the order of the superfluid healing length 1) due to the presence of a pressure

and/or a temperature gradient that creates a chemical potential difference between the

two superfluids.

Josephson effects have also been studied in dilute quantum gases, where the weak

coupling between spatially separated parts can be tuned by controlling the height of the

energy barrier between them both for ultracold bosons [41–48] and fermions [49, 20, 50, 51].

Josephson effects have also been studied for exciton-polariton condensates in semiconduc-

tors [52, 53]. Moreover, the dissipation of Josephson oscillations due to quantum, and/or

thermal fluctuations and due to the generation of topological defects has been studied in

different geometries and dimensionalities [18, 21, 54, 55, 22, 23, 56–58, 49, 20].

Unlike superconducting Josephson junctions, in their ultracold counterparts, even in

the absence of any external chemical potential difference, a finite chemical potential differ-

ence can be present due to non-linear interactions and for a non-zero fractional population

imbalance z = ∆N/N , where ∆N is the difference between the number of atoms in the

two wells and N is the total number. Such population imbalance is a typical parameter

used to characterise ultracold Josephson junction dynamics [59–61]. In fact, when the

initial fractional population imbalance z0 is smaller than a critical value the system enters

the Josephson ‘plasma’ oscillations regime, featuring periodic oscillations of both relative

population imbalance and relative phase about zero. When z0 instead becomes larger

than a characteristic critical value, z(t) is no longer able to reach the zero value, with a

bias towards the initially more populated well. The sign of the relative population imbal-

ance remains unchanged in time, despite the existence of low amplitude population trans-

fer across the weak link. This regime is known as Macroscopic Quantum Self-Trapping

(MQST) [59], and it is characterized by a ‘running relative phase (i.e. a relative phase

which grows with time similar to the profile of the relative phase in superconductor ‘ac’

Josephson effect). The occurrence of the self-trapping regime and the estimation of the

critical fractional imbalance [59] can be easily obtained for a Bose-Einstein condensate

(BEC) in a double-well potential by writing a two-mode model starting from the mean

1More details will be given in the following sections.
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field Gross-Pitaevskii description. Note that in general, for long times, the self-trapped

regime is eventually destroyed by thermal or quantum fluctuations [61–64, 60, 46] and/or

by higher order tunneling processes [65].

Both the Josephson ‘plasma’ and MQST regimes, discussed for ultracold bosons in

double- and multi-well potentials [59–61, 66], have been clearly observed both in ultracold
87Rb [42] and 39K [47] bosonic atomic clouds trapped in a harmonic potential perturbed

by a shallow optical lattice which creates a weak link across two well-separated minima,

and in the presence of a deep optical lattice [41, 43]. Recently, the Josephson plasma

regime has also been observed with fermionic superfluids [49, 20]. In ultracold atomic

experiments the role of the weak link can be played by a blue-detuned laser beam in

single [42, 46, 48, 49, 20, 50, 51] or multiple double-well potentials [41] or by Raman

coupling between two condensates in different hyperfine levels [67]. In the context of

ultracold atoms, one can also realize Josephson junctions coupling two internal states via

a weak driving field [68–71] where the chemical potential difference comes from an external

asymmetric potential, as happens in optical lattices [41].

The first experimental observation of the Josephson effect in bosonic ultracold atoms

with 87Rb and in a double-well potential was performed by Albiez et al. [42] in 2005.

Their geometry was almost a spherical trap and they had N = 1150 atoms. The barrier

separating the two condensates had a 1/e2 width of 4.4µm (around 10 healing lengths).

The chemical potential difference which triggered the condensate dynamics across the bar-

rier was set by an initial population imbalance. They showed the observation of both the

Josephson ‘plasma’ and MQST regimes with the first found for initial imbalance z0 < zcr

and the second one when z0 ≥ zcr, where the critical imbalance was around 60%. Fig. 1.1(i)

shows the experimental density image revealing the difference between Josephson ‘plasma’

and MQST regime where in the first one the density oscillates between the two wells sym-

metrically while in the MQST regime one well remains more populated than the other in

time. The relative imbalance and relative phase (obtained experimentally from time of

flight images) are then showed for the ‘plasma’ regime in (ii) and the MQST regime in

(iii). While in the plasma regime both z(t) and ∆φ (in this experiment they called the

relative phase φ) oscillate sinusoidally in time around a zero mean value, in the MQST

regime the z(t) perform small-amplitude oscillations around a non-zero mean value and

the relative phase, shown for a shorter time evolution with respect to z(t), increases in

time as expected for the MQST regime.

Later in 2007, Levy et al. [46] performed the first experimental observation of the ‘dc’

Josephson effect in bosonic ultracold atoms (see Fig. 1.2(ii)). A BEC of 87Rb (N = 104

atoms) were trapped in harmonic potential with axial frequency of ωz = 2π × 26Hz and

radial frequency ωz = 2π × 224Hz (an experimental image is shown in Fig. 1.2(i)). The

double-well potential was created by imposing a blue-detuned laser barrier to the trapping
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(ii) (iii)
(i)

Figure 1.1: Albiez et al. [42]; the first implementation of a single bosonic Josephson junction: (i)
the schematic image of the experimental double-well potential in the upper plot and the absorption
image taken at different time evolutions and showing the density profile oscillations in the Josephson
‘plasma’ (left) and MQST regime (right). (ii) The population imbalance and relative phase time
evolution in the Josephson ‘plasma’ and in the MQST regime (iii). [Copyright (2005) by the
American Physical Society [42]].

potential which separates the condensate into two parts parallel to its long axis. The laser

barrier can be approximated by a Gaussian profile which in their case had a 1/e2 width

of 1.4µm along the tunneling axis. A superfluid current was induced by moving the

harmonic trap center with respect to the barrier with a constant velocity. At the end of

this process, the current and the chemical potential difference between the two wells was

measured. They showed that as the condensate current is smaller than a critical value,

the current flows in the atomic junction, without causing a chemical potential difference

(see Fig. 1.2(iii)), performing so the first experimental observation of the ‘dc’ Josephson

effect in ultracold atoms. In this experiment the ‘ac’ Josephson effect was also observed

where, differently from the experimental procedure for observing ‘dc’ Josephson effect,

initially an asymmetric double-well potential was created and then the harmonic trap was

shifted in order to form a symmetric double-well potential, creating so an initial relative

imbalance between the two wells and thus an initial ∆µ0 6= 0. For different values of ∆µ0,

the population imbalance oscillation frequency was extracted and it was shown to depend

linearly on the chemical potential difference as expected for the ‘ac’ Josephson effect (see

Fig. 1.2(ii)). In this regime, the population imbalance was shown to oscillate around a

non-zero mean value [46] as expected for the MQST regime. Another important result of

this paper was the demonstration of the fact that MQST regime is highly unstable against

thermal fluctuations which destabilize it and make it decay gradually.

Recent experiments at LENS (Florence) with fermionic 6Li have investigated the

Josephson effect in an elongated fermionic superfluid across the BEC-BCS regime [49, 20].

The presence of a broad Feshbach resonance between the two lowest hyperfine states of
6Li offers the possibility to finely tune the interatomic interaction, parameterized by the
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(i) (iii)(ii)

Figure 1.2: Levy et al. [46]: The first experimental observation of the ‘dc’ Josephson effect with
two-weakly coupled BECs of 87Rb: (i) an in situ image of the experimental BEC Josephson junction
, (ii) the ‘ac’ Josephson effect demonstrated by the linear dependence of the oscillation frequency
of the population imbalance η(t) on the chemical potential difference. (iii) The ∆µ − I relation
where the current I = η̇, and the ‘dc’ Josephson effect. Adapted by permission from Springer
Nature: Nature [46] [COPYRIGHT] (2007).

s-wave scattering length a [72], by changing the magnetic field value (as is described in

Sect. 2.2). This is an efficient way used to create from a BEC of tightly-bound molecules to

BCS-like fermionic superfluids within a single experimental set-up. The Josephson effect

was studied by trapping around N = 105 atom pairs in an elongated three-dimensional

trapping potential with frequencies ωx = 2π×15 Hz, ωy = 2π×150 Hz and ωz = 2π×170

Hz, with an ‘in-situ’ experimental density image shown in Fig. 1.3(i). A repulsive laser

barrier along the x axis (the long-axes) is then superimposed to the trapping potential

separating so the fermionic superfluid in two parts which are weakly-coupled through

the barrier. The 1/e2 barrier width is on the order of the superfluid coherence length,

2.0(2)µm and it is homogeneous along the transverse axes. Similar to the experiment

of Ref. [42], the trap center was initially shifted with respect to the barrier along the x

axis. At t = 0 the trap center was shifted back non-adiabatically to the barrier position.

In this way an initial population imbalance and initial chemical potential difference were

created, inducing superfluid flow across the barrier. For small enough initial imbalance,

they observed coherent oscillations of both pair population imbalance and relative phase

with the same frequency, demonstrating the conjugate nature of these two variables as

they oscillate out of phase by π/2. This is the so-called Josephson ‘plasma’ regime and

it was found throughout the whole BEC-BCS crossover (see Fig. 1.3), demonstrating the

presence of macroscopic phase coherence in these superfluids.

Moreover they showed that the plasma frequency and the Josephson coupling energy

exhibit a non-monotonic behaviour across the BEC-BCS crossover with a maximum near

unitarity, revealing in this way the importance of the composite nature of the superfluid

pairs. Another interesting finding of this experiment was the explicit observation (across

the entire BEC-BCS regime) of a transition from Josephson ‘plasma’ oscillations to a

dissipative regime with increasing initial population imbalance – with no evidence of the

existence of MQST regime found in the probed parameter space. One of the main pur-
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Figure 1.3: Valtolina et al. [49]: The first experimental observation of the Josephson ‘plasma’
oscillations regime with fermionic superfluid across the BEC-BCS crossover: (i) an in situ density
image revealing the elongated trap geometry, (ii) the population imbalance and relative phase time
evolution in the Josephson ‘plasma’ regime in the BEC limit, (iii) the corresponding plots in the
unitarity limit. Reprinted with permission from AAAS.

poses of the studies presented in this thesis is to give further insight into the microscopic

mechanism responsible for the onset of the dissipative regime observed in the experiment.

Specifically, in this thesis we model the experimental set-up of 6Li LENS experiment

[49, 20] in the limit of the Feshbach resonance where BEC of molecules of lithium are

created. Motivated by the theoretical studies in [59–61] and the observation of the MQST

state by other ultracold atoms experiments in spherical traps [42] for example, in this

thesis we explore values of barrier heights and widths beyond the experimental range of

parameters, finding the onset of the MQST regime even in the elongated trap of the 6Li

experiment.

Most recently the ‘dc’ Josephson effect was also observed with fermionic superfluids

[50] and the Josephson effects were also investigated in two-dimensional geometry [51].

The Josephson effect is crucially used for high-precision measurements, a major exam-

ple being the measurement of magnetic fields with superconducting quantum interference

devices (SQUID) [73]. The control of ultracold atomic matter has given rise to the inves-

tigation towards analogous ‘atomtronic’ applications, such as the atomtronic analogue of

SQUID, termed AQUID [74–76], leading to a plethora of studies of weak link dynamics

across diverse geometries and dimensionalities (see e.g. [77, 78] and references therein).
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1.4 Phase-slippage experiments

One of the most remarkable properties of a superfluid is its ability to flow without vis-

cosity with respect to an obstacle or the walls of a container. This dissipationless flow is

limited by a threshold velocity vc, if the superfluid velocity with respect to an obstacle

(or vice-versa the obstacle velocity with respect to the superfluid) exceeds vc the super-

fluid flow ceases to be dissipationless and dissipative mechanisms are generated such as

phonon modes or vortices [12, 13]. The presence of vortices causes the local superfluid

phase to slip by 2π and, as part of the superfluid flow energy is now transfered from

the flow to the vortex, the superflow becomes resistive. Such vortex (or phase-slippage)

induced dissipative regime has been investigated in superfluid Helium [12, 14, 15], where

they showed that if the superflow velocity through an orifice exceeded a critical value, the

superfluid velocity jumped by a quantised quantity ∆v once vortices were generated inside

the orifice. In analogy to superfluid helium, phase slips in ultracold Josephson junctions

have been analysed across different atomic geometries and dimensionalities [16–24]. In

particular, in Refs. [16, 18] it was shown that the vortex-induced phase-slippage was re-

sponsible for the decay of the supercurrent in a ring-shaped trap in quantised steps, while

in Refs. [20, 22, 23] instead an intial decay of the population imbalance between the two

reservoirs was observed which was associated to the generation of vortices.

S. Eckel et al. in 2016 [22] studied experimentally the transport properties of a bosonic

superfluid flowing through a mesoscopic channel, with length much larger than the super-

fluid coherence length but small with respect to the inelastic mean path, which connects

two large reservoirs (in-situ image of the confined BEC shown in Fig. 1.4(A)). They con-

sidered a BEC of 495×103 23Na atoms. The system initial state consists of all the atoms

being trapped in one of the reservoirs which they called ‘source’ by a ‘gate’ potential ap-

plied at the middle of the channel in order to ‘trap’ the atoms in the ‘source’. When the

‘gate’ potential is removed, the BEC flows freely through the mesoscopic channel driven

by the change in the interaction energy which makes the superfluid accelerate. Then, the

BEC enters the other reservoir which they called ‘drain’. Once the superfluid is in the

‘drain’ the supercurrent between the two reservoirs depends on the relative phase. If the

supercurrent is larger than a critical value then vortices are generated at the interface

between the channel and the ‘drain’. Instead of measuring the current, they measured the

normalized population imbalance between the ‘source’ and ‘gate’ defined as n = ∆N/2Ne,

such that Ne+∆N and Ne−∆N are the number of atoms in the ‘source’ and ‘gate’ reser-

voirs respectively. Fig. 1.4(B) shows their results for the time evolution of n for different

one dimensional densities inside the channel. The imbalance decays initially fast in time

followed by sinusoidal oscillations around a zero mean value with the plasma frequency.

The initial decay of the imbalance was associated with the generation of vortices, whose
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(A)

(B) (C)

(D)

Figure 1.4: S. Eckel et al. [22]: (A) In-situ images of a BEC in a dumbbell-shaped potential with
all the atoms in the left reservoir (left image) and at time t = 105ms where the BEC has flown
freely in the right rerservoir. (B) The temporal evolution of the normalized population imbalance
between the two reservoirs for different 1D density inside the channel. (C) The conductance versus
the one-dimensional density profile. (D) The TOF images revealing the presence of vortices in the
right reservoir (the initially empty reservoir). [Copyright (2016) by The American Physical Society
[22]].

presence was revealed by time of flight images shown in Fig. 1.4(D). Following Feynman’s

argument [13], the generation of vortices leads to a finite conductance in the system even

at T = 0 which is proportional to the density inside the channel. To fit the population

imbalance, they modelled their system as a RSJ-like (resistively-shunted junction) circuit

[79] composed of a Josephson weak link with sinusoidal current-phase relation, a shunt

resistance R which takes into account the presence of dissipation and a series LC where L

is the system inductance, related to the kinetic energy of the atoms, and C represents the

energy stored in the chemical potential difference. In this way, they extracted the system

conductance and they showed that it depends almost linearly on the 1D density inside the

channel, as expected for the cases when dissipation was induced by the vortex generation

(i.e. phase-slippage mechanism) [13].

A. Burchianti et al. in [20] studied the onset of dissipation in a 3D atomic Josephson

junction (elongated trap) where two fermionic superfluids of 6Li were separated by a thin

barrier with width comparable to the superfluid coherence length, contrary to the meso-

scopic channel presented above. An initial population imbalance between the two wells, or

reservoirs, was created by shifting the trap center with respect to the barrier. Then they

measured the time evolution of the normalized population imbalance (shown in Fig. 1.5

(a)-(c) [upper subplots]) defined as z = ∆N/N with ∆N the relative population between
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(d)

Figure 1.5: A. Burchianti et al. [20]: (a)-(c) Upper subplot: The temporal evolution of the popula-
tion imbalance for a molecular BEC and for V0/µ ' 1 (a), for a unitary superfluid and V0/µ ' 0.9
(b), for a BCS superfluid and V0/µ ' 0.9 (c) with the solid line the results from the RSJ-like
circuit model. (a)-(c) Lower subplots: Temporal evolution of the mean value of the vortex counts
〈Nv〉 with the insets TOF images after 20ms of system evolution (upper inset) and the residual
images obtained after substracting the image without vortices (lower inset). (d) The conductance
G as a function of the pair density inside the barrier for the molecular BEC (ble circles), unitary
superfluid (green squares) and BCS superfluid (red triangles). [Copyright (2018) by The American
Physical Society [20]].

the two-wells and N the total number of pairs. Similar to Ref. [22], even though the geom-

etry is different and the link between the two superfluids is of different nature, they found

an initial fast decay of the population imbalance followed by harmonic oscillations around

a zero mean value. Such a profile was found throughout the entire crossover. From TOF

images (after removing the barrier) they found the presence of vortices in the superfluid

along the BEC-BCS crossover (TOF images shown in Fig. 1.5 insets). They also mea-

sured the mean value of the vortex counts, with the results shown in Fig. 1.5(a)-(c) lower

subplots. Similar to [22], the profile of the normalized imbalance z(t) were fitted with an

RSJ-circuit model (following the formalism derived in [80–82]). The extracted conduc-

tance was then shown as a function of the density at the barrier center with their results

shown in Fig. 1.5(d). Across all the crossover, the junction conductance depends almost

linearly on the density at the barrier, demonstrating that the main reason for dissipation

is the vortex generation.
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The emergence of dissipation is also well-known in superconducting wires [80, 73] when

vortex arrays proliferate in the system for magnetic fields larger than a critical value,

causing a finite electrical resistance across superconductors.

Vortex-induced phase slippage has also been discussed in the context of macroscopic

quantum self-trapping: specifically, Abad et al. [83] numerically related the self-trapping

regime to phase slips created by emergent vortex rings which annihilate within the weak-

link region (but outside the region of observable condensate density). Their studies were

performed in a spherical trap (shown in Fig. 1.6(a)) with frequency ω = 2π × 70 Hz with

N = 1150 number of 87Rb atoms, finding a critical imbalance for the onset of MQST

regime zc ' 0.33. Apart for the population imbalance, they also described the BEC

dynamics across the barrier through the x axis superfluid velocity vx. Fig. 1.6(b) shows

their results for the temporal evolution of the normalized population imbalance (upper

subplot) and of the vx (lower subplot) in the MQST regime. The population imbalance

oscillates around a non-zero mean value (as expected from [59]) and the superfluid velocity

has jumps in the correspondence of the population imbalance minimum. The presence of

superfluid velocity jumps was related to the generation of vortex rings which causes the

relative phase to jump by 2π. In their paper, two possible processes are described for

the vortex ring dynamics at the barrier region: first is that a vortex ring, created at the

surface, shrinks inside the weak link; the second process corresponds to a vortex ring

generated at the center and expanding with a second vortex generated at the surface and

shrinking, thus annihilating the first vortex ring. Fig. 1.6 (c)-(d) shows the 2D phase

snapshots at the upper plane y > 0 (and for z = 0) and at two different times around

the first minimum of imbalance, i.e. the first maximum of the velocity. The second vortex

ring process is described by Fig. 1.6(c)-(d) where there is a phase-winding around the

vortex core in (c) related to the first vortex ring that expands from the center, while in

Fig. 1.6(d) a second phase-winding is revealed which corresponds to the second vortex ring

which tends to shrink and annihilate the first one.

From these experimental/numerical results one can conclude that dissipative dynamics

can thus be related to an emerging vortex propagating along the main axis of the junction

while MQST regime can be related to the generation of vortices which annihilate within

the weak-link. One of the main goals of this thesis is to investigate in detail the differences

between the dissipative and MQST regimes, not only in terms of the population imbalance

and relative phase evolution, but also in terms of the vortex dynamics and associated

acoustic (sound) emission. This study will be the topic of Chapt. 5.

For completeness, we note that the fast initial decay of the population imbalance in

the dissipative regime is a very distinct physical process to the thermal-induced decay of

self-trapping state observed in [84] and qualitatively reproduced numerically in [63]. The

transition from dissipationless to dissipative superflow is a fundamental topic in its own
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(a)
(b)

(c) (d)

Figure 1.6: M. Abad et al. [83]: (a) The spherical Josephson junction geometry. (b) The time
evolution of the population imbalance (upper subplot) and the BEC velocity (lower subplot) along
x-axis from numerical Gross-Pitaevskii equation (the black lines) and the two mode model results
(dashed red lines). (c)-(d) The 2D phase snapshots of the upper plane (y > 0) for z = 0 at
t = 16.6ms (c) and at t = 17.6ms (d). Adapted by permission from EPL.

right, whose understanding and control are central to any potential Josephson junction

application to atomtronics.

1.4.1 Analogy with superfluid Helium

In superfluid of 4He, the first phase slippage experiments were performed by Avenel and

Varoquaux in 1985 [14], confirming Feynmann and Anderson argument on the phase-

slippage induced resistive superflow through an orifice. Subsequent experiments followed

which gave further insight into the critical velocity for the onset of such vortex (phase-

slippage) induced dissipative phenomena and its dependence on the temperature [85–88].

In this section we give some analogy between the physics of ultracold atoms flowing across

a barrier in a Josephson-like junction (considering the experiment of 6Li at LENS in the

BEC limit of molecules) and the physics of superfluid helium flowing through an orifice

referring to the experiment of Ref. [39], in which the temperature was smaller than su-

perfluid helium transition temperature Tλ. While the experiment of LENS was already

introduced previously, here we start by introducing the experiment of Hoskinson et al. [39]

in 4He. Fig. 1.7 shows their experimental set-up which consists of an inner cylindrical

reservoir which is connected to a flexible diaphragm on which a layer of superconducting

lead has been evaporated. There is an array of 4225 apertures at the bottom of the inner

cell which connects the inner cell to the bath outside the cell. In order to induce a pres-

sure gradient through the array, an electrostatic force is applied between the membrane

and the electrode. The motion of the membrane is an indication of the superfluid flow

acoss the array of apertures. The superfluid healing length ξ is a function of temperature

and for fixed aperture width d the ratio ξ/d changes with temperature. They showed

two cases of strong coupling ξ/d = 0.4 at low temperatures and ξ/d = 1.8 found at a

higher temperature, where the two superfluids are weakly linked. In the first case the

phase-slippage regime was found, while in the second case the analogue of the Joseph-
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Figure 1.7: E. Hoskinson et al. [39]: Schematic figure of the experimental cell, where a pressure
or/and a temperature gradient across the array lead to a chemical potential difference. Adapted
by permission from Springer Nature: Nature [39] [COPYRIGHT] (2006).

son oscillations regime was observed. In our analogy we focus on the first case of low

temperature. According to the Josephson-Anderson relation the relative phase between

the two reservoirs depends on the chemical potential difference as d(∆φ)/dt = −∆µ/~.

In our case of a Josephson junction in a molecular BEC of lithium, the ∆µ is induced

by an initial population imbalance between the two wells, while in superfluid helium the

chemical potential difference can be created by either the presence of a pressure gradient

or by the presence of a temperature gradient across the arrays. The first analogy between

such systems relates to the similarity of the time evolution of quantities such as the left

well population in the case of molecular BEC of lithium and the membrane displacement

x(t) in the case of superfluid 4He. Both such quantities are related to the supercurrent

across the barrier (in the first case) or across the array of apertures (in the second case).

The temporal evolution of x(t) shown in Fig. 1.8(a) is induced by applying a step ∆P

across the array which causes the superfluid to move along the positive axis. The time

derivative of x(t) is related to the superfluid current as I = nAdx/dt, where n, A are the

density and the area of the array respectively. The x(t) presents some ‘kinks’ during its

initial short-time evolution (highlighted by a dashed black box) which happens when a

vortex crosses the orifice, causing the phase to jump by 2π. Interestingly, similar ‘kinks’

related to the phase-slippage and vortex generation are also found in the time evolution

of the BEC population in the left well NL(t) (shown in Fig. 1.8(b)), extracted by our

numerical simulations, in the Josephson junction of BEC of molecules of lithium. In fact,

in Fig. 1.8(b) such ‘kinks’ are present during the initial time evolution of NL(t) (shown

within the black-dashed box) and thus of the population imbalance z = 1− 2NL/N (not

shown here), even though they are less pronounced with respect to the ‘kinks’ present in

the x(t) of the membrane in superfluid 4He. Moreover, also the time derivative of the left

(or right) well BEC population gives the superfluid current across the barrier. This means

that in both cases of superfluid helium and molecular BEC, every time the supercurrent

exceeds a critical value, vortices are nucleated, which cause the superfluid phase to slip

by 2π and thus the superfluid current to jump sharply. During each phase slippage event

the ∆µ decreases towards its equilibrium value and, when ∆µ = 0, the phase-slippage
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Figure 1.8: (a) Hoskinson et al. [39]: Diaphragm position x(t) as a function of time for T − Tλ =
7.4 mK, ξ/d = 0.4 [39] where ξ is the superfluid healing length and d the aperture diameter.
For time evolution until t ∼ 0.07 s, the oscillations of x(t) are driven by phase-slippage and
after that they represent Helmholtz resonator oscillations. Adapted by permission from Springer
Nature: Nature [39] [COPYRIGHT] (2006). (b) The left well condensate particle number time
evolution extracted from our numerical simulations for an atomic ultracold Josephson junction of
6Li molecular BEC. The black dashed-rectangular highlights the presence of ‘kinks’ both on the
x(t) and NL(t) revealing the presence of phase-slippage both in superfluid helium and BEC of
molecules of lithium.

process ceases. After that, for superfluid 4He the x(t) shows higher amplitude oscillations

characteristic of Helmholtz resonance at lower frequency (at t ' 0.07 s) while for the case

of BEC of lithium molecules the population in the left well exhibits harmonic oscillations

around NL = N/2 from which can be extracted the population imbalance z, this performs

oscillations around a zero mean value with the Josephson ‘plasma’ frequency and higher

frequency modes.

The second analogy is related to the profile of the superfluid velocity following its

phase slippage event. Driven by the chemical potential difference, induced by a pressure

gradient for superfluid 4He or by a population imbalance for molecular BEC of lithium, the

superfluid accelerates along the array or the barrier until its maximum velocity exceeds

a critical value and a vortex is generated. The vortex induced phase-slippage causes

the superfluid velocity to jump by a quantised quantity ∆v as the superfluid velocity is

obtained by the phase gradient as v = (~/m)∇φ. This process is schematized in Fig. 1.9(a)

for the case of superfluid 4He but it was first observed experimentally in Ref. [14]. For the

case of lithium, we calculated numerically the density-weighted superfluid velocity along

the radial plane at the barrier center 〈vx〉 as shown in Fig. 1.9(b). The velocity jump ∆v

is less abrupt in the case of lithium due to the initial persistence of the vortex within the

barrier region and it will be analysed in detail in Chap 3.

If there is still a ∆µ present in the system, then superfluid velocity is accelerated

again and another vortex is generated at the aperture or the barrier which causes the

superfluid phase to slip and thus its velocity to jump again by ∆v. This gives rise to a

‘sawtooth-like’ profile of v. The rate of phase slippage is given by νslip = ∆µ/~ following

the Josephson-Anderson relation. In the case of helium, Fig. 1.9(a) [right plot] shows that,

as the critical velocity for vortex-generation becomes smaller at higher T and, following a
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phase-slippage event, the superfluid velocity can even reverse its sign, i.e. its direction, if

the velocity jump ∆v (which is independent of T ) is larger than vc. In the case of lithium,

the results shown are at T = 0 (in Fig. 1.9(b)) but even in that case we observe that after

the first phase slippage events the superfluid velocity becomes slightly negative leading

to flow reversal (i.e. backflow). Apart from similarities, there are also differences such as

the fact that ∆v is the same for all the phase slippage event in helium but in the case of

lithium the first ∆v is larger with respect to the others (as will be described in Chapt. 3).

E. Hoskinson et al. [39] showed also the current-phase relation, where the current

extracted by the time derivative of the membrane displacement was also corrected for the

presence of a small normal flow component and the phase difference was extracted by

the time integration of the chemical potential difference. They showed that in this low

temperature phase-slippage regime the current-phase relation is multivalued differently

from our three dimensional Josephson junction with a barrier width w/ξ = 4 (with ξ the

superfluid healing length) when the current-phase relation in the vortex-induced phase-

slippage regime (that we call the dissipative regime) is single-valued and has a sinusoidal

profile. Similar multivalued current-phase relations were found by F. Piazza et al. [89],

in the study of a Bose-Einstein condensate flowing through a repulsive square barrier in

a one-dimensional geometry, for barrier widths much larger than the BEC healing length

and barrier height much smaller than the chemical potential.

1.5 Role of the thermal cloud

Ultracold atom experiments with Bose gases are performed at a non-zero temperature be-

low the critical temperature, where a condensate co-exists with a cloud of non-condensed

particles. Such non-condensed particles are collectively termed as the thermal cloud. Ex-

perimentally, the total particle density is usually measured and typically the total number

of particles Ntot is kept fixed (within the experimental uncertainities) in the study at dif-

ferent temperatures. For fixed Ntot, in three dimensional ultradilute systems where the

quantum depletion effect is negligible, at T = 0 we can practically consider all the particles

to be in the condensate state while at a finite temperature the system is partly condensed;

the condensate density at the trap center is then reduced and due to the repulsive in-

teractions between the condensate and thermal cloud (for positive scattering length), the

non-condensed particles are concentrated at the edges of the condensate and the total

density is characterised by broader tails with respect to the zero temperature. Moreover,

in the geometry of double-well potential studied throughtout this thesis, the thermal cloud

density has a local peak even at the barrier position where the condensate density has a

local minima. In ultracold bosonic atom experiments it was shown that the presence of

the thermal cloud plays an important role on the damping and the frequency shifts of the
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(b) (c)

Figure 1.9: (a) Hoskinson et al. [39]: Schematic of the 4He superfluid velocity v temporal profile
which initially accelerates until it reaches a critical value vc and a vortex is nucleated causing the
superfluid velocity to drop adruptly by a quantised quantity ∆v. The vortex generation is repeated
with a rate given by the Josephson-Anderson relation and it gives rise to a sawtooth profile. In
the right subplot, corresponding to higher temperature, the critical velocity is such that after the
vortex generation the superfluid velocity reverses even its direction. Figure adapted by permission
from Springer Nature: Nature [39] [COPYRIGHT] (2006). (b) Density-weighted x-component of
the molecular BEC velocity at the barrier [90]. Vertical shaded blue areas denote the maxima of
superfluid velocity when VRs are generated. In the figure is also shown the phase-slippage period
∆tslip = 1/νslip = h/∆µ.

condensate collective excitations in [91–95] or in the dissipative dynamics of topological

defects such as solitons [96], vortex lines [97], vortex lattices [98] or vortex-pairs [99]. Many

theoretical studies were perfomed on characterising the influence of the thermal cloud on

the damping of collective modes [100–109], on the energy dissipation of topological de-

fects [110–117] and on the defect formation, studied both experimentally and theoretically

in [118–124]. Moreover the interaction between the thermal cloud and condensate is of

fundamental role on the thermalization as shown both experimentally and theoretically

in [125–135]. Modelling the dynamics of Bose gases at finite temperature requires the

description not only of the dynamics of the condensate atoms but also the description of

the dynamics of the non-condensate cloud. A full theoretical model would then include

not only the mean-field coupling between the condensate and non-condensed atoms but

also the collisions between the two clouds which result in particle exchange and also the

collisions between thermal particles.

The theoretical model we are using in this thesis is the ‘Zaremba-Nikuni-Griffin’ model

(known also as ZNG model), which was first implemented by Zaremba, Nikuni and Grif-

fin [26–28] (based on the previous work by Kirkpatrick and Dorfman [136–138]). Such

model fully takes into account both the dynamics of the condensate (described by a dis-

sipative Gross-Pitaevskii equation) and of the thermal cloud (described by a Quantum
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Boltzmann equation) in a self-consistent way. The ZNG model is valid for temperatures

T far enough from the critical temperature Tc, both for temperature smaller (typically for

temperatures up to 0.8 − 0.9Tc [139]) and larger than Tc (when it reduces to the kinetic

Boltzmann equation). This also means that the ZNG model can not be used to describe

spontaneous defect formation or the Kibble-Zurek mechanism ([118–123]) which happens

near the critical temperature as it is a symmetry-breaking model. It has been success-

fully implemented to describe three-dimensional homogeneous and inhomogeneous Bose

gas experiments, being in very good agreeement with experimental data on predicting the

collective excitations frequency and damping and explaining the dynamics of topological

defects.

One of the advantageous of using the ZNG model is the fact that it takes into account

the full dynamics of the thermal cloud, which are only approximately included in other

methods such as the ‘classical field method’ [140, 141, 139, 142–144]. In Ref. [135] a

comprehensive description of finite temperature theoretical models, such as classical field

methods and stochastic methods, is given. We must note that the ZNG model is not

valid in two-dimensional systems where the stochastic methods can be used instead [145,

146, 143, 144, 139]. While a more detailed description of the ZNG model will be given in

Chapt. 2, here we briefly describe the collisionless and collisional regime and its successful

description of experimental results.

Depending on the collision rate or collision mean free path, two different regimes can be

obtained: the collisionless regime where the mean-field effects dominate, and the collisional

(or hydrodynamic) regime where collisional effects dominate instead. In the collisionless

regime the collision time is much larger than the period of collective modes. In such a

regime, the collisions can be treated perturbatively. In fact, to lowest approximation, the

effect of collisions could be ignored. Moreover, the Landau damping mechanism (that

originates from the interaction of a thermal excitation with the collective condensate exci-

tations , with the thermal excitation being transfered to higher energy modes) and Beliaev

damping (that is due to the creation of two thermal excitations by the absorption of a

quantum of condensate collective oscillation) terms are already included within the col-

lisionless ZNG. Moreover, it also includes the mutual ‘dragging’ between the condensate

and thermal cloud. However, a complete description of the system would require the ex-

plicit treatment of collisions, which for example enhance the damping of collective modes

or take into account the particle exchange between the two subsystems.

Many ultracold atoms experiments are in the collisionless limit due to their low density

(differently from helium) and the ZNG collisionless limit gives results that are in quanti-

tative agreement with the observed temperature-dependent frequency and damping of the

many kinds of collective modes that can be excited in ultracold Bose gases. In the colli-

sional, or hydrodynamic, regime instead the collisions between thermal particles are very
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frequent; the system enters into a state of local hydrodynamic equilibrium [28] and it can

be thus described in terms of few local (dependent on position and time) hydrodynamic

variables such as the chemical potential, the local density, the temperature, the velocity

and the pressure. The presence of collisions is essential when describing the condensate

growth [134] from a partially condensed initial state and the ZNG model can even give

an accurate description of the condensate growth once a small condensate seed is present,

but the Stochastic Gross-Pitaevskii equation SGPE is much better suited to this. Further-

more, it can be demonstrated [28] that the collisional ZNG model leads to the two-fluid

model which was fistly derived for superfluid 4He (characterised by high density and thus

very frequent collisions). Few experiments have been performed in the collisional limit or

crossover [96, 147].

An important test of the validity of a theoretical model describing finite temperature

Bose gases is its ability to reproduce the dipole modes, that are also known as Kohn

modes [148]. In order to excite the dipole mode, the condensate and the thermal cloud

are initially shifted in opposite direction with respect to each other (by e.g. one harmonic

oscillator length) and then the two subsystems start an oscillation out of phase, damping

each other’s oscillation. However the total center of mass, which is decoupled from the

internal degrees of freedom, exhibits undamped oscillations at the trap frequency indepen-

dent of the temperature of the system. The success of the ZNG model stands in its ability

to describe both collisionless experiments and to reduce to the two-fluid model of 4He in

the collisional limit [27, 26, 149–152]. In describing ultracold atoms experiments, the colli-

sionless ZNG model found excellent agreement with experimental data in the prediction of

the collective mode frequencies and damping values [153, 105]; in describing theoretically

the dissipative dynamics of macroscopic excitations where in the study of dark solitons

in [110] the authors numerically reproduced the stages of the decay of dark solitons ob-

served experimentally in Ref. [96] and in the study of the dynamics of vortex lines at finite

temperature in [112, 115], the papers reproduce experimental findings [97, 98, 154, 155].

In the context of vortices, the thermal cloud becomes ‘trapped’ at the vortex core; some

examples of the condensate and thermal cloud density in the presence of a vortex ring are

shown in Fig. 1.10 for our case of a three-dimensional Josephson junction. The condensate

density is minimum at the vortex core while the thermal density achieves its local maxima

and it surrounds the condensate density. Recently the ZNG model was generalized to two

component Bose gases in [156–158].

Given the success of the collisionless ZNG model in predicting condensate collective

mode frequencies and damping rates, our study in Chapt. 6 on the oscillation frequencies

of the condensate population imbalance, characterising the dynamics of the condensate

flowing through a barrier in a three-dimensional elongated Josephson junction, is per-

formed mostly in the collisionless limit. For completeness the effect of collisions is also
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Figure 1.10: Density profile along the transverse yz plane at the x axis vortex position of the
condensate (left subplot) and thermal cloud (right subplot) in an elongated three-dimensional
Josephson junction (with x axis the long axes) for barrier height V0 = 67.2~ωx ' 0.6µ (a) and for
V0 = 46~ωx ' 0.4µ (b). The numerical data are for initial imbalance larger than a critical value
for the onset of the dissipative regime and at temperature T' 0.53Tc. The axis values are scaled
to the harmonic oscillator length along x axis, lx = 7.5µm. The density in each plot is rescaled to
the maximum density.

considered, but not to such extent as the collisionless study. Our numerical simulations

in the collisionless limit found very good agreeement with the experimental data (for the

experimental low temperature T ' 0.3Tc) as shown in Chap. 4 and in Ref. [90]. By using

the ZNG model in the collisionless limit, we also qualitatively explained the experimen-

tal observation of off-center vortices showing that the presence of the thermal cloud, even

though a small fraction of the total atom number, drifts the vortex ring off-center making it

decay into single long off-center vortex line when the vortex ring approaches the boundary.

The study of the effect of the thermal cloud on the BEC dynamics in a 3D Josephson-like

junction, in particular on the decay of the Macroscopic Quantum Self-trapping, was also

performed in Ref. [63] where they used the stochastic Gross-Pitaevskii equation where the

system wavefunction is split into low energy and highly occupied modes and much less

occupied high energy modes.
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1.6 Thesis overview and collaborations

Here, we briefly describe the main topics in the rest of this thesis and highlight the

contribution of our collaborators.

Chapt. 2: Theoretical model describing ultracold bosonic Josephson junction

In Chapt. 2 we introduce the theoretical models at zero and finite temperature we use to

study the transport properties of a Bose-Einstein condensate across a barrier in a three-

dimensional Josephson junction. This chapter starts with the introduction of the the

Gross-Pitaevskii equation which models the dynamics of BEC at zero temperature. Then

we introduce the concept of critical velocity in a superfluid by following the Landau and

Feynman argument. This is followed by a brief description of some of the properties of

topological defects in general and of vortex rings in particular. Subsequently, we focus

on the two-mode model [59, 61] and on a microscopic description based on the tunneling

Hamiltonian [65] of the dynamics of two-weakly coupled BECs. In order to describe

the BEC at finite temperature we use the ‘Zaremba-Nikuni-Griffin’ model which solves

the dissipative Gross-Pitaevskii (describing the condensate) and the quantum Boltzmann

equation (describing the thermal cloud) self-consistently [28, 26, 27].

Part II : Dynamical regimes and vortex dynamics in an atomic Josephson-

Junction

In Chapt. 3 we show our numerical results on the study of the dynamical regimes for the

experimental parameters of 6Li experiment at LENS in Florence [49, 20], which we model

in the limit of Bose-Einstein condensates of molecules of lithium. For the experimental

range of parameters the Josephson ‘plasma’ and dissipative regime are found. We extract

the critical parameters such as critical imbalance and critical current defining the transi-

tion from dissipationless to dissipative regime. Our study is done mainly in the dissipative

regime where vortex rings are generated. We show that the vortex ring nucleation causes

the condensate relative phase to jump locally by 2π and that the condensate velocity ex-

hibits ‘sawtooth-like profile’ similar to the mechanism of phase-slippage found in superfluid

helium. We then give a detailed description of the vortex ring dynamics and its connection

to macroscopic quantities such as population imbalance and superfluid current. Further

insight into the dissipation mechanism is also given by the study of two of the components

of the kinetic energy; the incompressible kinetic energy Eik, and the compressible kinetic

energy Eck. We show that the dissipation originates not only from the kinetic energy trans-

fer from the superfluid flow to the swirling velocity of the nucleated vortex rings but also

from the phonon emission arising during vortex ring early stage dynamics.
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In Chapt. 4 we show the direct comparison between our numerical simulations and ex-

perimental results from 6Li experiments in the BEC limit. We find very good agreement

with the experimental data not only on the value of the critical imbalance and current,

but also in the dynamics of the population imbalance both in the Josephson ‘plasma’ and

dissipative regime at small temperature by using the ZNG model in the collisionless limit.

Moreover, we show that the experimental protocol of barrier removal is an efficient method

for producing vortices with longer lifetime and larger radius than the case when the barrier

is kept on, such that they can be experimentally observed. The thermal fraction in the

experiment is small and it does not have any significant effect on the population imbalance

dynamics but we show that it strongly influences the post-generation vortex ring dynamics.

The main results of Chapt. 3 and Chapt. 4 are included in the paper:

‘Critical Transport and Vortex Dynamics in a Thin Atomic Josephson Junction’

K. Xhani, E. Neri, L. Galantucci, F. Scazza, A. Burchianti, K.-L. Lee, C.F. Barenghi, A.

Trombettoni, M. Inguscio, M. Zaccanti, G. Roati, and N.P. Proukakis

Phys. Rev. Lett. 124, 045301 (2020)

and in the review ‘State of the art and perspective on Atomtronics’ submitted to AVS, in

the section:

‘Phase Slips Dynamics Across Josephson Junctions’

A. Minguzzi, A. Perez-Obiol, J. Polo, N. Proukakis, K. Xhani

arXiv:2008.04439

Part III : Beyond the experiment

In Chapt. 5 we give the full phase-diagram for a three dimensional Josephson junction

exploring barrier heights and widths beyond the experimental parameters. We show that

even in the elongated trap geometry, where only the Josephson ‘plasma’ and dissipative

regimes were observed experimentally [49, 20], the Macroscopic Quantum Self-Trapping

regime (predicted by Smerzi et al. [59]) can be achieved for larger barrier widths, or larger

barrier heights with respect to the parameters explored in the experiments [49, 20]. We

then show the full phase diagram by characterising the three regimes; Josephson ‘plasma’,

dissipative and MQST regimes. The role of the vortex ring dynamics and phonon modes

on the transition from the dissipative to MQST regime is also shown. We also consider

the case of the spherical trap where only the MQST regime was found [83] and show that

a dissipative regime can be found where there are generated vortex rings which can even-

tually propagate into the superfluid. Our work shows that all the three dynamical regimes

can be found for general three-dimensional geometry.
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Part of this chapter results are included in the paper :

‘Dynamical Phase Diagram of Ultracold Josephson Junctions’

K. Xhani, L. Galantucci, C. F. Barenghi, G. Roati, A. Trombettoni, N. P. Proukakis

New J. Phys. 22, 123006 (2020)

Part IV : Finite temperature effects

In Chapt. 6 we analyse the oscillation frequencies and damping rates of the condensate,

thermal and total population imbalance as a function of the temperature with our analysis

focused mainly on the collisionless regime. In the Josephson ‘plasma’ and in the dissipative

regimes we show that at low temperature the thermal cloud follows the condensate while

at high temperature the thermal cloud has its own motion over the barrier (for kBT & V0)

and thus ‘drives’ the condensate. Moreover in the limit of high temperature, where the

thermal cloud has a significant contribution to the total imbalance, the latter exhibits

beating and damping. The MQST regime is also studied (to lesser extent) and is found to

be highly unstable against the thermal cloud, with the results even somewhat dependent

on each individual stochastic realization. The effect of collisions on the main component

of the condensate and the total imbalance is also shown. We also discuss the effect of the

thermal cloud on the vortex ring nucleation and dynamics both in the collisionless and

collisional limit.

Results presented in this chapter are included in the draft manuscript:

‘Dissipation in a Finite Temperature Atomic Josephson Junction’

K. Xhani and N. P. Proukakis (in preparation).

intended for submission on Phys. Rev. A.

Studies in Chapt. 3 and 4 –already published in Phys. Rev. Lett. 124, 045301

(2020)– have been achieved in collaboration with my supervisor N. P. Proukakis and with

contribution from theorists L. Galantucci, K. -L. Lee and C. F. Barenghi (Newcastle)

and A. Trombettoni (SISSA, Trieste) and the experimental group at LENS: G. Roati,

F. Scazza, M. Zaccanti, E. Neri, A. Burchianti and M. Inguscio. In particular, tracking

of the vortex ring dynamics and the decomposition of the kinetic energy components are

obtained by using the codes written by L. Galantucci and the results at finite temperature

are achieved by using the code written by Kean Loon Lee. Both codes were adapted for our

geometry and parameters. Moreover L. Galantucci and C. F. Barenghi have significantly

contributed to the undertanding of the vortex ring dynamics in such an inhomogeous 3D

constricted superfluids and on the investigation of the origin of dissipation of Josephson

oscillations; M. Zaccanti provided his calculation of the second order term in the current-
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phase relation for our trap [159] based on the paper of Ref. [65] and contributed on its

interpretation; A. Trombettoni contributed to the interpretation of the validity of two-

mode model. The experimental group lead by G. Roati contributed by sharing their

experimental results and helping with interpretations through fruitful discussions. In

particular, we are thankful to G. Roati for his support during the second part of my PhD

in Florence, being so in close contact with his group and to F. Scazza for his help on the

editing of the main figures of our paper Phys. Rev. Lett. 124, 045301.

Chapt. 5 includes studies in collaboration with L. Galantucci, C. F. Barenghi, G.

Roati, A. Trombettoni and with my supervisor N. P. Proukakis and these studies have

been recently published in the paper ‘Dynamical Phase Diagram of Ultracold Josephson

Junctions’, New J. Phys. 22 123006 (2020). In particular, L. Galantucci provided us his
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Chapter 2

Modeling an ultracold bosonic

Josephson junction

2.1 Theoretical description of finite temperature Bose-Einstein

condensates

Experiments are performed at finite temperature where the condensate cloud co-exists with

a non-condensate part. A complete theory must take into account not only the mean-field

interaction between the condensate and thermal cloud but also the coupling deriving from

collisions between the condensate and thermal atoms and also between thermal particles

which gives rise to a redistribution of particles within the thermal cloud. In the limit

of dilute weakly interacting Bose-gases, such that the ‘diluteness parameter’ na3 � 1,

where n is the gas density and a the atomic s-wave scattering length, the binary collisions

between two atoms dominate and thus a system composed of N bosons can be described

by the Hamiltonian ([28, 135]):

Ĥ =

N∑
i=1

Ĥ0(ri) +
1

2

N∑
i,j=1

V̂ (ri, rj). (2.1)

Here Ĥ0(ri) is the single-particle Hamiltonian while V̂ is the two-body interaction po-

tential and the factor 1/2 is added in order for the interactions between a pair of atoms

to be counted once. The Bose gas evolution is described by the N -body wavefunction

ψ(r1...rN , t) which satisfies the Schrödinger equation:

i~
∂

∂t
ψ(r1...rN , t) = Ĥψ(r1...rN , t). (2.2)

This equation is difficult to be solved directly for a large number of particles as it
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requires to track each particle at each individual position and each energy level. Thus,

instead of using the ‘first-quantized’ coordinate representation Eq. (2.2) a different ap-

proach is used, which consists of expanding the system wavefunction in the ‘occupation

number’ basis |n1...n∞〉 and it is called ‘second quantization’ approach. This new rep-

resentation consists of writing the wavefunction as the sum
∑

n1..n∞
c(n1...n∞)|n1...n∞〉,

where c(n1...n∞) are the expansion coefficients with nj the number of particles in each

state with energy εj . The expansion coefficients are normalized such that the probability

to find the particle somewhere is one, and they are symmetric under the exchange of two

quantum numbers. Even though this basis is infinite, for a bosonic system of fixed total

particle number N there are a maximum of N -states populated while the others are not

occupied. The expansion coefficients describe the process of particles moving within the

accessible energetic states. Such processes can be described in terms of the single-particle

annihilation, âi and creation â†j quantum operators, which describe the destruction of a

particle in state |i〉 and the creation of a particle in state |j〉. The single-particle anni-

hilation and creation operators satisfy the bosonic commutation rules. However, in the

occupation number representation a linear combination of single-particle operators is used

instead, defined as

Ψ̂(r, t) =
∑
i

âi(t)φi(r, t),

Ψ̂ †(r, t) =
∑
i

â†i (t)φ
∗
i (r, t),

(2.3)

where the sum is over all single-particle states. The operators Ψ̂(r, t) and Ψ̂ †(r, t) are

termed ‘field’ operators and they are the annihilation and creation operators respectively

for a particle at the position r at time t. These operators satisfy the commutation relations

for bosons [
Ψ̂(r, t), Ψ̂ †(r′, t)

]
= δ(r− r′), (2.4)[

Ψ̂(r, t), Ψ̂(r′, t)
]

= 0, (2.5)[
Ψ̂ †(r, t), Ψ̂ †(r′, t)

]
= 0. (2.6)

The transition from the coordinate to the occupation number representation is obtained

by the following transformation of Eq. (2.1):

N∑
i=1

Ĥ0(ri)→
∫
drΨ̂ †(r, t)Ĥ0Ψ̂(r, t), (2.7)
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and
N∑

i,j=1

V̂ (ri, rj)→
∫ ∫

drdr′Ψ̂ †(r, t)Ψ̂ †(r′, t)V (r− r′)Ψ̂(r′, t)Ψ̂(r, t). (2.8)

The single-particle operator Ĥ0 is the sum of the kinetic operator−~2∇2/2m, withm being

the particle mass, and the external trapping potential Vext(r): the latter is an harmonic

potential in many ultracold atoms experiments. Thus the system total Hamiltonian can

be written as

Ĥ =

∫
drΨ̂ †(r, t)

[
− ~2

2m
∇2 + Vext(r)

]
Ψ̂(r, t)

+
1

2

∫ ∫
drdr′Ψ̂ †(r, t)Ψ̂ †(r′, t)V (r− r′)Ψ̂(r′, t)Ψ̂(r, t),

(2.9)

which takes into account both thermal and quantum fluctuations.

The interaction term 2.8 involves two particle states which after colliding are redis-

tributed between two new particle states. In the limit of dilute Bose gases, and for low

temperatures such that only elastic s-wave scattering between atoms is considered, the

interaction potential has a contact-like form V (r− r′) = gδ(r− r′) where g = 4π~2a/m is

the effective interaction strength. In Eq. 2.1 describing the time evolution of the system,

the time dependence comes in the state vector, while the operators are time-independent:

this is called the ‘Schrödinger picture’. However here we follow the Heisenberg picture,

in which the time dependence appears in the operators while the state vectors are time-

independent.

The system dynamics is then described by the Heisenberg equation of motion for the

field operator Ψ̂(r, t):

i~
∂

∂t
Ψ̂(r, t) =

[
Ψ̂(r, t), Ĥ

]
. (2.10)

After substituting the second-quantizated Hamiltonian in the above Heisenberg equation

of motion we obtain:

i~
∂Ψ̂(r, t)

∂t
=

[
− ~2

2m
∇2 + Vext(r) + gΨ̂ †(r, t)Ψ̂(r, t)

]
Ψ̂(r, t). (2.11)

In a Bose-Einstein condensate the lowest energy state φ0 becomes macroscopically occu-

pied with its occupation number n0 ≡ N0 � 1 and the Bose-field operator can be written

as the sum of two terms

Ψ̂(r, t) = ψ̂(r, t) + δ̂(r, t), (2.12)

with the first one being the field operator for the condensate (corresponding to the anni-

hilation operator for atoms in the condensate state) and the second one is the fluctuation

operator. This separation is equivalent to the separation of zero-momentum modes for
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BEC in a homogeneous system [28]. The operator δ̂ can include thermal atoms or quantum

fluctuations or atoms in higher energy states due to interactions. The two operators can be

expressed in a basis {φ0, φi} as ψ̂(r, t) = â0(t)φ0(r, t) and δ̂(r, t) =
∑

j 6=0 âj(t)φj(r, t). The

number of particles in the condensate state is found by the action of the operator number

N̂0 = â†0â0 on the condensate state with N0 particles, i.e. N̂0|N0〉 = N0|N0〉. Knowing

that (1/N0)(â0â
†
0 − â†0â0)|N0〉 = (1/N0)|N0〉 in the limit of large condensate number the

1/N0 −→ 0 and thus the annihilation and creation single-particle operator can be con-

sidered approximately as commuting. Thus one can make the Bogoliubov approximation

[160] and substitute â0 with
√
N0. The condensate operator in Eq. (2.12) is then replaced

by
√
N0φ0(r, t) which we call ψ(r, t) and thus

Ψ̂(r, t) = ψ(r, t) + δ̂(r, t). (2.13)

Here, ψ(r, t) is termed the condensate wavefunction. By making this decomposition the

condensate wavefunction has a fixed phase, which ‘breaks’ the symmetry of the Hamilto-

nian, which itself is invariant under a gauge trasformation in the phase of the Bose-field

operator as it depends on equal number of annihilation and creation operators 2.9. As the

phase and the total particle number are canonically conjugated variables, the symmetry

breaking leads to the non-conservation of the total number of particles. However, this

approach is good in the limit of large particle number. The condensate state is thus de-

scribed by a classical field whose value is given by the ensemble average of the Bose-field

operator, i.e. ψ(r, t) = 〈Ψ̂(r, t)〉. We must note that even though we identify ψ(r, t) as

the condensate state this can include also system excitations as long as their occupation

number is large, i.e. nj � 1. The fluctuation operator, also called the non-condensate

operator, is instead taken to have a zero average value 〈δ̂(r, t)〉 = 0. It arises in general

due to both quantum and thermal fluctuations. In 3D systems and even at T = 0 the

quantum depletion is proportional to the square root of the ‘diluteness parameter’
√
na3

[34] which in ultracold atom experiments takes a small value and thus in 3D systems

(which is the case we study in all this thesis) the fluctuation operator can be identified

with the thermal cloud operator. We also note that in lower dimension geometries the

quantum fluctuations can become important and new physics is found [161].

2.1.1 The limit of zero temperature: Gross-Pitaevskii equation

In the limit of zero temperature, all the particles occupied the condensate state which

becomes macroscopic. Ignoring the fluctuation operators and altogether taking the en-

semble average of Eq. 2.11, we obtain the well-known Gross-Pitaevskii equation (GPE)

[162–164]:

i~
∂ψ(r, t)

∂t
=

[
− ~2

2m
∇2 + Vext(r) + g|ψ(r, t)|2

]
ψ(r, t). (2.14)
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Due to the presence of the nonlinear interaction term g|ψ(r, t)|2 this equation is also

called the non-linear Schrödinger equation. In ultracold atomic experiments with fermions,

thanks to the presence of the Feshbach resonance (described in Sect. 2.2), at certain values

of the magnetic field (called BEC limit of the Feshbach resonance) atom pairs tightly bind

together and form molecules; for temperatures lower than a critical one these molecules

exhibits Bose-Einstein condensation (see Sect. 2.2 for more details). The dynamics of

molecular BEC is still described by the GPE with the only difference that the molecular

scattering length is aM ' 0.6a [165] and the atomic mass m is substituted by the molecular

mass M = 2m.

The equilibrium solution and the Thomas-Fermi approximation

The equilibrium state is found by the substitution of ψ(r, t) = e−iµtψ(r) in the GPE,

where µ is the chemical potential, related to the energy cost for adding or removing a

particle from the condensate. For temperature smaller than the critical temperature for

condensation, the chemical potential is equal to the ground-state energy to within terms

of order kBT/N that are small for large N [1]. The ground state wavefunction ψ(r) then

satisfies the so-called time-independent GPE:[
− ~2

2m
∇2 + Vext(r) + g|ψ(r)|2

]
ψ(r) = µψ(r). (2.15)

In the limit of a large number of particles and for repulsive interaction, the nonlinear term

dominates over the kinetic energy term [166]. In this limit and in the regime µ ≥ Vext(r),

the equilibrium condensate density is given by:

nBEC(r) = |ψ(r)|2 = max

{
µ−Vext(r)

g
, 0

}
. (2.16)

This is called the Thomas-Fermi approximation. Ultracold atoms are often confined in a

harmonic trap potential

Vext(r) =
1

2
m(ω2

xx
2 + ω2

yy
2 + ω2

zz
2). (2.17)

In that case, the ground state density has the shape of an inverted parabola and the

half-condensate size along the x direction, i.e. the characteristic length over which the

condensate density reaches zero is given by the Thomas-Fermi radius, RTF =
√

2µ/(mω2
x).

For a molecular BEC the atom mass in the external potential and Eq. (2.15) must be

replaced by the molecule mass M = 2m and, in the Thomas-Fermi approximation, the
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molecular chemical potential is expressed by the formula:

µ =
1

2
~ω̄
(

15NaM
d̄

)2/5

, (2.18)

where ω̄ is the geometric mean of the trap frequencies, N is the total molecule number

and d̄ =
√
~/Mω̄ is the geometric mean harmonic oscillator length.

The hydrodynamic equations

The condensate wavefunction, which is a complex quantity, can be expressed as ψ(r, t) =√
nBEC(r, t)eiφ(r,t) (the Madelung Transformation), with φ being the condensate phase.

After substituting the wavefunction in the GPE equation (Eq. (2.14)) and taking into

account that the superfluid velocity is vBEC(r, t) = ~
m∇φ(r, t), the continuity equation

and the Euler equation for a classical inviscid flow are obtained:

∂nBEC

∂t
+∇ · (nBECvBEC) = 0 (2.19)

and

m
dvBEC

dt
= m

(
∂

∂t
+ v · ∇

)
v = −∇µ0(r, t), (2.20)

with µ0 being the time-dependent chemical potential at T = 0 defined as:

µ0 = − ~2

2m
√
nBEC(r, t)

∇2
√
nBEC(r, t) + Vext(r) + gnBEC. (2.21)

The first term in Eq. 2.21, also known as the quantum pressure term [1, 2], that is derived

by the kinetic energy, takes into account the spatial wavefunction variations within a small

length scale ξ = ~/
√

2mgnBEC called the healing length. The healing length will play a

crucial role in analysing our results as it relates both to the vortex size and the overlap of

the superfluids across a weak link.

Collective Excitations in a Bose-Einstein condensate

The collective excitations of a Bose-Einstein condensate can be found following the Bogoliubov-

de Gennes formalism [160], writing the wavefunction

ψ(r, t) = e−i
µ
~ t[ψ0(r) + δψ(r, t)], (2.22)

for a small perturbation δψ(r, t) above the stationary ground state ψ0(r). The expression

(2.22) for the wavefunction is then substituted into the time-dependent GPE and, as

δψ � ψ0, only the linear term in δψ can be considered; this procedure is known as
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linearization. The solutions of the resulting equation are the collective modes of the

condensate which are found by decomposing the perturbation δψ(r, t) into the sum of

modes oscillating with frequency ωk as

δψ(r, t) =
∑
k

ak[e
−iωktuk(r) + eiωktv∗k(r)], (2.23)

with uk(r) and v∗k(r) the complex amplitude of the k-mode. The substitution of this

expression in the linearized equation leads to two coupled Bogoliubov equations:[
L̂(r) M̂(r)

−M̂∗(r) −L̂∗(r)

][
uk(r)

vk(r)

]
= εk

[
uk(r)

vk(r)

]
, (2.24)

with

L̂(r) = − ~2

2m
∇2 + Vext(r) + 2g|ψ0|2 − µ,

M̂(r) = g|ψ0|2,
(2.25)

and εk = ~ωk the quasiparticle energy of level k. The excitations above the ground

state, which can be considered as dressed particles or quasiparticles. The solutions of

the Bogoliubov equations give the dispersion relation for low energy collective excitations

ω(k). In the case of an homogeneous BEC, the external potential Vext = 0 and the

condensate density n = |ψ0| is independent of the position, one finds µ = g|ψ0| = gn from

the time-independent GPE equation Eq. 2.15. In this case, the Bogoliubov solutions are

plane waves uk(r) = ueik·r and vk(r) = veik·r and their substitution in Eq. (2.24) yields

~ω(k) =

√
~2k2

2M

(
~2k2

2M
+ 2gn

)
, (2.26)

where k is the wavevector of the collective excitations. In the limit of low momenta, the

dispersion relation (2.26) becomes linear in k, i.e. ω = ck and it describes the phonon

excitations, which propagate with the velocity c =
√
gn/M =

√
µ/M known as the speed

of sound. In the opposite limit of high momenta, the dispersion relation reduces to that

of a free particle ~ω = ~2k2/2M .

2.1.2 Critical velocities

One of the most fascinating properties of a superfluid is that it is inviscid due to the

absence of any dissipative interaction of the superfluid with its surroundings. However,

according to Landau [167], there exists a critical velocity such that if the superfluid velocity

with respect to an obstacle exceeds a critical value, then the superfluidity is broken, and
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elementary excitations are generated. This critical value is defined as vLc = min(E(p)/p)

where E(p) is the dispersion relation for elementary excitations with momentum p. Later,

Feynman [13] realized that not only the vorticity is quantised in superfluids but also that

generation of vortices, coming out from an orifice, causes dissipation. Therefore Feynman

proposed that in the presence of an obstacle, the critical velocity for the superfluidity to

break down is set by the nucleation of vortices or solitons which causes phase jumps of 2π,

known as phase-slippage, and that it is smaller than vLc . Following Anderson’s argument

that treated vortices as Landau quasiparticles [14], we could apply the Landau criteria

for the critical velocity defined as the minimum of the ratio E(p)/p. In the case of a

circular vortex ring with radius R, the smallest value of the ratio EVR/PVR, where EVR

and PVR are the vortex ring kinetic energy and impulse (Ref. [14]), is obtained for the

largest possible vortex ring radius. The size of such a vortex ring is set by the transverse

size of the orifice d where it is nucleated. Thus the Feynman critical velocity for vortex

ring nucleation is:

vF '
κ

2πd
ln

(
d

a0

)
, (2.27)

where κ is the quantum of circulation and a0 the vortex core size.

2.1.3 Topological defects

Vortices are interesting phenomena existing in nature, from classical to quantum fluid. In

quantum fluids the vortices are characterised by having quantized circulation in a closed

path C around the vortex core and inside the superfluid, which is defined as:

Γ =

∮
C

v · dl = n
h

m
= nκ. (2.28)

This is a multiple of the quantum of circulation κ = h/m, with the integer n called the

vortex ‘charge’. Here, v is the superfluid velocity, and dl is the line element of the vortex.

There is a phase winding of 2π around the vortex core (for single-charged vortices n = 1)

and in order for the superfluid wavefunction to be single-valued its density must go to zero

at the vortex core. In other words, the superfluidity is locally destroyed at the vortex core.

The size of the vortex core for a trapped condensate is on the order of the local value of

the healing length ξ(r) = ~/
√

2mgn(r). In particular, vortex rings are closed vortex lines.

In classical fluids, vortex rings can be created when the fluid is driven through an

‘orifice’ such as the smoke vortex rings or the vortex rings generated by dolphins. In

quantum fluids, specifically in superfluid helium, Rayfield and Reif in 1964 [168] showed

that ions or electrons during their motion, in the presence of an applied potential, could

generate vortex rings (this was first demonstrated for a Bose gas by Pomeau et al. [169] in

1992). The vortex ring then grows and the electron becomes trapped inside it. Subsequent
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important studies have been performed since then on the dynamics of vortex rings [170–

172].

One way of generating single or multiple vortices in condensates instead is by rotating

the condensate around a symmetry axis with an angular velocity larger than a critical

value, with vortices forming in order for the system to minimize its free energy. Vortices

could be generated also in stirred condensates for rotation frequencies exceeding a critical

value [173] or moving an obstacle, such as a laser, in a condensate with constant velocity

exceeding the critical value, where one or multiple vortex clusters are generated [174]. In

analogy with superfluid Helium, where vortices are generated by accelerating the superfluid

flow through an orifice, vortices in condensates can also be generated by the flowing of

uni-directional accelerated atomic superfluids across a barrier [49, 20, 90]. In the case of

ultracold atoms, the acceleration of the superfluid can be induced by a relative population

imbalance between two reservoirs across a Josephson junction. In the three-dimensional

geometry, which is the case we study in this thesis, vortex rings are generated when

the superfluid velocity maxima exceeds a critical value. This mechanism of vortex ring

generation, whose analogy in the classical world is a smoke vortex gun, represents an

efficient way of producing vortex rings with a nucleation frequency controlled by the initial

relative imbalance.

An example of 2D density profile in the presence of a vortex ring is shown in Fig. 2.1(a),

after substracting the condensate equilibrium density (∆ρ). The superfluid density goes

to zero at the vortex core. Moreover, in such 2D plots, the vortex ring appears as a

vortex-antivortex pair and around each vortex core there is a phase-winding of 2π. A

three-dimensional density plot reveals the presence of the vortex ring shown in Fig. 2.1(b).

2.1.4 Vortex ring velocity and energy

An implicit consequence of the quantization of circulation is that the vortex induced flow

velocity, for a straight vortex line, can be expressed by∮
C

v · dl = κ −→ vω =
κ

2π
ẑ× r̂

r
, (2.29)

where ẑ is the unit vector, r is the distance from the vortex with r > a0, where a0 is

the size of the vortex core size. This means that the velocity around a vortex, as we

approach the vortex core, goes faster and faster until it diverges as r −→ 0. Moreover as

the distance from the vortex is increased, in the limit r −→∞, the vω −→ 0. We consider

single-charged vortices but if the vortex was multiply-charged then n would additionally

appear in Eq. (2.29) with its sign defining the direction of the flow around the topological

defect (i.e. , whether it is clockwise or anti-clockwise). In the presence of a vortex, the
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Figure 2.1: (a) The profile of the condensate density along xy-plane (for z = 0) after substracting
the equilibrium density (∆ρ) , (b) the three dimensional isocontour density plot showing the vortex
ring and (c) the two-dimensional phase profile along xy-plane (for z = 0) around the vortex ring
position (for the corresponding density inside the selected white rectangular in (a)). The lengths
are in units of lx and the densities in units of 1/lx

3, where lx is the harmonic oscillator length
along the x axis equal to 7.5µm.

superfluid velocity v is then the sum of the external applied flow velocity vf and the

vortex-induced velocity: in the context of Eq. (2.29) it leaves the expression unchanged,

as there is an exactly zero contribution of vf to it.

This derivation of the vortex induced velocity (called also swirling velocity or vortical

velocity or vortex self-induced velocity) can be generalized to vortex rings (VR) if the VR

radius is much larger than the VR core. An interesting analogy is that the expression of

Eq. (2.29) reminds us of the expression of the magnetic field generated by a straight wire

(Ampere’s law), where the vortical velocity vω is the analogue of the magnetic field and κ

is the analogue of the current flowing in the wire. Based on this analogy, we can use the

analogue of electrodynamics’ Biot-Savart law for calculating the flow velocity induced by

a vortex ring at a distance r from the vortex core [175], yielding:

vω(r) =
κ

4π

∮
C
dl× r− s(l)

|r− s(l)|3 . (2.30)

Here s is the vortex loop, such that the expression inside the integral gives the contribution

of each infinitesimal vortex element to the total vortex self-induced velocity, and dl = ds

is a vector element along the tangent to the loop that has an infinitesimal length dl, where

l is the arc length of the loop. For a vortex ring in a BEC, the vortical velocity is then
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given by [172]

vω =
κ

4πR

[
ln

(
8R

a0

)
− 0.615

]
. (2.31)

The vortex ring kinetic energy for R� a0 is given by the kinetic energy of the superfluid

flow around the vortex core and is written as

EVR =
1

2

∫
mn(r)v2

ω(r)dr, (2.32)

where m is the mass of the particles and n(r) is the superfluid density. After substituting

for a BEC the expression (2.31) and for R� a0 the vortex ring kinetic energy is given by

[171]

EVR =
1

2
nκ2R

[(
8R

a0

)
− 1.615

]
. (2.33)

For a multiply-charged VR with ‘charge’ n, the vortex ring kinetic energy would have

been proportional to n2, which suggests that the generation of multiple-charged VRs

‘costs’ more energy to the system and they are unstable, decaying into several single-

charged VR. The expression (2.33) suggests that a VR with larger kinetic energy has a

larger radius R and viceversa. Going back to the expression of the vortex self-induced

velocity (2.31) a larger radius means a smaller velocity. Unlike a classical particle, the

more energetic vortex ring has a smaller velocity. The vortex ring velocity and impulse

satisfies the Hamilton’s equation

PVR =
∂EVR

∂vω
, (2.34)

which gives

PVR = nκπR2. (2.35)

For superfluid Helium the expressions for EVR and vω are similar to the ones for an atomic

BEC but they have a different numerical value for the right term inside the parenthesis.

2.1.5 Kelvin-waves excitation

If the vortex ring profiles differ from being circular, due to the presence of the thermal

cloud or trapping potential anisotropy, bending waves are superimposed to the vortex core

[176–178]. These bending waves are described by a dispersion relation ω(k) where ω is

their angular frequency and k is the wavenumber. If RVR is the vortex ring radius, the

mode number m satisfies the relation λm = 2πRVR where λ = 2π/k is the wavelength

of the bending wave. For a Kelvin wave m = 2. In the thin core approximation the

dispersion relation has the expression:

ω±(k) =
κ

2πa0
2

(
1±

√
1 + ka0

Y0(ka0)

Y1(ka0)

)
, (2.36)
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where a0 is the vortex core size and Yn are the Bessel functions of second order in imaginary

argument. This means that there are two solutions of the dispersion relation, one fast

(positive) ω+ and one slow (negative) ω− corresponding respectively to ‘+’ and ‘−’ signs

in Eq. (2.36). The solution ω− defines the Kelvin wave angular frequency, which in the

approximation of ka0 � 1 [178] becomes

ω−(k) ∼ κk2/(4π)[ln(2/(ka0)− 0.5772]. (2.37)

Thus the Kelvin wave period can be found as T = 2π/ω−. The presence of Kelvin wave

modes makes the vortex ring move slower with respect to a circular vortex ring [179, 180].

2.2 Feshbach resonances

An extraordinary property of ultracold atomic gases is the possibility to tune their inter-

action, i.e. the scattering length, by just varying an external magnetic field, thanks to the

Feshbach resonances they present [181]. Consequently, one can study different physical

regimes: BEC and BCS superfluidity, offering the unique possibility to study the crossover

between these two regimes that otherwise is not possible in condensed matter physics.

2.2.1 Basic theory concepts

The simplest model to describe the Feshbach resonance is the two-channel model shown

in Fig. 2.2. In such a model, the Feshbach resonance occurs when the energy E of two

colliding ultracold atoms (which is near zero) becomes equal to the energy of a bound

molecular state, Ec, supported by a closed channel, i.e. a resonant coupling happens

between the entrance channel (known also as open channel) and the closed one. In fact

in Fig. 2.2 two molecular potentials Vbg(R) and Vc(R) are considered, with R being the

interparticle distance, defining the open and the closed channel respectively. For large R

the first potential which is also called the background potential tends to the energy of the

two free colliding particles (ultracold atoms). The second potential instead, Vc, supports

a molecular bound state with energy Ec near the energy of the two colliding particles.

These two channels are characterised by different magnetic moments.

This means that by sweeping a static magnetic field, the open and closed channel

potentials move with respect to each other varying so the energy difference

∆E = Ec − E = ∆ε(B −B0), (2.38)

where ∆ε is the difference between the open and closed channel magnetic moments. At

a certain value of the magnetic field B0, the energy of the closed channel bound state

becomes resonant with the energy of the scattering state (Ec − E = 0) and this is called
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Vbg(R)

VC(R)

EEc

entrance channel or 
open channel

closed channel

Figure 2.2: Two-channel model for a Feshbach resonance [181]: if two atoms colliding at energy E
near zero, representing the entrance or the open channel, couple to a molecular bound state Ec of
the closed channel potential, the Feshbach resonance happens. This figure is made by using the
parameters of Ref. [182].

the Feshbach resonance [181]. At the Feshbach resonance the scattering length diverges

and its expression around the Feshbach resonance is given by [181]:

a(B) = aBG

(
1− ∆

B −B0

)
, (2.39)

with ∆ the width of the resonance and aBG the scattering length corresponding to the

situation where the atoms enter and exit in the open channel (no resonance scattering),

which is associated to the potential Vbg(R). The resonance width ∆ is such that at

B = B0 +∆, the zero crossing of the scattering length (a = 0) is achieved. In our case we

model the experiment of 6Li which presents a broad Feshbach resonance between its two

lowest hyperfine states at the magnetic field of 834G (Fig. 2.3).

Around the Feshbach resonance, if the magnetic field is such that the energy difference

∆E is slightly negative then the energy of the colliding atoms is slightly larger than the

molecular bound state and thus tightly bound fermionic pairs (or dimers) are formed. This

case is characterised by weak repulsive interaction [184, 185, 72], i.e. positive interatomic

scattering length, such that the ratio of the interparticle spacing to scattering length

1/(kFa) → +∞, with kF the Fermi wave vector. Such tightly bound molecules can form

a Bose-Einstein condensate if cooled to temperatures lower than the critical temperature

for their condensation. This limit is also called the BEC limit of the Feshbach resonance

and it is characterised by a critical temperature much smaller than the temperature cor-

responding to pair breaking [184, 185, 72]. Thus for weakly repulsive interaction, for

which nMa
3
M ≈ (kFa/6.5)3 � 1 [72], where aM is the dimer-dimer (or molecule-molecule)
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Figure 2.3: The scattering length in units of Bohr radius a0 between the two lowest hyperfine states
of 6Li as a function of the magnetic field [72]. The Feshbach resonance happens for a magnetic
field value B0 = 834G. The data for building such plot are taken by Ref. [183]. In the inset is
shown a schematic of pairs of fermion size, going from the regime of tightly bound molecules to
the unitarity limit, where the pair size is on the order of interparticle distance, to the BCS limit,
where the size of Cooper pairs-like is much larger than the interparticle distance.

scattering length, and for low temperature near zero, the molecular BEC dynamics can

be described by the time-dependent GPE Eq. (2.14) with the main differences that the

atomic mass m must be substituted by the molecular mass M = 2m and the interparticle

scattering length a must be substituted by the dimer-dimer scattering length aM ' 0.6a

[165]. Usually by molecular BEC regime one refers to the region where 1/(kFa) > 1,

while the region 1/(kF |a|) < 1 is called the crossover. At the Feshbach resonance where

1/(kFa)→ 0 the superfluid is called a unitary superfluid and it is composed of fermionic

pairs which have a size on the order of the interparticle distance. If the energy difference

∆E instead is positive, the regime of weakly attractive interaction is obtained charac-

terised by 1/(kFa)→ −∞ where long-range Cooper-like pairs are formed and the ground

state is the BCS superfluid.

2.3 Modelling the dynamics of a BEC in a double-well po-

tential

A double-well potential is created by superimposing a laser barrier on the harmonic

trapping potential. This barrier can be approximated with a Gaussian profile as Vb =

V0e−2x2/w2
where V0 is the barrier height and w is the barrier 1/e2 width. Therefore the
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external trapping potential becomes

Vext(r) =
1

2
m(ω2

xx
2 + ω2

yy
2 + ω2

zz
2) + V0e−2x2/w2

. (2.40)

Depending on the value of the barrier height with respect to the system chemical potential

the superfluid can flow hydrodynamically through the barrier (if V0 < µ) or it can exhibit

tunneling dynamics across the barrier (if V0 > µ). We note that even in the case of V0 < µ

and in a three-dimensional inhomogeneous system, we could have locally that V0 > µ(r),

where µ(r) is the local chemical potential in the local density approximation and r is

the distance from the origin O(0, 0, 0), and thus the dynamics across the barrier of such

particles distant r from the trap center occurs via tunneling.

2.3.1 Hydrodynamic regime

In Ref. [186], the motion of a BEC in a quasi 1D cigar-shaped harmonic trap was studied

in the presence a single localized Gaussian defect. The BEC motion was induced by a

sudden displacement of the harmonic potential, thus exciting dipole oscillations. In the

absence of the defect the BEC center of mass oscillates with the x axis trapping frequency

ωx. In the limit of small amplitude oscillations, the presence of the defect with V0 � µ

perturbs slightly the center of mass motion leading to a frequency shift:

δωx = − 3V0ξ

8µ3/2

√
mπω2

x, (2.41)

with ξ the healing length at the trap center. For larger amplitude oscillations, when the

BEC maximum velocity exceeds the local speed of sound, gray solitons detach from the

defect, as well as some phonon-like excitations.

2.3.2 Tunneling regime and the Two-mode model

For barrier heights larger than the system chemical potential, the superfluid dynamics

across the barrier can happen only due to tunneling and no hydrodynamic flow is possible.

In this case the system can be visualized as two separate condensates, which have a small

overlap of their respective wavefunctions in the barrier region.

Linear two-mode model

The simplest model to describe such a system is the linear two-mode model [59, 61], in

which the system wave function is written as a linear superposition of the left and right

condensate wavefunctions, i.e.

ψ(~r, t) = ψL(t) · ηL(r) + ψR(t) · ηR(r), (2.42)
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where ψL(t) =
√
NLe

iφL and ψR(t) =
√
NRe

iφR and
∫
ηi · ηjd~r = δi,j with i, j = left,right.

The NR(L) and φR(L) are the particle numbers and the condensate phases in the right and

left well, respectively. The approximation (2.42) is valid if the overlap between the two

condensates in the barrier region is small enough for the nonlinear interaction term to

have negligible effect on mixing the left and right condensate wavefunctions. Moreover by

writing the system wavefunction as Eq. (2.42) we are making the additional approxima-

tion of separating the spatial dependence of the wavefunction from its time dependence.

The expression 2.42 of the wavefunction is then substituted in the time-dependent GPE

Eq. (2.14) and the following equations are obtained:

i~
dψL
dt

= (E0
L + ULNL)ψL −KψR, (2.43)

i~
dψR
dt

= (E0
R + URNR)ψR −KψL, (2.44)

where E0
L(R) are the zero-point energy in each well, UL(R) are the onsite interaction energy

and K is the tunneling energy. The relevant energies are defined as

E0
L(R) =

∫ [
~2

2m
|∇ηL(R)|2 + |ηL(R)|2Vext

]
dr, (2.45)

UL(R) = g

∫
|ηL(R)|4dr, (2.46)

K = −
∫ [

~2

2m
(∇ηL∇ηR) + ηLVextηR

]
dr. (2.47)

If we now define the population imbalance between the two wells as

z(t) =
NL −NR

N
=
|ψL|2 − |ψR|2
|ψL|2 + |ψR|2

, (2.48)

the relative phase ∆φ = φR − φL, and if we rescale the time to a dimensionless quantity

by substituting (2K/~)t −→ t, the system of equations Eq. (2.43)-(2.44) becomes:

dz

dt
=

√
1− z2(t) sin(∆φ(t)), (2.49)

d∆φ

dt
= ∆E + Λz(t) +

z(t)√
1− z2(t)

cos(∆φ(t)). (2.50)

The new quantities ∆E and Λ appearing in the above equation are defined as follows:

∆E =
E0

L − E0
R

2K
+
UL − UR

2K
, (2.51)

Λ =
UN

2K
; U = (UL + UR)/2. (2.52)
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We note that the first equation, Eq. (2.49), defines the Josephson current if Eq. (1.15) is

used, i.e.

I =
dNR

dt
= −dNL

dt
= −N

2

dz

dt
, (2.53)

the system of equations Eq. (2.49)-(2.50) corresponds to the Josephson equations for

bosonic ultracold atoms in dimensionless time. We thus refer to them as Josephson equa-

tions. The Hamiltonian describing the system is given by

H =
Λz2

2
+∆Ez −

√
1− z2 cos(∆φ). (2.54)

The population imbalance and the relative phase are canonically conjugate variables as

they fullfil the condition

ż = − ∂H

∂∆φ
; ∆φ̇ =

∂H

∂z
. (2.55)

For a symmetric double-well potential, there is no energy offset, and thus ∆E = 0. We

will show that the scaled quantity Λ defines the dynamics of the system. For an initial

population imbalance z0 and an initial phase difference ∆φ0 the total system energy is

H(z0, ∆φ0) = Λz2
0/2−

√
1− z2

0 cos(∆φ0).

We consider here the case of zero initial relative phase and the solutions of Eq. (2.49)-

(2.50) are called ‘zero-phase modes’. In the case of small imbalance and phase difference

z,∆φ � 1, the Josephson equations (2.49)-(2.50) can be linearized and the solution con-

sists of small amplitude sinuosoidal oscillations of both the population imbalance and the

relative phase around a zero mean value with a frequency:

ωp =
1

~
√

2UNK + (2K)2. (2.56)

Such a frequency is called ‘plasma’ frequency in analogy with superconductors where NK

is the analogue of tunneling energy EJ and 2U is the analogue of the superconductor

charging energy Ec. If the (2K)2 term is much smaller than the first term then the

‘plasma’ frequency is given by

ωp '
1

~
√

2UNK, (2.57)

and in analogy with superconductors can be written as

ωp '
1

~
√
EcEJ . (2.58)

The Josephson equations Eq. (2.49)-(2.50) remind us of the equations of a classical pen-

dulum with a variable length
√

1− z2 where z is the analogue of the pendulum angular

momentum [59]. In this last analogy the Josephson ‘plasma’ regime would correspond to

the oscillations of the non-rigid pendulum around the equilibrium position, which corre-
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sponds to a pendulum angle equal to zero. As the initial imbalance z0 increases for a

fixed Λ (or alternatively as Λ increases at fixed z0) the population imbalance shows large

amplitude anharmonic oscillations around a zero mean value. For initial imbalance equal

to a critical value z0 = zcr for a fixed Λ or for a value of Λ = Λc for fixed z0, the population

imbalance remains ‘self-locked’ at a non-zero mean value 〈z(t)〉 6= 0, exhibiting small am-

plitude oscillations. This regime is called Macroscopic Quantum Self-Trapping (MQST).

Such condition, expressed as E(z0, ∆φ = 0) = E(z = 0, ∆φ = π) gives the critical value

of Λ for fixed z0

Λc =
1 +

√
1− z2

0 cos(∆φ0)

z2
0/2

. (2.59)

In the case of a fixed Λ but variable initial imbalance, the critical value of the population

imbalance can still be found by Eq. (2.59). For Λ ≥ Λc where the system is in the

MQST regime the self-interaction energy (the first term in the Hamiltonian) exceeds the

tunneling energy (second term in the Hamiltonian). Thus, for z0 < zcr the mean value

of the population imbalance is zero, while at the onset of MQST regime for z0 = zcr, the

mean value of the population imbalance becomes ‘suddenly’ different from zero. If Λ� 1,

Eq. (2.50) for the symmetric double-well potential can be written approximately as

d∆φ

dt
≈ Λz(t). (2.60)

Returning now to the dimensional time leads to

d∆φ

dt
≈ UNz(t) =

1

2
EcNz(t). (2.61)

By comparing with the Josephson-Anderson relation Eq. (1.16) the right hand side of

Eq. (2.61) gives the chemical potential difference ∆µ ≈ UNz(t). In the MQST regime

the population imbalance mean value is almost fixed at the initial imbalance (apart from

small amplitude oscillations around this mean value) so we can write 〈z(t)〉 ' z0 and the

expression (2.61) becomes d∆φ/dt ≈ UNz0. This equation leads to a solution for the

relative phase:

∆φ ' UNz0t, (2.62)

which increases linearly in time; for this reason the MQST regime is also called the

‘running-phase mode’. The time-dependence of the relative phase in the MQST regime

is similar to the superconductor ‘ac’ Josephson effect with the main difference that there

is no population imbalance between the two superconductors, in contrast to the BEC

Josephson junction we considered. Moreover the presence of the nonlinear interaction

term in the GPE is the reason for the presence of the MQST regime in ultracold atoms.

After substituting the expression (2.62) in Eq. (2.50) and returning to the dimensional
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time we obtain:

I = −N
2

dz

dt
' 2K

~
N

2

√
1− z2

0 sin(UNz0t), (2.63)

where the Josephson current depends on the initial population imbalance. However for

z0 � 1 the expression (2.63) becomes

I ' 2K

~
N

2
sin(UNz0t) = Ic sin(UNz0t), (2.64)

(upon defining the critical current Ic = KN/~) thus having a sinusoidal current profile,

characterising the ‘ac’ Josephson effect in superconductors. We also note that Eq. (2.50)

for d∆φ/dt for the symmetric double-well potential and for zero population imbalance

gives a constant relative phase, which when substituted into Eq. (2.49) and taking into

account Eq. (2.53), gives a non-zero constant Josephson current I = Ic sin∆φ; this is the

analogue of the so-called ‘dc’ Josephson current in superconductors.

Nonlinear two-mode model

In the linear two-mode model, upon separating the spatial dependence of the wavefunction

from its time dependence (expression (2.42)), we assume that the density profile of each

condensate does not depend on the number of particles present at the same well at a given

time. However, due to the presence of the nonlinear term in the GPE Eq. (2.14), this

is not generally true [187, 188]. In order to write the two-mode model wavefunction in

a more general form we must thus introduce the dependence of the spatial part on the

particle number, as

ψ(~r, t) = ψL(t) · ηL(r;NL(t)) + ψR(t) · ηR(r;NR(t)). (2.65)

The left and right condensate wavefunctions can be obtained as a superposition of the

wavefunction of the system ground state (spatially symmetric state) and the wavefunction

of the first excited state, which is a spatially antisymmetric state: ηR,L = (ηsymm ±
ηanti)/

√
2. By substituting the expression (2.42) in the time-dependent GPE (2.14) the

following nonlinear two-mode expressions are obtained [187, 188]:

~
dz

dt
= ∆E∓

√
1− z2(t) sin(∆φ(t)), (2.66)

~
d∆φ

dt
= ∆µ−∆E∓

z(t)√
1− z2(t)

cos(∆φ(t)), (2.67)

where ∆µ = µR − µL is the chemical potential difference between the two condensates,

∆E∓ is the difference between the energy of the antisymmetric and symmetric states
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∆E∓ = E− − E+. The full expressions for these energies is given by

E± =

∫ [
~2

2m
(∇η±)2 + Vextη

2
± +

1

2
gNη4

±

]
dr, (2.68)

µR,L =

∫ [
~2

2m
(∇ηR,L)2 + Vextη

2
R,L + gNR,Lη

4
R,L

]
dr. (2.69)

The energy difference ∆E∓ can also be written as ∆E∓ = 2N(K + Nβ) where K is the

so-called tunneling energy in the linear two-mode model defined in Eq. (2.47) while β is

defined as

β = −g
4

∫
η3

RηLdr. (2.70)

In the limit of small population imbalance and relative phase z,∆φ � 1 the chemical

potential can be expressed to first approximation as

µR '
∫
dr

{
~2

2m
(∇η2

R

∣∣∣
NR=N/2

) + Vextη
2
R

∣∣∣
NR=N/2

+ gNRη
4
R

∣∣∣
NR=N/2

}
+
∂µR
∂NR

∣∣∣
N/2

(
NR −

N

2

)
= µ0

R + 2
∂µR
∂NR

∣∣∣
N/2

Nz.

(2.71)

For a symmetric double-well potential, µ0
R = µ0

L and the solution of the linearized equations

Eq. (2.66)-(2.67) consists of sinusoidal oscillations of the population imbalance and relative

phase around a zero-mean value with the ‘plasma’ frequency:

ωp =
1

~

√
∆E

∂µR,L
∂NR,L

+∆E2. (2.72)

The linear two-mode model ‘plasma’ frequency is obtained from the expression (2.72) if

the term Nβ is much smaller than K so that ∆E∓ ≈ 2KN and the onsite interaction

energy is substituted as ∂µR,L/∂NR,L → U . In analogy with superconductors the ∆E

plays the role of EJ/2. The nonlinear two-mode model gives more accurate values of the

tunneling and onsite interaction energy with respect to the linear case for barrier heights

that are not much larger than the chemical potential, as we will show in Chapt. 3.

2.4 Current-Phase relation, beyond two-mode model (mi-

croscopic description)

The study we presented in Sect. 2.3.2, based on the papers of [59, 61, 187], considered

the condensate-condensate tunneling process. Although Ref. [60] estimated the effect of
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normal current that comes from the thermal cloud, their study was based on the mean-

field GPE equation which does not consider the presence of non-condensate states. In this

section we reproduce the key results from the paper of Meier and Zwerger [65] where they

considered higher order terms in the tunneling Hamiltonian, which take into account also

the condensate to non-condensate tunneling processes.

If the two condensates in the left and right wells are weakly coupled, the system Hamil-

tonian can be written as the sum of each condensate Hamiltonian (ĤL and ĤR respectively)

and a tunneling Hamiltonian ĤT ; the latter considered as a small perturbation

Ĥ = ĤL + ĤR + ĤT . (2.73)

The tunneling Hamiltonian describes the particle transfer between left and right reservoirs

and it can be written as ĤT = Λ̂+ Λ̂†, where Λ = −∑l,r tl,râ
†
LâR and tl,r is the tunneling

amplitude. This is based on the introduction of a set of orthonormal eigenstates |l〉 and

|r〉 for left and right well, which decay exponentially in the barrier region.

If the condensate size is much larger than the condensate healing length, then a good

candidate for the |l〉 and |r〉 states are the condensate ground state in each well ψL/R,

found by solving the GPE equation, and a set of excited states, found by solving the

Bogoliubov equations, with wavenumbers k and q for the condensate in the left and right

wells respectively. The set of excited states are orthogonal to the condensate ground

states. In this new basis the transfer Hamiltonian will in general have contributions

from condensate-condensate, condensate to non-condensate and non-condensate to non-

condensate tunneling. Thus, it can be expressed as:

Λ̂ = −tccâ†c,Lâc,R −
∑
k

tkcâ
†
kâc,R

−
∑
q

tcqâ
†
c,Lâq −

∑
kq

tkqâ
†
kâq.

(2.74)

The tunneling Hamiltonian first term describes the condensate to condensate transfer (c-c

term) and its expectation value is 〈φ|ĤT |φ〉 = −EJ cos(φ), where φ = φL − φR is the

relative phase between the two-condensates, and EJ the Josephson coupling energy. The

latter, defined as EJ = 2tcc(N̄LN̄R)1/2 (N̄L/R is the mean particle number in the left/right

well) is positive; it gives rise to an energy gain and favours a relative phase φ = 0 in the

system ground state. The non-dissipative current can be found as

I(φ) = −1

~
∂E(φ)

∂φ
, (2.75)

and its lowest non-zero term is I = Ic sin(φ) with Ic the critical Josephson current defined

from the Josephson coupling energy as Ic = EJ/~. The Josephson current does not depend
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on the number of particles transfered between the two wells because we assume that it is

much smaller than N̄L/R.

The second order energy shift can be calculated by

∆E(2) = −
∑
e

|〈e|ĤT |O〉|2
Ee − E0

, (2.76)

which includes all the possible excited states |e〉 with |O〉 being the ground state. In

order to calculate this second order effect, Ref. [65] follows the derivation in [189] for the

Josephson effect between two BCS superconductors. The condensate to non-condensate

terms (c-nc) involve two possible processes; one is the transfer of a particle from the

condensate state in the right well to a noncondensate (excited) state in the left well and

the second one consists of transferring two bosons from the condensate states in the left

well to two noncondensate states in the left well (k, k̄) and then transferring one of the

particles in non-condensate state in the left well to a condensate state in the right well. It

can be shown [65] that the total c-nc contribution coming from Eq. (2.76) is

∆E
(2)
c−nc =

(
N̄LµR

∑
q

|tcq|2
E2
q

+ N̄RµL
∑
k

|tkc|2
E2
k

)
cos(2φ). (2.77)

Due to its dependence on cos(2φ), the second order term favours a relative phase of π/2

of the coupled condensates. However this term is small compared to the first order term

in the case of weakly-coupled condensates and thus the system ground state has a zero

relative phase.

The non-condensate to non-condensate tunneling Hamiltonian (nc-nc term) phase de-

pendence is given by the expression:

∆E
(2)
nc−nc(φ) = −2

∑
k,q

|tk,q|2
ukvkuqvq
Ek + Eq

cos(2φ), (2.78)

where uk/q and vk/q are the particle and hole amplitude appearing in the Bogoliubov

transformation â†k = ukα̂
†
k−vkα̂k, with α̂†k and α̂k being the quasiparticle creation and an-

nihilation operators respectively. This expression is similar to the analogous one obtained

for superconductors [189] at second order which relates the Josephson coupling energy to

the superconductor gap and normal state conductance if the average transfer amplitude

|tk,q| at the Fermi energy is expressed in terms of the normal state conductance. In weakly

interacting gaseous BEC, the nc-nc term is smaller by a factor proportional to
√
na3 than

the c-nc term, thus it is negligible.

Combining the equations (2.75) and (2.77) leads for the non-dissipative Josephson
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current to second order perturbation theory

I = −Ic sin(φ)− J1 sin(2φ), (2.79)

where the first term comes from the condensate to condensate tunneling term (i.e. from

the first term in Eq. 2.74) with Ic > 0, while the second term originates from condensate

to non-condensate tunneling term and J1 < 0. Specifically, J1 is given by −2/~ times

the expression in parenthesis in Eq. (2.77). The presence of the second-order term means

that the relative phase value at which the current achieves its maximum value is no longer

exactly π/2, as predicted from 1st order perturbation theory, but it is actually shifted to

π/2 + 2|J1|/Ic.
The expression for the current (2.79) is obtained by assuming that the relative phase is

time-independent. In the presence of a non-zero chemical potential difference between the

two condensates, the relative phase is expected to change in time following the Josephson-

Anderson relation dφ/dt = −∆µ/~. If the chemical potential difference is kept fixed

at a non-zero value and it is set externally, the Hamiltonian of the system contains an

additional term ∆µν̂, where ν̂ gives the number of particles transferred between the two

wells. By performing time dependent gauge transformation the ∆µν̂ term is eliminated in

the Hamiltonian, such that the expression for the transfer amplitude contains instead the

term eiφ(t), where φ(t) is determined by the Josephson-Anderson relation. The Josephson

current becomes then

Î = −dN̂L

dt
= i

(Λ̂− Λ̂†)
~

. (2.80)

In the limit where the barrier height is much larger than the chemical potential, the ground

state found by the GPE equation and the excited states given by the Bogoliubov equations

in the local density approximation are a good basis for the diagonalization of the system

Hamiltonian. In this limit, and for a small number of particles transferred, the Josephson

current up to second order takes the form:

I = −Ic sinφ(t) + Jn(∆µ)− J1(∆µ) sin(2φ(t)) + J2(∆µ) cos(2φ(t)). (2.81)

The first term in Eq. (2.81) is in agreement with the first-order non-dissipative current

found in the case for constant relative phase. The second term instead is called the

normal current because it describes a dissipative flow which tends to lower the system

chemical potential and it is independent of the relative phase. The third term depends on

sin(2φ(t)) and was also found in the case of zero ∆µ. Interestingly, there is a fourth term

which depends on cos(2φ(t)) and it has a relative phase of π/2 (out of phase) with respect

to the non-dissipative Josephson contributions. This cos(2φ(t)) is a dissipative current

which tends to vanish for zero ∆µ. Differently from the BCS superconductors where the
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Jn and J2 terms vanish at T = 0 due the presence of an energy gap, the corresponding

terms remain different from zero in Bose gases even at T = 0. All the terms Jn, J1 and

J2 come from the condensate to non-condensate tunneling Hamiltonian. The dissipative

second order terms (Jn and J2) are related to dissipative phenomena even at T = 0,

which tends to lower the chemical potential difference. Note that for ∆µ > 0, the sum

Jn(∆µ) + J2(∆µ) cos 2φ(t) is positive.

We note that the chemical potential in each well depends on the particle number in

each well. In order to take into account such dependence, the ‘charging’ Hamiltonian

U(N̂L− N̂R)2/8 is added to Eq. (2.73) (note that such contribution is the first term in the

Hamiltonian of the two-mode model Eq. (2.54)). This means that the relative phase will

evolve as dφ/dt = ∆µext +Uν where ν = (NL−NR)/2. Ref. [65] obtained the expressions

for each component of the current for a homogeneous system with a rectangular barrier,

which does not vary much over lengths comparable to the healing length. The derivation

of the expressions of the Josephson non-dissipative current for a Gaussian barrier was

obtained in Ref. [159], whose model is used in this thesis in Chapt. 3 and Chapt. 4 to

describe the critical current dependence on the barrier height, which is extracted both

from numerical simulations and from the experimental data of 6Li experiment [49, 20] in

the BEC limit.

Ref. [65] also showed that if the chemical potential difference is much smaller than the

mean value of the chemical potential µ̄ = (µL+µR)/2, then only low energy phonon modes

contribute to Jn and J2. They also demonstrated that the second order non-dissipative

term J1 is small with respect to Ic and that the dissipative current Jn and J2 depends

linearly on ∆µ for ∆µ � µ̄, i.e. J2(∆µ → 0) = Jn(∆µ → 0) = Gn∆µ where Gn is the

normal conductance. The normal conductance is finite even at T = 0 in Bose gases. The

nc-nc terms instead vanish as T 4 making them negligible in the T → 0 limit. Moreover,

the dissipative current could destroy the MQST regime predicted by Smerzi et al. [59].

We also note that the term tcc is the same as the tunneling energy K defined in [59, 61].

2.5 Finite temperature theoretical model: The Zaremba-

Nikuni-Griffin (ZNG) model

In order to study a bosonic system at finite temperature the fluctuation operator in the

Heisenberg equation of motion Eq. (2.10) should not be neglected and so by taking the

equation average the general expression is obtained:

i~
∂ψ(r, t)

∂t
=

[
− ~2

2m
∇2 + Vext(r)

]
ψ(r, t) + g〈Ψ̂ †Ψ̂ Ψ̂〉. (2.82)
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The cubic term 〈Ψ̂ †Ψ̂ Ψ̂〉 (arising due to binary interactions) can be written as:

〈Ψ̂ †Ψ̂ Ψ̂〉 = nBECψ + 2nthψ +mψ∗ + 〈δ̂†δ̂δ̂〉, (2.83)

where nth = 〈δ̂†δ̂〉 is the non-condensate (thermal cloud in our case) density, and m = 〈δ̂δ̂〉
is the pair anomalous density.

The time evolution of the condensate wavefunction is then described by the following

equation:

i~
∂ψ(r, t)

∂t
=

[
− ~2

2m
∇2 + Vext(r) + g(nBEC(r, t) + 2nth(r, t))

]
ψ(r, t)

+ gmψ∗(r, t) + g〈δ̂†(r, t)δ̂(r, t)δ̂(r, t)〉.
(2.84)

In other words, the condensate dynamics is coupled to the thermal cloud dynamics via the

presence of the terms 2gnth, gmψ∗ and g〈δ̂†δ̂δ̂〉. This equation reduces to the GPE equation

Eq. (2.14) in the limit of zero temperature, where all the particles populate the condensate

state (without considering the quantum depletion), and thus the non-condensate operator,

the non-condensate density and the pair anomalous density tend to zero. At T > 0, the

thermal cloud has its own dynamics being described by the Heisenberg equation of motion

for the non-condensate:

i~
∂

∂t
δ̂(r, t) =

[
δ̂(r, t), Ĥ

]
, (2.85)

where δ̂(r, t) = Ψ̂(r, t)− ψ(r, t). This can be expressed as:

i~
∂δ̂(r, t)

∂t
=

[
− ~2

2m
∇2 + Vext(r) + 2g(nBEC(r, t) + nth(r, t))

]
δ̂(r, t)

− 2gnth(r, t)δ̂(r, t) + gψ2(r, t)δ̂†(r, t)

+ gψ∗(r, t)(δ̂(r, t)δ̂(r, t)−m(r, t))

+ 2gψ(r, t)(δ̂†(r, t)δ̂(r, t)− nth(r, t))

+ g(δ̂†(r, t)δ̂(r, t)δ̂(r, t)− 〈δ̂†(r, t)δ̂(r, t)δ̂(r, t)〉).

(2.86)

The appearance of the condensate density and wavefunction in the thermal cloud equation

of motion couples the condensate to the thermal cloud motion, and so the equations

Eq. (2.84)-(2.86) have to be solved self-consistently.

2.5.1 Mean-field coupling: The Hartee-Fock limit

In the first approximation, in Eq. (2.84), only the terms including one annihilation and

one creation non-condensate operator are considered (first order effects): this is known

as the Hartee-Fock limit. In the semiclassical approximation (which approximates the
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(a) (b)

Figure 2.4: (a) The profile of the condensate and thermal cloud density along x direction (for
y = z = 0), in units of the harmonic oscillator length lx = 7.5µm, at T=88nK ' 0.58Tc. (b) The
equilibrium effective potential felt by the condensate (black curve) and by the thermal cloud (red
curve). Both subplots are for the double-well trap with a barrier height V0/µ ∼ 1.

system with a homogeneous gas locally), the kinetic operator −~2∇2/2m is replaced by

p2/2m, where p is the particle momentum, and it represents the kinetic energy of a free

particle. In a trapping potential and in the Hartee-Fock limit, due to the presence of the

condensate and thermal mean-field terms, the energy of a particle becomes (also called

Hartee-Fock ‘dressed’ energies):

ε(r, t) =
p2

2m
+ Vext(r) + 2g(nBEC(r, t) + nth(r, t)). (2.87)

Thus the thermal particles feel an effective potential:

U th
eff(r, t) = Vext(r) + 2g(nBEC(r, t) + nth(r, t)) (2.88)

while the condensate atoms feel an effective potential given by :

UBEC
eff (r, t) = Vext + g(nBEC(r, t) + 2nth(r, t)). (2.89)

Fig. 2.4(a) shows an example of the condensate and the thermal cloud density at

finite temperature in the case of a three-dimensional elongated atomic Josephson-junction

(which is the geometry we mainly consider in this thesis). The densities are along the x

axis (long axis) and are extracted for y = z = 0 (i.e. sliced densities). Fig. 2.4(b) instead

shows the effective potential profile felt by the condensate and the thermal particles for

such double-well potential. Due to repulsive interactions between particles (i.e. g >0) the

thermal cloud feels a larger potential where the condensate density is larger, i.e. is repelled

by the condensate, which means that the thermal particles would have lower density. This

explains why the thermal cloud density has local maxima at the barrier position (where
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the condensate density is minimized) and at the edges of the condensate.

In second approximation, also the quadratic terms containing pairs of non-condensate

annihilation or creation operator, such as the anomalous pair density, are considered in the

equation of motion of the condensate (also called the Hartee-Fock-Bogoliubov approxima-

tion), which can be solved via the diagonalization of its Hamiltonian via the Bogoliubov

trasformation into a quasiparticle basis. Even though considering these quadratic terms

gives a better approximation of the system ground state, it has the problem that the

homogeneous energy spectrum in the limit of zero momentum has a gap, i.e. it does not

go to zero as it should by the Goldstone theorem for a symmetry-breaking theory [190].

Such inconsistency can be avoided by neglecting the anomalous average, as described in

[191, 100, 192, 193]. Moreover by neglecting the terms such as 〈δ̂†(r, t)δ̂(r, t)δ̂(r, t)〉 the

Hartee-Fock-Bogoliubov limit is missing information about the collisions with the thermal

cloud and particle exchange between condensate and thermal cloud.

2.5.2 Beyond Mean-Field theory: The Zaremba-Nikuni-Griffin model

In the Zaremba-Nikuni-Griffin formalism the triplet term 〈δ̂†(r, t)δ̂(r, t)δ̂(r, t)〉 which counts

for particle exchange is considered but the pair anomalous average contribution is neglected

(called also ‘Popov’ approximation) [28, 27]. However, the role of the pair anomalous av-

erage is partly taken into account in the implicit manner in the particle-exchanging colli-

sions terms. By substituting the Madelung trasformation of the condensate wavefunction

in Eq. (2.84) the hydrodynamic equations are obtained:
∂nBEC
∂t +∇(nBECvBEC) = 2g

~ Im[ψ∗〈δ̂†δ̂δ̂〉] ≡ −Γ12(r, t),

mdvBEC
dt = −∇µBEC(r, t) = −∇(µ0(r, t) + 2gnth(r, t)),

(2.90)

where Γ12(r, t) is the particle-exchange term (which will be described in the following

section), µBEC(r, t) is the time-dependent chemical potential at finite temperature, while

µ0(r, t) is the chemical potential at T = 0 when only the condensate is present, and it is

defined in Eq. (2.21), and thus:

µBEC(r, t) = −~2∇2
√
nBEC(r, t)

2m
√
nBEC(r, t)

+ Vext(r) + gnBEC(r, t) + 2gnth(r, t). (2.91)

Equivalently to the hydrodynamic equations Eq. (2.90) and Eq. (2.91) we solve the time-

dependent dissipative Gross-Pitaevskii equation on the condensate wavefunction:

i~
∂ψ(r, t)

∂t
=

[
− ~2

2m
∇2 + Vext(r) + g(nBEC(r, t) + 2nth(r, t))− iR(r, t)

]
ψ(r, t), (2.92)
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where R(r, t) ≡ ~Γ12/(2nBEC) is the dissipative or source (or ‘growth’) term which is of

second-order in the interaction strength, i.e. depends on g2. Such a term facilitates the

condensate number to change in time due to particle exhange with the thermal cloud. The

corresponding equation for the thermal cloud is:

i~
∂δ̂(r, t)

∂t
=

[
− ~2

2m
∇2 + Vext(r) + 2gntot(r, t)

]
δ̂(r, t)

− 2gnth(r, t)δ̂(r, t) + gψ2(r, t)δ̂†(r, t)

+ gψ∗(r, t)(δ̂(r, t)δ̂(r, t)−m(r, t))

+ 2gψ(r, t)(δ̂†(r, t)δ̂(r, t)− nth(r, t))

+ g(δ̂†(r, t)δ̂(r, t)δ̂(r, t)− 〈δ̂†(r, t)δ̂(r, t)δ̂(r, t)〉),

(2.93)

where ntot = nBEC +nth is the total density. Such kinetic formalism, originally developed

by Kirkpatrick and Dorfman [136–138] in the 1980s, was subsequently extented to an

inhomogeneous partly-condensed bosonic gas by Zaremba-Nikuni-Griffin [26, 28, 27].

The Zaremba-Nikuni-Griffin model is based on describing the system in terms of

the Wigner distribution function f(p, r, t) [194] which for an atom at position r with

momentum p at time t is defined as the expectation value of the Wigner operator,

i.e. f(p, r, t) = 〈f̂(p, r, t)〉. The Wigner operator is related to the non-condensate op-

erator as:

f̂(p, r, t) =

∫
dr′eip·r/~δ̂†

(
r +

r′

2
, t0

)
δ̂

(
r− r′

2
, t0

)
. (2.94)

Thus the thermal density is obtained as:

nth(r, t) =

∫
dp

(2π~)3
f(p, r, t). (2.95)

The expectation value of the Wigner operator can be found from the trace of 〈f̂(p, r, t)〉 =

Trρ(t, t0)f̂(p, r, t) where ρ(t, t0) is the density matrix that satisfies the equation:

i~
dρ(t, t0)

dt
= [Ĥeff(t), ρ(t, t0)]. (2.96)

The effective potential Ĥeff is the sum of the unperturbed Hartee-Fock hamiltonian Ĥ0
HF

and the perturbative hamiltonian Ĥ ′(t) where:

Ĥ0
HF(t) =

∫
drδ̂†

(
−~2∇2

2m
+ U th

eff(r, t)

)
δ̂, (2.97)

and Ĥ ′ takes into account the multiple non-condensate operator terms described in [195,

28, 27]. From the kinetic theory of gases, the time evolution of the distribution function
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f(p, r, t) in an external field Ueff(r, t) is described by:

df

dt
=
∂f

∂t
+ v · ∇rf − (∇rU

th
eff) · (∇pf), (2.98)

where∇r and∇p indicate the spatial and momentum gradients. In the case of no collisions

df/dt = 0, and this is the Liouville equation. In the presence of collisions instead, the rate

of temporal change df/dt is given by the collisional integral C[f ]. Taking into account

that
df(p, r, t)

dt
=

1

i~
Trρ(t, t0)

[
f̂(p, r, t), Ĥ ′(t)

]
, (2.99)

the ‘Quantum Boltzmann equation’ [126, 196] is obtained for the Wigner distribution

function:
∂f

∂t
+ v · ∇rf − (∇rU

th
eff) · (∇pf) = C12[f, ψ] + C22[f ]. (2.100)

Here, the first collisional term includes the collisions between the thermal and condensate

particles which cause particle transfer between the two subsystems, while the second term

includes collisions between the thermal particles which re-distributed the thermal atoms

between the single-particle states. The destruction of a particle in the state i is given by the

single-particle distribution function fi ≡ f(pi, r, t) while the inverse process of the creation

of a particle in the state i is described by a statistical factor of (1+fi). In the semiclassical

approximation, the thermal excitation spectrum is given by εi = p2/2m + U th
eff(r, t). By

considering only binary collisions, the collisional terms can be expressed as:

C12[f, ψ] =
4π

~
g2|ψ|2

∫
dp2

(2π~)3

∫
dp3

(2π~)3

∫
dp4

(2π~)3

× (2π~)3δ(mvBEC + p2 − p3 − p4)× δ(εBEC + ε2 − ε3 − ε4)

× (2π~)3[δ(p− p2)− δ(p− p3)− δ(p− p4)]× [(f2 + 1)f3f4 − f2(f3 + 1)(f4 + 1)],

(2.101)

where the δ function expresses the conservation of the energy and momentum. The terms

εBEC and mvBEC are the condensate energy and momentum respectively, such that εBEC =

(1/2)mv2
BEC + µBEC. The C12[f, ψ] term is related to the source term R(r, t) (conserving

so the total particle number) in the dissipative GPE Eq. (2.92) as:

R(r, t) =
~

|ψ(r, t)|2
∫

dp

(2π~)2
C12[f(p, r, t)]. (2.102)
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Condensate

Non-
Condensate

C22

C12

iR

Figure 2.5: The collisional mechanisms included in the ZNG model. The red arrows show the
collision process that includes the non-condensate particles and that are described in the Quantum
Boltzmann equation (QBE) while the blue arrows indicate the collisions including condensate
particles and that are described in the dissipative GPE.

The collisional integral within the thermal cloud is given by:

C22[f ] =
4π

~
g2

∫
dp2

(2π~)3

∫
dp3

(2π~)3

∫
dp4

(2π~)3

× (2π~)3δ(p + p2 − p3 − p4)× δ(ε+ ε2 − ε3 − ε4)

× [(f + 1)(f2 + 1)f3f4 − ff2(f3 + 1)(f4 + 1)].

(2.103)

The scattering amplitude (f + 1)(f2 + 1)f3f4 describes the collision process between two

incoming thermal particles that are in states 3 and 4 (i.e f3f4) but the outgoing particles

are distributed between state 1 and 2 after the collision (i.e. (f + 1)(f2 + 1)). The inverse

process is describing by the scattering amplitude ff2(f3 + 1)(f4 + 1). The collisional

integral C12[f, ψ] can be expressed as the sum of the two terms:

• the ‘in’ collision Cin
12 in which two incoming thermal particles in the states 3 and 4

collide together and one particle is transfered to the condensate and the other to the

state 2 (described by the statistical factor (f2 + 1)f3f4).

• the ‘out’ collision Cout
12 in which a thermal particle in the state 2 collides with a

condensate particle and both are then transfered to the states 3 and 4 of the thermal

cloud (f2(f3 + 1)(f4 + 1)).

If the condensed and non-condensed clouds are out of equilibrium there is a particle

exchange between the two subsystems which ends once the two clouds are in ‘diffusive’

equilibrium leading to C12 = 0. Equations (2.92) and (2.100) are the main equations of

the ZNG model. The presence of the thermal cloud density in the equation of motion of

the condensate wavefunction (the dissipative GPE) and the presence of the condensate

density in the Quantum Boltzmann Equation indicate that these two equations should be
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solved self-consistently. Given the different nature of these two equations, they are solved

from very different approaches, using a quantum-mechanical approach for the condensate

wavefunction and a semiclassical approximation for the thermal atoms.

2.5.3 Numerical solution

A self-consistent kinetic model with collisions was first derived for a homogeneous bosonic

ultracold gas in Refs. [136–138]. Then, the model was revisited for the specific case of an

inhomogeneous single-component BEC [28, 26, 27], an inhomogeneous spinor BEC [197,

198], and Bose-Bose mixtures [158, 157, 148, 156]. The first numerical implementation

of the ZNG code was achieved by Jackson and Zaremba [199] and this code has been

used and adapted for different studies such as the study of topological defect dynamics in

finite temperature BEC [112, 110, 110, 115–117], the study of first and second sound in

a highly elongated trap [200], the study of evaporative cooling [134] and collective modes

[201, 202, 148, 105]. The ZNG model has found very good agreement with the experimental

data on the study of collective modes such as quadrupole [202] and scissors modes [105];

for the study of topological defect dynamics [110]; surface evaporative cooling [134] and

multi-component BECs [156]. The results shown in this thesis are achieved by adapting

for our geometry (double-well harmonic potential) the version of ZNG code written by

Dr. Kean Loon Lee [148] for a single-component BEC. In this section we briefly describe

the numerical procedure used to solve the generalized GPE equation and the Quantum

Boltzmann equation [28, 199, 203].

As a first step we obtain the equilibrium distribution for both the condensate and ther-

mal cloud. At equilibrium the collisional integrals and the source term vanish. Therefore,

the condensate equilibrium state is found by solving the generalized GPE equation (2.92)

for R = 0 in imaginary time propagation, which after substituting ψ(r, t) = e−iµ0t/~ψ0(r)

becomes: (
− ~2

2m
∇2 + Vext(r) + g|ψ0(r)|2 + 2gn0

th(r)

)
ψ0(r) = µ0ψ0(r), (2.104)

with n0
th(r) the equilibrium thermal cloud density. An initial guess of the condensate wave-

function is given by the Thomas-Fermi wavefunction Eq. (2.16) and then it is propagated

in imaginary time. For the equilibrium thermal cloud density instead the Hartee-Fock

semiclassical approximation is used and it is calculated by the integration in momentum

space of the equilibrium phase-space distribution function f0(p, r):

n0
th(r) =

∫
dp

2π~3
f0(p, r), (2.105)
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with f0(p, r) defined as

f0(p, r) =
1

eβ(p2/2m+Uth,0
eff −µ0)

, (2.106)

with β = 1/(kBT ) and U th,0eff is the effective potential felt by the thermal cloud in equilib-

rium whose expression is given by the Eq. (2.88) with the substitution of the equilibrium

densities. The initial guess for the thermal cloud density is thus obtained by

n0
th = g3/2(z0(r))/λdB, (2.107)

where g3/2 is the Bose function, λdB is the thermal or de Broglie wavelength also defined

in Eq. (1.1) as

λdB =
h√

2πmkBT
, (2.108)

and the z0 here is the equilibrium local fugacity:

z0 = eβ(µ0−Uth,0
eff ). (2.109)

The time-independent generalized GPE equation (due to the presence of the thermal

cloud mean-field potential) is solved self-consistently with the QBE equation (2.100) (for

C12 = C22 = 0). This is done for each time-step and this iteration process continues until

the condensate chemical potential and the thermal cloud particle number are within the

tolerance limit specified by us. The condensate and thermal cloud equilibrium states are

then used in order to study the dynamics.

The condensate dynamics is described by solving the time-dependent dissipative or

generalized GPE equation (2.92) with the Fourier split-step method while the QBE is

solved with Monte-Carlo method [204, 205]. In order to construct the thermal cloud

distribution function, a large number of test particles (typically in our case we have 7x106

test particles) are generated. As an initial guess of the test particle distribution function

in phase-space we use

f(p, r, t) ' γ(2π~)3

Nt.p.∑
j

δ(r− rj(t))δ(p− pj(t)) (2.110)

with r and p the particle position and momentum and with γ a scale factor which gives

the number of thermal particles that are represented by Nt.p. test particles. Such test

particles evolve in time (in an effective potential U th
eff) according to Newton’s equations of
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motion

drj(t)

dt
=

pj
m
,

dpj(t)

dt
= −∇U th

eff ,

(2.111)

which is solved by using Symplectic Integration [28, 203]. In this way the left-part of

Eq. (2.100) is solved. In order to calculate the collisional integral the test particles are

divided into spatial cells [206, 207]. The shape of these bins is chosen based on the

trapping geometry and for our three-dimensional anisotropic geometry we use cubic bins.

In order to calculate the collision probabilities, the test particles are re-binned in secondary

smaller cells. Pairs of particles belonging to the same cell are randomly selected and then

the probability for such particle to undergo a collisional process is calculated, using the

acceptance-rejection method [28, 199]. Then such probabilities are used to calculate the

source term R appearing in the dissipative GPE equation. Moreover some smoothing of the

condensate and noncondensate densities (which present spatial fluctuations) is performed

by convolving the effective potential with a Gaussian [28, 199, 203]. In particular, such

smoothing is necessary when studying the dynamics because the presence of large spatial

fluctuations could lead to non-smooth thermal cloud density.
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Dynamical regimes and vortex
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Chapter 3

Modeling the LENS experiment:

From dissipationless to the

dissipative regime

In the presence of a chemical potential difference between two parts of a superfluid cou-

pled by a barrier, the superflow is accelerated through the barrier (or through an orifice

as in superfluid helium). This makes the relative phase change in time according to

the Josephson-Anderson relation Eq. (1.16). In an atomic Josephson junction the initial

chemical potential difference can be imposed by an initial non-zero population imbalance

z0 = z(t = 0) between the two reservoirs. Here, the population imbalance is defined as

z(t) =
NR(t)−NL(t)

N
, (3.1)

with NL (NR) the BEC particle number in the left (right) reservoir, and N = NL + NR

the total condensate particle number. In fact, as shown in Eq. (2.61), the initial relative

population corresponds to a chemical potential difference ∆µ = µL − µR = Ecz0N/2

where Ec is the onsite interaction energy, also known as ‘charging’ energy in analogy with

superconductors. For barrier heights larger than the chemical potential µ, the superfluid

dynamics through the barrier happens only via tunneling where the coherent dynamics

of atomic Josephson junctions (JJs) [59, 60, 208, 61, 41, 187, 42, 46–48, 65, 50, 51] is

governed by the competition between the onsite interaction energy Ec and the Josephson

tunneling energy EJ [59–61] (more details can be found in Sect. 2.3.2). The tunneling

energy EJ promotes the delocalization of the superfluid across the two reservoirs and

sets the maximum coherent flow through the weak link. When EJ dominates, superfluid

current and relative phase oscillate in quadrature at the Josephson plasma frequency. In

the opposite regime, and in the absence of dissipation [60, 208], the system may enter the
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Macroscopic Quantum Self-Trapping (MQST) regime. This is characterized by coherent

oscillations of the population imbalance around a non-zero value, driven by a monotonically

increasing relative phase [59, 61, 187, 42, 46, 47] (see also Chapt. 5). Even without

thermally induced decay of the population imbalance [46, 208, 63], the stability of MQST

depends on whether vortices nucleated inside the barrier annihilate therein [209, 83], or

penetrate into the superfluid reservoirs. Recent experiments with inhomogeneous three-

dimensional Fermi superfluids [49, 20] revealed the intimate connection between phase

slippage and dissipation arising from vortices created within the barrier and shed into the

superfluid. Similar effects have been studied in ring-shaped bosonic condensates [18, 21,

54, 55], mesoscopic structures [22, 23] (some of the experimental results of [22] are also

brought in Sect. 1.4) and lower-dimensional geometries [56–58].

Motivated by the experiment of Refs. [49, 20] which consists of two weakly coupled
6Li fermionic superfluids through a Gaussian barrier in an elongated three dimensional

trap, we model such experiment in the limit of BEC of molecules of 6Li (the main exper-

imental results are also reported in Sect. 1.4). In this chapter we present a theoretical

study at T = 0, for the particular experimental geometry and parameters. We char-

acterise the dynamical regimes emerging and give a detailed microscopic description of

the mechanisms leading to dissipation such as the nucleation and early-stage dynamics

of topological defects (which we show that in our three dimensional geometry consist of

vortex rings) and associated sound waves [90]. The comparison with the experiment at

small finite temperature is shown in the Chapt. 4.

For the experimental range of barrier heights [0.6, 1.22]µ and a fixed 1/e2 barrier width

of w/ξ = 4 (where ξ is the mean healing length) two dynamical regimes are found depend-

ing on the initial value of the population imbalance: the Josephson ‘plasma’ oscillations

regime and the dissipative regime.

3.1 Numerical simulations

One of the most fascinating properties of 6Li is the presence of the Feshbach resonance

(described in Sect. 2.2) between its two lowest spin states |F = 1/2,mF = ±1/2〉 [49, 20]

making possible the change of the interaction strength through a change in the magnetic

field. In this way, it is possible to go from the limit of condensates of molecules of lithium

to the limit of BCS superfluids. However, the focus of this work is on the regime of

superfluidity of the molecular BEC, and we restrict our modelling to the case of 1/(kFa) '
4.6 where kF =

√
2mEF /~ is the Fermi wave-vector, m is the 6Li atomic mass, EF the

Fermi energy and a is the interatomic tunable s-wave scattering length. Thus, the quantum

transport properties of the molecular BEC through the thin barrier at T = 0 are studied

by solving the time-dependent Gross-Pitaevskii equation (GPE) defined in Eq. (2.15)
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Figure 3.1: The three dimensional isocontour density profile (taken at 0.002 of maximum density)
of the elongated atomic Josephson junction, with a barrier height of V0/µ = 0.8, barrier width of
w/ξ = 4 and an initial relative imbalance of z0 = 0.17.

[185, 184, 72]

i~
∂ψ(r, t)

∂t
=

(
− ~2

2M
∇2 + Vext(r) + g|ψ(r, t)|2

)
ψ(r, t), (3.2)

where ψ(r, t) is the molecular condensate wavefunction, g = 4π~2aM/M is the interaction

strength with aM ' 0.6 a [165] the molecular scattering length, M = 2m the molecule

mass and Vext is the external potential.

In this thesis we study atomic Josephson junctions, which are realized experimentally

by focusing into the atomic cloud a Gaussian-shaped repulsive sheet of light (blue-detuned

with respect to the atomic main transition) which separates the superfluid into two reser-

voirs yielding a double-well trapping potential

Vtrap(x, y, z) = 1
2M(ωx

2x2 + ωy
2y2 + ωz

2z2) + V0 · e−2x2/w2
, (3.3)

where ωx,y,z are the trapping frequencies along x, y and z directions, V0 is the height

of the Gaussian barrier and w is the barrier 1/e2 width. In order for the two-reservoirs

to be coupled to each other, the barrier width w must be comparable to the superfluid

mean healing length ξ and in our case it is set to w = 4ξ, which is w ≈ 2.0µm. Moreover

the Gaussian barrier in Eq. (3.3) depends only on the x axis, as the experimental barrier

has a 1/e2 width of around 840 µm along the y and z direction which is much larger

than the superfluid transverse extension. In this way the barrier can be considered as

homogeneous along the transverse direction. We solve the Eq. (3.2) in dimensionless form

where the lengths are expressed in units of harmonic oscillator length along the x axis

lx =
√

~/Mωx, i.e. r̃ = r/lx, the energies are expressed in units of ~ωx = hνx, i.e.

Ẽ = E/~ωx, the time in units of 1/ωx, i.e. t̃ = ωxt, the wavefunction ψ̃ = l
3/2
x ψ and
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interaction strength g̃ = g/(l3x~ωx). In these units Eq. (3.2) becomes:

i
∂ψ(r, t)

∂t
=

(
−1

2
∇2 + Vext(r) + g|ψ(r, t)|2

)
ψ(r, t), (3.4)

where tildes have been dropped from this equation onwards for simplicity of notation. In

these scaled units the trapping potential is expressed as

Vtrap(x, y, z) =
1

2

(
x2 +

(
ωy
ωx

)2

y2 +

(
ωz
ωx

)2

z2

)
+ V0 · e−2x2/w2

, (3.5)

where V0 is the barrier height in units of ~ωx. The experimental trap frequencies are ωx =

2π× 15 Hz, ωy = 2π× 187 Hz = 12.47 ωx and ωz = 2π× 148 Hz = 9.87 ωx, corresponding

to a cigar-shaped trap (as shown in the Fig. 3.1). The harmonic oscillator length along

x axis is lx = 7.5µm. Fig. 3.1 shows the isocontour three-dimensional condensate density

profile for 6 × 104 molecules, where the Thomas-Fermi radii along three directions are

respectively RTF,x = 14.5lx = 109µm, RTF,y = 1.2lx = 9µm and RTF,z = 1.5lx = 11.2µm.

The superfluid dynamics through the barrier is triggered by the creation of an initial

population imbalance, z0, between the two wells. Numerically it is achieved by adding

a linear potential, −εx, along the x direction to the trapping potential (3.5), i.e. Vext =

Vtrap− εx, which shifts the x axis harmonic trap center with respect to the barrier center.

In our case ε is positive, meaning that the initial population is larger in the right well.

Therefore, the initial flow is induced from right to left in the negative x direction. In

order to find the equilibrium state in this configuration, the GPE equation is solved in

imaginary time propagation, after substituting ψ(r, t) = ψ0(r) exp (−iµt) in Eq. (3.4):

µψ(r) =

(
−1

2
∇2 + Vext + g|ψ(r)|2

)
ψ0(r), (3.6)

with µ the system chemical potential.

The BEC dynamics instead is initiated by the instantaneous linear potential removal

at time t = 0, i.e. by solving Eq. (3.4) with trapping potential Vtrap as defined in Eq. (3.5).

In our numerical simulations we use grid sizes [−24, 24] lx, [−4, 4] lx, [−4, 4] lx along the x,

y and z directions, and 1024 × 128 × 128 grid points respectively, i.e. with grid spacing

∆x = 0.0469lx, ∆y = ∆z = 0.0625lx, and a time step of ∆t = 10−4ω−1
x . In this chapter

the molecule number is set to N = 6×104. The numerically-extracted equilibrium µ is well

approximated by the analytical formula in the Thomas-Fermi approximation Eq. (2.18)

which gives µ = 114~ωx for our system parameters. Throughout this chapter, the barrier

width is set to be equal to the experimental value of w = 4ξ, where ξ = ~/(
√

2µM) '
0.5µm' 0.067 lx. In analyzing our results, we express the barrier height V0 in units of

the system chemical potential µ.
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3.2 The superfluid instability

(a) (b)

Figure 3.2: The temporal evolution of the x component of the superfluid velocity (blue line) at the
trap center for V0/µ = 0.9 (a) and V0/µ = 1.1 (b) for z0 = 0.03 which is smaller than the critical
imbalance for both cases. The grey curve represents the speed of sound at the trap center.

The superfluid dynamics across a barrier is governed by the Josephson-Anderson rela-

tion Eq. (1.16), from which Eq. (1.17) for the superfluid acceleration can be derived and

it can be written as [12, 14, 15]

M v̇ = −∇µ. (3.7)

Such an equation states that the presence of a chemical potential gradient ∇µ between

the two sides of the barrier drives a unidirectional, accelerated superfluid flow across the

junction, which in our case happens along the negative x axis. The superfluid velocity v

can be found from the expression

v(r, t) =
j(r, t)

n(r, t)
, (3.8)

where n(r, t) is the condensate density and j(r, t) is the condensate current density of

probability:

j =
~

2iM
(ψ∗∇ψ − ψ∇ψ∗). (3.9)

Given the symmetry of our junction, we consider the x-component of the superfluid velocity

vx and we calculate it at the trap center, i.e. at x = y = z = 0. As the superfluid flows

along the negative x axis, we show −vx value for simplicity in Fig. 3.2. Driven by the

initial imbalance, i.e. by the initial chemical potential difference ∆µ0 across the barrier,

the superfluid velocity −vx increases, starting from an initial value equal to zero. For

small enough initial imbalance values, i.e. z0 < zcr with zcr being the critical imbalance,

−vx is found to oscillate harmonically around the zero value, as shown in Fig. 3.2. This

regime is characterized by coherent oscillations of the imbalance and of the relative phase
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(shown in Sect. 3.3.1) and is henceforth labelled as Josephson ‘plasma’ oscillations regime.

(a) (b)

Figure 3.3: The temporal evolution of the x-component of the superfluid velocity (blue line) and
the speed of sound (grey line) at the trap center for V0/µ = 0.9 (a) and V0/µ = 1.1 (b) for
z0 ' zcr(V0).

Following Landau [11] and Feynman [13] arguments on the critical velocity vc (de-

scribed in Sect. 2.1.2) it must exist a critical velocity such that if the maximum superfluid

velocity exceeds such value excitations are generated in the system. In our case we find

that the local speed of sound at the trap center c(0) =
√
gn(0)/M gives an estimation of

the critical velocity. A more detailed study perfomed in Chapt. 4 that takes into account

also the condensate transverse extension at x = 0 shows that a better estimation for the

critical velocity in our system is given by the mean speed of sound 〈c〉 =
√
µ/2M . Fig. 3.2

shows that in the coherent Josephson ‘plasma’ regime the maximum superfluid velocity is

smaller than the local speed of sound. The numerical data in such figure are for V0/µ = 0.9

(a), V0/µ = 1.1(b) and for the same z0 = 0.03, which is smaller than the critical value for

both barrier heights. In both cases, as the initial imbalance increases, the superfluid initial

acceleration becomes larger and for z0 ' zcr(V0) the superfluid local maximum velocity

temporally exceeds the local speed of sound (as shown in Fig. 3.3). Thus, the superfluid

becomes unstable and it becomes energetically favourable for a topological defect to be

generated at the barrier at x = 0. In our three dimensional geometry the topological defect

nucleated is a vortex ring (VR) as revealed by the three-dimensional density isosurface

shown in Fig. 3.4.

The critical imbalance at which the vortex rings are generated depends on the barrier

height and it is smaller for higher barrier heights (as described in Sect. 3.3). In fact,

in Fig. 3.2 we observe that for V0/µ = 1.1 the local speed of sound is smaller than the

corresponding value at V0/µ = 0.9 as the condensate density at the trap center becomes

smaller. Moreover, for the same initial imbalance, the superfluid local maximum velocity

achieves larger values at higher V0/µ = 1.1 as the junction is thinner. Therefore at higher
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V0, the superfluid velocity reaches the local speed of sound for smaller critical imbalance.

Figure 3.4: The three dimensional density profile with the density isosurface taken at 0.002 of
the maximum density, shown in the x range [−2, 2] lx and at time t = 12.30ms when the vortex
ring enters the local TF surface. The data are for barrier height of V0/µ = 0.8, the barrier width
w/ξ = 4 and an initial relative imbalance z0 = 0.17 > zcr = 0.11 . The vortex ring is colored in
yellow.

3.3 Dynamical regimes

We study the temporal evolution of the population imbalance z(t), varying both the initial

population imbalance z0 and the barrier height V0. At each value of V0 we observe two

distinct dynamical regimes. For z0 smaller than a critical value zcr, z(t) exhibits sinusoidal

‘plasma’ oscillations (Josephson regime) as shown in Fig. 3.5 (left inset).

Figure 3.5: The critical imbalance as a function of the barrier height and for fixed barrier width
w/ξ = 4 for the elongated trap at T = 0 and particle number N = 6× 104. In the inset is shown
an example of the temporal evolution of the population imbalance in the Josephson ‘plasma’
oscillations regime (left subplot) and in the dissipative regime (right subplot) for V0/µ = 0.8.

For z0 > zcr, we instead observe an initial rapid decay of z(t) (dissipative regime) as
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shown in Fig. 3.5 [right inset]. Increasing V0/µ, the onset of dissipation appears at smaller

zcr (see Fig. 3.5) which is consistent with our discussion in the previous section on how

the barrier height affects vx and c, and it has a similar profile to the superfluid maximum

current shown in Sect. 3.6.1.

3.3.1 Josephson ‘plasma’ oscillations regime

Figure 3.6: Phase profile along the x axis (for y = z = 0) (red line) plotted in the range [−2, 2]lx
where the barrier center is at x = 0. The blue dashed lines are the linear fits of φ on the left and
right sides of the barrier. The arrows indicate the relative phase ∆φ calculated from the difference
between the constants of the fits. These numerical data are for V0/µ = 0.8 and z0 = 0.17 taken at
t = 10.6 ms.

As the wavefunction is a complex quantity we extract its phase as

φ(r, t) = arctan
Imψ(r, t)

Reψ(r, t)
. (3.10)

The phase changes along x axis as shown in Fig. 3.6 characterised by a linear profile on

the left and the right wells with its inclination defined by the superfluid velocity

vx =
~
m

∂φ

∂x
, (3.11)

which is in agreement with the value of vx found from Eq. 3.8. At the trap center, the

phase has a step-like change due to the presence of the barrier. Thus in order to extract the

relative phase between the two wells, we fit the phase in each side with a linear function,

i.e. φL(R) = aL(R)x+ bL(R), and the relative phase is then given by the difference between

the two fitted constant values, i.e. ∆φ = φL − φR = bL − bR; this is indicated by the

arrow in Fig. 3.6. It can be shown that the fit parameters aL(R) oscillate in time with

the oscillation frequency of the population imbalance which is around 14.4Hz for these
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parameters. The results from the linear fit are shown in Fig. 3.6 as dashed blue lines with

the fit performed in a narrow range around the barrier center.

Figure 3.7: The temporal evolution of the population imbalance (a) and the relative phase (b) for
V0/µ = 0.8 and z0 < zcr.

The relative phase and the population imbalance are two canonically conjugate vari-

ables and in the Josephson ‘plasma’ regime (z0 < zcr) they exhibit sinusoidal oscillations

around a zero mean value with the same frequency, as observed from Fig. 3.7. In fact,

the equilibrium state (i.e. at t = 0) has an initial imbalance between the two-wells but

no phase difference and the relative phase is built in time due to the presence of z0, i.e.

∆µ0. Thus the z(t) and ∆φ(t) oscillations have an initial phase shift of π/2. For the

value of the barrier height shown here selected as V0/µ = 0.8 the oscillation frequency

cannot be estimated by the two-mode model expression for the Josephson ‘plasma’ fre-

quency ωJ '
√
EJEC/~ (the two-mode model is described in Sect. 2.3.2). This is due to

the fact that the barrier separating the two superfluids is not sufficiently deep, i.e. for

such combination of the barrier height and the barrier width value w/ξ = 4 the coupling

between the two condensates is not weak and the two condensates wavefunctions are not

well localized in each well as supposed in the two-mode model. Moreover we must note

that for V0/µ < 1 the dynamics of the condensate across the barrier does not happen only

due to tunneling. Part of the particles exhibits tunneling as locally V0/µ(r) quantity can

become larger than one but the rest of the condensate, that has enough energy to over-

come the barrier, flow hydrodynamically without tunneling. The validity of the two-mode

model in the range of the experimental parameters is discussed further in Sect. 3.4.

3.3.2 The dissipative regime

The onset of the dissipative regime happens when the initial imbalance becomes equal

to a critical value zcr. This value was identified as the value of z0 at which z(t) firstly

exhibits fast decay of the population imbalance to zero, followed by sinusoidal oscillations

73



Chapter 3. Modeling the LENS experiment: From dissipationless to the dissipative
regime

with several modes with amplitude smaller than zcr. The temporal evolution of the rel-

ative imbalance and relative phase ∆φ is shown in Fig. 3.8 for two values of the barrier

height V0/µ = 0.8 and V0/µ = 1.2 and for initial imbalance larger or equal to the critical

imbalance in the former and the latter case respectively.

(a) (b)(i)

(ii)

(i)

(ii)

Figure 3.8: The temporal evolution of (i) the population imbalance and (ii) the relative phase for
(a) V0/µ = 0.8 and z0 = 0.17 > zcr = 0.11 and (b) V0/µ = 1.2 and z0 ' zcr = 0.05. The vertical
grey dashed lines are in correspondence of the time the imbalance has local minima (dips) (three
in total for (a) and one for (b)).

During the initial decay of z(t), which happens in a relatively short time evolution

(t < 0.05s), the relative phase shows jumps [Fig. 3.8(ii)] by less than 2π for V0/µ = 0.8 and

by around 2π for V0/µ = 1.2. This is the so-called phase-slippage mechanism associated

to the vortex rings generation, as will be shown in Sect. 3.5.1. The vortex rings (VRs)

are nucleated outside of the local Thomas-Fermi surface and subsequently can enter such

surface and can even propagate into the left condensate as it is the case for V0/µ = 0.8

(shown in Sect. 3.7.1). Thus, for V0/µ = 0.8 the VR does not disappear (i.e. its radius

does not become zero) within the barrier. As the ∆φ is extracted for y = z = 0, this

explains the reason why the phase-slippage is not exactly 2π. In fact, re-calculating the

relative phase at the vortex core position for V0/µ = 0.8, leads to a phase slips of around

2π, as shown in the Fig. 3.9 (the relative phase at such position is called ∆φ1). For

V0/µ = 1.2 instead the VR disappears within the barrier and moreover the vortex core

which is given by ξ(0) = 1/
√

8πaMn(0) becomes large enough (due to the vanishing

density at x = y = z = 0) such that it causes the ∆φ at y = z = 0 to jump by 2π.

A closer inspection of the short time evolution of z(t) shows the presence of dips in the

otherwise rapid (and monotonic) decay of z(t), that are indicated by the vertical dashed

lines in Fig. 3.8(i). Interestingly such dips happen in the correspondence of the relative

phase slippage and are thus related to the vortex rings emission. In fact, the vortex ring

generation instantaneously opposes the population transfer, leading to the flattening of

z(t) visible in Fig. 3.9(a) or to a reverse of z(t) direction as observed from Fig. 3.8(b)-
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(b)(a)

Figure 3.9: (a) The short-time evolution of the population imbalance shown in Fig. 3.8 and of the
relative phase across the barrier calculated at z = 0 and y = 0.44lx. The numerical data are for
V0/µ = 0.8 and z0 = 0.17.

(i), and can even lead to a reversal of the background superflow due to the additional

‘swirling’ velocity of the induced vortex ring (as will be shown in Sect. 3.5.2). Thus the

number of such dips corresponds to the number of vortex rings generated, which is three

for V0/µ = 0.8 and z0 = 0.17 and one for V0/µ = 1.2 and z0 = 0.05 ' zcr. The longer

time evolution of ∆φ is characterized by harmonic oscillations around a zero value with

amplitude smaller than π and with the same frequencies as the population imbalance z(t).

3.4 The two-mode model validity

In this section we discuss the validity of the commonly-used two-mode model [59, 61] for

the specific geometry and parameter regime of our system. As described also in Sect. 2.3.2,

in the two-mode model the two condensates are considered as well-localized in each well

and there is a small overlapping of their wavefunction in the barrier region. The sys-

tem wavefunction can then be expressed as a linear superposition of the left and right

condensate wavefunctions

ψ(r, t) = ψL(t) · ηL(r) + ψR(t) · ηR(r), (3.12)

where ψL(R)(t) =
√
NL(R)e

iφL(R) ,
∫
ηi · ηjdr = δi,j with i, j = left,right and NL(R), φL(R)

being the condensate number and phase in the left (right) well respectively. By writing

the wavefunction as in Eq. (3.12) the time dependence of the system wavefunction is

separated by its spatial dependence and this model is known as linear two-model model.

In a more general form the spatial part of the system wavefunction depends on the the

particle number on the left or right condensate, i.e. on the time, and thus the system

wavefunction can be written as

ψ(r, t) = ψL(t) · ηL(r;NL(t)) + ψR(t) · ηR(r;NR(t)), (3.13)
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known as non-linear two-mode model.

Both the linear and non-linear two-mode models cannot capture the transition to the

dissipative regime, since – with increasing population imbalance – it always predicts a

transition from the Josephson ‘plasma’ oscillation regime to the Macroscopic Quantum

Self-Trapping (MQST) regime. In the latter regime, the population imbalance oscillates

around a non-zero mean value for a long enough time, which is much larger than the

time the z(t) decays to zero in our dissipative regime. Moreover the two-mode model is

expected to be valid in the deep tunneling regime where V0/µ > 1 and the two condensates

are weakly-coupled across the barrier [59, 61]. However, it is interesting to examine the

extent to which such a model can predict either the location of the transition region

where Josephson ‘plasma’ oscillations no longer occur, and/or the actual frequency of the

Josephson oscillations within the Josephson regime.

For a symmetric double-well potential, the left and right wavefunction can be found

from the symmetric and the first antisymmetric state wavefunction as ηR,L = (ηS±ηA)/
√

2.

The symmetric state which is the ground state corresponds to having zero initial imbalance

and zero initial relative phase, while for the antisymmetric state the correponding relative

phase is π. The two important quantities characterising an atomic Josephson junction are

the on-site interaction energy U and the tunneling energy K. In particular, their ratio or

more specifically UN/(2K), known as Λ, defines the critical imbalance for the onset of the

MQST regime as expressed by Eq. (2.59)

Λc =
1 +

√
1− z2

0 cos(∆φ0)

z2
0/2

. (3.14)

Such equation finds the critical Λ for a given initial imbalance but in our case we are

interested in finding the critical imbalance for given Λ, i.e. we are not varying Λ but z0.

From Eq. (3.14) and for z2
0 � 1 (which is valid in our case) imposing ∆φ0 = 0, the critical

imbalance is given by

zcr '
√

8K

UN
. (3.15)

In the two-mode model the tunneling energy in first approximation is expressed as

K = −
∫ [

~2

2m
(∇ηL∇ηR) + ηLVextηR

]
dr, (3.16)

but this approximation is valid in the limit of small overlapping between the two condensate

wavefunctions, which is not always valid in our case. For this reason in our simulations

the tunneling energy is extracted from the difference ∆E between the antisymmetic-state

energy and the symmetric-state energy (which reduces to 2KN in the limit of large barrier

height V0/µ� 1) so the term 2K in Eq. (3.14) is substituted by ∆E/N . The symmetric
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Figure 3.10: Critical initial population imbalance for different barrier height V0/µ for 6×104 par-
ticles extracted from GPE simulations, from linear (orange circles) and nonlinear (violet circles)
two-mode model. Note that while all models agree on the existence of a Josephson regime below
their corresponding predictions for zcr, the two-mode models predict a transition to a different
regime (namely MQST) than that found in the GPE simulations (dissipative regime).

and antisymmetric states are numerically found by solving the GPE equation for a linear

shift ε = 0, i.e. a symmetric double-well potential. The Josephson coupling energy EJ is

defined as EJ = ∆E/2.

The onsite interaction energy U can be calculated either from the linear two-mode

model [59], via Ulin = g
∫
η4
Ldr or from the nonlinear two-mode model [187] as UNL =

2(∂µ/∂N). To evaluate the two-mode model prediction for the location of the crossover

between Josephson and MQST, we calculate zcr both from the linear and from the nonlin-

ear two-mode model for each V0/µ, and plot it against V0/µ in the experimentally relevant

range [0.6, 1.22] in Fig. 3.10. We also plot on this figure the corresponding extracted val-

ues of zcr from the GPE simulations [noting that in the latter case, the transition is to a

different, dissipative, regime, rathen than to MQST]. The GPE prediction of zcr is found

by solving again the GPE simulation but this time with an initial shift ε different from zero,

and thus z0 6= 0. The critical imbalance is defined then by looking at the time evolution of

z(t), if it decays initially fast and it has only one dip, the value of z0 = z(t = 0) is the zcr.

We find that both linear and nonlinear two-mode model clearly significantly underestimate

the numerically predicted critical value of zcr for all V0/µ ≤ 1.1, yielding a correct value

for the transition only at the highest probed point V0/µ = 1.22 (see Fig. 3.10).

Next, we examine the extent to which the oscillation frequency of the Josephson os-

cillation is correctly predicted by such two-mode model. In the regime of the Josephson

‘plasma’ oscillation, where z0 < zcr, and for 2K � UN the plasma frequency, defined in

Eq. 2.56, can be written as

ωJ '
√

2Ulin(NL)NK

~
=

√
∆EUlin(NL)

~
. (3.17)
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Figure 3.11: The oscillation frequency of the population imbalance for z0 < zcr, i.e. Josephson
plasma frequency, from linear (orange circles) and nonlinear (violet circles) two-mode model and
GPE simulations (blue triangles).

In analogy with the expression of the plasma frequency in superconductors, ωp =
√
EJEc/~,

the term 2U is the analogue of the ‘charging’ energy Ec [59]. Plotting ωJ against V0/µ

in the considered range (Fig. 3.11), we find the predictions of both linear and nonlinear

two-mode model to be incorrect by at least a factor of 2 (for V0/µ = 1.22), with the

disagreement rapidly increasing for lower values of V0/µ.

The above analysis thus proves that – for the parameter regimes of the experiment

under study – the two-mode model is out of its validity range, due to the considered

values of the ratio V0/µ and the narrow width of the junction. The validity of the two-

mode model beyond the experimental parameters is shown in the Chapt. 5.

3.5 Vortex ring tracking and early stage dynamics

We track the vortex ring via an algorithm based on the pseudo-vorticity vector [210,

211] defined as ωps = (1/2)∇ × j, where j is defined in Eq. 3.9. The vortex ring is

found by initially identifying grid points around which the circulation is equal to 2π and

then looking for density minima via a Newton-Raphson method. Once the initial point

is determined, the vortex is reconstructed employing the pseudo-vorticity vector whose

direction is tangent to the vortexlines.

The VR is initially generated (as a ‘ghost’ vortex) in the low density region outside the

local transversal spatial extent of the BEC on the central radial plane at x = 0 (shown in

Fig. 3.12) where, the superfluid velocity is maximum, due to the flow constriction, and the

local speed of sound is minimum, since density vanishes. Due to the trap anisotropy in the

transverse directions, i.e. ωz 6= ωy the nucleated VR has an elliptic two-dimensional shape

(near circular as ωy = 1.26ωz). Thus we extract the y, z direction semiaxes by fitting the
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(a) (b)

Figure 3.12: The vortex ring semiaxes along the two transverse direction y, z axis versus the vortex
ring position along x axis (xV R) and the transverse Thomas-Fermi radius calculated at xV R. Shown
are the semiaxes and position of the first VR generated for V0/µ = 0.8 and z0 = 0.25 > zcr (a) and
of the only VR generated for V0/µ = 0.6 and z0 = 0.19 = zcr (b).

2D VR profile with an ellipse function centered at y = z = 0. Then the values of the

VR semiaxes as a function of the VR position along x axis, xVR, are shown in Fig. 3.12

together with the values of the Thomas-Fermi radius RTF,y(z) calculated at xVR. In this

figure we show the analysis of the first generated VR for V0/µ = 0.8 and z0 = 0.25 in the

subplot (a) and for V0/µ = 0.6 and z0 = 0.19 in (b) where in the first case there are in

total seven VRs generated (z0 > zcr) while in the second case only one VR is generated

(z0 ' zcr). Nevertheless the early-stage dynamics has the same features for all the z0

and values of V0/µ explored by us, as long as V0/µ < 1 (see Chapt. 5 for higher V0/µ).

The RTF,y(z) is estimated in the Thomas-Fermi approximation where the kinetic term is

neglected (gn � ~ωx,y,z) and thus the Thomas-Fermi radius along y axis (for z = 0) or

along z axis (for y = 0) in the presence of a Gaussian barrier is given by

R2
TF,y(z) =

2µ

Mω2
y(z)

− 2V0

Mω2
y(z)

e−2x2/w2 −
(

ωx
ωy(z)

)2

x2. (3.18)

Both the RTF,y(z) have a minimum value at the barrier position and then increase as the

|x|VR increases until they achieve a maximum value at the edges of the barrier (i.e. at

|x|VR ' 2w) equal to RTF,y(z) = 1.2(1.5)lx. As observed from Fig. 3.12, after its gener-

ation, the VR shrinks initially fast its semiaxes values due to the presence of transversal

density inhomogeneity at the barrier position. At a certain time, the VR enters the local

TF surface near x = 0 and after that it continues reducing its radius, due to the density

gradient (represented by the profile of the TF radius), until the moment the VR comes

to the x axis position when the TF radius achieves its maximum value (i.e. the density

is maxima), indicated by a grey vertical dashed line in Fig. 3.12(a). For a while the TF
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radius has a plateau-like profile and in correspondence the VR has almost a constant size,

while propagating along the negative x axis (left condensate) with almost constant veloc-

ity (as we will show in Sect. 3.7.1. Depending on the value of the barrier height, i.e. , on

the density at the barrier position, and thus on the value of the condensate incompressible

kinetic energy (described in detail in Chapt. 5), two different scenarios can happen after

the VR leaves the barrier: the vortex ring can shrink further its size, disappearing in the

end of its dynamics and giving rise to rarefaction pulses (as happened in Fig. 3.12 (a)) or it

can expand and then breaks in two vortex lines (as happened in Fig. 3.12 (b)). Moreover,

as it will be described in Chapt. 4, the VR survival during its propagation in the superfluid

bulk is determined by two effects: by the presence of a density gradient [212] and by the

presence of m = 2 Kelvin wave excitation [178, 213, 214](due to the VR elliptic profile).

However in this section we focus in the early stage dynamics of the VR that happens

within the barrier region |x|VR ≤ 2w and its effect on the condensate phase, population

imbalance, superfluid velocity, superfluid current and condensate kinetic energy compo-

nents. In our plots sometimes instead of showing the VR semiaxes we just show their

mean value defined as RVR = (a + b)/2 (referred to as VR radius) where a(b) is the VR

semiaxis value along the y and z direction. The vortex ring has a core with a size defined

by the local condensate healing length which depends on the local condensate density.

This means that the VR core changes as the VR moves in an inhomogeneous density,

being larger where the density is smaller, i.e. at the barrier position. For simplicity, in our

plots we almost always show the vortex ring mean radius without considering the vortex

ring core which would have added an error bar to our numerical results without changing

the physics we explain as other effects govern the vortex ring dynamics.

3.5.1 Phase-slippage mechanism

We follow the first vortex ring, for V0/µ = 0.8 and z0 = 0.25, during its early-stage

dynamics by plotting the renormalized 2D density and phase profiles in Fig. 3.13 from the

time it is nucleated, until it enters the left reservoir. The renormalised 2D density ∆ρ is

obtained by substracting the equilibrium density from the condensate density at certain

time, i.e. ∆ρ = ρ(t)− ρ(t = 0). The VR radius and position as found from our tracking

code is indicated with a ‘x’ in each plot. It coincides with the coordinates of the 2D density

minimum (Fig. 3.13 (a)) and a phase winding of around 2π at the 2D phase profile (see

Fig. 3.13 (b)). This picture is consistent with the phase slippage concept for superfluid

helium [12]. The horizontal error bars are due to the uncertainty coming from the size of

the vortex core (estimated by the mean value of the healing length), which for simplicity

are shown only along x axis but they are present also along the y axis. The vortex ring in a

2D plane can be imagined as a vortex and antivortex which have opposite sign circulation.

As the time goes, the vortex-antivortex distance becomes smaller (i.e. the VR shrinks
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its radius) remaining near x = 0 until t = 8.7ms. After that, the VR radius becomes so

small that it is quite difficult to resolve the vortex and antivortex pair and then the VR

starts moving in the negative x axis. At t = 10ms, the VR has left the barrier and a

relative phase near x = 0 is constructed again due to the remaining ∆µ. Fig. 3.14 shows

the relative phase calculated along the x axis but for different y axis values: y ' 0.7lx,

y ' 0.5lx and y ' 0.3lx and for z = 0. We observe that there is a phase slippage of around

2π later in time for y ' 0.3lx as the VR core comes at that position later in time with

respect to the other higher y values, following the initial shrinking mechanism (as shown

in Fig. 3.13).
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(a) (b)

Figure 3.13: Planar (z = 0) 2D snapshots of (a) the BEC densities after substracting the equi-
librium density, and (b) the corresponding 2D phase profiles at different times, selected to cover
the temporal window from the moment the VR enters the Thomas-Fermi surface at the barrier
position, until when it leaves the barrier. The radii and positions of the tracked VR and their
numerical error bars, associated with the uncertainty in the determination of the position due to
the finite size of the vortex core, are denoted by ‘x’ in the 2D phase profiles. For this simulation
the data are V0/µ = 0.8 and z0 = 0.25.
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Figure 3.14: The relative phase calculated along the x axis and for y = 0.7lx, y = 0.5lx and
y = 0.3lx (at z = 0). For this simulation the data are V0/µ = 0.8 and z0 = 0.25.
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3.5.2 The presence of backflow

Figure 3.15: Temporal evolution of the total superfluid axial velocity vx, the vortex ring induced
axial velocity vωx and the axial potential flow velocity vfx in the center of the trap for the first
four rings generated in the case V0/µ = 0.8 and z0 = 0.25.

Given the presence of an initial imbalance, the superfluid accelerates across the barrier

and its coherent or frictionless flow is limited by the critical velocity for the VR emission.

Before the nucleation of a VR, the superfluid velocity is only due to the particle flow

through the barrier. At the moment a VR is generated the superfluid velocity v can be

decomposed into a superfluid potential flow vf and in the flow generated by the superfluid

singular vorticity distribution vω, via

v = vf + vω. (3.19)

Given the complexity of the system studied, as a first approximation we neglect the density

gradient effects on the superfluid velocity. In addition, we do not consider the velocity

field generated by the images of the VRs with respect to the boundaries of the condensate

[215–217]. In order to calculate the superfluid potential flow vf at each time t in the center

of the trap O(0, 0, 0), we subtract the velocity field vω(O, t) generated by the reconstructed

VRs from the total superfluid velocity v(O, t), i.e. vf (O, t) = v(O, t) − vω(O, t), where

v(O, t) is obtained from the density current of probability by using Eq. (3.8) and Eq. (3.9)

(as described in Sect. 3.2). The vω instead is calculated 1 via the Biot-Savart integral

defined in Eq. (2.30) [175] that we express as

vω(O, t) = − κ

4π

NV R∑
i=1

∮
Ci(t)

s′(ζ, t)× s(ζ, t)

|s(ζ, t)|3 dζ , (3.20)

where κ = h/m is the quantum of circulation, NV R is the number of VRs present in

the BEC, Ci(t) is the closed curve corresponding to the i-th VR reconstructed via an

1This calculation was performed by one of my collaborators, Dr. Luca Galantucci.
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algorithm based on the pseudo-vorticity vector [210, 211], s(ζ, t) is the position of the VR

line-element corresponding to arclength ζ and s′(ζ, t) its unit tangent vector. Fig. 3.15

shows the temporal evolution of the axial (x) components of vf , vω and v in the centre

of the trap O for V0/µ = 0.8 and z0 = 0.25. We observe that in the event of a vortex

ring generation, the superfluid flow vfx slows down and even reverses its sign for the first

two rings generated: the nucleation of vortex rings leads to a reduction in the main flow,

thus slowing down the population imbalance dynamics. The vortex ring induced velocity

−vω(O, t) instead increases initially as the VR reduces its radius, achieves a maximum

value and then decreases as the VR leaves the x = 0 position. This process repeated itself

until the population imbalance becomes smaller than the critical value, which means until

the superflow initial accelation is not large enough in order to allow the superfluid velocity

to achieve the critical value again.

3.5.3 The effect of early stage dynamics on the population imbalance

To demonstrate the relation between the observable dips in the population imbalance at

early times, and the vortex ring dynamics, Fig. 3.16 plots the population imbalance initial

time evolution and the first four VRs radius profile in time for V0/µ = 0.8 and z0 = 0.25.

This figure also shows the local transversal spatial condensate extent at the instantaneous

position of each generated vortex ring. We observe that the onset of dips happens at

exactly the moment the VR radius becomes equal or slightly smaller than the TF radius,

i.e. at the moment the VR enters the condensate density near x = 0. This happens due

to the VR induced swirling velocity vω, which causes the superfluid flow to slow down

and even reversing its sign. Even though only the first four VRs are shown in such figure,

the mechanism repeated itself even for the subsequent other three VRs which are not

shown here. Moreover, as long as V0/µ . 1, these results are valid independently on the

value of initial imbalance if z0 ≥ zcr. In fact, Fig. 3.17 confirms this picture even for

z0 = 0.13 > zcr. We indicate with grey dashed lines the times when the mean radius of

each generated VR becomes RVR ' RTF where RTF = (RTF,y +RTF,z)/2 is the mean TF

radius near x=0.

Moreover for z0 = 0.25, the z(t) achieves its zero value later in time with respect to

z0 = 0.13. This is because of two reasons: firstly the initial imbalance in the first case

(z0 = 0.25) is higher and it means that the z(t) needs more time to reach its zero value.

Moreover a VR causes a backflow everytime it is generated, i.e. , a larger number of VRs

(seven for z0 = 0.25 and one for z0 = 0.13) give a cumulative effect slowing down the

population imbalance decay. This is clearer in Fig. 3.18, where we show the temporal

evolution of the population imbalance scaled to the initial imbalance for three different

values of z0 = 0.2, z0 = 0.3 and z0 = 0.4 for fixed V0/µ = 0.8. Even here we observe

that for higher z0 the population imbalance decays slower in time due to the cumulative
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Figure 3.16: Temporal evolution of the population imbalance (a) and of the vortex ring radius (b)
for V0/µ = 0.8 and z0 = 0.25. In (b) we also show (solid blue lines) the TF mean radius calculated
at each VR x-position. For such initial imbalance there are in total 7 VRs generated but here we
show only the first four.

Figure 3.17: Temporal evolution of the population imbalance for z0 = 0.13 (a) and z0 = 0.25 (b)
both for V0/µ = 0.8. The dashed grey line show the moment at which different VRs enter the
Thomas-Fermi surface.

backflow effect.

3.5.4 The kinetic energy decomposition

In this section we show the effect of the vortex ring nucleation and early-stage dynamics

on the kinetic energy components. The total energy of the system can be decomposed as

86



Chapter 3. Modeling the LENS experiment: From dissipationless to the dissipative
regime

Figure 3.18: Temporal evolution of the population imbalance scaled to the initial imbalances, for
z0 = 0.2, z0 = 0.3 and z0 = 0.4 for fixed V0/µ = 0.8.

follows:

E =

∫
[eint(r, t) + ek(r, t) + eV (r, r)] d3~r, (3.21)

where eint(r, t) = (g/2)ρ2 is the interaction energy density, eV (r, t) = ρVtrap is the potential

energy, and

ek(r, t) =
1

2
|∇ψ|2 =

1

2
ρv2 +

1

2
|∇
√
ρ(r, t)|2 (3.22)

=
1

2
ρv2 + eq(r, t) (3.23)

is the kinetic energy density, with eq(r, t) the quantum pressure term. The quadratic term

involving the velocity of the flow can be split into incompressible eik(r, t) and compressible

eck(r, t) contributions as follows:

1

2
ρv2 =

1

2

[
(
√
ρv)i

]2
+

1

2
[(
√
ρv)c]2 = eik(~r, t) + eck(~r, t), (3.24)

where ∇ · (√ρv)i = 0 and ∇x(
√
ρv)c = 0. The fields (

√
ρv)i and (

√
ρv)c are calculated

employing the Helmholtz decomposition [218–221]. Fig. 3.19(a) shows the temporal evo-

lution of the integrals of eik(r, t), e
c
k(r, t) and of eq(r, t), called Eik, E

c
k and Eq respectively.

The quantum energy Eq, that is related to the density inhomogeneities due to the trap-

ping potential, is larger than Eik and Eck, and it is slightly affected by the VR nucleation.

However when each VR enters the TF surface (vertical grey shadow areas in Fig. 3.19), the

Eq has local peaks at the times the VR enters the TF surface. At those times, we see also
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Figure 3.19: a) The temporal evolution of Eik, Eck and Eq. Showing also the three stages of the
VR nucleation. b) The temporal evolution of Eck till the nucleation of the second VR. Vertical
blue shaded areas in both subplots highlight the moment when each VR is nucleated and the grey
shaded areas the moment when each VR enters the local Thomas-Fermi surface. Vertical dashed
line indicates the moment during the axial propagation of the VR, when it reaches the point of
largest transversal spatial extent corresponding to the edge of the barrier, after which time the
background density begins decreasing very slowly due to the underlying external harmonic trap
along x axis.

an increase of the compressible energy. This step-like increase is shown better in Fig. 3.19

(b) where only Eck is shown until the second VR is nucleated. The step-like increase starts

when the first VR enters the Thomas-Fermi surface and stops (reaches a ‘plateau’) when

the VR is at the position corresponding to maximum transverse Thomas-Fermi spatial

extent, which for this case occurs around t∼ 9.5 ms. This is shown by the vertical dashed

lines in Fig. 3.19 and also in Fig. 3.12. Moreover, the ratio of the increase of Eck to the

compressible energy before the first VR nucleation takes the values 1.09 , 1.36 , 1.57 for the

nucleation of the 1st,2nd, 3rd VRs, respectively.

3.5.5 The interplay between the vortex ring and superfluid dynamics

In this section we analyse in detail the connection between the vortex ring nucleation and

early-stage dynamics and superfluid transport properties across the barrier. In order to do

so, we consider the x-component of the superfluid velocity, weighted over the transverse

density in the x = 0 plane, 〈vx〉 defined as

〈vx〉 =

∫
vx · |ψ(x = 0, y, z)|2dydz∫
|ψ(x = 0, y, z)|2dydz . (3.25)

We identify three distinct dynamical stages in the nucleation process of the first VR: these

are shown in Fig. 3.20 and labelled as I, II and III. We also note at this stage that the

emerging pattern applies to subsequent VRs. Summarizing from what we have described
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Figure 3.20: Vortex ring generation and early-stage dynamics. (a) Density-weighted x-component
of superfluid velocity at the barrier (dashed line denotes mean speed of sound 〈c〉 =

√
µ/2M). (b)

Position and (c) mean radius of the first few generated vortex rings (units of lx =
√

~/Mωx). (d)
Temporal evolution of the incompressible (Eik) and compressible (Eck) kinetic energy of the BEC.
Vertical shaded blue areas denote the maxima of superfluid velocity when VRs are generated, while
grey areas indicate the times when the VRs enter the Thomas-Fermi surface. The data are for
V0/µ = 0.8 and z0 = 0.25.

in previous sections, in stage I, the chemical potential gradient ∇µ drives an accelerated

superfluid flow across the barrier. When −〈vx〉 reaches a critical value, exceeding the

mean sound speed 〈c〉 =
√
µ/2M (Fig. 3.20(a)), a VR is nucleated, associated with a

relative-phase jump of 2π (as shown previously). After its nucleation [stage II], the VR

moves axially very slowly away from its nucleation region xVR = 0 (Fig. 3.20(b)) with

its mean radius RVR rapidly shrinking (see Fig. 3.20(c)) due to the strong radial density

inhomogeneity in the barrier region, until it is comparable to the transversal TF radius

of the BEC, and enters the bulk superfluid [209]. During such evolution, −〈vx〉 exhibits a

rapid decrease, possibly even changing sign. Then, in stage III, the VR gradually leaves the

barrier region with the axial superfluid velocity −〈vx〉 re-accelerated by the remaining ∇µ
(see Fig. 3.20(a)), until at some time later (∆tslip ' h/∆µ), when it has already travelled

a considerable distance from the barrier edge, another VR is nucleated at the trap centre.

Note that early on in stage III, before the VR exits the barrier region (i.e. before reaching

the point of maximum transversal TF radius), RVR continues decreasing due to the strong

background density gradient.

For a deeper insight into the underlying superfluid dynamics, we make use of the
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decomposition at x = 0 of the total axial superfluid velocity vx = vf + vω (see Sect. 3.5.2)

for more details). By the end of stage II, the shrinked VR has just left the trap centre,

and so the vortex contribution vω evaluated at x = 0 (where the local superfluid velocity

〈vx〉 shown in Fig. 3.20(a) is calculated) tends to 0 (as shown previously). This leads to

a drop of 〈vx〉 with amplitude ∆〈vx〉 ∼ κ/RVR, corresponding to the change in the axial

superfluid velocity at the trap centre due to the lost vortex contribution. This sawtooth-

like profile of 〈vx〉 (Fig. 3.20(a)) is typical of phase slippage phenomena seen in superfluid

helium [12, 14, 39, 15] (as also described in Sect. 1.4.1), with the less abrupt drop found

here stemming from the initial persistence of the VR within the barrier region. As shown

previously, the drop ∆〈vx〉 can even overcome the generating flow velocity, leading to flow

reversal (i.e. backflow) in the post-nucleation dynamics, in agreement with Biot-Savart

calculations. The amplitude of each subsequent velocity drop is reduced due to the overall

decay of z(t). In Fig. 3.20(d) is also shown the temporal evolution of two of the kinetic

energy components, the incompressible Eik and compressible Eik kinetic energy. Eik and Eck
correspond respectively to the kinetic energy of the flow (both potential flow driven by ∇µ
and vortex generated swirls) and to the sound wave energy in the superflow. When each

VR enters the TF surface (end of stage II), and while still propagating within the barrier’s

region of increasing density, sound waves are emitted and Eck increases at the expense of

Eik (Fig. 3.20(d)). The dissipation of Josephson oscillations [12, 14, 15, 20] thus stems from

two effects: the incompressible kinetic energy transferred from the axial flow to the vortex

swirling flow and the phonon-emission occurring during vortex nucleation and propagation

within the barrier region.

3.6 Superfluid Current through the barrier

There are two ways to calculate the superfluid current: the first one is from the time

derivative of the population imbalance as defined in Eq. (1.15) and can be written as

I = −dNL

dt
=
N

2

dz

dt
(3.26)

and the second one from the transverse integral of the probability current density at x = 0

I =

∫
RTF,z

∫
RTF,y

jx(x = 0, y, z) dy dz. (3.27)

Knowing that jx is the x component of the density current of probability the superfluid

current can also be written as:

I =

∫
RTF,z

∫
RTF,y

|ψ(0, y, z)|2 · vx(x = 0, y, z)dydz. (3.28)
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(i)

(ii)

(iii)

Figure 3.21: Density-weighted superfluid velocity along the x direction (i), the transverse integrated
density (ii), and their product (violet symbol in (iii)) calculated at the trap center for V0/µ = 0.8
and z0 = 0.13. In the (iii) we also show the current calculated from the time derivative of the
population imbalance (black symbols). Vertical shaded area highlight the maximum value of−〈vx〉.

Given the expression for the superfluid density-weighted velocity 〈vx〉 in Eq. (3.25) we

thus obtain

I = ρx 〈vx〉 , (3.29)

where

ρx =

∫
|ψ|2(x = 0, y, z)dydz. (3.30)

Fig. 3.21 shows the time profile of −〈vx〉 in the subplot (i), of the transverse integrated

density ρx calculated at x = 0 in (ii) and of the superfluid current in (iii) for V0/µ = 0.8 and

z0 = 0.13. For these parameters only one VR is generated and the time interval in Fig. 3.21

is chosen slightly larger than the time when such VR is generated. As described previously,

the superfluid starts flowing along the negative x axis with its velocity increasing until it

achieves a maximum value (shown in Fig. 3.21(i)) and a VR is generated. During this

time, the superfluid density ρx, which is shown in the subplot Fig. 3.21(ii), contrary to

the superfluid velocity, decreases in time until it achieves a local minima. Such minima

happens in time slightly later than the −〈vx〉 maxima at the time when the VR enters

the condensate transversal density (becoming so a hydrodynamical vortex). As the VR

starts moving, i.e. its position |x|V R increases, the density ρx starts increasing due to the

superfluid flow driven by the z(t). The superfluid current can be calculated by Eq. (3.26)

or by Eq. (3.29) and these two methods are equivalent as shown in Fig. 3.21 (iii) (in the
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figure is shown −I). It increases initially in time and it achieves a local maxima which

is not pronounced and more similar to a ‘plateau’. In fact, during such time when the

current profile is almost flattened the transverse integrated density decreases due to the

increase of superfluid density-weighted velocity as ρx = I/〈vx〉. Moreover, at the time

−〈vx〉 is maxima the current is slightly reduced with respect to its local maxima due to

the varying density.

As described in Sect.3.5.2, in the event of a vortex ring generation, the superfluid flow

slows down; the nucleation of a vortex ring leads to a reduction in the main flow (visible

also in Fig. 3.21(i)), thus slowing down the population imbalance dynamics. In fact, the

corresponding reduction in I following the VR generation is clearly visible in Fig. 3.21(iii)

where it can even reverse its sign (i.e. −I < 0).

3.6.1 Second order term in current-phase relation

In the two-mode model (described in detail in Sect.2.3.2) the current-phase relation is a

sinusoidal function written as I = Ic sin(∆φ) where only one sinusoidal term is present,

thus the population imbalance oscillates in time with one single frequency. As shown from

F. Meier and W. Zwerger in [65] (described also in Sect. 2.4), this is an approximation

that is valid in the limit of V0/µ� 1. In fact if the barrier height is not much larger than

µ other terms must be considered in the tunneling Hamiltonian which takes into account

also the condensate-noncondensate tunneling process and thus they add other terms to

the current-phase relation such as the non-dissipative term J1 sin(2∆φ). If such term is

present the current-phase relation, where we call now the relative phase as φ in order to

use same symbols as [65], becomes

I(φ) = Icsin(φ) + J1sin(2φ). (3.31)

In the paper of Ref. [65] an analytic model was developed in order to calculate the second-

order term J1 for homogeneous Bose gases and rectangular barriers. Recently, M. Zaccanti

and W. Zwerger [159] extented such model to the harmonically trapped case with a Gaus-

sian barrier, relevant for our study. In the following we briefly summarize how such model

extension has been obtained.

Based on a perturbative approach valid in the limit V0 > µ, Meier and Zwerger [65]

obtained explicit predictions for the first and second order contributions to the superfluid

current (for a homogeneous, T = 0 weakly interacting BEC) respectively denoted by Ic

and J1, yielding a current-phase relation of the kind Eq. (3.31) that can also be written

as:

I(φ) ≡ Ic · (sin(φ) + ḡ · sin(2φ)), (3.32)

where ḡ = J1/Ic. Notably, these terms solely depend upon the bulk condensate density
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and the boson tunneling amplitude, which in turn can be recast in terms of the bulk chem-

ical potential and the single-particle transmission coefficient across the barrier [65]. As

such, within this framework, predictions for the maximum current supported by a generic

junction can be obtained from the knowledge of the bulk properties of the superfluid,

and by evaluating the single-particle transmission coefficient associated with the specific

barrier under consideration.

Figure 3.22: The prediction of the maximum superfluid current taking only the first order term
in the current-phase relations (yellow profile) and including also the second order terms (green
profile). The blue triangles indicate the value of the maximum current extracted by the GPE
simulation for z0 = zcr and the blue squares show another way to calculate |I|max from the critical
imbalance and the Josephson ‘plasma’ frequency extracted from the profile of z(t) for z0 < zcr.

To proceed with obtaining the theoretical curves, we modify the analytic results given

in Ref. [65] in the following ways 2: Firstly, we derive an analytic expression for the

tunneling amplitude tcc(V0, µ) (using the notation of [65]) across our Gaussian barrier,

by approximating the Gaussian profile with a symmetric Eckart potential of the kind

VEc = V0/cosh2(x/d) with d = 0.6w. Secondly, we employ the local density approximation

to recast the first and second order currents within an integral form, in order to account

for the inhomogeneous density distribution featured by our trapped samples. From the

knowledge of Ic and J1, we then obtain the maximum current enabled by our junction, up

to first and second order, respectively. These are shown in Fig. 3.22. In the former case,

the critical current is simply given by Ic.

The yellow shaded area in Fig. 3.22 is delimited by the trend of Ic predicted by our

analytic model, assuming a ±5% relative variation of the peak chemical potential µ0 of

the trapped Bose gas at T = 0, around the nominal value of µ0 based on the measured

molecule number and trapping frequencies. Fig. 3.22 shows the maximum value of the

2This calculation was performed by one of my collaborators Dr. Matteo Zaccanti and it is described in
detail in [159].
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absolute value of the current extracted for z0 = zcr for each V0/µ in the range [0.6, 1.22]

from the GPE simulations. While Ic provides an excellent description of Imax derived from

the numerical simulations for V0/µ ≥ 0.9, it systematically underestimates the maximum

current found for lower barrier heights. This mismatch is expected in light of the fact

that second order contributions become increasingly important for progressively lower

V0/µ values [65]. In order to account for second order corrections to Imax, we exploit our

model prediction for J1 in connection with the analytic results obtained in Ref. [222] for

a generic current-phase relation with first and second harmonics Eq. (3.32). For any value

of ḡ = J1/Ic, it can be shown [222] that the maximum current will read:

Imax

Ic
=

(
√

1 + 32ḡ2 + 3)3/2(
√

1 + 32ḡ2 − 1)1/2

32|ḡ| . (3.33)

By comparing corresponding first (yellow area) and second order (green area) contributions

in Fig. 3.22, one can notice how inclusion of second harmonics generally increases Imax,

and enables to excellently reproduce both experimental (shown in Chapt. 4) and GPE

results, down to barrier heights as low as V0 ∼ 0.6µ. Numerically, |I|max is also well

approximated by zcr ωJ N/2 as shown in Fig. 3.22.

3.6.2 The Josephson current profile in different dynamical regimes.

Figure 3.23: The x component of the density current profile along the x axis for y = z = 0 for
V0/µ = 0.8 and z0 = 0.13 > zcr at t = 14.9 ms, before the VR is nucleated.

The density current along x axis has the profile shown in Fig. 3.23, with a local maxima

(given by the tunneling current) at the barrier region (i.e. at the barrier center x = 0)

superimposed to an almost Gaussian background at the time shown in Fig. 3.23. In order

to extract only the tunneling current, we subtract the term n(~/M)aL from the total
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density current, where aL is the slope of the linear fitting function of the relative phase

profile ∆φ(x) and n the condensate density. We estimate so the tunneling density current

as Jrx = jx − nx(~/M)aL from which we extract its value at x = 0. As discussed in the

previous section, for the range of the barrier heights explored in this chapter [0.6, 1.22]µ,

the second order term in the current-phase relation is expected to be important, thus we

write the local current-phase relation as:

Jrx(∆φ) = Jc sin(∆φ) + J̃1 sin(2∆φ) = Jc · (sin(∆φ) + gloc · sin(2∆φ)). (3.34)

Here we often use also the expression ‘current’ or ‘local current’ for the density current but

what we calculate locally is the density current which expresses the number of particles

flowing through the barrier per unit time and unit area, such that its units are those of

current divided by an area. Fig. 3.24 shows the profile of the density current Jrx versus
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Figure 3.24: The density current versus relative phase profile for V0/µ = 0.8 and z0 = 0.05 < zcr.
The values of jrx are expressed in units of time and area.

the relative phase for V0/µ = 0.8 and z0 = 0.05 < zcr in the Josephson ‘plasma’ oscillation

regime. The current profile is linear as the relative phase maximum value is much smaller

than π (∆φmax ' 0.4 rad) and thus we can approximate the density current defined in

Eq. (3.34) as

Jrx(∆φ) ≈ (Jc + 2J̃1)∆φ. (3.35)

In the case when the second order term 2J̃ is much smaller than Jc the inclination of

the J(∆φ) gives the critical density current. If instead the initial imbalance is such that

z0 ≥ zcr, the relative phase achieves a maximum value of around π and thus the current-

phase relation is sinusoidal. When the relative phase becomes equal to π, the phase jumps

by 2π, due to the VR emission, and thus the local current jumps at its value Jrx(∆φ =

−π) = −Jrx(∆φ = π). This process repeats itself until the population imbalance becomes
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smaller than the critical value. Fig. 3.25 shows the current-phase relations for different

(a) (b)

(c) (d)

Figure 3.25: The density current versus relative phase profile for V0/µ = 1 (a), V0/µ = 1.1 (b),
V0/µ = 1.17 (c) and V0/µ = 2 (d) at z0 = zcr(V0).

values of barrier height near µ and at z0 = zcr(V0) and the corresponding sinusoidal fit

profiles (a)-(c). We find that the second order term J̃1 is negative (as expected for J1 from

[65]), which means that the maximum value of the current is obtained for larger values

than π/2. Moreover for smaller values of barrier heights, the importance of the second

order increases (as shown previously) with a local ratio |g|loc = |J1|/jc ' 0.14 for V0/µ = 1

and |g|loc ' 0.08 for V0/µ = 1.17. Fig. 3.25 (d) shows just for comparison the current-

phase relation for V0/µ = 2 (outside the experimental range of parameters) where the

second order term contribution is |g|loc ' 7× 10−4 and the current has its local maximum

at exactly π/2. We note that, in this section, the density current and the relative phase

are calculated during a relatively short-time evolution; usually the time evolution explored

is until or slightly larger than the time when the generation of the first VR occurs.

The current profile for V0/µ = 0.8 and V0/µ = 1.1 are shown together in Fig. 3.26

at z0 = zcr. For higher V0/µ the maximum value of the density current is smaller as the

density at the trap center is smaller too. Moreover, by looking at the value of the relative
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phase at the maximum of Jrx we observe that it is shifted more towards values larger than

π/2 for smaller V0, consistent with the increasing importance of the negative second order

term.

Figure 3.26: The density current versus relative phase profile for V0/µ = 0.8 (red line) and V0/µ =
1.1 (black line) at z0 = zcr(V0). The vertical grey line is at π/2.

The superfluid critical current is expected to be dependent on the value of z0 (as

described in Refs. [65, 59]) and this dependence is expressed as Ic
√

1− z2
0 [59, 65] in the

case when only the first order term is present in the current-phase relation. We investigate

such dependence in our case by showing in Fig. 3.27 the comparison between the density

current versus relative phase profile jrx(∆φ) for V0/µ = 0.8 and for two different values of

z0: for z0 = 0.05 < zcr (shown also in Fig. 3.24) and z0 = 0.13 & zcr. We observe that the

values of the density current for z0 = 0.05 cover a short range (linear part) of the overall

sinusoidal current-phase profile for z0 = 0.13 and the inclinations of the current profiles

for small ∆φ are almost the same showing negligible dependence of the critical current on

the initial imbalance in our case.
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Figure 3.27: The comparison between the density current versus relative phase profile for V0/µ =
0.8, z0 = 0.05 < zcr (blue circles) and z0 = 0.13 ' zcr (red circles).
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3.7 Dependence on initial imbalance

In this section we show the dependence of the vortex ring dynamics and the amount of

dissipation present in the system on the initial population imbalance in the case when the

barrier height value is kept fixed at V0/µ = 0.8 and the z0 is variable taking values in the

range z0 ∈ [0.13, 0.37]. The presence of an initial imbalance induces an initial chemical

potential difference between the two condensates found as ∆µ0 = Ecz0N/2. Thus an initial

chemical potential gradient is present in the system across the barrier which induces an

initial superfluid acceleration through the barrier, expressed by Eq. (3.7). Such initial

acceleration is higher for larger z0, as observed in Fig. 3.28 which shows the temporal

evolution of the x component superfluid velocity (calculated at the trap center) for different

initial population imbalance from z0 = 0.13 to z0 = 0.37. Thus for higher z0 the critical

velocity is obtained earlier in time and the VR nucleation time becomes shorter as we will

show later. Only the first jump −∆vx of the superfluid velocity is shown in Fig. 3.28 in

correspondence to the first nucleated VR but other jumps are present depending on the

number of the VRs generated, i.e. on the value of z0 − zcr. Interestingly, the velocity

jump ∆vx is not independent on z0 and it follows a definite trend becoming smaller as z0

increases. This can be related to the slightly larger VR size when it leaves the barrier for

larger z0 (discussed further in the next section) as ∆vx ∝ κ/RVR.
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Figure 3.28: Time evolution of the x component superfluid velocity calculated at the trap center
for different z0 (as described in the legend) and for fixed V0/µ = 0.8.

3.7.1 First vortex ring dynamics

We focus here on the study of the dynamics of the first vortex ring generated for each z0

in the range [0.13, 0.37]. Fig. 3.29 shows the time evolution of the first VR position and

mean radius for different z0. In the previous sections we analysed the early-stage dynamics
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Figure 3.29: Time evolution of (a) the first vortex ring axial position, and (b) of its semiaxes
mean value, generated for different initial imbalances. Horizontal grey line in (a) at x = −0.55lx
indicates the temporal value from which we start extracting the linear fit, vV R.

of the VR and its effect on the macroscopic quantities such as superfluid current. Here

instead we analyse the dynamics of the VR after leaving the barrier, i.e. its position

becomes larger than 2w and it propagates in the left condensate with almost constant

velocity. Firstly, we observe that the VR is generated earlier in time with higher population

imbalance confirming the results of Fig. 3.28: the dependence of the nucleation time,

called t0, on the initial population imbalance z0 is shown in Fig. 3.30. Moreover the

lifetime of the first VR increases with increasing z0 as shown in Fig. 3.30. At the position

x1 = |x|V R ' 0.55lx the VR mean radius, after the initial fast shrink, achieves its ‘plateau’

value and it maintains such values for certain time interval during its propagation until

it slightly shrinks its radius again and in the end of its lifetime the VR disappears in

rarefaction pulses. Interestingly the position x1 corresponds to the position at which the

TF radius achieves its maximum extent and after that it stays almost flat for certain x

axis interval (as visible in Fig. 3.12). Therefore, following the condensate density profile

the VR radius shrinks until the condensate density is maximum and then the VR radius

stays for a while constant reflecting the density profile. For such barrier height, the Kelvin

waves have small amplitude and thus it slightly affects the short lifetime of such VR. We

will show in Chapt. 4 and Chapt. 5 that in the case of barrier removal or in the case of

smaller barrier heights where the VR lives more and has larger mean radius the presence
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(a) (b)

Figure 3.30: (a) The dependence of the VR nucleation time t0 and (b) the lifetime of the first VR
on the initial imbalance z0. The barrier height is kept fixed at V0/µ = 0.8 while the z0 changes in
the range [0.13, 0.37].

Figure 3.31: Role of initial population imbalance z0 (for fixed V0/µ = 0.8 for which zcr = 0.11)
on: velocity vVR (left axis, black circles) and incompressible kinetic energy Eik,V R (right axis, grey

squares) of 1st nucleated VRs. Pink triangles indicate the VR energy calculated with the analytical
formula for homogeneous unbounded BECs.

of larger amplitude Kelvin waves have strong effects on the VR dynamics.

We extract the VR velocity by performing a linear fit from |xV R| > 0.55lx ' 2w.

and we find that increasing z0 leads to a decreasing vVR as shown in Fig. 3.31. As a

result of this, the first VR for higher z0 propagates further into the left reservoir (the

one with smaller condensate density) (Fig. 3.29(a)), maintaining a constant radius during

this propagation for longer time than the smaller z0 cases (Fig. 3.29(b)). Moreover the

first VR radius for z0 = 0.37 during its propagation is larger than the one at z0 = 0.13,

which is consistent with its smaller propagation velocity value. Fig. 3.31) shows also

the dependence on z0 of the value of the incompressible kinetic energy Eik,VR of the first

nucleated VR together with the VR energy calculated by the formula for homogeneous
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BECs 3 and will be described in the following section.

3.7.2 The VR kinetic energy

The incompressible kinetic energy of the VR, Eik,V R, which depends on vω only, is obtained

by the following procedure: we first integrate the incompressible kinetic energy density

per unit mass eik on the volume R encompassing the vortex ring. The region R is defined

as follows 4

R = {(x, y, z) : xVR −∆x < x < xVR +∆x ;

−RTF,y(x) < y < RTF,y(x) ;

−RTF,z(x) < z < RTF,z(x) } ,

where xVR = −lx and ∆x = 4RV R, where RV R is the VR radius when xVR = −lx. The

values of xVR and ∆x are chosen stemming from the following considerations. First, in a

homogeneous and unbounded BEC, a cylindrical region, coaxial with respect to a VR, of

height 8RV R (the VR center being placed in the center at 4RV R) and radius 5RV R contains

more than 90% of the incompressible kinetic energy of the VR. Second, the flow velocity

is negligible in R, i.e. vf ≈ 0 and hence v ≈ vω. Therefore, the incompressible kinetic

energy present in R only originates from the VR. As a consequence, Eik,V R =

∫
R
eikdx

(with eik defined in Eq. (3.24) is a reasonable estimate of the VR incompressible kinetic

energy. Moreover, the VR is still close to its nucleation region and therefore Eik,V R can, at

least qualitatively, be considered as proxy for the VR initial incompressible kinetic energy.

Investigating the dependence of Eik,V R on the initial population imbalance z0, shown in

Fig. 3.31 we find that Eik,V R is an increasing function of z0.

To assess the impact of confinement and inhomogeneity, we also evaluate the corre-

sponding energies of the first nucleated VRs if they had been immersed in an unbounded

and homogeneous BEC, employing the analytical formula derived by Roberts and Grant

[171] (expressed also in Eq. (2.33)):

Ei,RGk,V R =
1

2
nκ2RV R

[
ln

(
8RV R
ξ

)
− 1.615

]
, (3.36)

where the density n and the healing length ξ have been evaluated on the x axis for

x ∼ xV R = −1lx. The result of this calculation is reported in Fig. 3.31 (pink triangles)

showing that confinement and inhomogeneity play a fundamental role in the energetics of

the system studied [223, 224].

3The calculations of Eik,VR for both our inhomogeneous system and for homogeneous BECs were per-
formed by one of my collaborators, Dr. Luca Galantucci.

4This calculation was performed by one of my collaborators, Dr. Luca Galantucci.
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3.7.3 The dissipation of the kinetic energy
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Figure 3.32: Vortex induced dissipations εi and εc as a function of z0 for V0/µ = 0.8.

To quantify the irreversible dissipation of Josephson oscillations, we define the acoustic

dissipation εc and the incompressible dissipation εi as follows:

εc = ∆Eck/E
tot
k,[0,1] (3.37)

εi = Eik,V R/E
tot
k,[0,1] (3.38)

where Etotk,[0,1] is the total kinetic energy flowing through the junction until the nucleation

of the first VR, Eik,V R is the incompressible kinetic energy of the first VR (as shown in

Sect. 3.7.2) and ∆Eck is the increase of compressible energy in the system observed during

the early stage dynamics of the VR (described in Sect. 3.7.2). After calculating the fraction

of the total kinetic energy flowing through the junction until the nucleation of the first

VR which is dissipated in sound (εc) or transferred to the first VR (εi), we find that both

sources of dissipation increase as z0 gets larger. This is shown in Fig. 3.32 which also

demonstrates that they can cumulatively account for a significant fraction of the total

energy. Surprisingly, the acoustic dissipation εc is always larger than the incompressible

contribution εi.

3.7.4 Josephson junction as a tool for controlled vortex ring generation

Depending on the initial value of the population imbalance, or better on the difference

between the z0 and the critical imbalance zcr, different number of VRs can be nucleated,

from one to many. Also in this section we keep fixed the barrier height to V0/µ = 0.8

and we study the role of increasing initial imbalance from z0 ' zcr = 0.11 to z0 = 0.37.

The total number of VRs (NVR) propagating in the left well, is found by looking at
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the 3D density plots. However different methods can be used as comparison to check

for consistency: NVR can be also found by counting the number of -〈vx〉 time evolution

maxima. Another way to estimate NVR is by the expression [12]:

〈(µL − µR)〉 = h〈dn
dt
〉, (3.39)

where the 〈· · · 〉 indicate time-averaged values, (µL−µR) is the chemical potential difference

and dn/dt is the rate of VRs crossing a certain path inside the condensate whose time-

average gives NVR. The chemical potential in the left (right) well is estimated by using

Eq. (2.18), upon replacing N with NL = (1 − z)/2, (NR = (1 + z)/2). Increasing z0

leads to more nucleated vortices NVR, due to the larger time-averaged chemical potential

difference [12]. This is clearly shown in Fig. 3.33 and is consistent with Ref. [20] and with

earlier studies of controlled vortex generation [225, 226].

Figure 3.33: Total number NVR of VRs penetrating the bulk as a function of z0. Blue line connects
NVR estimates from the time-averaged phase-slippage rate ∆µ(t)/h [12].

3.7.5 The effect of trap asymmetry

Due to the transverse axes asymmetry in our chosen geometry (set by the LENS exper-

iment), i.e. ωy = 2π × 148 Hz' 0.8ωz where ωz = 2π × 187 Hz, the vortex ring has a

slightly elliptic shape when it is generated. To investigate further the role of the trans-

verse trap asymmetry, we consider two more cases, in which the product of transverse trap

frequencies (ωy · ωz) is kept fixed, so that the system chemical potential is not affected.

Specifically, we consider the cases: ωy = 2π× 130Hz ' 0.61ωz with ωz = 2π× 213 Hz, and

ωy = 2π × 100Hz ' 0.36ωz with ωz = 2π × 277 Hz. In order to refer to each of the three

cases of different values of transverse trap frequencies and ratios we define the quantity

λas = 1 − ωy/ωz that represents the asymmetry between such frequencies. The quantity
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λas takes a value equal to 0.2 for LENS experimental parameters, λas = 0.39 in the sec-

ond case and λas = 0.64 for the most asymmetric case. The barrier height and initial

imbalance are kept the same in all the three cases with V0/µ = 0.6 and z0 ' zcr = 0.19.

Fig. 3.34 shows the population imbalance short time evolution for the LENS experiment

transverse asymmetry λas = 0.2 and for the case of larger asymmetry λas = 0.64. We

firstly observe that the initial part till t = 0.05 s of the relative imbalance time evolution

is almost unaffected by the trap transverse asymmetry with a small effect in the size of

the ‘dip’ which is more pronounced for the less asymmetric case. However, the subsequent

dynamics of z(t) are instead affected.

Figure 3.34: The time evolution of the population imbalance for the trasverse trap frequencies
ωy = 2π × 148 Hz, ωz = 2π × 187.5 Hz and ωy = 2π × 100Hz and ωz = 2π × 277 Hz.

Increasing the transverse trap asymmetry λas leads to the generation of more elliptic

VR as it is visible from the 3D iso-contour density profile shown in Fig. 3.35(a) at time

t = 19.1 ms where the VR almost reach the condensate boundary for λas = 0.39 [(a),(ii)].

The fact that the VR shape differs from a circular profile induces the emergence of

m = 2 Kelvin wave excitations (as will be shown in Chapt. 4). The amplitude and

frequency of such waves increases with the transverse trap asymmetry, i.e. λas. In fact, at

a slightly later fixed time t = 22.2ms, the VR generated for λas = 0.39 has already inverted

the axes of symmetry while the VR in the case λas = 0.2 has still the same symmetry axis.

In the presence of Kelvin wave excitations the VR dissipates its energy via phonons which

are visible in the density surface of Fig. 3.35(b),(i)-(ii). Furthermore more sound waves

propagates in the case λas = 0.39 with respect to the case of lower asymmetry λas = 0.2.

Increasing further λas leads to the nucleation of higly elliptic VR which can even,

almost immediately after its generation, breaks in two vortex lines as happens for λas =

0.64 shown in the subplot [(a),(iii)]. Moreover at a later time t = 22.2ms as shown in

(b)-(iii) the two vortex lines have also change their axes of symmetry from along y axis to
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along z axis due to the vortex-reconnections mechanism that happens in the time interval

between the chosen times.

(a)

(b) (i) (ii) (iii)

(i) (ii) (iii)

Figure 3.35: The 3D iso-contour density profile at 27% of the maximum density for the three cases
of transverse trap frequencies asymmetry (i) λas = 0.2, (ii) λas = 0.39 and (iii) λas = 0.64 at
fixed time (a) t = 19.1 ms and at (b) t = 22.2 ms. These numerical data are for V0/µ = 0.6 and
z0 = 0.19.

3.8 Conclusions and future works

3.8.1 Conclusions

In this chapter we have studied the dynamical regimes in an elongated atomic Josephson

junction for the experimental parameters of 6Li experiment at LENS in Florence [49, 20] in

the limit of molecular BEC of lithium. Our Josephson junction consists of two molecular

BECs separated by a thin Gaussian barrier which are trapped in an anisotropic three-

dimensional harmonic trap with an aspect ratio of around 11. As in the experimental set-

up, the 1/e2 Gaussian barrier width is set at w/ξ = 4 with variable barrier height in the

range [0.6, 1.22]µ. The superfluid dynamics through the barrier are triggered by an initial
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population imbalance between the two-wells z0 which induces an initial chemical potential

difference across the barrier. Driven by the chemical potential gradient the superfluid

accelerates while flowing in the negative left direction [12]. We showed that when the

superfluid velocity local maxima are smaller than the local speed of sound, the system is

in the Josephson ‘plasma’ regime. This regime is characterized by coherent oscillations

of both the population imbalance and the relative phase around a zero mean value at a

characteristic ‘plasma’ frequency. If instead the superfluid velocity local maximum exceeds

a critical value the system enters the dissipative regime, where the population imbalance

decay initially fast in time and then oscillates around a zero mean value with different

frequencies. On the other hand, the relative phase shows jump of around 2π everytime

a VR is generated (known as phase-slippage mechanism). Once the VR emission ceases,

the relative phase oscillates around a zero mean value with the same frequencies as the

population imbalance (conjugate variables).

Further to this analysis we showed that in the current-phase relation, apart for the term

in sin(∆φ), there is a second one that depends on sin(2∆φ) and thus the current-phase

relation can be written as I = I1 sin(∆φ)+J1 sin(2∆φ). The second order term is shown in

[65] to arise from considering the second-order term in the tunneling Hamiltonian. It has

a negative sign and a small contribution which decreases as the barrier height increases.

We then extracted the critical parameters for the onset of the dissipative regime such as

critical population imbalance and the critical current for each barrier heights from the

GPE simulations and we showed that the critical current is well-predicted by the model of

Ref. [65, 159] as long as we consider the second-order term in the current phase relation.

We then investigated further the origin of dissipation. We showed that in our 3D

trap, vortex rings (VRs) are generated every time the superfluid velocity maxima ex-

ceeds a critical velocity threshold. The vortex ring, which is nucleated outside the local

Thomas-Fermi radius (as a ‘ghost’ vortex), shrinks initially fast its radius (due to the

density inhomogeneities) by entering the condensate, thus becoming a hydrodynamical

vortex ring. The vortex ring swirling velocity, which increases initially as the VR radius

decreases, induces a reduction of the superfluid potential flow which can even invert its

sign, that we termed the backflow. As the VR leaves the barrier, the VR swirling velocity

at the barrier position starts decreasing until it becomes equal to zero and then the total

superfluid velocity is only due to the potential flow. Due to the remaining chemical po-

tential difference ∆µ(t), the superfluid velocity increases again until it exceeds again the

critical velocity and another VR is nucleated with a rate given by the phase-slippage rate

∆µ/h.

We also showed that everytime a VR enters the local Thomas-Fermi surface it causes

a local ‘dip’ in the otherwise monotonic decay of z(t). Thus the number of dips in the

short-time evolution of the population imbalance are directly related to the number of
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the generated VRs. The number of vortex rings which can be generated in the junction

depends on how far the initial imbalance is from its critical value.

In order to give further insight into the irreversible dissipation mechanism of the

Josephson oscillation we then carried out a further analysis of two of the components of

the kinetic energy; the incompressible Eik and compressible kinetic energy Eck. We found

that at early stage dynamics of the VR, specifically from the moment that it first enters

the local TF surface until the moment when it reaches the axial position at which the TF

radius is maximum, sound wave are released, which cause Eck to have a step-like increase.

We thus showed that the dissipation originates from two irreversible effects: phonon emis-

sion during VR early stage dynamics, and incompressible kinetic energy transfer from the

superfluid flow to the swirling one of the nucleated vortex rings.

We then followed the vortex ring dynamics after leaving the barrier. Depending on

the value of the barrier height with respect to the chemical potential value, we found that

the VR either have a long lifetime– during which it travels a long distance into the left

reservoir before expanding and breaking into two vortex lines– or it can shrink after a

short distance giving rise to rarefaction pulses. In this chapter we analysed the second

case, for V0/µ = 0.8, and showed the dependence of the first VR dynamics on the initial

population imbalance. Furthermore, the dependence of the amount of dissipation on z0

was investigated, finding that the fraction of the total kinetic energy until the nucleation

of the first VR that is dissipated in sound or transferred to the first VR, increases as z0

gets larger.

Finally, we considered the effect of varying the trasverse trap asymmetry at fixed

value of (ωyωz) and demonstrated that increasing the difference between the transverse

frequencies leads to a more elliptical VR with higher elliptic geometries even causing it

to break into vortexlines almost immediately after being generated. Despite such findings

which influence the long time evolution, the transverse trap asymmetry was found to have

no effect in the initial decay of z(t).

3.8.2 Future works

Vortex-vortex interaction

The number of vortex rings depend on the difference (z0 − zcr) and as these differences

increase more vortex rings are generated. For one of the cases we studied with V0/µ = 0.8

and z0 = 0.25 there are in total seven vortex rings generated. The temporal evolution of

their position along the x axis is shown in Fig. 3.36. The seven VR are well separated from

each other in time and space and their distance along the x axis is almost unchanged with

time. This seems to suggest that the interaction between VRs in this regime was small

as it scales with 1/d2, where d is the distance between two subsequent VRs. However we
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note that the third and the fifth VRs live more and propagate further in the left reservoir.

Looking at one of the components of the kinetic energy, the incompressible kinetic energy

Eik, its value at the moment the third VR enters the local TF surface at the barrier is

smaller with respect to its value when the second VR enters the TF surface. In this way

more kinetic energy can go to the third VR and it can live more but this is not what

happens. Even though the VRs are well separated from each other, everytime a VR enters

the left reservoir and/or shrinks, sound waves are emitted which can affect the VR motion.

As a future goal it would be interesting to quantify the effect of the sound waves to the

VR motion and to investigate further the reasons why some of the subsequent VRs can

live even more than the first VR.

(a) (b)

Figure 3.36: (a) The time evolution of the x axis position of the seven VRs generated and (b)
the time evolution of the kinetic energy components; quantum, incompressible and compressible
kinetic energy. The VR tracking in (a) starts slightly before the VR enters the local TF surface.
The vertical dashed line indicate the moment the first four VR enters the local TF surface. The
data are for V0/µ = 0.8 and z0 = 0.25 > zcr = 0.11.

If instead we study a case of a lower V0/µ, the VR lives more (the effect of the value

V0/µ on the VR dynamics will be shown in Chapt. 4 and Chapt. 5) moving in the presence

of a density gradient where the density decreases along the x axis. So, in order to conserve

its kinetic energy, the VR expands and thus slows down its motion 5. In this way, the

distance between the two consecutive VRs decreases in time and interesting phenomena

can occur such as ‘leapfrogging’ [227, 228]. Fig. 3.37 shows the 3D isocontour density

surface for V0/µ = 0.6 and z0 = 0.3 at different times. From these density plots we can

see that there are several co-axial vortex rings; however we firstly focus on the two vortex

rings in the region [−6,−4]lx in (a). These two VRs get closer to each other in (b), the left

VR becomes larger while the right VR becomes smaller passing through the largest VR

5During the VR propagation, Kelvin waves are present which makes the VR to dissipate but it is not
the dominant effect for relatively low V0/µ.
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in (c). This process is the so called ‘leapfrogging’. In our case, the smallest VR shrinks

immediately after going across the largest VR (still present in (d)). Moreover in (d) the

largest VR has also a wider core with respect to (c) maybe due to the presence of more

sound waves at the VR position. After the leapfrogging, the largest VR increases further

its radius until it breaks into two vortex lines which reconnect [229, 214] as shown in the

Fig. 3.38. From Fig. 3.37(a) we also observe another interesting phenomenon in which

a vortex ring near the trap center (where there is the largest density gradient) seems to

break in three vortex ring, one in the center being larger and the other two at the two

sides being smaller and near the condensate boundaries.

(a)
(b)

(c)
(d)

Figure 3.37: The 3D iso-contour density profile at 10% of the maximum density at t = 26.5 ms
(a), at t = 27.6 ms (b), at t = 28 ms (c) and at t = 28.2 ms for V0/µ = 0.6 and z0 = 0.30.

(a) (b) (c)

Figure 3.38: The 3D iso-contour density profile at 10% of the maximum density at t = 30.4 ms
(a), at t = 31 ms (b) and at t = 31.9 ms (c) for fixed V0/µ = 0.6 and z0 = 0.30.

We have shown that in an atomic Josephson junction other interesting phenomena can

happen such as vortex ring ‘leapfrogging’ and vortex lines reconnections and that these

phenomena can be somewhat ‘controlled’ by changing the system initial parameters such
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t=5.3 ms t=10.6 ms

t=14.9 ms t=19.1 ms

t=23.4 ms t=31.85 ms

Figure 3.39: The 2D density along xy-plane (z = 0) at different times for V0/µ = 0.8 and z0 = 0.8.
The density is scaled to its maximum value.

as barrier height and initial imbalance. An interesting future work could thus be to give

further insight into such rich phenomena, and their relation to system parameters.

Towards Quantum Turbulence

Further increasing the initial imbalance can lead to many vortex rings generated, and an

interesting question is how many vortex should be generated in order for the system to

enter a quantum turbulence regime. Fig. 3.39 shows the 2D density plots along xy-plane

(for z = 0) for V0/µ = 0.8 and z0 = 0.8 at different times. Initially the condensate particles

are mostly occupying the right well as it is also clearly visible at t = 5.3 ms 2D images.

Once the dynamics start, the superfluid flow exceeds the critical velocity many times and

many VRs are generated at the trap center and subsequently propagating in the left side.

On the right side instead a dispersive shock wave is generated which propagate from

the barrier to the right condensate edges similar to what was found in 2D geometry

[221]. When such dispersive shock wave is at the position where the condensate transverse

extension is small, the entrance of ghost vortices into the condensate is facilitated which

subsequently become hydrodynamic vortices (as occurs at t = 23.4 ms, for example).

Fig. 3.40 shows the 3D isocontour density plot at two different time evolutions showing

mostly the left condensate. In the left condensate there are many vortex rings/vortex lines.

However having many vortices is not a sufficient condition for the quantum turbulence; the

energy transfer from small to large scale constitutes the condition for quantum turbulence.

Fig. 3.41 shows the time evolution of the population imbalance. The question is if the

turbulence destroys totally the coherent flow of the particles or the population imbalance

at long time evolution (after the initial decay) is still characterised by harmonic oscillations

at the characterised Josephson ‘plasma’ frequency. Interestingly, the initial decay of z(t)

in Fig. 3.41 is still followed by harmonic oscillations around a zero mean value, even for
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t=20.2 ms

t=37.2 ms

Figure 3.40: The 3D isocontour density profile at 5% of the maximum density at different times
for V0/µ = 0.8 and z0 = 0.80.

such large z0 = 0.8 when many vortex rings are generated. Such plot suggests that even

in the regime of many VRs generated there is still a small-amplitude coherent flow of

the superfluid across the barrier (after the z(t) initial decay). Moreover, differently from

Ref. [221] in our system, during the initial decay, z(t) shows some pronounced peaks

which would correspond to a significant effect of the backflow and their frequency is

around 22 Hz. Understanding more this behavour, if it is connected or not to the onset of

quantum turbulence would be useful because currently it is experimentally challenging to

characterise the turbulence regime in such junctions, while it is relatively easy to measure

the population imbalance.

Figure 3.41: The time evolution of the population imbalance for V0/µ = 0.8 and z0 = 0.8.
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Chapter 4

Comparison with an ultracold

atom experiment (6Li experiment

in Florence)

This chapter focuses on the comparison between the numerical data (obtained on modeling

the atomic Josephson junction of Ref. [49, 20]) with the experimental data. The exper-

iment of Ref. [49, 20] consists of two weakly coupled 6Li fermionic superfluid through a

Gaussian barrier which we model in the limit of molecular BEC (as described in Sect. 3.1)

where 1/(kFa) ' 4.6. For the experimental range of parameters two different dynami-

cal regimes are found: the Josephson ‘plasma’ oscillations regime and the vortex-induced

dissipative regime as described in Chapt. 3. Firstly, we show here the direct compar-

ison between the experimental and numerical time evolution profiles of the population

imbalance both in the Josephson ‘plasma’ and dissipative regimes.

Then the critical parameters, which set in the onset of the dissipative regime, such

as the critical current and critical imbalance (described in Sect. 3.3 and Sect. 3.6), are

compared with the experimental values [90]. As the experiment is done at low, but finite

temperature, we also consider the presence of a small thermal cloud. Specifically, we

choose T ' (0.3 − 0.4)Tc in our numerical simulations, as this is a relevant temperature

range for many ultracold atom experiments. At finite temperatures we make use of the

Zaremba-Nikuni-Griffin (ZNG) kinetic model (described in Sect. 2.5) in the collisionless

limit. However a detailed analysis of the thermal cloud effect on the condensate dynamics

is shown in the Chapt. 6.

Next, in order to connect with Ref. [49, 20], we implement in our simulations the pro-

tocol of barrier removal which was implemented in the experiment before observing the

vortices in time of flight (TOF) images. In particular, we show the effect of barrier re-

moval on the vortex rings dynamics and we demonstrate that the barrier removal process
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can be an efficient experimental tool for producing larger vortex rings with larger lifetime

travelling a longer distance. This facilitates the direct observation of Kelvin-wave oscilla-

tions as it is shown in this chapter. Moreover, during its propagation the vortex ring can

even expand and it can break into two vortex lines when its radius becomes comparable

to the condensate transverse extent. This is found to be consistent with experimental

observation of individual vortices after the barrier removal.

Furthermore, in the experiment off-center single vortex images were observed and we

show that this could be explained by considering the effect of the thermal cloud on the

vortex ring dynamics. In fact, even though in the experiment the thermal fraction is less

than 15% (consistent with our chosen temperature range T ' (0.3 − 0.4)Tc) we show

that the presence of thermal fluctuations (even though small) destabilizes the VR motion

making it go off-center and breaking into one single vortex line when the VR hits the

condensate boundary.

4.1 Dynamical regimes and the phase diagram

As we showed in the Chapt. 3, for the range of experimental values of barrier heights

V0 ∈ [0.6, 1.22]µ and barrier width w/ξ = 4, only two dynamical regimes were found nu-

merically; the Josephson ‘plasma’ oscillations regime and the dissipative regime. These

findings are consistent with the experimental results which showed the presence of Joseph-

son ‘plasma’ oscillations regime, characterized by coherent sinusoidal oscillations of the

population imbalance and relative phase [49] around a zero mean value, and the dissi-

pative regime characterized by an initial decay of the population imbalance (followed by

harmonic oscillations around a zero value) induced by the generation of vortices which

leads to phase-slippage mechanism [20]. We validate our numerics by comparing here the

time evolution of the condensate imbalance zBEC(t) with the experimental data for the

same parameters both in the Josephson ‘plasma’ regime (shown in Fig. 4.1(a)) and in the

dissipative regime (shown in Fig. 4.1(b)-(c)). Initially we show only the numerical results

at T = 0. The experimental parameters are not the same at different subplots in Fig. 4.1

so also in our numerical simulations we use different parameters in order to match the

experimental values in each subplot.

Apart for the experimental error associated to the population imbalance values, there is

an error bar on the experimental measured value of V0/µ. Thus, in our numerics we achieve

simulations for different values of V0/µ within such experimental error bar. However, in

Fig. 4.1 we show the results for only two values of V0/µ for each subplot, chosen such that

their corresponding population imbalance profiles are closer to the experimental data.

For example, Fig. 4.1(a) shows the numerical zBEC(t) for V0/µ = 0.89 and V0/µ = 0.8.

Although, for both values of the barrier height the agreement with experimental data is
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(b) (c)(a)

Figure 4.1: Comparison of numerical population imbalance time evolution (blue and grey lines)
for two different values of V0/µ (defined in the legend) with the experimental data in Josephson
‘plasma’ (a) and dissipative (b),(c) regimes. The molecule number is NBEC = 64000 in (a),
NBEC = 60700 in (b) and NBEC = 61500 in (c) both for the numerical and experimental data.
The experimental barrier heights are V0 = (0.89 ± 0.10)µ in (a), V0 = (0.80 ± 0.09)µ in (b) and
V0 = (0.7± 0.1)µ in (c).

very good, we find that the zBEC(t) for V0/µ = 0.89 better fits the experimental data and

we choose such value for the following study of the effect of finite temperature. In the

dissipative regime instead, a small change in the value of V0/µ can lead to a non-negligible

effect on the initial decay of zBEC(t). In fact, as oberved from Fig. 4.1(b), where the

zBEC(t) is shown for V0/µ = 0.7 and V0/µ = 0.8, the largest value of the barrier height

leads to a slower decay of the zBEC(t). Moreover, the experimental imbalance decay time

and short-time evolution profile (for t ≤ 0.17s) are perfectly captured by the numerical

zBEC(t) for V0/µ = 0.7, with some small mismatches at later times (t > 0.17s) maybe due

to the experimental particle loss. Thus we choose the imbalance profile for V0/µ = 0.7 as

the best representative of the experimental data for our following analysis at small finite

temperature. Fig. 4.1(c) shows instead the numerical data for V0/µ = 0.6 and V0/µ = 0.65

finding that the second V0/µ better fits the experimental data.

(a) (b)

Figure 4.2: Comparison of numerical (blue line for T = 0 and red lines for T = 0.3Tc) condensate
imbalance and experimental population imbalance evolution in Josephson (a) and dissipative (b)
regimes. The numerical barrier heights are V0 = 0.89µ in (a) and V0 = 0.7µ in (b).
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For the numerical simulations in Fig. 4.1(a) V0/µ = 0.89 and (b) V0/µ = 0.7 we then

consider further the effect of a small thermal fraction for T = 0.3Tc (near the experimental

temperature), with results shown in Fig. 4.2. We keep fixed the condensate number when

comparing T = 0 with finite T results. The small thermal cloud has small effect on

damping the long-time imbalance evolution and on shifting slightly the frequency (the

effect of larger thermal cloud on the condensate population imbalance is considered in the

Chapt. 6).

4.1.1 Critical parameters

Figure 4.3: (a) Critical population imbalance zcr as a function of V0/µ(T ), via numerical simulations
at T = 0 (blue symbols) and T = 0.3Tc (red circles), and experimental data (black triangles). Grey
shaded area accounts for the experimental range of particle number. Vertical error bars are set
by the discreteness of the numerically-probed z0 values (simulations) and the standard deviations
over at least four measurements (experiments); horizontal experimental error bars are set by the
combined uncertainties in measuring barrier width, particle number and laser power. (b) Maximum
superfluid current, |I|max, based on the numerical time derivative of population imbalance (down
triangles), and on the numerical/experimental estimate |I|max ' zcr ωJ NBEC/2. Green shaded
area: predicted maximum supercurrent (including second-order harmonics in the current-phase
relation), accounting for the uncertainty in V0/µ.

Combining calculated and newly extracted experimental zcr values, we map out the

phase diagram delimiting Josephson and dissipative regimes as a function of the normalized

barrier height V0/µ(T ) [Fig. 4.3(a)], where µ(T ) is the chemical potential including the
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thermal mean-field contribution [28], also defined in Eq. (2.104). Increasing V0/µ(T ),

the onset of dissipation appears at smaller zcr for both numerical (shown also in the

previous chapter) and experimental data. This reproduces the observed boundary within

experimental uncertainty up to T = 0.3Tc upon keeping the condensate number equal

to the T = 0 case. Our findings can also be interpreted in terms of the critical current

Imax across the junction, defined as the maximum value of I = żBECNBEC/2 at z0 = zcr

[figure 4.3(b)]. Knowing that from the numerical simulation (Chapt. 3), |I|max is well

approximated by zcr ωJ NBEC/2 we compare these results with the experimental values

of the production zcr ωJ NBEC/2. The very good agreement found with the experimental

data suggested a simple way to estimate the maximum current that sets in the transition

to the dissipative regime in an atomic Josephson junction. In Chapt. 3 we showed that the

overall trend of the numerical |I|max against V0/µ(T = 0) is also quantitatively captured by

considering second order terms in the current-phase relation [65, 159]. Fig. 4.3 shows that

this model captures also the profile of the experimental maximum current as a function

of V0/µ.

4.2 The experimental versus the numerical findings on vor-

tices

In this section we address some of the main different features found from the comparison

between the experimental [20] and the numerical results shown in Chapt. 3 at T = 0

regarding the topological defects, which can be classified as two main topics:

• In the previous chapter we showed that the main cause for the resistive superflow

dynamics even at T = 0 is the nucleation and dynamics of topological defects, which

take the form of vortex rings for the experimental 3D set-up. When visualized in

terms of two-dimensional density plots the VR will appear as a vortex-antivortex

pair if the VR radius is large enough. An example of this is shown in Fig. 4.4(a)

for V0/µ = 0.6. Instead for smaller radii VR, they appear as a ‘single’ vortex if the

radius is too small for the vortex-pair to be resolved visibly as shown in Fig. 4.4(b)

for V0/µ = 0.8. However in both cases the vortex pair is centered at y = 0.

In the experiments instead the time of flight images shows often single or several

off-center vortices, with two examples shown in Fig. 4.5 which were taken from the

experimental paper [20]. We note that in this specific figure an experimental image

is shown in the unitarity limit of the Feshbach resonance (Fig. 4.5(ii)), but in this

thesis we focus only in the limit of BEC of molecules: an experimental image in the

limit of molecular BEC is shown instead in Fig. 4.5(i).

• In the experiments the presence of vortices was found even for initial barrier heights
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(a)

(b)

Figure 4.4: Density profile at T = 0 and along the xy plane (z = 0) for V0/µ = 0.6 and z0 = 0.19
(a) and for V0/µ = 0.8, z0 = 0.25 (b) showing only the first vortex ring (there is only one VR
generated in (a) while there several vortex rings generated in (b)). The density is rescaled to its
maximum value.

Figure 4.5: This figure is taken from the experimental paper [20] and shows time-of-flight images
after 20 ms of evolution, where vortices are present (indicated within the white rectangle). Lower
subplots show residual images, obtained by subtracting the density distribution of a cloud without
excitations. The data are for z0 = 0.2 and for V0/µ = 1 (i) in the limit of molecular BEC and for
V0/µ = 0.9 (ii) for the unitarity Fermi gas. [Copyright (2018) by The American Physical Society
[20]].

larger than the chemical potential. In our numerical simulations , even though the

VR is nucleated at the barrier position, it does not leave the barrier and thus no VR

is found outside the barrier for V0 ≥ µ (as will be shown in Sect. 4.3.3).

The experimental density images shown in Fig. 4.5 revealing the presence of vortices

are taken after removing the barrier; in fact, in such images there is no barrier at the

center. In the experiment, in order to image the topological defects they need to remove

the barrier before time of flight imaging. Based on this last consideration and in order to

explain the main different features between the experimental and numerical findings on

vortices we firstly implement the barrier removal process in our simulations and we then

study its effect on vortex ring dynamics for two cases of initial barrier heights; for barrier
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height smaller than the chemical potential and in particular for V0/µ = 0.8 and for the

case of barrier height larger than µ and more specifically for V0/µ = 1.2. Secondly, we

study the effect of a small thermal cloud (T = 0.4Tc) on the vortex ring nucleation and

dynamics. These two main topics will be adressed in the following sections.

4.3 The barrier removal effect at T = 0

To connect with Ref. [49, 20], we implement in our simulations the same experimental

protocol of barrier removal: we let the system evolve for 13ms with the barrier on at

a chosen value V0/µ, after that we gradually remove the barrier, reducing its height to

zero over 40 ms. Specifically, the barrier height is decreased linearly in time and thus its

time-dependent value for t ≥ 13 ms= t0 can be expressed as:

V (t) = V0

(
1− t− t0

Toff

)
(4.1)

with Toff = 40ms.

4.3.1 Relatively low barrier heights

We firstly present the numerical results for initial barrier height V0/µ = 0.8 and initial

imbalance z0 = 0.25, which is one of the cases studied in Chapt. 3. Fig. 4.6 shows the

temporal evolution of the generated VRs position along the x axis for both the two cases

of barrier kept on (filled blue circles) and barrier removal (brown empty circles). In the

latter case, the time interval during which the barrier is removed is indicated by an arrow

in Fig. 4.6.

The first and the second vortex rings are generated before the time t0 and thus they

do not feel the effect of barrier removal. The dynamics of subsequent (third, fourth and

fifth) VRs instead is strongly affected. In fact, in the case of barrier removal, when the

third VR is nucleated or better when it enters the transverse condensate density near

x = 0 (occurring at time t' 16 ms) the barrier height, expressed by Eq. (4.1), is around

0.74µ. This means that the superfluid density within the barrier is already larger with

respect to the value before the start of the barrier removal process and thus the third VR is

surrounded by larger condensate density having so a larger kinetic energy1. Consequently,

the VR has a larger lifetime, propagating further into the condensate with smaller velocity

(defined from the slope of the xVR(t) profile) in the case of barrier removal. The same

applies also for the fourth and fifth VR which are generated when V (t)/µ is even smaller,

i.e. even larger condensate density within the barrier, and thus they live much longer

1The study of the dependence of the vortex ring incompressible kinetic energy on the value of the barrier
height is described in Chapt. 5
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Figure 4.6: The temporal evolution of all the generated vortex rings x axis position in the case of
barrier kept on (blue circles) and barrier removal (brown circles) for V0/µ = 0.8 and z0 = 0.25.
The inset shows the temporal evolution of the ratio of the x component density weighted superfluid
velocity to the mean value of the speed of sound 〈c〉 =

√
µ/2M . The arrow goes from the moment

the barrier starts to be removed until the moment the barrier is at zero, i.e. indicating the time
interval [13, 53] ms. The vertical line indicates the time t = 23.4 ms chosen for the 3D density plot
shown in Fig. 4.8.

with respect to the third VR. Furthermore the first three VRs in both cases shrinks into

rarefaction pulses while the fourth and fifth VRs break into two vortex lines in the case

of barrier removal (as will be shown later for one of them).

Another important feature arising from Fig. 4.6 is that the number of VRs generated

is different in the two cases; specifically seven VRs are generated in total when the barrier

is kept on at the initial value V0/µ = 0.8 and only five vortex rings are nucleated in the

case of barrier removal. In order to explain such difference, we estimate the ratio of the

density-weighted superfluid velocity (its x axis component), calculated on the x = 0 plane

as in Sect. 3.5.5, to the mean value of the speed of sound given by 〈c〉 =
√
µ/2M . The

temporal evolution of −〈vx〉/〈c〉 is shown in the inset of Fig. 4.6. As the barrier is removed,

the density at the center increases, which means that the superfluid velocity local maxima

achieve smaller values, as 〈vx〉 is proportional to the inverse of the transverse integrated

density at x = 0 as shown in Sect. 3.6. Vortex rings are generated for as long as the

ratio −〈vx〉/〈c〉 is larger than one. When −〈vx〉/〈c〉 becomes smaller than one, a VR can

no longer be generated; this happens earlier in time for the case of barrier removal with

respect to when the barrier is kept on, and thus less vortex rings are generated in the

former case. Our estimation of the critical velocity for the VR generation of the order of

the mean speed of sound is consistent with the results found in Ref. [209], in which they
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increased the barrier height starting from zero value until reaching a value when vortices

generation occurred.

Effect of barrier removal on the VR dynamics

We now analyse in more detail the dynamics of the fourth generated VR in both cases.

Fig. 4.7(a) shows the comparison between the temporal evolution of the semiaxes of the

fourth VR in the case of including (orange line2) or excluding (blue line) the barrier

removal procedure. The shadowed areas around the mean radius mark limiting values of

the semiaxes along the y and z directions. The Thomas-Fermi radius along the y direction

calculated at xV R by Eq. (3.18) (where the barrier height is time-dependent in the barrier

removal case) is also shown in Fig. 4.7 (a).

,

Figure 4.7: (a) Evolution of the semiaxes and mean radius of the 4th VR (z0 = 0.25, V0/µ = 0.8),
with barrier kept on (blue line) or removed during [13,53] ms (orange line). Shadowed areas mark
limiting values of the two semiaxes. Dashed blue/orange lines on top: transverse TF radius at
the instantaneous VR location. (b) Dynamical 2D VR profiles with barrier on (blue) and removed
(orange) plotted alongside the corresponding transverse TF surface (dash-dotted lines).

Firstly, we observe that the fourth VR is nucleated (outside the local TF surface) at a

2instead of brown color of the Fig.4.6

121



Chapter 4. Comparison with an ultracold atom experiment (6Li experiment in
Florence)

time t ' 17.5 ms in the case of barrier on and slightly later for the barrier removal case.

This is consistent with the temporal profile of−〈vx〉/〈c〉 shown in the inset of Fig. 4.6 where

the fourth local maxima is obtained at slightly later time in the case of barrier removal.

After its nucleation, in both cases, the VR shrinks initially fast its mean radius within

the barrier region until it reaches a relatively small value; then the VR leaves the barrier

propagating in the left condensate with such radius for a while. The VR propagating

radius is larger in the case of barrier removal consistent with smaller propagation velocity

found from Fig. 4.6.

In both cases, the VR has an initial elliptical profile due to the radial trapping asym-

metry (ωy 6= ωz) as visible in Fig. 4.6(b) where the VR 2D profile is shown, together

with 2D Thomas-Fermi profile in the yz plane. Thus, the two semiaxes of the VR along

the y and z directions oscillate in time as observed in Fig. 4.6(a)-(b). Such oscillations

correspond to a m = 2 Kelvin wave excitation on a circular VR [178]. In fact, the VR

survival during its propagation in the superfluid bulk is determined by two competing

effects: On the one hand, the VR tends to expand [212] to conserve its incompressible

kinetic energy as it moves towards lower-density regions with decreasing transverse size

(as shown by the RTF,y profile in Fig. 4.7(a)). On the other hand, the Kelvin wave ex-

citation induces dissipation of the VR incompressible kinetic energy via the emission of

phonon-like excitations, reducing the VR radius [213, 214]: When RVR ∼ ξ, with ξ being

the superfluid healing length, the VR loses its circulation and annihilates in a rarefaction

pulse [209]. In the case of barrier removal the first effect dominates and the VR expands

until it reaches the condensate boundaries (i.e. RVR ' RTF,y which is the smallest TF

radius corresponding to the largest transverse frequency) during its propagation towards

the axial condensate edges; there it breaks up into two anti-parallel vortex lines as clearly

seen in the final snapshot of Fig. 4.7(b) [209, 230, 212]. In the case when barrier is kept

on, the vortex ring gradually shrinks, giving rise to rarefaction pulses. The analysis of

Kelvin-wave oscillations, which can already be seen in Fig. 4.7(a)-(b), is performed in the

following section.

A direct comparison of appropriate 3D density isosurfaces is shown in Fig. 4.8, revealing

the presence of vortex rings in the case of barrier kept on (a) and barrier removal (b) at

two different times: t ≈ 19.5 ms (i) and at t ≈ 23.4 ms. At time t = 19.5 ms the third

and the fourth (indicated by the white box) generated VRs are shown in both cases while

propagating in the left reservoir. While the third VR shape is near circular, the fourth

VR has an elliptical shape instead. Moreover, the suggested smaller velocity from the

slope of the xVR(t) in Fig. 4.6 in the case of barrier removal is consistent with the larger

propagating VR radius, an effect clearly visible also in Fig. 4.8[(a),(b)]-(i) for the fourth

VR. A few ms later, at time t = 23.4 ms, we see clearly that only one VR remains in the

case of barrier on (Fig. 4.8(a)-(ii)). Referring back to Fig. 4.6, where the time t = 23.4
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(a)

(b)

(i) (ii)

(i) (ii)

Figure 4.8: Density isosurface (taken at 5% of maximum density) for (a) barrier on, and (b) barrier
removal at (i) t = 19.5 ms and at (ii) t = 23.4 ms for initial V0/µ = 0.8 and z0 = 0.25. In both
cases the fourth VR is the one inside the white box.

ms is indicated by a vertical line, we note that the fourth VR has already disappeared

at such time and the VR observed in Fig. 4.8(a)-(ii) is the fifth generated VR. On the

other hand, in the case of barrier removal, the fourth VR is still present at such time

and it has even changed its axes of symmetry (from along z in (i) to along y direction in

(ii)). Moreover, the fifth VR (rightmost VR) is also propagating, which is generated at a

slightly later time with respect to the case of barrier kept on. The longer lifetime of the

VRs in the case of gradual barrier removal makes possible the observation of three vortex

rings simultaneously as shown in Fig. 4.8(b)-(ii).

4.3.2 Kelvin waves excitations

Here we provide further details on the characterization of Kelvin waves (KW) by analysing

the 4th generated VR dynamics for the parameters of the previous section, i.e. initial

barrier height V0/µ = 0.8 and z0 = 0.25, and in the case of barrier removal.

The small asymmetry in the transverse direction leads to VRs with elliptical 2D pro-

files. During its propagation the VR shape oscillates by inverting its elliptical semiaxes, in

the form of an m = 2 KW excitation of the circular shape. In fact, the 2D VR profile is best

fit by the function (y/a)2+(z/b)2 = 1. Based on our definition in Chapt. 3 of the mean VR

radius as RV R = (a+ b)/2, the deformation of the elliptic VR from its ideal circular shape

with radius RV R can be characterised as (a− RV R) along the y direction and (b− RV R)

along the z direction. Fig. 4.9 shows the time evolution of these quantities in the case

of the 4th VR undergoing the barrier removal process over the relevant post-generation

temporal window t ∈ [17.5, 45] ms. After such time the VR is destroyed by interacting

with its images, an effect already studied in different contexts in [215, 216, 231, 232].

In the limit of a VR radius much larger than the core size, the period of the KW
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Figure 4.9: Evolution of deviations (a − RV R) (green points) and (b − RV R) of the VR semiaxes
from their average value. Inset: sinusoidal fit (black line) to (a−RV R) in the time interval [24,34]
ms, confirming the KW nature of the VR excitations.

oscillations is given by the dispersion relation [178], expressed by Eq. (2.36) as :

ω(k) ∼ κk2/(4π)[ln(2/(ka0)− 0.5772], (4.2)

with k the wavenumber, a0 the vortex core size and κ = h/M the quantum of circulation.

The KW wavenumber k is found from the wavelength λ = 2π/k, which satisfies the relation

λm = 2πR for m = 2, where R is the VR radius. Estimating the vortex core size inside

the bulk as being comparable to the molecular BEC mean healing length (ξ ' 0.5µm) and

approximating R as the mean value of the 4th VR radius in the time interval [24, 34] ms,

the above dispersion relation predicts a KW period τ ' 3.3 ms, which is found to be in

excellent agreement with a sinusoidal fit to our numerically extracted values of (a−RV R)

in the range [24, 34] ms (black line in inset of Fig. 4.9) which yields τ = (3.19± 0.03) ms;

we note that this agreement is excellent, even though the VR radius is only five times the

vortex core.

4.3.3 Higher barrier height case

Another crucial point to note in relating our findings to experimental observables is that

in the experiment [20] they observe vortices propagating in the system even for initial

barrier height V0 > µ. In our simulations when the barrier is kept on at V0 > µ, the VRs

generated at the barrier position shrink fast within the barrier, i.e. without entering in the

left reservoir (or bulk), whereas the experimentally relevant barrier removal enables their

detection in the bulk. In fact, Fig. 4.10(a)-(b) shows that for such high barrier amplitude
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(i) (ii)

(i) (ii)

Figure 4.10: (a)-(b) Comparison of (a) x position, and (b) VR radius in the case when barrier
height is kept fixed (blue points), or gradually decreased (red points) for initial value V0/µ = 1.2
and z0 = 0.25. Density isosurface (taken at 5% of maximum density) in the case of (c) barrier kept
on and (d) barrier removal at (i) t = 20.7 ms and (ii) t = 24.5 ms.

and in the case of barrier kept on, the VR position remains near xV R ≈ 0 and its radius

shrinks fast within the barrier. Such shrinking time is much faster than the case when

the barrier is removed. This picture is confirmed from Fig. 4.10[(c),(d)]-(i) where the 3D

density plots are shown in the case of (c) barrier on and (d) barrier removal at the same

time t = 20.7 ms; the VR in the former case has already reduces its radius to a small value

while in the latter case the VR has still a large radius but slightly smaller than the the

condensate transverse extension.

Moreover in the case of barrier removal, after shrinking initially its radius, the VR can

have enough kinetic energy to leave the barrier and to travel a significant distance in the

bulk before it disappears in rarefaction pulses.

Specifically, during the process of gradual decrease of the barrier amplitude, we observe

that once the barrier height reaches some characteristic value (V (t)/µ ∼ 0.9µ) the VR

is able to escape the barrier region and propagates in the left reservoir3 (red points in

Fig. 4.10(a)-(b)), in stark contrast to the corresponding case of constant barrier height

V0 > µ (blue points).

In fact, at the subsequent time t = 24.5 ms, the 3D density plots in Fig. 4.10(c)-(d)

reveal no VR in the case of barrier kept on (Fig. 4.10(e)) as it has already disappeared,

3We note that this result is also confirmed by our detailed study on the dependence of the VR dynamics
on the barrier height (the barrier is kept on) to be presented in Chapt. 5.
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and it reveals the presence of two VRs in the case of barrier removal; one of them is

the VR that was at the barrier position in (i) which has now propagated inside the left

condensate. The second VR is another VR which has enough energy to leave the barrier.

Thus, in this case the barrier removal process facilitate the simultaneous observation of

two VRs, in stark contrast to the case of barrier kept on which reveals none.

4.4 The effect of the thermal cloud on the vortex ring dy-

namics

Fig. 4.11 shows an example of the axial condensate (black) and thermal cloud density

(red) for V0/µ = 0.8, z0 = 0.25 and T = 0.4Tc. In this figure, the density is plotted along

the x direction (for y = z = 0) both (a) at equilibrium, and (b) at a later time (t = 10.6

ms) when the first VR has already entered the left well (visible at x ∼ −1.4lx).
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Figure 4.11: Density profile along x-direction (y=z=0) of the condensate (black line) and thermal
cloud (red line) at equilibrium (a) and at 10.6 ms time evolution (b) where a VR is present (at
x ∼ −1.4lx) for V0/µ = 0.8, z0 = 0.25 and T= 0.4Tc. The inset in (b) shows the condensate and
thermal density around the VR position.

As expected, the thermal cloud has local maxima at both the barrier position, and at

the edges of the condensate where the BEC density has local minima. This is because of

the repulsive interaction between the thermal cloud and the condensate. Moreover when a

VR is present, its core is filled by thermal molecules, as seen clearly in Fig. 4.11(b) where

there is a thermal cloud density local peak at the VR position (around x ∼ −1.4lx). This

effect has already been reported in [112, 115, 116].
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4.4.1 The VR nucleation mechanism and early-stage dynamics

As we did for T = 0, we extract the transverse density weighted condensate velocity for

T = 0.4Tc and we show the comparison with the T = 0 results in Fig. 4.12 for the same

condensate number NBEC ' 6×104, the same barrier height V0 = 90~ωx = 0.8V0/µ(T = 0)

and for the same initial condensate imbalance z0 = 0.25.

Figure 4.12: (a) Density-weighted x-component of superfluid velocity at the barrier (dashed line
denotes mean speed of sound 〈c〉 =

√
µ/2M). (b) Mean radius and (c) position of the first few

generated vortex rings. Vertical shaded blue areas denote the maxima of superfluid velocity when
VRs are generated, while grey areas indicate the times when the VRs enter the Thomas-Fermi
surface. Shown are both T = 0 (blue symbols) and T = 0.4Tc (red symbols) for z0 = 0.25,
V0/µ = 0.8 and NBEC ' 6× 104.

We observe that the small temperature considered here (for which 0.4V0 < kBT <

0.8V0) has practically no effect on the superfluid velocity and on the VR generation pro-

cess. In this case, the main effect of the thermal cloud is the addition of an extra potential

to the BEC (Eq. (2.92) with R = 0 in the collisionless limit considered here), as previ-

ously observed in the context of vortex dynamics and reconnections [112, 115, 116]. This

is because such timescales are typically much shorter than the corresponding ones for

dissipation due to the relative motion between the BEC and the thermal cloud. At the

same time, temperature has a notable cumulative effect on the overall post-generation VR

dynamics which will be analysed in the following section.
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4.4.2 Instability of the vortex ring due to the thermal cloud

In Sect. 3.7.1 we study the effect of the initial imbalance on the first VR dynamics at

T = 0. We perform the same analysis at finite temperature T = 0.4Tc for the same

value of the barrier height and condensate number. From the slope of xVR(t) profiles we

thus extract the VR propagation velocity for |x|VR ≥ 2w and these results are shown in

Fig. 4.13 both at T = 0 and at T = 0.4Tc.

(b) (c)(a)

Figure 4.13: Role of initial population imbalance z0 (for fixed V0/µ = 0.8 for which zcr = 0.11)
on: (a) velocity vVR of 1st nucleated VRs, (b) lifetimes, τ , of 1st nucleated VRs and (c) total
number NVR of VRs penetrating the bulk with the blue line connecting NVR estimates from the
time-averaged phase-slippage rate ∆µ(t)/h [12]. Each subplot shows T = 0 (black symbols) and
T = 0.4Tc (red symbols) results.

The VR velocity at finite T coincides with the one at T = 0 within the errorbars. For

the case considered of V0/µ = 0.8 and for all the different values of z0, both at T = 0

and at finite T , the first VR, after a certain propagation time, disappears by shrinking

into rarefaction pulses. The thermal cloud effects stand on reducing the VR lifetime as

shown in Fig. 4.13 (b). As the small T considered (kBT < 0.8V0) does not cause thermally

activated VRs, the number of VRs nucleated at T = 0.4Tc is the same as at T = 0 (as

shown in Fig. 4.13 (c)). Even though the considered temperature range has a small effect

on the VR generation process, nonetheless it does exert a ‘drift force’ causing the VR to

go off-center while propagating along the negative x-direction, breaking so its motional

symmetry. In fact, Fig. 4.14 shows the first VR center along the y and z directions for

z0 = 0.25 and V0/µ = 0.8 at finite T , which becomes different from zero in time. However,

the vortex ring disappears before reaching the condensate transversal boundary. This

behaviour is highly distinct to what happens at T = 0, where the VR remains centered at

y = z = 0. This effect becomes more pronounced in the cases of barrier removal, because

in such cases the VR lifetimes are considerably longer. The 2D profiles of the fourth VR

at T = 0 (also shown in Fig. 4.7) and at T = 0.4Tc in the case of barrier removal are

shown in Fig. 4.15. In the case of barrier removal, at T = 0, the considered vortex ring

has a longer lifetime and in the end of its lifetime it breaks into two vortex lines.

At finite T instead the thermal fluctuations destabilize the VR, going off-axis while
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Figure 4.14: The first VR center along the y and z directions at T = 0 (horizontal dashed line)
and at T = 0.4Tc (red symbols) for V0/µ = 0.8 and z0 = 0.25.

(a)

(b)

Figure 4.15: Evolution of the 2D profile of the fourth VR in the case of barrier removal at T = 0
(a) and at T = 0.4Tc (b). The VR moves off-axis at finite T , generating a single vortex handle
at the boundary. The time interval of the images is chosen close to the moment the VR breaks in
each case.

propagating and this time it reaches the transversal boundary (condensate edges) asym-

metrically [Fig. 4.15]. There, it reconnects with its image and forms a ‘vortex handle’

[229, 231, 232]. This could explain why a single vortex line is typically detected in each

experimental run after barrier removal [49, 20]. A clear visualization of this effect is ob-

served in Fig. 4.16 where the corresponding three dimensional isocontour density profiles

are shown for the barrier removal case, clearly contrasting the T = 0 to the T > 0 case.

Note that while the lifetime is well predicted within our kinetic model, the precise details

of the VR trajectory – i.e. exactly how it goes off-center and approaches the boundary –

are sensitive to the numerical realisation (here we show the results of a single realisation).
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Figure 4.16: Density isosurface (taken at 5% of maximum density) in the case of barrier removal
with initial barrier height V0/µ = 0.8, z0 = 0.25 at T = 0 (left column) and at T = 0.4Tc (right
column) showing ‘final trajectory’ of the left VR (i.e. close to the moment it breaks).
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4.5 Conclusion and future works

Conclusions

In this chapter we compared our numerical simulation results on the study of the onset of

a vortex-induced dissipative regime in an elongated atomic Josephson junction with the

experimental results from the LENS experiment in Florence [20] in the limit of BEC of

lithium molecules. The two condensates were separated by a Gaussian barrier which had

a fixed barrier with w/ξ = 4 and a variable V0/µ in the range [0.6, 1.22]. In particular our

prediction of the critical imbalance and critical superfluid current across the barrier, defin-

ing the transition to the dissipative regime was found to be in very good agreement with

the experimental data. Furthermore, we showed that the maximum current delimitting

the two regimes can also be calculated in a simpler way by the product of the population

imbalance oscillations frequency ωJ (found for z0 < zcr), of the critical imbalance zcr

and of half the condensate number NBEC/2. This finding is of significant importance for

experiments as the ωJ and zcr can be easily extracted.

The experimental condensate fraction was larger or equal to 85% suggesting that in the

experiment the temperature was in the range [0.3, 0.4]Tc. For this reason, we also consid-

ered the effect of a small thermal fraction at such temperature on the critical parameters

and temporal evolution of the condensate population imbalance. We showed that the

thermal cloud has no significant effect on the critical parameters defining the onset of the

vortex-induced dissipative regime as long as we keep fixed the condensate number when

comparing the T = 0 and finite T results (which are thus done at variable total particle

number). This suggests that, at such low temperature, the onset of the vortex-induced

dissipative regime is essentially defined by the condensate dynamics and, as it happens on

very short time-scale, the small thermal cloud has practically no effect, apart for a small

change in the effective trap felt by the condensate.

We also showed that our numerical data at T = 0 produced by using the GPE equation

for a molecular BEC reproduces very well the experimental data. Moreover a comparison

was done by adding also the effect of the small thermal cloud which was found by using

the ZNG model in the collisionless limit. Even at finite T the comparison was very good

with the experimental data and the small thermal cloud slightly shifted the condensate

frequency exerting a very small damping of the condensate imbalance oscillations for the

relatively short experimental time evolution. However the presence of a small non-zero

temperature is fundamental in understanding and explaining the experimental observation

of single off-center vortices. In fact, from our numerical simulations we showed that the

thermal cloud causes the vortex ring to go off-center until it breaks into one long single

vortex line when it ‘hits’ the condensate boundaries asymmetrically.

In the experiments, the barrier is removed prior to time of flight imaging, which re-
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veals the vortices. So we included the effect of barrier removal on vortex rings dynamics.

Remarkably, we found that the barrier removal protocol is an efficient way for producing

longer living vortices with larger propagation radius, and thus making it easier to be ob-

served experimentally. On the other hand a smaller number of vortices are produced with

respect to the case of the barrier kept unchanged for the same initial barrier height, as

the vortex ring emission ceases once the density-weighted superfluid velocity 〈v〉 becomes

smaller than a critical value. In fact, the barrier removal process permits us to also give an

estimation of the critical velocity for the vortex ring generation in our 3D inhomogeneus

system. We defined it as the value such as for 〈v〉 ≥ vc the vortex ring are generated,

and it was found to be equal to the mean speed of sound 〈c〉 =
√
µ/2M . We also showed

that another advantage of the barrier removal process is that it permits the vortex ring to

leave the barrier and propagate in the cases of high barrier heights V0/µ > 1 which would

otherwise shrink within the barrier if the barrier removal process was not applied.

Future works

In the context of the comparison with experiment and the onset of a vortex-induced

dissipative regime there are two experiments that are mostly relevant for us. The first

one is the experiment performed by L. J. LeBlanc et al. in Ref. [48] in 2011 where they

studied the population dynamics of a Bose-Einstein condensate in a double-well potential

in an atomic chip. They found a population imbalance profile which decays in time; their

experimental results are reported in Fig. 4.17(a). They compared their data with the

numerical results performed by using the Gross-Pitaevskii equation at T = 0 (shown in

Fig. 4.17)(b)). The GPE numerical results did not capture the decay of the population

imbalance in time so the authors concluded that such damping could be due to thermal

or other stochastic events or from other technical experimental sources. J. Allen in her

Phd Thesis [203] adressed the effect of the thermal cloud on the population imbalance

and she found that, if the presence of the thermal cloud added a damping to the BEC

oscillations, the corresponding damping time is larger with respect to the experimental

values. However, the question that puzzles us is if the initial fast damping of z(t) amplitude

for t < 3ms which is also present in the GPE simulations at T = 0 can be associated with

the generation of vortices which happens in a very short time-scale. As a future work it

would be interesting to investigate further along this direction.

The second experiment is the experiment performed by Albiez et al. in [42] in 2005

where they studied dynamical regimes in a single bosonic Josephson junction consisting

in two weakly linked Bose-Einstein condensates of 87Rb in a double-well potential. Their

geometry was almost a spherical trap with frequency ωx = 2π×78 Hz, ωy = 2π×66 Hz and

ωx = 2π×90 Hz with the x axis being the tunneling axis. For the experimental parameters

of barrier height and barrier widths they showed the presence of the Macroscopic Quantum
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(a) (b)

Figure 4.17: L. J. LeBlanc et al. [48]: (a) The temporal evolution of the population imbalance for
a number N = 5900± 150 of 87Rb atoms. The dashed line is a decaying two-frequency sinusoidal
fit to the data. Their trap frequency are ωz = 2π× 425 Hz, ωy = 2π× 95 Hz and along the x-axes
the frequency goes from ωx = 2π× 350 to ωx = 2π× 770 Hz depending on the value of the barrier
height. (b) The experimental data shown also in (a) and the GPE simulations profile (blue line).
[Copyright (2011) by the American Physical Society [48]].

Self-trapping (MQST) regime. An interesting study would be to investigate if even for

their geometry, interaction strength and particle numbers, a dissipative regime could be

found for an appropriate choice of parameters, where vortices are generated. Our study

in Chapt. 5 suggests that we can find all the three-dynamical regimes Josephson ‘plasma’,

dissipative and MQST regimes for any geometry but it would be interesting to show it for

parameters of the experiment of [42].

From a theoretical point of view, a future goal is to extend our study of the onset

of dissipation to fermionic superfluids controllably tuned across the BEC-BCS crossover.

In the experiment of 6Li at LENS [20, 49], which we studied in the BEC limit of tightly

bound fermion pairs (i.e. BEC of molecules), the existence of a dissipative regime was also

found in the unitary and BCS superfluid. While in the BEC limit the main reason for

dissipation was the generation of vortices, as we go towards the BCS limit, other dissipative

mechanisms set in, such as the pair-breaking mechanism. While in the experiment [20]

the onset of dissipation was attributed mainly to the generation of vortices which was

revealed by TOF images even in the unitarity and BCS limit, it would be very interesting

to investigate to what extent the vortex-induced dissipation dominates with respect to

damping coming from unpaired fermions due to pair breaking mechanism, for a broad

parameter range and specific experimental values probed.
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In ultracold atoms, the most commonly studied distinct regimes of population transfer

across the weak link are the Josephson ‘plasma’ and Macroscopic Quantum Self-Trapping

(MQST) regimes [59–61]. The Josephson ‘plasma’ oscillations regime features periodic

oscillations of both relative population imbalance and relative phase about zero (as shown

also in Chapt. 3). The MQST regime instead sets in for higher population imbalance:

this is connected to asymmetric population imbalance oscillations, with a bias towards

the initially more populated well, such that the sign of the relative population imbalance

remains unchanged, despite the existence of low amplitude population transfer across the

weak link due to the tunneling [59, 61] (also described in Sect. 2.3.2). The MQST regime

is characterised by a running relative phase (i.e. a relative phase which grows with time).

Notice that in general, for long times, the self-trapped regime is eventually destroyed by

thermal or quantum fluctuations [61, 62, 64, 63, 60, 233, 234] and/or by higher order

tunneling processes [65]. Both these regimes, discussed for ultracold bosons in double-

and multi-well potentials [59–61, 66, 235, 236] have been clearly observed both in ultracold
87Rb [42] (described also in Sect. 1.3) and 39K [47] bosonic atomic clouds trapped in a

harmonic potential perturbed by a shallow optical lattice which creates a weak link across

two well-separated minima, and in the presence of a deep optical lattice [41, 43].

Recent experiments with fermionic 6Li have investigated these phenomena in an elon-

gated fermionic superfluid across the BEC-BCS regime [49, 20]. The molecular BEC

regime observed in such experiments (which we modelled in the previous chapters) has

a direct correspondence with the experiments in atomic BECs. One of the interesting

findings of the experiment [49, 20] – based on a thin Josephson junction – was the explicit
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observation (across the entire BEC-BCS regime) of a transition from Josephson ‘plasma’

oscillations to a dissipative regime with increasing initial population imbalance – with no

evidence of the existence of self-trapping found in the probed parameter space.

The existence of several experimental studies of the Josephson effect in ultracold super-

fluids observing either a transition from the Josephson plasma oscillation regime to self-

trapping [42, 43, 47], or a transition from Josephson to a dissipative regime [49, 20, 90],

raises the interesting question of what distinguishes between such transitions/regimes,

and whether a particular experimental set-up could be found that would allow for all

three regimes to be observed upon careful control of the relevant parameters distinguish-

ing between such physical regimes. In this chapter, we construct such a full phase di-

agram clearly demonstrating the crossover between Josephson ‘plasma’, dissipative and

self-trapping regimes in a 3D ultracold superfluid, upon careful control of the parame-

ters (height, width) of the barrier separating the two superfluids. Specifically, we firstly

identify the parameter regime for which self-trapping is expected to arise in the LENS

experiment geometry [49, 20] in the BEC limit. We then generalize our studies to an

isotropic harmonic trap (i.e. spherical condensate), and explicitly show – beyond the ex-

pected Josephson ‘plasma’ and self-trapping regimes (observed and studied for a spherical

trap in [42, 83]) – the emergence of a dissipative regime also in such a geometry.

Analysing the compressible and incompressible kinetic energy emission during the su-

perflow, and the properties of the vortex rings – when emitted – we characterize the

microscopic processes controlling the regime crossover, even in the absence of any thermal

dissipation. The results that we present in this chapter are obtained at T = 0 by solving

the Gross-Pitaevskii equation for the molecular BEC of lithium defined in Eq. (3.2) and

the numerical simulations are described in Sect. 3.1. Some of the results of this chapter

are also included in our recent paper [237].

5.1 Phase diagram for fixed barrier width w = 4ξ

For the LENS experimental parameters whose barrier width was w = 4ξ we found two

dynamical regimes: Josephson ‘plasma’ and dissipative regime (described in previous chap-

ters). The experiment was done for a barrier height V0/µ in the range [0.6, 1.22]. In our

numerical investigations, we explore even higher barrier heights searching for the self-

trapping regime predicted by Smerzi et al [59, 61]. and indeed we find (for the considered

parameters) the onset of the self-trapping regime for barrier height V0/µ & 1.6.

We define the self-trapped regime as the regime where the population imbalance oscil-

lates around a non zero value for at least 0.4s; in general, for long times, the self-trapping

regime can eventually be destroyed. One of the possible reasons for the destruction of the

self-trapping regime, for our 3D geometry and in the case T = 0 considered here, could be
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Figure 5.1: Main Panel: Josephson junction phase diagram of dynamical regimes arising across
a Gaussian barrier of variable height V0/µ ∈ [0.6, 2.1] and fixed w/ξ = 4 for different initial
fractional population imbalances z0 = z(t = 0). The Josephson plasma oscillation regime is found
for z0 < zcr and, beyond a narrow transition regime (indicated by the grey shaded area) the system
transitions to the dissipative (V0/µ . 1.2), or the self-trapped (V0/µ & 1.6) regime, with the empty
black triangles (and connected dashed black line) indicating the critical imbalance. Such regimes
are characterized by the coloured regions displaying the absolute value of 〈z(t)〉/z0 where 〈z(t)〉
is the temporal mean value of z(t) in the time interval [0, 0.4]s; the colormap is in logarithmic
scale ranging between 0.08 and 0.75. In the lateral figures we plot the evolution of the population
imbalance z(t) for different z0 and (i)-(ii) V0/µ = 0.8 at w/ξ = 4, showing the transition from
the Josephson ‘plasma’ oscillations to the dissipative regime; and (iii)-(iv) V0/µ = 2 at w/ξ = 4,
showing the transition from the Josephson to the self-trapping regimes. The location of such points
on the phase diagram are highlighted by the hollow circles (with the connecting white vertical lines
simply a guide to the eye). The horizontal dot-dashed line at the top of the phase diagram indicates
the value of z0 = 0.19 chosen for the following study of the vortex ring dynamics (described in
Sect. 5.5).

higher order dissipative tunneling processes [65].

The full phase diagram highlighting the distinct dynamical regimes for the particu-

lar inhomogeneous geometry and a narrow barrier width w/ξ = 4 is shown in Fig. 5.1.

The central panel of Fig. 5.1 highlights the different ‘Josephson’, ‘Dissipative’ and ‘Self-

Trapped’ regimes, and their crossover for barrier heights in the range [0.6, 2.1]µ. While

the Josephson regime can be clearly identified in Fig. 5.1 [blue-shaded region], and despite

the existence of clear regimes where dissipative dynamics, or self-trapped, dominate, the

interplay between all such regimes poses challenges on how to best present the complete

phase diagram. To achieve this, the regimes beyond Josephson ‘plasma’ (i.e. for z0 ≥ zcr)
are characterised in terms of the absolute value of 〈z〉/z0, where 〈z〉 denotes the temporal

mean value of the population imbalance over our entire numerically probed range (corre-

sponding here to 0.4s). The (necessarily) limited temporal evolution window probed to

construct all phase diagrams in this chapter (0 ≤ t ≤ 0.4s) implies a weak sensitivity of

calculated values 〈z(t)〉 around a zero mean in the dissipative/crossover regime: for these
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reasons, we consider instead the quantity |〈z(t)〉|/z0, which is plotted by colour in Fig. 5.1

and similar subsequent figures.

To better understand this behaviour, we look at the different dynamical regimes shown

in subplots (i)-(ii) [left panels] and (iii)-(iv) [right panels] of Fig. 5.1. These show the

dynamical evolution of the population imbalance z(t) for increasing values of initial im-

balance z0 and for fixed V0/µ = 0.8 [(i)-(ii) Josephson ‘plasma’ to dissipative transition]

and V0/µ = 2.0 [(iii)-(iv) Josephson ‘plasma’ to self-trapped transition]: for both values of

V0/µ, the location of the displayed cases on the phase diagram are highlighted by hollow

circles. The blue symmetric oscillations shown for the lowest z0 values in both (ii) and (iv)

[lower panels] correspond to pure Josephson oscillations (with a single dominant plasma

frequency).

For V0/µ = 0.8, increasing the initial population imbalance and for z0 exceeding a

critical value (z0 ≥ zcr), the z(t) presents ‘kinks’ or ‘dips’ during the first transfer cycle of

population across the weak link (Fig. 5.1(i)-(ii) and inset in Fig. 5.1(i)). As shown in [90]

and in Chapt. 3, such kinks are related to the generation of vortex rings which temporarily

slows down (potentially even momentarily reversing) the evolution of z(t). For this low

V0/µ, the vortex ring starts propagating along the long condensate axis (described in

Sect. 3.7.1). These kinks during the early time evolution of z(t) are always observed in

the dissipative regime. For z0 = zcr there is only one kink in the initial decay of z(t)

as only one vortex ring is generated [orange curve in Fig. 5.1(ii)] . The generation of

the vortex ring and associated acoustic emission, combined with the subsequent sound

emission from the excited decaying vortex ring eventually lead to dissipation of z(t) (as

shown in Chapt. 3). After initially decaying, the population imbalance continues oscillating

about a zero mean value on average, following a more complicated pattern, involving

multiple frequencies during the subsequent dynamics1. As shown in the previous chapters,

increasing z0 to values much higher than zcr [purple/red lines in Fig. 5.1(i) leads to the

sequential emergence of multiple vortex rings – one at a time – visible in the current

subplots by the small-amplitude kinks during the first t ∼ 40ms. Thus, in the dissipative

regime we expect 〈z(t)〉 ∼ 0, with such regime highlighted by the dark blue colour in

Fig. 5.1. Such behaviour remains true for all values of z0 > zcr when V0/µ . 1, and then

– depending on the value of z0 – we see a gradual change of behaviour with the dissipative

regime persisting even beyond V0/µ ∼ 1 for small z0.

In the limit of V0/µ � 1 and more specifically V0/µ ≥ 1.6, and for small enough z0

which is slightly higher than zcr, we see the clear emergence of the self-trapped regime

[orange curve in Fig. 5.1 (iv)]. In this case, the population imbalance oscillations clearly

maintain a positive value within the time interval explored, implying that despite the

1A more detailed analysis of such frequencies and their dependence on the temperature is shown in
Chapt. 6.
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(a) (b)

Figure 5.2: The time evolution of the population imbalance for V0/µ = 1.6 (a) and V0/µ = 2 (b)
(both for w/ξ = 4) and for different z0 (see legend).

periodic transfer of population across the two wells, the right well maintains a higher

population compared to the left well at long time evolution. In fact, we refer to the self-

trapped states for z0 = zcr as pure self-trapped as the z(t) oscillates with a single dominant

frequency and such regime is the so-called Macroscopic Quantum Self trapping regime in

the Ref.[59, 61]. Increasing z0 to values much beyond zcr does maintain a dominant

population in the right well, with 〈z〉 having a clear positive value, i.e. the system exhibits

self-trapping, but with additional excitations becoming relevant to the system dynamics.

Moreover in such case of z0 � zcr, the population imbalance changes only very mildly

during such oscillations, tending towards values 〈z(t)〉/z0 → 1−, which is labelled by the

deep red regime in the phase diagram (it is described in more details in the following

Sect. 5.1.2).

The grey area between the Josephson ‘plasma’ oscillations and the dissipative/self-

trapped regimes corresponds to a regime where the pure Josephson ‘plasma’ oscillations are

suppressed. The intermediate or crossover region, occurring at values V0/µ > 1 (broadly

arising for our current parameters around 1.2 < V0/µ < 1.6, but also dependent on z0)

exhibits more complicated behaviour, featuring reduced sound emission, a generated vortex

ring which remains a ‘ghost’ vortex (without entering the condensate), and a complicated

irregular pattern of population oscillations, during which z(t) may exhibit kinks, or can

change sign, but in a sufficiently irregular manner that does not meet the criteria for

belonging to either of the three identified regimes (which will be fully characterised later).

We next focus on better characterising the pure self-trapping or MQST regime.

5.1.1 Macroscopic Quantum Self-Trapping regime

Fig. 5.2 shows characteristic examples of the time-evolution of the population imbalance

for different z0, transitioning from the Josephson ‘plasma’ to the MQST regime for two

different barrier heights, V0/µ = 1.6 and V0/µ = 2. The range of the barrier heights
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near V0/µ = 1.6 is explored by increasing V0 with numerical steps of ∆V0 ' 0.1µ 2

Within such numerical resolution, we firstly obtain the MQST regime for V0/µ = 1.6:

the z(t) remains ‘locked’ at its initial value in the time interval [0, 0.4] s while exhibiting

small-amplitude oscillations around its mean value as shown in Fig. 5.2(a). Specifically,

Fig. 5.2(a) shows the temporal evolution of the population imbalance as z0 increases by

gradually approaching the critical imbalance zcr for the onset of the MQST regime. For z0

smaller than zcr, the Josephson ‘plasma’ regime is obtained whose oscillations amplitude

increases with z0 but its frequency decreases slightly with increasing z0 (for the explored

z0 values such decrease is less than 1 Hz) (black and blue profiles in Fig. 5.2(a)). For

z0 = zcr = 0.019 instead the system enters in the MQST regime and the z(t) oscillates

with a dominant frequency around 17 Hz (extracted by the Discrete-Fourier Transform

as will be described later). The z(t) oscillations frequency in the MQST regime (based

on the two-mode model description in [59, 61] and in Sect. 2.3.2) can also be estimated

as νMQST = ∆µ/h ' ∆µ0/h (such frequency gives also the rate of phase-slippage as

described in Chapt. 2) and it gives a value around 20 Hz for z0 = zcr(V0/µ = 1.6) which

is near but not exactly equal to the extracted value of 17 Hz.

Ref. [59, 61] showed that the onset of the MQST regime is proceeded by an intermediate

regime characterised by high amplitude anharmonic oscillations of z(t) around a zero-mean

value. The presence of such regime is found in our case for the next chosen V0/µ = 2

shown in Fig. 5.2(b). In fact, if for z0 < zcr the z(t) exhibits harmonic Josephson ‘plasma’

oscillations (blue profile), as z0 achieves value near zcr but slightly smaller than zcr, the

z(t) becomes anharmonic (black profile). The z0 corresponding to such regime is classified

inside the grey area of Fig. 5.1 main panel. For z0 = zcr = 0.012 instead we obtain

the MQST regime where the z(t), for V0/µ = 2, is characterized by single-frequency

dominated oscillations around a non-zero mean value which is very well predicted by

νMQST ' ∆µ0/h ' 12 Hz. In Fig. 5.2 it is also visible that the z(t) oscillations frequency

in the Josephson plasma regime become smaller at larger V0/µ, consistent with the results

presented in Sect. 3.4. In the Josephson ‘plasma’ regime the relative phase ∆φ performs

small-amplitude sinusoidal oscillations (with the plasma frequency) around a zero mean

value as shown in Sect. 3.3.1. In the dissipative regime the ∆φ undergoes one to many

(depending on (z0 − zcr)) phase-slippage mechanisms during its short-time evolution (as

described in Sect. 3.3.2) which is followed by sinusoidal oscillations around a zero-mean

value with several frequencies and with amplitude smaller than π. Here we show the

ralative phase temporal evolution in the MQST regime. In particular, Fig. 5.3 shows

both the population imbalance and the relative phase oscillations for the parameters of

the subplot (b) in Fig. 5.2, i.e. for V0/µ = 2, and for a shorter time interval. The main

2However sometimes a higher resolution is required, for example ∆V0 ' 0.05µ in Sect. 5.3 for barrier
heights near the MQST regime at different barrier widths and in some other cases lower resolution is
sufficient, for example when studying the dissipative regime for V0/µ . 1 where ∆V0 ' 0.2µ.
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(a)

(b)

Figure 5.3: The temporal evolution of the imbalance (a) and the relative phase (b) for V0/µ = 2,
z0 = zcr and at fixed w/ξ = 4. The relative phase is calculated along the line y = z = 0 near the
trap center. The vertical grey dashed lines show the moment the population imbalance has a local
minima and the relative phase jumps by 2π.

features characterising the MQST regime consists of: the population imbalance oscillates

about a non-zero value, and 2π jumps in the relative phase at the times of the z(t) local

minima, with a rate captured well by the two-mode model (νMQST ' ∆µ0/h ' 12Hz).

Abad et al. [83] (also described in Sect. 1.4) numerically related the self-trapping regime to

phase slips created by the nucleated vortex rings which annihilate within the barrier region

(but outside the region of observable condensate density). This picture is also confirmed

by our simulations where, both our VR tracking code and the 2D phase profiles, reveals

the presence of vortex rings at the trap center and outside the condensate density. In fact,

Fig. 5.4 shows 2D phase profile along the x− y plane (for z = 0) for V0/µ = 2, z0 = zcr at

time t ' 46 ms where a 2π phase windings is present around the vortex core at y ∼ ±1.6lx.

The MQST regime is a metastable state and one of the possible causes of its destruction

at relatively long-time evolution could be the presence of the dissipative second order terms

in the current-phase relation (defined in Eq. (2.81)), which originates from considering also

the tunneling between condensate and non-condensate states (noncondensate states can

be low energy phonon-like excitation) across the junction that are finite even at T = 0

(described in Sect. 2.4). In fact, Meier and Zwerger in Ref. [65] showed that the presence of

the normal current Jn = Gn∆µ leads to the destruction of the MQST regime even when it

has a small contribution of around 3%. In fact, if we now look at longer time evolution, for

example until t = 1.6s instead of t = 0.4s, the MQST regime for V0/µ = 1.6 decays within

0.55s while for V0/µ = 2 the MQST regime is stable until at least 1.6s. This is shown in

Fig. 5.5. This is consistent with the Eq. (63) of Ref. [65] which states that the contribution
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Figure 5.4: The 2D phase profile along the xy plane (for z = 0) for V0/µ = 2, z0 = zcr at time
t ' 46 ms revealing a phase-winding around the vortex core at y ∼ ±1.6lx.

(a) (b)

Figure 5.5: The long time evolution of the imbalance for V0/µ = 1.6 (a) and for V0/µ = 2, for
z0 = zcr(V0), equal to zcr = 0.019 and zcr = 0.012 in (a) and (b), respectively, and at fixed
w/ξ = 4.

of the second order dissipative term descreases with increasing V0/µ. The Discrete Fourier

Transform (DFT) of z(t) extracted for both the barrier heights, shown in Fig. 5.6, shows a

peak near the predicted νMQST (around 20 Hz) for V0/µ = 1.6 and at exactly the predicted

value for V0/µ = 2. Except for the peak near zero, which comes from having a non-zero

mean value of the imbalance, the MQST frequency is the dominant frequency for V0/µ = 2

while it is not the most important frequency for V0/µ = 1.6. In particular, for V0/µ = 1.6

the population imbalance, after the decay at t ' 0.55s, oscillates around zero value with

several frequencies. Thus, we extract the DFT spectrum at two different time intervals:

for t < 0.55s, which gives the frequency values of the MQST regime (black profile in

Fig. 5.6(a)) and for t ≥ 0.55s (grey profile), which gives the oscillation frequencies of the
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(b)(a)

Figure 5.6: The DFT amplitude of the z(t) for V0/µ = 1.6 (a) and for V0/µ = 2 (b) at z0 = zcr,
equal to zcr = 0.019 and zcr = 0.012 in (a) and (b), respectively. The barrier width in both cases is
w/ξ = 4. The frequency is scaled to νMQST = ∆µ0/h. In (a) the DFT spectrum of the population
imbalance extracted for t < 0.55s (black profile) and t ≥ 0.55s (grey profile) is shown, where the
time t = 0.55s is the time the population imbalance, shown in Fig. 5.5(a), reaches the zero value.
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Figure 5.7: The DFT amplitude of the z(t) for V0/µ = 1.6 and z0 < zcr. The frequency is scaled
to the MQST frequency for z0 = zcr. The spectrum resolution is 0.6Hz.

population imbalance after the decay of the MQST regime. We observe that the DFT

spectrum for V0/µ = 1.6 has a dominant peak at near 0.5 νMQST , which comes from the

oscillations around the zero mean value. In fact, this is confirmed by looking at the DFT

spectrum for z0 < zcr shown in Fig. 5.7, where the peak at 0.5 νMQST is the dominant

frequency of the imbalance in the Josephson ‘plasma’ oscillations regime. Thus after the

decay at around 0.55s the z(t) oscillates mainly with the Josephson ‘plasma’ frequency.

5.1.2 Self-Trapped State

Near critical imbalance

For V0/µ > 1.6, as z0 (i.e. ∆µ0) increases to higher values (beyond zcr), the amplitude of

the oscillations decreases and its corresponding frequency significantly increasing. These

features are clearly visible in Fig. 5.8 where some examples of z(t) profiles are shown for

143



Chapter 5. Full phase-diagram for a three-dimensional Josephson junction

Figure 5.8: The temporal evolution of the population imbalance for V0/µ = 1.8 (a) and for V0/µ = 2
(b) for two different values of the initial imbalance: z0 = zcr(V0), that is zcr = 0.016 and zcr = 0.012
for (a) and (b) respectively, and for the same initial imbalance z0 = 0.052. (c)-(d) The zoomed-in
time evolution of z(t) (i) and the relative phase (ii) for the profiles in (a) and (b) with the same
value of z0 = 0.052. The numerical data are at fixed w/ξ = 4. The vertical grey dashed lines show
the moment the population imbalance for z0 = 0.052 has a local minima. The time resolution in
(c) is 1 ms while in (d) is 0.2 ms.

V0/µ = 1.8 [(a)-(b)] and V0/µ = 2 [(c)-(d)] for different z0 values. Furthermore, the z(t)

pattern becomes increasingly less regular than the pure self-trapped states (or MQST).

The origin of this is the co-existence of multiple modes, corresponding to additional higher-

level excitations and complicated couplings [238, 239], which result in less regular dynamics

than those discussed in the pure two-mode self-trapping regime [59].

Nonetheless, closer inspection even in this regime (Fig. 5.8(b)-(d)), still reveals the

existence of (irregular) 2π phase jumps at the relative population minima, thus allowing

us to still characterise this regime as ‘self-trapped’ (depicted by the dark red colour in the

various phase diagrams shown in this chapter).

Self-trapped modes

Here we analyse the spectrum of the population imbalance for V0/µ = 2 at different initial

population imbalances z0. In the limiting case of z0 marginally exceeding the critical value

zcr, one recovers the well-known MQST state (as shown previously): this features both

single-frequency biased population oscillations between the two wells, and corresponding
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phase slips of 2π with the same period (Fig. 5.9 (a) and Fig. 5.3). As z0 increases in

the same system we observe a number of features, which can be clearly seen in Fig. 5.9:

Firstly, the population oscillations become more complicated, with the gradual emergence

of numerous frequencies associated with higher-order excitations [238, 239]. Secondly, the

z(t) can even decrease initially its value in time as happened in (b) for t . 0.2s or for

larger time in (c), while remaining different from zero for at least 1.1 s (which is the time

interval explored here). This behaviour can be associated to the coupling with phonon

modes as found in Ref. [238]. Importantly, the MQST frequency νMQST ' ∆µ0/h, which

is the dominant frequency for z0 = zcr (Fig. 5.9 (a)-(ii)), becomes increasingly less relevant

with higher z0, with all dominant frequencies in such extended self-trapped states being

smaller than the corresponding νMQST .

The higher the initial z0, the more reduced the total oscillation amplitude of z(t)

becomes. For sufficiently large value of z0/zcr, the evolution of z(t) resembles to good

approximation a nearly flat line with features only becoming discernible when one zooms

into the plot (as for example in Fig. 5.9 (d)).
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Figure 5.9: (a)-(d)(i) Temporal evolution of the population imbalance, z(t), for different initial
imbalances z0 and for V0/µ = 2, w/ξ = 4. Plots (a)-(d)(ii) show the corresponding DFT amplitude
of z(t)−〈z(t)〉, with the frequency scaled to the MQST prediction, and the amplitude scaled to the
value of the DFT amplitude of the dominant frequency. The insets show the z(t) profiles of (i) for
shorter time evolution where the arrows indicate the time interval 1/νMQST with νMQST ' ∆µ0/h.
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5.1.3 Further Dynamical Regime Details in an Elongated Trap

Next, we present more details about how the evolution of z(t) can differ even within

a particular regime, which allows us to highlight more clearly the nature of the different

observed crossovers. In particular, Fig. 5.10 shows the complex dependence of the evolution

of z(t) for barriers with w/ξ = 4 and different values of the parameters z0/zcr and V0/µ,

as clearly identified in the individual subplots. Specifically, this figure is organised across

3 rows, with the ratio of z0/zcr increasing from bottom to top: from values z0/zcr < 1

(bottom row; Josephson regime), through z0/zcr ∼ 1 (middle row; crossover regime from

Josephson to other dynamical behaviour) to z0/zcr > 1 (top row).

Figure 5.10: Dependence of the temporal evolution of the population imbalance in an elongated
harmonic trap on different values of z0/zcr and V0/µ at fixed w/ξ = 4, corresponding to the phase
diagram of Fig. 5.1.

Specifically, the bottom row [(c)] has z0/zcr < 1, with the system exhibiting Josephson

plasma oscillations, with a frequency that becomes smaller at higher V0/µ. The inter-

mediate row [(b)], depicting the behaviour of z(t) at values z0/zcr ∼ 1 but just below 1,

corresponds to the ‘grey’ crossover regime of Fig. 5.1, during which the system transitions

from Josephson plasma oscillations to the dissipative or self-trapped regime. The top row

corresponds to cases z0/zcr > 1, the system exhibits a smooth crossover from dissipative

regime (left two columns, V0/µ ≤ 1.2) to self-trapped regime (right column; V0/µ = 1.8).

This figure displays a range of interesting behaviours, which are briefly commented

upon below:
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1. For z0/zcr > 1 and relatively low V0/µ [left 2 columns], the dynamical behaviour

in the dissipative regime exhibits either a rapid decay of the amplitude of z(t) to

0 [subplot (a)(ii)], or to a more gradual decay as V0/µ decreases further below 1

[subplot (a)(i)].

2. As the system transitions from Josephson plasma to a distinct dynamical regime

with increasing z0 approaching zcr from below – and for intermediate values of

V0/µ of order 1 (here the value corresponds to V0/µ = 1.4) – the evolution of z(t)

becomes somewhat irregular, and hard to classify as belonging to a particular regime

[e.g. subplot (b)(iii)]. Such features are somewhat obscured by our chosen coloured

representation of the phase diagram shown in Fig. 5.1 but are important to note: it

is precisely such behaviour of z(t) which reveals the irregular crossover denoted by

different colours in the presented phase diagram plots.

3. In the ‘crossover regime’ occurring for z0 > zcr and ‘intermediate’ V0/µ ≥ 1.2

[subplot (a)(iii)] we see behaviour which is somewhat reminiscent of the dissipa-

tive regime, as there are multiple dips in the early-time decay of z(t), followed by

a periodic-like oscillation around zero mean value; at the same time, it also bears

features of the behaviour seen for high z0/zcr and large V0/µ > 1: indeed increasing

z0/zcr even more for fixed V0/µ = 1.4 gradually leads to the appearance of a self-

trapped state. This behaviour further justifies the slightly curved contours shown

in the phase diagrams. The study of the origin of those frequencies in the crossover

regime goes beyond the scope of this thesis.

4. Finally, we note some interesting observations in the Josephson regime z0 < zcr

[subplots (c)(i)-(iv)]. The Josephson regime in ultracold atoms is typically associated

with a single dominant frequency, the plasma frequency, determined by the two-mode

model.

However, the two-mode approximation is expected to be valid if the condensate

wavefunctions in the left and right wells are localized in each well, i.e. if the barrier

height and width are such that the overlapping of the left and right condensate

wavefunctions is small in the barrier region. In our case, both the Josephson plasma

frequency and the critical imbalance are well predicted by the two-mode model in

our elongated trap, only for a specific parameter subspace, as will be shown later.

Specifically, the predictions of the two-mode model appear to agree with those of

our GPE simulations at fixed w/ξ = 4 only for V0/µ ≥ 1.6. For V0/µ ≤ 1.4,

we actually see higher frequencies emerging, at approximate integer multiple values

of the fundamental Josephson oscillation frequency, and with a significantly lower

weighting, consistent with Refs. [65, 222, 159] (the study of second-order term in the

current-phase relation is performed in Sect. 3.6.1).
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5.2 Dependence on barrier width

Figure 5.11: Phase diagram of dynamical regimes arising across a Gaussian barrier of variable width
w/ξ ∈ [4, 10] and fixed V0/µ = 1.17 for different initial population imbalances z0 = z(t = 0) [main
panel]. The Josephson plasma oscillation regime dominates for z0 . zcr and, beyond a narrow
transition regime (indicated by the grey shaded area) the system transitions to the dissipative
(w/ξ ≤ 6), or the self-trapped (w/ξ > 6) regime, with the empty black triangles (and connected
dashed black line) indicating the critical imbalance. Such regimes are characterized by the coloured
regions which display the absolute value of 〈z(t)〉/z0 where 〈z(t)〉 is the temporal mean value of z(t)
in the time interval [0, 0.4]s; the colormap is in logarithmic scale ranging between 0.08 and 0.75.
Evolution of the population imbalance z(t) for different z0 and (i)-(ii) w/ξ = 4 at V0/µ = 1.17,
showing the transition from the Josephson ‘plasma’ oscillations to the dissipative regime, and (iii)-
(iv) w/ξ = 9 at V0/µ = 1.17, from the Josephson to the pure MQST regime and higher self-trapped
states. The dashed grey line in main panel indicate the value w/ξ = 9.

Many experiments that showed the presence of the MQST regime had a barrier width

larger than the one of the experiment at LENS in terms of its ratio to the superfluid

healing length. Being motivated by these experiments, we study the effect of the barrier

width, firstly on the phase diagram. We keep fixed the barrier height V0/µ = 1.17– which

we would still classify as belonging to the dissipative regime – and different values of the

barrier width compared to the healing length ξ.

The corresponding plot is shown in Fig. 5.11[main panel], and clearly reveals the same

behaviour as found above. When the width is narrow (w/ξ . 6), and for population

imbalances z0 > zcr such that the system transitions away from the Josephson plasma

regime, the barrier acts more like a perturbing force to the initial superfluid flow, leading

to significant acoustic energy emission and vortex ring(s) generation – with the system

thus entering (in agreement with earlier findings) the dissipative regime (as shown in

Fig. 5.11 (i)-(ii) for w/ξ = 4). Increasing the barrier width at constant height, leads to a

stronger effective barrier which isolates the two wells more, thus decreasing the Josephson

coupling energy EJ in comparison to the self-interaction energy (for fixed z0) Ecz
2
0N

2/8:

the system now transits to the self-trapped regime. For small values of z0 which only
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slightly exceed zcr, the system finds itself in the pure self-trapped regime, with higher z0

leading to the more complicated self-trapped states discussed above (examples shown in

Fig. 5.11 (iii)-(iv) for w/ξ = 9).

5.3 Critical parameter Phase Diagram

To gain further insight on the generality of the results presented previously, we next

investigate the dependence of the critical population imbalance, local density and healing

length (appropriately scaled, as described later), at the transition from Josephson plasma

to the other (dissipative; self-trapped) dynamical regimes, in terms of both barrier height

V0/µ and barrier width w/ξ. This is shown in Fig. 5.12, and clearly characterizes the key

parameters in terms of the transition between dissipative and self-trapped regimes.

0.01 0.02 0.03 0.05 0.1

(a) (b) (c)

Figure 5.12: (a) Alternative phase diagram in the V0/µ − w/ξ space of parameters depicting (a)
the value of the critical population imbalance, zcr, (b) the scaled density, and (c) the scaled inverse
healing length, as a function of V0/µ ∈ [0.6, 1.6] and w/ξ ∈ [4, 10]. Their values are represented
by the colorbar shown in logarithmic scale. For each value of w/ξ there exists a maximum value
of the barrier height V0 = Vdissip (denoted by the dashed blue line) below which we find a pure
dissipative regime at z0 ≈ zcr, and another value of the barrier height V0 = VMQST (denoted by the
dashed orange line), above which the system transitions to a self-trapped regime, and specifically
to a pure self-trapped regime for z0 ≈ zcr. The numerical data between the dark-blue and the
orange lines correspond to the intermediate, or ‘crossover’, regime. In (b) the density at the trap
center is scaled to the maximum value of the density in the absence of the barrier, while in (c) the
mean healing length is correspondingly scaled to the healing length at the trap center.

Specifically, Fig. 5.12(a) shows the value of the critical population imbalance, zcr,

for each probed V0/µ and w/ξ combination, which is represented by the color of the

points. For each w/ξ there exists a specific (maximum) threshold value Vdissip, such that

for V0 ≤ Vdissip the system transits from Josephson plasma to the dissipative regime.

Likewise, there exists a specific (minimum) threshold value of the barrier height VMQST ,

such that for V0 ≥ VMQST there is a transition to the (pure) self-trapped regime. These

crossover behaviours are respectively mapped out by the dashed blue, and dashed orange

lines. The dissipative regime can be found for relatively low and narrow barriers but also
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for wide and small enough barrier heights (left of the dashed blue line). On the other side

the self-trapped regime can be achieved for relatively high and wide barriers but also for

narrow and large enough barrier heights (right of the dashed orange line). By varying the

barrier heights and widths the system enters the crossover regime (for the values between

the dashed blue and orange lines in Fig. 5.12(a)), where the population imbalance features

irregularly-oscillating decaying dynamics, as showed in Sect. 5.1.3 for the case of w/ξ = 4

but it applies for any w/ξ.

From Fig. 5.12(a), we see that the dissipative regime occurs at a higher zcr than the

self-trapped regime. For the elongated experimental parameters Refs. [49, 20] the critical

population imbalance at which the interesting crossover dynamics emerges is rather low,

placing strong constraints on its experimental observation. However, the actual value of

zcr at such boundaries is very geometry-dependent, and we later show how an isotropic

trap can significantly enhance the observable relevant region. An important comment

regarding Fig. 5.12(a) is that the value of zcr at which the transition to (pure) self-trapping

takes place, i.e. along the transition line, is rather independent of the values of V0/µ and

w/ξ. This also occurs, although to a lesser extent, along the dissipative transition line.

Interestingly, a similar qualitative picture emerges when looking at the value of the density

along the x axis at the trap centre, scaled to its corresponding value in the absence of the

barrier. Another way to plot this information is as the inverse of the ratio of the healing

length calculated at the trap center to the mean value healing length ξmean extracted

by the maximum density in the absence of the barrier (both calculated from the x axis

density). These are respectively shown in Figs. 5.12(b)-(c).

Although these considerations clarify the weak dependence of such (dimensionless)

quantities on V0/µ and w/ξ, we note here that the specific value of zcr marking such

crossovers actually depends on the trap geometry. Nonetheless, the above findings raise

the interesting question of how much the structure of the phase diagram depends upon

the microscopic details of the junction and of the bulk system. We will comment more on

this point in the final section on ‘Conclusions and future works’ (Sect. 5.9.1).

151



Chapter 5. Full phase-diagram for a three-dimensional Josephson junction

5.4 The two-mode model validity

As described in Sect. 2.3.2 and Sect. 3.4, in the two-mode model the two condensates are

considered as weakly-linked, i.e. there is a a small overlapping of their wavefunctions in the

barrier region. In the linear two-mode model the wavefunction is written as in Eq. (3.12)

where the time-dependence of the wavefunction is separated by its spatial-dependence

while in the non-linear two-mode model the time-dependence appears on the spatial part

of the system wavefunction which is then expressed by Eq. (3.13). An atomic Josephson

junction is characterised by the onsite interaction energy and by the tunneling energy.

Their ratio defines the critical imbalance for the onset of MQST regime and it is expressed

by Eq. (3.15) for z2
0 � 1:

zcr '
√

8K

UN
. (5.1)

In our simulations the tunneling energy is extracted from the difference ∆E between

the antisymmetic-state energy and the symmetric-state energy; in particular the term

2K in Eq. (5.1) is substituted by ∆E/N . As described in Sect. 3.4, the symmetric and

antisymmetric states are numerically found by solving the GPE equation for a linear tilted

potential ε = 0 and imposing the symmetry/antisymmetry condition of the wavefunction

under space coordinates inversion (along the x axis). The Josephson coupling energy EJ is

defined as EJ = ∆E/2. The onsite interaction energy U can be calculated either from the

linear two-mode model [59], via Ulin = g
∫
η4
Ldr or from the nonlinear two-mode model

[187] as UNL = 2(∂µ/∂N). From the tunneling and the onsite interaction energy, the

Josephson ‘plasma’ oscillations frequency can be estimated from Eq. (3.17) as

ωJ =

√
∆EUlin(NL)

~
. (5.2)

The two-mode model did not accurately predict the critical imbalance and especially

the Josephson ‘plasma’ frequency in the range of the experimental parameters, i.e. for

w/ξ = 4 and V0/µ ≤ 1.2 (as shown in Sect. 3.4). The two-mode model prediction of

zcr was not expected to fit the numerical data well in the dissipative regime because its

expression is valid in the MQST regime. It instead fails to predict the ωJ as for V0/µ ≤ 1.22

we are not in the deep tunneling regime. In fact, as we showed in Sect. 3.6, second-order

term in the current-phase relation at twice the Josephson frequency are present for V0

on the order of µ and their importance increases with decreasing V0/µ. We here instead

explore barrier heights and widths beyond the experimental range, i.e. V0/µ > 1.2 for

fixed w/ξ = 4 and barrier width w in the range [4, 10]ξ for fixed V0/µ = 1.17. The

extracted values of the zcr from the two-mode model and from the GPE results are shown

in Fig. 5.13(a)(i) for the first case of fixed barrier width w/ξ = 4 and barrier heights

0.6 ≤ V0/µ ≤ 2.1 while Fig. 5.13(b)(i) shows the corresponding results for the second case
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(a)

(b)

(i) (ii)

(i) (ii)

Figure 5.13: (a) Critical initial population imbalance (i) for different barrier height V0/µ and for
fixed w/ξ = 4 extracted from GPE simulations, from linear (orange circles) and nonlinear (violet
circles) two-mode model and the predicted Josephson ‘plasma’ (ii) frequency at different values of
barrier heights from the two-mode model and the value extracted from the GPE simulations by
fitting with a sinusoidal function z(t) for z0 < zcr. (b) The critical imbalance (i) and the Josephson
frequency (ii) for different values of the barrier widths and for fixed barrier height V0/µ = 1.17
(indicated by the vertical grey dashed line in (a)) extracted by the GPE simulations and the
predictions from the two-mode model. The data are for the elongated trap.

of fixed V0/µ = 1.17 and a variable barrier width 4 ≤ w/ξ ≤ 10. We note that the MQST

regime emerges when V0/µ ≥ 1.6 in the first case, and for w/ξ ≥ 7 in the second case. We

find good agreement for V0/µ ≥ 1.2 in the case of fixed barrier width at w/ξ = 4 and for

all the explored barrier widths in the case of fixed V0/µ = 1.17.

The behaviour of the Josephson ‘plasma’ frequency is shown in the right subplots

of Fig. 5.13 ((a)(ii), (b)(ii)). Specifically, we plot ωJ/ωx as a function of V0/µ at fixed

w/ξ = 4 [(a)(ii)] and as a function of w/ξ at fixed V0/µ [Fig. 5.13(b)(ii)], showing both

two-mode model predictions, and corresponding numerical GPE results. The two-mode

model predicts the Josephson plasma frequency well for V0/µ ≥ 1.6 in the case of fixed

w/ξ = 4 and for w/ξ ≥ 7 for fixed V0/µ = 1.17.

5.5 Microscopic description

To understand the macroscopic processes described in previous sections which lead to

distinct dissipative, self-trapped regimes and their crossover, we perform here a detailed

microscopic analysis of compressible and incompressible kinetic energies and the corre-

sponding vortex ring dynamics – for cases where a vortex ring is indeed generated. We
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apply our analysis to the entire relevant regime of V0/µ = [0.6, 1.6] for the specific case of

w/ξ = 4, corresponding to the crossover shown in Fig. 5.1.

5.5.1 Effect of the barrier height on the vortex rings dynamics

A vortex ring is generated when z ≥ zcr, i.e. when the initial acceleration driven by

the population imbalance is such that the superfluid velocity locally exceeds a critical

value within the barrier (as described in Chapt. 3). After its nucleation the VR enters

the condensate transverse density by shrinking initially its radius. Then the VR starts

travelling into the left reservoir by increasing its position |x|V R. For |x|V R ≤ 2w the VR

shrinks further its radius due to the increasing density along the x axis. We start by noting

that for rather low values of V0/µ, e.g. V0/µ = 0.2 − 0.4, the density gradient within the

barrier region is small and thus the VR radius does not shrink much. The large vortex

ring then interacts strongly, and on a relatively short timescale after commencing its axial

propagation, with its image vortices [228] and, as a result of the radial anisotropy of the

trap, it almost immediately breaks up into two vortex lines.

Shortly after, the vortex structure reverses its motion, travelling towards the barrier

(which it can even surpass for V0/µ = 0.2).

The analysis of the vortex ring motion presented in this section is therefore limited

to values V0/µ ≥ 0.6 for which the vortex ring does not break up immediately 3. In

this section we characterize the dependence of vortex dynamics and relevant energies as a

function of V0/µ for two cases: Firstly we consider a variable initial population imbalance

equal to the critical value, i.e. z0 = zcr(V0/µ): such a curve corresponds to the dashed black

line in Fig. 5.1 delimiting the transition from Josephson plasma to dissipative/self-trapped

regimes. Secondly, we consider the case of a fixed initial imbalance z0 = 0.19, illustrated

with a horizontal white dashed-dotted line in Fig. 5.1. In both cases, for V0/µ ≤ 1 a vortex

is clearly observed and its dynamics within the atomic cloud is subsequently monitored

(whereas for values V0/µ > 1 the generated vortex ring at x = 0 always remains a ‘ghost’

vortex outside the condensate region, where the density is negligible). Specifically, Fig. 5.14

shows the time evolution of the radius RVR (a(i), b(i)) and axial position xVR (a(ii), b(ii))

of the clearly discernible vortex ring for V0/µ ∈ [0.6, 1.0] for (a) a variable z0 = zcr(V0/µ)

[left], and (b) a fixed z0 = 0.19 [right]. Fig. 5.14 (a) and (b) show a similar behaviour in

this range of parameters. If z0 = zcr(V0/µ) (left), the system exceeds the critical velocity

once, and thus only one vortex ring is generated, while for z0 = 0.19 multiple vortex

rings can be nucleated, their number depending on the value of z0 − zcr(V0/µ) [90] (also

described in Chapt. 3). However, for simplicity, here we only study the dynamics of the

first generated vortex ring.

3Note that for V0/µ = 0.6, the vortex ring still breaks into two vortex lines, but this only occurs after
a long evolution within the left condensate.
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Figure 5.14: Dependence of the evolution of the first generated vortex ring for fixed value of the
barrier width w/ξ = 4 and barrier height values 0.6 ≤ V0/µ ≤ 1. Shown are the cases of (a)
z0 = zcr, or (b) z0 = 0.19. The grey dashed horizontal lines indicate the value of the barrier width.

In the case z0 ' zcr, the vortex rings are nucleated almost after the same time interval

since the start of the dynamics, independently of the value of V0/µ (the observed minor

shift is due to the numerical tracking uncertainty and numerical finite resolution in iden-

tifying the zcr). For z0 = 0.19 and variable V0/µ we clearly observe that larger values of

V0/µ lead to earlier nucleation of the first vortex ring. This is because the critical velocity

in the barrier is reached earlier by the superfluid, as the junction is thinner.

In both cases, we observe that as the barrier height V0/µ decreases, the vortex ring

lives longer, overcomes the barrier region and propagates further into the left well. In

fact, as V0/µ decreases, the nucleated vortex ring has a larger energy (described later)

hence a larger radius and a smaller velocity, as shown in Fig. 5.14. We next characterise

in more detail the effect of the barrier height on the VR initial shrinking dynamics within

the barrier region and subsequent VR dynamics occurring within the left condensate and

after leaving the barrier for the case of fixed z0 = 0.19.

The analysis is performed for 0.6 ≤ V0/µ ≤ 0.8. As observed in Fig. 5.14 the VR mean

radius decays initially almost exponentially in time and we thus fit the VR radius with

the function:

RV R(t) = a · exp(−(t− t0)/τ) + c (5.3)

The fit is done starting from the moment the VR radius is smaller or equal to the mean

TF radius until the moment it achieves its ‘plateau’ value. From the extracted value of τ

shown in Fig. 5.15(a)), and a, we estimate the initial VR shrinking velocity as shown in
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Fig. 5.15 (b)). These calculations show that the VR shrinks faster for the largest barrier

height.

Figure 5.15: The dependence of the first VR shrinking time τ (a) and shrinking velocity (b) on
the barrier height for the case of fixed z0 = 0.19 and w/ξ = 4.

The initial shrinking stops when the VR is at the position (xV R ' −0.55lx) where

the TF radius is maximum. At this position the VR radius is smaller for larger barrier

heights (as shown in Fig. 5.16(b)). After that it moves for a while with constant velocity,

i.e. constant radius. The VR velocity is extracted from a linear fit of the time evolution

of the VR x position in the range [−3,−0.5]lx (Fig. 5.16(a)) and its larger value at higher

V0 is consistent with the smaller radius at higher V0.

a) b)

Figure 5.16: (a) The first VR propagation velocity for different barrier heights and (b) the VR
mean radius at the position when the TF radius is maximum. The data are for fixed z0 = 0.19.

For V0/µ ≥ 0.8, the energy of the vortex ring is insufficient to overcome the barrier and

thus it shrinks within the barrier itself. This behaviour is evident in Fig. 5.14 (bottom),

which shows xVR remaining close to 0 (the motion of the vortex ring towards negative

xVR being too slow to be noticeable on this scale): for 0.8 < V0/µ ≤ 1 the vortex ring

fails to reach the edge of the barrier x ∼ −0.55lx, and so decays before entering the left

superfluid.
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5.5.2 Energetic consideration

Figure 5.17: (a) The time evolution of the incompressible Eik (green) and compressible Eck (orange)
kinetic energy for z0 = zcr(V0/µ) and (i) V0/µ = 0.6, (ii) V0/µ = 0.8, (iii) V0/µ = 1.17, (iv)
V0/µ = 1.6. The vertical dashed black lines mark the boundaries of the time intervals during
which Eck has a step-like increase, labelled here as ∆Eck = εc. (b) The dependence of the maximum
value of Eik on the barrier height V0/µ for z0 = zcr(V0/µ) (hollow circles) and z0 = 0.19 (filled
circles), for fixed w/ξ = 4.

Having identified the parameter regime of vortex ring generation, and characterised

their dynamics, we now provide information about the energy which gives insight into the

observed dynamics. Building on our earlier analysis [90] and Chapt. 3, we decompose the

total energy of the BEC into potential, interaction, quantum and kinetic contributions.

We concentrate our attention on the compressible and incompressible kinetic energy com-

ponents, which are defined in Sect. 3.5.4. We focus initially on the case z0 = zcr, and

calculate the time evolution of these contributions for different values of V0/µ ∈ [0.6, 1.6],

with our results shown in Fig. 5.17(a). This enables us to extract, for each V0/µ, the maxi-

mum value of Eik, whose dependence on V0/µ is shown by the hollow points in Fig. 5.17(b).

For completeness, this plot also shows the corresponding Eik maxima for the fixed

z0 = 0.19 case (filled points). In both cases, we clearly observe that the maximum values

of Eik decrease with increasing V0/µ. The energy of the vortex ring stems from the Eik of

the flow: hence the larger Eik, the larger the available energy for the vortex ring. This

effect is visible in Fig. 5.14(a(i), b(i))-5.16.

Until now we have been concerned with the vortex nucleation and its motion, in par-

ticular whether it can go beyond the barrier. Now we focus on the energy dissipated by
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(a) (b)

Figure 5.18: Compressible energy dissipation εc (grey circles) in the time interval bounded by the
two vertical black lines in Fig. 5.17, and total energy dissipation εtot = εc + εi (orange circles) as
a function of V0/µ, for fixed w/ξ = 4 and for (a) z0 = zcr(V0/µ) and (b) z0 = 0.19 .

the vortex.

For small values of V0/µ (V0/µ ≤ 0.8), the vortex overcomes the barrier and some

energy of the Josephson oscillation is turned into (incompressible kinetic) energy of the

vortex ring. In addition, acoustic emission takes place when the vortex, nucleated in

the barrier region outside the condensate, enters a region of higher density [90]. For

V0/µ > 0.8 the vortex shrinks and vanishes within the barrier, as illustrated in Fig. 5.14

(a(i), b(i)): its incompressible kinetic energy is transformed in compressible kinetic energy

(sound waves). To better characterize the compressible dissipation εc, we calculate the
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Figure 5.19: Carpet plots of renormalised density ñ(x, t) for z0 = zcr and (i) V0/µ = 0.6, (ii)
V0/µ = 0.8, (iii) V0/µ = 1.17 and (iv) V0/µ = 1.6, for fixed w/ξ = 4. Vertical dashed lines bound
the time intervals between which the compressible kinetic energy is measured, and correspond to
those shown in Fig. 5.17(a)(i)-(iv).
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corresponding change in the compressible kinetic energy, ∆Eck, experienced during the

nucleation and early-stage dynamics of the vortex ring [90] (also shown in Chapt. 3) this

time interval corresponds to the region between the two vertical dashed lines in panel (a)(i)-

(iv). We identify this change in compressible energy with the compressible dissipation,

i.e. εc = ∆Eck. We observe a local maximum of εc at V0/µ = 0.8 for both z0 = zcr and

z0 = 0.19, as it is evident from the grey circles (and corresponding grey-shaded region) in

Fig. 5.18 panels (a)-(b).

As for the incompressible dissipation εi, we define it as the incompressible kinetic

energy density integrated in a small volume 4 (as described in Chapt. 3) surrounding the

vortex ring when xVR ' −lx. We choose this value of xVR as here the velocity of the

Josephson flow is negligible and hence the calculated incompressible kinetic energy stems

only from the vortex. When applying this definition of εi to our system, we observe that

the incompressible energy of the vortex ring increases as V0/µ decreases. This is consistent

with the features illustrated in all panels of Fig. 5.14-5.16. If we combine the behaviour

of εi and εc, we find a monotonic decrease of εtot = εi + εc with V0/µ over the entire

probed range [0.6, 1.6] for both z0 = zcr [Fig. 5.18 (a)] and z0 = 0.19 [Fig. 5.18 (b)]. It

must be noted that for z0 = zcr and V0/µ = 0.8 the vortex ring goes beyond the barrier

but shrinks to zero and vanishes before reaching xVR ' −lx (where its incompressible

dissipation would have been defined): its incompressible energy is totally turned into

sound immediately after entering the condensate. In this circumstance, to determine εc

we also consider the second step-like increase of compressible energy which is observable

in Fig. 5.17 (a,ii) at t ∼ 20 ms.

In summary, our analysis demonstrates that for high barrier heights (1 ≤ V0/µ < 1.6),

the dominant dissipation mechanism is not the propagation of the vortex ring per se,

but instead the sound waves generated by the vanishing vortex ring. To illustrate this

effect graphically, Fig. 5.19 shows ‘carpet plots’ of the renormalised density ñ along the

x direction at four different characteristic values of V0/µ for the case z0 = zcr. In these

plots, the density ñ is evaluated by subtracting from the instantaneous density along x

(for y = z = 0), its background (equilibrium) value, i.e. ñ(x, t) = nx(x, t) − nx(x, 0) in

units of (1/l3x). Subplots (i)-(iii) show clearly the propagation of sound waves in both the

negative and positive x-directions for V0/µ ≤ 1.2. Subplot (i) also shows the presence

of a slower moving feature, the vortex ring propagating along the negative x axis until

-7.5 lx, consistent with the vortex motion shown earlier in Fig. 5.14(a)-(ii). This vortex

propagation can also be observed in Fig. 5.19(b) but only at early times, as in this case the

vortex ring vanishes rather rapidly, at t ∼ 18 ms. The vortex ring is absent in the subplots

(iii),(iv) of Fig. 5.19: specifically, in subplot (iii) we observe only the propagating sound

waves while in (iv), corresponding to the self-trapped regime, the density oscillations are

4This calculation was performed by one of my collaborators, Dr. Luca Galantucci.
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barely visible.

-3

Figure 5.20: Snapshots of the three-dimensional isosurface density plots depicting the vortex ring
generation and evolution for (a) V0/µ = 0.6 and (b) V0/µ = 0.8, taken at z0 = zcr(V0/µ) and
w/ξ = 4. Note the different evolution times in the two cases.

To clarify the vortex ring dynamics and, in particular, highlight the difference between

V0/µ = 0.6 [Fig. 5.19(i)] and V0/µ = 0.8 [Fig. 5.19(ii)], Fig. 5.20 depicts the corresponding

3D density isosurface plots. While for V0/µ = 0.6 [Fig. 5.20(a)] the vortex ring propagates

significantly along the negative x axis until xVR ∼ −8lx, eventually breaking into two

vortex lines when it reaches the boundary, for the slightly higher V0/µ = 0.8 the vortex

ring shrinks and vanishes before reaching xVR ∼ −1lx.

These results complete our study of the microscopic differences between the dissipative

regime for 0.6 ≤ V0/µ ≤ 1.17 and the pure self-trapped regime at V0/µ = 1.6.

5.6 Fixed z0 Crossover due to Variable Barrier Height/Width

The evolution of z(t) at fixed initial population imbalance z0 as the system transits from

Josephson plasma to dissipative and then to self-trapped regimes is shown in Fig. 5.21

by increasing either (a) V0/µ at fixed w/ξ = 4, or (b) w/ξ at fixed V0/µ = 1.17. This

corresponds to horizontally traversing the phase diagram of, respectively, Figs. 5.1 and

5.11.

In both plots we see a clear transition from Josephson plasma oscillations (blue), to

a dissipative regime (purple plots), followed by a rather complicated transition to a self-
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(a) (b)

Figure 5.21: Temporal evolution of the population imbalance, z(t), for fixed initial imbalance z0:
Shown are the cases of (a) fixed w/ξ = 4 and variable V0/µ; and (b) fixed V0/µ = 1.17 and variable
w/ξ.

trapped state. Due to the previously identified dependence of zcr on V0/µ (largely related

to the profile of the maximum current versus V0/µ found by considering first and second

order terms in the tunneling Hamiltonian [90] which is also described in Chapt. 3), a

simple inspection of the phase diagram of Figs. 5.1 and 5.11 reveals that such horizontal

cuts through the phase diagrams imply that the system will enter the self-trapped regime

with a value of z0 � zcr, such that we do not expect to observe the emergence of the pure

self-trapped regime, but rather the multi-frequency self-trapped state analyzed below.

In fact, the imbalance for V0/µ = 1.8 in the first case of fixed w/ξ = 4 and the

imbalance for w/ξ = 8 in the second case of fixed V0/µ shows similar profile where there

is almost no decay in time of z(t), which oscillates around a non-zero mean value with

complicated profiles and multi-modes; a feature characteristic of self-trapped states for

z0 � zcr. We thus define these values as the first barrier height and width value at which

there is the onset of self-trapped states without the slow-decay in time (for fixed z0 = 0.05)

and we term them V ST
0 in the first case and wST in the second case. For V0/µ = 2.1 at

fixed w/ξ = 4 the value of (z0− zcr(V0/µ = 2.1)) is even larger and thus the z(t) oscillates

with many modes and reduced amplitude (appearing almost flatten). These features are

consistent with the description of the self-trapped states given in Sect. 5.1.2.

Thus, these two subplots reveal the complicated intermediate region for large z0 >

zcr when the system transitions from the dissipative to the self-trapped regime, i.e. the

transition from the blue to the red regions in Figs. 5.1 and 5.11 respectively.

We note that for all the cases of barrier heights and widths explored in this section,

the VRs are ‘ghost’ vortices, in the sense that they do not enter the condesate density.

For this reason the main differences between the dissipative and self-trapped states are

given in terms of the incompressible and compressible kinetic energy. In fact, from the
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time profile of Eik(t) and Eck(t), we retrieve the maximum value of the first called Ei,maxk

(as previously done) and the step-like increase value of the second termed ∆Eck. This is

done firstly for fixed w/ξ = 4 and is shown in Fig. 5.22. Both Ei,maxk and ∆Eck decrease

as V0/µ increases, consistent with the results of Fig. 5.17 and Fig. 5.18 for V0/µ ≥ 1.17.

Figure 5.22: The maximum value of the incompressible kinetic energy Ei,maxk (a) and the step-like
increase of the compressible kinetic energy ∆Eck as a function of V0/µ for fixed w/ξ = 4 and fixed
z0 = 0.05.

Then for each value of the barrier width at V0/µ = 1.17 we extract the maximum value

of the incompressible kinetic energy in units of ~ωx/N and we show it in Fig. 5.23. In such

plot is shown both the dependence of Ei,maxk on V0/µ in the case of fixed w/ξ (the curve

shown also in Fig. 5.22(a)) and the dependence of Ei,maxk on w/ξ; the bottom x axis of the

plot is V0/µ and the upper x axes is w/ξ. As the Eik corresponds respectively to the kinetic

energy of the flow – both potential flow driven by ∇µ and vortex generated swirls– its

smaller value as going towards self-trapped regime is consistent with a ‘frozen’ population

dynamics with the right well remaining more populated than the left one in time. This

is also related to the picture described in Sect. 5.3 where the effective density becomes

smaller as the system enters the self-trapping regime. Such transition to the self-trapped

states can be obtained in two different ways; by varying the Gaussian barrier height or its

width. Fig. 5.23 shows that these two ways are equivalent obtaining similar profiles of z(t)

during the transition. Furthermore, an interesting feature arises from Fig. 5.23 showing

that not only the Ei,maxk (V0/µ) and Ei,maxk (w/ξ) profiles are similar but the threshold

value of Eik,max for the onset of the self-trapped regime at V ST
0 and at wST respectively

is exactly the same.
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Figure 5.23: The maximum value of the incompressible kinetic energy at different values of the
barrier heights for fixed barrier width w/ξ = 4 (the bottom x axis) and at different barrier width
for fixed barrier heights V0/µ = 1.17 (the upper x axis). The dashed vertical and horizontal black
(grey) line show the value of the V ST0 (wST ) and its corresponding value of Ei,maxk labelled as the
threshold energy for obtaining self-trapped states Eik,threshold.
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5.7 Isotropic Trap

Here we demonstrate the broad relevance of our previously characterized phase diagram

showing the emergence of different dynamical regime by performing the same analysis in

the context of an isotropic (spherical) trap. For the spherical trap, the presence of the

Josephson ‘plasma’ and MQST regime is already observed and studied in [42, 83]. In this

section we will show that, in the 3D spherical trap, a dissipative regime can also be found

in which z(t) and vortex ring dynamics show similar features as for the elongated trap.

(a) (b)

Figure 5.24: The density profile along (a) x-direction for y = z = 0 and the density profile along
(b) z-direction for x = y = 0 at equilibrium for the spherical trap at V0/µ = 0.9, w/ξ = 4 and
z0 = 0.15. The density is shown in units of 1/lx

3 with lx = 7.5µm.

To make a connection with the features already studied earlier, we keep the condensate

number fixed to 60,000, and all three harmonic trap frequencies are fixed to the previously

used ωx = 2π × 15Hz. We thus set ωy = ωz = ωx = 2π × 15 Hz which (for N=60,000)

gives µ = 17~ωx and ξ = 1.3µm ' 0.17lx. The grid size we choose is 10x10x10 with a

number of grid points 128x128x256 along y,z and x axes respectively. Thus ∆x/ξ = 0.45

and dy/ξ = dz/ξ = 0.9. The barrier width is kept fixed at four times the mean healing

length, i.e. w = 4ξ ' 0.68lx while the barrier height is changed in the range [0.6, 1.8].

Fig. 5.24 shows an example of the density plot along x- direction for y = z = 0 (a) and

along z-direction for x = y = 0 (b). The Thomas-Fermi radius value for the spherical trap

RTF,spher is around 5lx along all the directions, being slightly larger along the x axis due to

the presence of the barrier and the population imbalance between the two-wells. Referring

back to the elongated trap, described in Sec. 3.1, the condensate extension along the x

axis is smaller in the case of the isotropic trap. Contrary to this, the transverse condensate

size is larger for the spherical trap. Furthermore the ratio of barrier width to the axial

condensate extension, i.e. (w/RTF,x), is such that (w/RTF,x)spher > (w/RTF,x)elong. Such

differences would be the reason for obtaining different critical imbalance, as will be shown

later, for the spherical and elongated trap even when V0/µ and w/ξ are the same.
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5.7.1 Characterization of Dynamical Regime Crossover for the Isotropic

Trap

>

<

Figure 5.25: Dependence of the temporal evolution of the population imbalance in an isotropic
trap on different values of z0/zcr and V0/µ at fixed w/ξ = 4, corresponding to the following phase
diagram of Fig. 5.26.

Fig. 5.25 shows the complex dependence of the evolution of z(t) for barriers with

w/ξ = 4 and different values of the parameters z0/zcr (increasing from bottom to top) and

V0/µ (increasing from left to right). Overall we find similar features to the corresponding

figure for the elongated trap [Fig. 5.10]. This demonstrates the broad applicability of our

findings.

In particular, in all the cases if z0 < zcr, z(t) oscillates around zero mean value exhibit-

ing Josephson ‘plasma’ oscillations, i.e. single-frequency dominated harmonic oscillation

of z(t) around zero value. The z(t) oscillations frequency becomes smaller as V0 is in-

creased (as observed from Fig. 5.25 (a)) due to the reduced tunneling energy value. For

values z0 ≥ zcr one instead transitions to either a dissipative regime (V0/µ . 1.0), or

a self-trapped regime (V0/µ ≥ 1.2), with a crossover occuring at intermediate values of

V0/µ. In fact, the transition to the self-trapped regime is found to occur for V0/µ ≥ 1.2,

i.e. at a slightly smaller value of V0/µ with respect to the elongated trap (where it emerged

around V0/µ = 1.6 for the same w/ξ = 4). In the dissipative regime, in Fig. 5.25 (a)-(ii),

z(t) shows similar profile as for the elongated trap, decaying initially fast in time and then

oscillating around zero-mean value with several frequencies. However, in the dissipative

regime obtained for relatively low barrier height, V0/µ = 0.6 and z0 & zcr, the z(t) shows
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some new features (as shown in Fig. 5.25 (a)-(i)); it presents a very pronounced ‘kink’

(which will be analysed more later) at the time interval between 0.03s and 0.1s.

Between the Josephson ‘plasma’ and dissipative/MQST regime exists an intermediate

regime with some examples shown in Fig. 5.25 (b). For V0/µ & 1.2 the intermediate

regime consists of an MQST state which decays within 0.4 s (as shown in Fig. 5.25(b)-

(iii)) or to a high amplitude anharmonic regime 5, as shown in Fig. 5.25(b)-(iii)-(iv). For

the dissipative regime, in the example of Fig. 5.25(b)-(i), the z(t) amplitude of the second

local maxima is smaller than z0 but there are only sound waves that propagate in the

system. In Fig. 5.25 (b)-(ii) instead, the amplitude of oscillations seems to decay in time,

for long time evolution. A more detailed analysis, and evolution over a longer time, shows

in fact that the system does not present damping but beating between the Josephson

‘plasma’ frequency νJ = 11.8Hz and another mode (at around 10 Hz) (for z0 . zcr). This

could be attributed to enhanced coupling of the Josephson plasma oscillations to other

intra-well excitations [2] which is more pronounced in the spherical trap as the Josephson

‘plasma’ frequency is not much smaller than the trap frequencies.

5.7.2 Phase diagram for an isotropic trap

A plot revealing the emergence of the different dynamical regimes for variable z0 as a

function of V0/µ ∈ [0.6, 1.8] (similar to that of Fig. 5.1) is shown in Fig. 5.26 which

summarizes the results described in the previous section. The important main conclusion

arising from this figure is that – despite huge differences in the values of zcr in relation to

the elongated phase diagram of Fig. 5.1 – qualitatively we recover the same picture. For

z0 smaller than a threshold value the system is in the Josephson plasma regime. As z0

increases it can even transits in the dissipative or self-trapped regime depending on the

value of V0/µ. Differently from the elongated trap, the first value of the barrier height

in which the onset of pure self-trapping states (for z0 = zcr) is obtained is V0/µ = 1.2,

while in the elongated trap it was obtained for a larger value V0/µ = 1.6. Importantly, we

observe that the critical imbalances for the spherical trap are higher with respect to those

previously found in the elongated trap due to the increase of the ratio of the tunneling to

self-interaction energy (related to the change in the geometry, i.e. to the different volumes

of the condensate in each well and to the different ratio of the barrier width to condensate

axial extension).

This parameter choice – which is within experimental reach – significantly increases

the values of the population imbalance for which interesting dynamical crossovers can be

observed (by about an order of magnitude compared to the small values encountered in the

elongated geometry) – thus making the observation of our findings highly experimentally

5We note that in such anharmonic regime, and for the spherical trap, we find the presence of rugosities
in the zero crossings of z(t) similar to the one described in [83]
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Figure 5.26: Josephson junction phase diagram of dynamical regimes arising across a Gaussian
barrier with variable V0/µ for fixed w/ξ = 4 for an isotropic trap. Hollow black triangles show
the critical imbalance for the transition from Josephson ‘plasma’ to the dissipative regime (for
V0/µ ≤ 1) and to the MQST regime (for V0/µ ≥ 1.2). Such regimes are characterized by the
coloured regions which display the absolute value of 〈z(t)〉/z0 where 〈z(t)〉 is the temporal mean
value of z(t) in the time interval [0, 0.4]s; the colormap is in logarithmic scale ranging between
0.08 and 0.75.

relevant.

We also note an interesting additional feature found within the slightly broadened

grey-shaded area in this isotropic geometry. Specifically, we have found a narrow range

of intermediate values of the population imbalance z0 (as shown in Fig. 5.25 (b)-(ii)) –

located between the low values leading to single-frequency undamped Josephson plasma

oscillations, and those generating the transition to the dissipative regime – for which the

observed oscillating population imbalances about a zero value can exhibit beating, which

could be attributed to enhanced coupling of the Josephson plasma oscillations to intra-well

excitations [2]. The further analysis of which goes beyond the scope of this thesis and can

be subject of future studies.

Another similar behaviour with the elongated trap regards the vortex ring dynamics

which will be the subject of the next following section. We anticipate that even in the

spherical trap, for 0.6 ≤ V0/µ ≤ 1, the vortex ring enters the local Thomas-Fermi surface

at the trap center and can eventually propagate axially into the left well, with a lifetime

which decreases with increasing barrier height, as found for the elongated trap.
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5.8 Vortex rings dynamics

Fig. 5.27 shows the temporal evolution of z(t) for V0/µ = 0.8 and z0 = zcr. This is a

slightly smaller z0 than the one shown in Fig. 5.25(a)-(ii) for the same barrier height. The

pronounced ‘kink’ of the z(t) starts at the moment the VR enters the local TF surface

consistent with the elongated trap results. The reason why for the spherical trap the

‘kink’ is more pronounced could be related to the fact that the VR stays longer within the

barrier. In fact, the VR radius when entering the condensate (as shown in Fig. 5.27(b))

is much larger for the spherical trap as its transverse extension is larger and thus the VR

moves slowly. Moreover the barrier is wider.

t=37.2 ms
(a)

(b)

Figure 5.27: The time evolution of the population imbalance for the spherical trap at V0/µ = 0.8,
w/ξ = 4 and z0 = zcr, with the vertical grey dashed line indicating the moment the VR enter the
TF surface t = 35ms. (b) Three dimensional isocontour surface density at 5% of the maximum
density at t = 37.2ms.

Fig. 5.28 shows the VR radius and x axis position (xV R) time evolution for V0/µ = 0.8

and for V0/µ = 1 at z0 ' zcr together with the transverse TF radius calculated at xV R for

V0/µ = 0.8. The increase of RTF (extracted at xV R) at the end is due to fact that the VR

changes the direction of motion as observed from Fig. 5.28(b). As found for the elongated

trap, the VR shrinks its radius (after entering the TF surface) due to the increasing density,

remaining initially within the barrier (the barrier width is indicated by the horizontal line

in Fig. 5.28(b)). When it achieves a certain radius it enters in the left side of the BEC and

propagates. The time interval between the time the VR enters the TF surface and the time

it leaves the barrier is much larger here with respect to the elongated trap. For V0/µ = 0.8,

the VR continues propagating further in the condensate, but it travels a shorter distance

here with respect to the elongated trap; while going towards the edge of the condensate it

increases it radius (for t ≥63.7 ms) and after that reverses its motion. When the VR radius

becomes comparable to the transverse TF radius, the VR does not break into two vortex

lines as observed for the elongated trap (as shown in Appendix A); it instead becomes

larger than the condensate size moving so at the surface without breaking. For V0/µ ' 1
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the VR lives much less with respect to the VR for V0/µ = 0.8 being consistent with our

findings for the elongated trap. Moreover, after leaving the barrier, the VR disappears

almost immediately in rarefaction pulses for V0/µ ' 1. In the elongated trap instead the

VR for V0/µ ' 1 disappears within the barrier. We find such behaviour for V0/µ = 1.1

for the spherical trap.
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Figure 5.28: Evolution of (a) VR mean radius RV R and (b) its x axis position xV R for the
spherical trap for V0/µ = 0.8 and V0/µ = 1 at fixed w/ξ = 4 for z0 = zcr. The horizontal dashed
line indicates the barrier width while the grey dashed line in (a) shows the calculated transverse
Thomas-Fermi radius at xV R for V0/µ = 0.8.

5.9 Conclusions and future work

We have characterised the full phase diagram describing the dynamical regimes that can

emerge across a Josephson junction created by a Gaussian barrier: Josephson plasma, self-

trapping, and dissipative. Our analysis in this chapter bridges the gap between numerous

previous studies depicting either a transition from Josephson plasma to macroscopic quan-

tum self-trapping, or Josephson plasma to dissipative regimes.

As expected, we have found the existence of undamped symmetric Josephson plasma

oscillations for initial population imbalances below their corresponding critical values.

Increasing the initial population imbalance across the barrier leads to a transition to

a different regime, which depends on a specific combination of barrier height and width.
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Specifically, for relatively large barrier heights/widths, the system transits to a self-trapped

state. Once the population imbalance exceeds a critical value, it exhibits the established

macroscopic quantum self-trapping regime, which features regular symmetric oscillations

about a non-zero value, and a running relative phase, whereas increasing the initial popula-

tion imbalance much beyond that value leads to more complicated self-trapped states with

oscillations at multiple frequencies. In the other extreme of small barrier widths/heights,

the system transits – with increasing z0 – to a dissipative regime, where the emission of

acoustic (sound) energy and the generation and propagation of vortex rings take place,

a distinctive feature associated with phase-slips known in other physical systems with

Josephson junctions, and leading to the resistive superflow. The critical value of z0 for

which dissipative behaviour is observed is always larger than the corresponding one when

the system transitions (for a higher/broader barrier) to the self-trapped regime as the

tunneling energy becomes smaller.

We showed that for elongated traps such as the ones studied in [49, 20], where only

the transition from the Josephson plasma regime to the dissipative one was observed,

the self-trapping regime can in fact also be observed for higher and wider barriers, thus

making concrete predictions which can be experimentally tested. As a counterpart, our

result indicated that for traps in which only the transition from the Josephson plasma to

the self-trapped regime has been seen (such as [42], which had an aspect ratio ∼ 1), the

dissipative regime can also be observed by lowering the barrier height (to values slightly

below, but still a sizable fraction of, µ). Thus, our work presented in this chapter suggested

that for any geometry we can find all three dynamical regimes, and that such regimes

should be experimentally observable within a single experimental set-up by careful control

of the barrier height or width.

Interestingly we also found – beyond a smooth, and rather irregular, crossover between

dissipative and self-trapped regimes – that spherical traps have another regime that should

be observable in current experiments, in which the coupling of the Josephson plasma

frequency and other collective modes become relevant [2] and can lead to a beating. The

latter becomes particularly noticeable as the system begins to transit from the pure single-

frequency Josephson to the dissipative regimes. This feature was showed to be more

pronounced in spherical geometries, rather than elongated ones, facilitated by the equal

trapping frequencies. We showed that the spherical geometry leads to the emergence of

such features, and other crossover behaviours, at higher critical population imbalances,

which should make such features easier to investigate experimentally.

Our results in this chapter also clarified what distinguishes between the dissipative and

macroscopic quantum self-trapping regimes, not just in terms of z(t) and φ(t), but also

in terms of vortex ring dynamics. As V0/µ increases, the vortex rings go from a regime

in which they can propagate (leaving the barrier region), to a regime where they shrink
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within the barrier. The value of the incompressible kinetic energy that is present in the

system defines if the vortex ring leaves the barrier or not. We showed that in the crossover

between the self-trapped and dissipative regimes, the main difference comes from sound

waves: specifically, in the self-trapped regime (for z0 values slightly larger than zcr)) there

are practically no sound waves, while in the dissipative regime such sound waves propagate

and make the condensate dissipate.

5.9.1 Towards a universal criterion

The comparison of the results obtained for the elongated trap and the isotropic one showed

that the structure of the phase diagram is the same. Nevertheless, despite using rescaled

units (e.g., the barrier width w in units of the healing length ξ and the height of the

potential V0 in units of the chemical potential µ), the phase diagrams are not the same,

in the sense of exhibiting a dependence on the geometry of the trap itself. Since, from

a qualitative point of view, the phase diagram structure depends on how vortex rings

propagate, or not, in the bulk, one can draw an analogy (with the differences discussed

below) with type-I/type-II superconductors [73]. In these latter systems, the penetration

of an external magnetic field into the bulk of the superconducting sample depends on the

ratio κ between the penetration depth λ and the healing length ξ: for κ < κc (where κc

denotes a critical threshold value) there is a perfect screening of the external magnetic

field, which is thus unable to enter the sample until the critical magnetic field is reached,

while in the opposite case κ > κc a partial penetration of the magnetic field inside the

superconductor takes place through vortices [73]. Relevantly for our present discussion, the

critical value κc = 1/
√

2 can be considered universal, i.e. independent of the microscopic

details of different superconducting samples. Coming to our case, where the different

phases depend on the penetration of the vortex rings in the bulk, one could be tempted to

conclude from the type-I/type-II transitions for superconductors that there may exist a

combination of parameters which makes the phase diagram independent from the system’s

microscopic parameters. However, it is known that BECs behave as type-II, in the sense

that vortices can penetrate the sample without breaking the superfluidity when under

rotation (which is the equivalent to the magnetic field for neutral systems). The reason

for such behaviour, as discussed e.g. in Ref. [240], is that they are chargeless and the

rotation behaves as a fictitious magnetic field, and not as a real one (in contrast to the

magnetic field acting on superconductors which is not fictitious).

Since BECs are of type-II, the possibility of vortex rings propagating within the bulk

superfluid primarily depends on whether the seeded vortex inside the barrier can exit

(overcome the barrier), or not. In turn, this depends sensitively on the details of the

junction itself, making non-trivial the possibility to construct suitable rescaled quantities

– depending on the parameters of the system – for which the transitions between different
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regimes would coincide across geometrically different junctions. The previous argument

demonstrates the challenges in identifying appropriate dimensionless quantities, but does

not show that one cannot in principle construct such suitable rescaled quantities.

In fact, we next present some possible candidates for such universal scaled quantities.

In analogy with superconductos we search for a characteristic length of the system such

that it defines the ‘transition’ from a regime for which the VR leaves the barrier to a regime

in which it shrinks within the barrier. In both elongated and spherical traps we found the

existence of a critical value of the barrier height V c
0 /µ such that, for V0/µ ≥ V c

0 /µ = 1 for

elongated trap and V0/µ ≥ V c
0 /µ = 1.1 for the spherical trap, the VR shrinks within the

barrier, without entering the bulk (the left condensate). One possible candidate of λ in

ultracold atoms can be the value of the healing length at the trap center ξ0, i.e. at x = 0,

extracted by the density along x axis (for y = z = 0), shown in Fig. 5.29 (a). While the

analog of superconductor coherence length can be the value of the healing length extracted

at the maximum value of the density ξmean, i.e. outside the barrier. The ratio of ξ0 to

ξmean is shown in Fig. 5.29 (b) at each value of the barrier height in the range [0.6, 1.8]µ

for w/ξ = 4 and at z0 = zcr for both the elongated and the spherical trap.

Firstly, we observe that in both cases the value of ξ0 increases with V0/µ as it is

proportional to the inverse of the square root of the density at the trap center which is

a decreasing function of V0. Next, we observe that the value of the ξ0 is larger for the

spherical trap with respect to the elongated one. The ratio ξ0/ξmean instead achieves

almost the same values for both traps until V0/µ = 1.2, and becomes larger for the

elongated trap for V0/µ > 1.2. Interestingly, ξ0/ξmean at the characteristic barrier height

of V c
0 /µ = 1.1 and V c

0 /µ = 1 for the spherical and elongated trap, respectively have

similar values suggesting that it can be a good candidate of the analog of κ = λ/ξ for

ultracold atoms superfluids with the threshold value (the analogue of κc) defined by the

value (ξ0/ξmean)spher(V0 = 1.1µ) ' (ξ0/ξmean)elong(V0 = 1µ) .

Furthermore, we note that the first value of V0/µ at which the imbalance leads to a

MQST regime (or pure self-trapped state) is for VMQST
0 /µ ' 1.2 for the spherical trap and

for VMQST
0 /µ = 1.6 for the elongated trap. Interestingly from (a) the value of ξ0 at the

VMQST
0 /µ = 1.6 for the elongated trap has a similar value as ξ0 for VMQST

0 /µ ' 1.2 for

the spherical trap. From this argument, it seems that ξ0 is suitable on defining a threshold

for the onset of the MQST regime, such that if ξ0 is larger than such threshold value, and

thus the density at the center is smaller than a threshold value, then the MQST regime is

obtained for z0 = zcr.

Finally, we extract the maximum value of the incompressible kinetic energy for each

barrier height for both the spherical and elongated trap as shown in Fig. 5.29 (c). In

contrast to the ratio ξ0/ξmean, the Ei,maxk becomes smaller as V0/µ increases, i.e. as

the density decreases for both traps. This is consistent with the fact that the generated
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(b)

Figure 5.29: (a) Healing length ξ0 calculated from the density at the center as a function of the
barrier height for the elongated trap and for the spherical trap for w/ξ = 4 and z0 = zcr. (b)
Dependence on the barrier height of the ratio of ξ0 to the value of ξmean, calculated from the
maximum value of the density. (c) The maximum value of the incompressible kinetic energy Eik
as a function of the barrier heights for w/ξ = 4 for the elongated trap (the black points) and for
the spherical trap (the grey points) for z0 = zcr(V0) (whose value depends also on the geometry).

vortex rings propagate less into the left condensate as V0/µ increases until they do not

have enough kinetic energy to leave the barrier. Such VR kinetic energy threshold is

related to the value of the Ei,maxk available in the system. Moreover, the Ei,maxk value at

V c
0 /µ = 1.1 for the spherical trap is near to the value at V c

0 /µ = 1 for the elongated trap

and such value defines the threshold incompressible kinetic energy value Ei,thresholdk for

the propagation or not of the VR. In fact, for V0/µ < V c
0 /µ the Ei,maxk > Ei,thresholdk and

thus the VR has sufficient energy to overcome the barrier and to propagate further into

the condensate.

Moreover, a second threshold of Ei,maxk defines the onset of the MQST regime which

achieves smaller values than the one for the propagation or not of VRs. It is defined by

the value of Ei,maxk for V0/µ ' 1.2 for the spherical trap and V0/µ ' 1.6 for the elongated

trap which are comparable.

The results presented in this section are not conclusive and further future studies are

required for the determination of universal scaled quantities which defines the ‘transition’

from a regime when VRs propagate to a regime when VRs disappear within the barrier

or/and the transition from the dissipative to the self-trapped regime.
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Finite temperature effects
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Chapter 6

Bose-Einstein condensates at finite

temperature in an atomic

Josephson-junction

In this chapter we show the effect of the thermal cloud on the condensate dynamics across

a Gaussian barrier for the elongated Josephson junction of Ref. [49, 20], in the limit of

molecular BEC. In particular, the role of thermal dissipation is studied for the three main

dynamical regimes found at T = 0 in Chapt. 3 and Chapt. 5: Josephson ‘plasma’, vortex-

induced dissipative (called only dissipative regime in Chapt. 3 to Chapt. 5) and pure

self-trapped or MQST regimes. In order to model the finite temperature Bose gas we use

the Zaremba-Nikuni-Griffin model, in which a generalized GPE describing the condensate

evolution is solved self-consistently with a Quantum Boltzmann equation (QBE) describing

the thermal cloud dynamics. Firstly, we perform our studies in the collisionless limit which

neither includes the particle exchange between the condensate and thermal cloud due to

collisions (C12), nor considers the collision term within the thermal cloud (C22). In the

collisionless limit, the coupling comes from the presence of the thermal cloud mean field

potential in the generalized GPE and viceversa (the presence of the condensate mean field

potential in the QBE). The range of the temperature considered here is [0.1, 0.7]Tc.

In this chapter we mainly focus on the case of fixing the condensate number when

comparing different temperatures as this ensures a fixed RTF,x/ξ, where RTF,x is the

Thomas-Fermi radius of the condensate in the axial direction. As the temperature is

increased, the total atom number also increases and thus the same happens to the critical

temperature, which is a function of Ntot.

After introducing the modelling scheme in Sect. 6.1, we next show the effect of the

thermal cloud on the critical population imbalance for the onset of the vortex-induced

dissipative and self-trapping regimes in Sect. 6.2. We then perform a detailed analysis
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of the effect of the thermal cloud on the Josephson ‘plasma’ and on the vortex-induced

dissipative regimes in Sect. 6.3 and Sect. 6.4. In particular, we study the dependence on

the temperature of the condensate/total/thermal population imbalance main frequencies,

corresponding damping rates and initial phase of each component on the temperature.

The dominant frequencies identified are the Josephson plasma frequency, its second order

contributions, and a characteristic frequency of the thermal cloud, which is close to the

underlying x axis harmonic trap frequency. We show that these frequencies are relevant

in both the Josephson plasma and the dissipative regimes, but their relative contribution

within each regime depends on the value of V0/(kBT ). Moreover we show that in the limit

of high temperature the total population imbalance exhibits beating and damping.

Next, we study the effect of the thermal cloud on the MQST regime in Sect. 6.5.

Ref. [65, 60, 2, 208, 63] showed that at finite temperature, the presence of the thermal cloud

destroys the self-trapping state. Here, we show that not only the MQST regime is destroyed

at relatively low temperature, but also that its decay time could differ from run to run.

Thus it is necessary that the results are obtained from the average of several runs. Then

we show the dependence of the MQST decay time on the temperature. In experiments,

one typically works with an approximately constant total (rather than condensate) atom

number. This means that at different T the condensate number is different too. In Sect. 6.6

we shortly show that by changing the temperature at fixed total number the condensate

dynamics can undergo a transition to different dynamical regimes.

Next, we consider the effect of all collisional terms in all the three dynamical regimes

(Sect. 6.7). Specifically, the effect of collisions on the condensate and total imbalance os-

cillation frequency is shown, both in the Josephson and vortex-induced dissipative regime.

Furthermore, we study the effect of collisions on the decay time of the MQST regime. The

results of this chapter form the basis of another intended publication [241], which is due

to be submitted soon for publication.

In chapt. 3 we showed that at T = 0, vortex rings are generated when the superfluid

velocity across the junction exceeds a critical value. At finite temperature the thermal

cloud fills the vortex ring core and affects its dynamics. In fact, in Sect. 6.8 we consider the

effect of the thermal cloud not only on the VR nucleation process but also on its long time

evolution. In chapt. 4 such study was performed at T ' 0.4Tc; here we explore higher

temperatures and both, the collisionless and collisional limit. The end of the chapter

(Sect. 6.9) outlines our key conclusions and discusses possible future investigations.

6.1 Modelling Scheme Details

Below, we give a brief summary of the kinetic model used mostly in this chapter, which

corresponds to the collisionless limit of the ZNG formalism described in more details in
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Sect. 2.5:

At finite temperature, the system wavefunction is written as the sum of the condensate

wavefunction and the non-condensate (thermal cloud in our case) wavefunction. The

condensate wavefunction evolution is found by solving the generalized GPE Eq. (2.92),

where the source term is R = 0 in the collisionless limit, expressed as:

i~
∂ψ

∂t
=

[
−~2∇2

2M
+ Vtrap + g(|ψ|2 + 2nth)

]
ψ , (6.1)

which accounts for the thermal cloud mean field potential 2gnth [28] where nth is the

thermal cloud density. The latter is determined through nth = 1/(2π~)3
∫
d~p f(~p, ~r, t) ,

where the phase-space distribution f satisfies the collisionless Boltzmann equation

∂f

∂t
+

~p

M
· ∇~rf −∇~rVeff · ∇~pf = 0, (6.2)

with Veff = Vtrap + 2g(|ψ|2 +nth) the generalized mean-field potential felt by the thermal

particles. In our case M is the mass of molecules of lithium, Vtrap is the double-well

potential defined above, g = 4π~2aM/M is the interaction strength with aM the s-wave

scattering length between molecules. We recall here that the Vtrap in our Josephson

junction, defined in Eq. (3.3), is expressed as

Vtrap(x, y, z) =
1

2
M(ωx

2x2 + ωy
2y2 + ωz

2z2) + V0 · e−2x2/w2
, (6.3)

where the trapping frequencies are the same as the ones defined in Sect. 3.1. The Gaussian

barrier, separating the two wells, has a fixed 1/e2 width of w/ξ ' 4 with variable barrier

height. Our numerical study is conducted in a grid of [−24, 24] lx, [−4, 4] lx, [−4, 4] lx along

the x, y and z directions respectively (based on 1024×64×64 grid points for the condensate)

and a grid that it is the double of the condensate grid (also the double of the number of the

grid points) for the thermal cloud in order to capture the entire thermal cloud surrounding

the condensate. The equilibrium condensate and the thermal cloud densities are found in

an external potential Vext = Vtrap − εx with the linear tilted potential along the x axes

added in order to create an initial condensate (as also described in Sect. 3.1) and thermal

cloud population imbalance across the junction. In fact the linear potential increases the

potential minimum of one well with respect to the other and thus one of the well becomes

more populated than the other. In our case of ε > 0, the condensate number is larger in

the right well than in the left well.

The equilibrium condensate density ψ0 is obtained self-consistently via Eq. (2.104)
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(a)

(b)

Figure 6.1: (a) The chemical potential and the condensate fraction (b) as a function of the tem-
perature T/Tc for fixed condensate number NBEC = 50400 and the barrier height V0 = 104~ωx.

written here as

µ(T )ψ0 =

(
− ~2

2M
∇2 + Vtrap + g(|ψ0|2 + 2n0

th)

)
ψ0, (6.4)

where n0
th is the equilibrium thermal cloud density, while µ(T ) is the temperature-dependent

system chemical potential counting for the thermal cloud equilibrium mean field potential.

As described in [28, 199] the initial thermal cloud density ansatz is based on a simple

Gaussian for the required temperature. We then iterate those 2 equations self-consistently,

until arriving at an equilibrium solution with the desired condensate, or total, particle

number at each specified temperature. The presence of the thermal cloud changes also the

chemical potential µ of the system which takes into account also the mean field potential

of the thermal cloud. The main analysis in this chapter is conducted at fixed condensate

atom number NBEC = 5.04 × 104: for such parameters, the dependence of µ on the

temperature is shown in Fig. 6.1(a). Changing the temperature while keeping NBEC fixed

also changes Ntot, and hence the corresponding system critical temperature Tc = Tc(Ntot),

defined in Eq. (1.8) for a weakly-interacting Bose gas trapped in a harmonic potential.

In our analysis, we specifically probe the temperature regime T/Tc . 0.7, for which

the condensate fraction NBEC/Ntot ∈ [0.4, 1]. Such correspondence between condensate

fraction and scaled temperatures is shown in Fig. 6.1(b). In a trapping potential and in the

Hartee-Fock limit, due to the presence of the condensate and thermal mean-field terms,

the energy of a particle becomes (also called Hartee-Fock ’dressed’ energies) (defined in

Eq. 2.87):

ε(r, t) =
p2

2m
+ Vext(r) + 2g(nBEC(r, t) + nth(r, t)). (6.5)
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Thus the thermal particles feel an effective potential expressed by Eq. (2.88) as:

U th
eff(r, t) = Vext(r) + 2g(nBEC(r, t) + nth(r, t)) (6.6)

while the condensate atoms feel an effective potential given by Eq. (2.89), which is written

as:

UBEC
eff (r, t) = Vext + g(nBEC(r, t) + 2nth(r, t)). (6.7)

Figure 6.2: (a) The condensate (black line) and thermal (red line) cloud density along the x axis
(for y = z = 0) and (b) the equilibrium effective potential felt by the condensate (black curve) and
by the thermal cloud (red curve) at T =88nK= 0.58Tc for V0 = 104~ωx.

Fig. 6.2 shows the condensate, the thermal cloud density at finite temperature and the

effective potential profile felt by the condensate and the thermal particles for a double-

well potential. Due to the repulsive interaction between particles (i.e. g >0) the thermal

cloud feels a larger potential where the condensate density is larger, which means that the

thermal particles would have lower density. This explains why the thermal cloud density

has local maxima at the barrier position (where the condensate density is minima) and

at the edges of the condensate. To seed the oscillatory dynamics, at t = 0, the linear

potential is instantaneously removed, and the subsequent dynamics of all components are

analyzed in detail.

For comparison, Fig. 6.3 shows the equilibrium condensate and thermal density along

the x axis for y = z = 0 for three different temperatures: T = 0, T = 0.31Tc and

T = 0.63Tc. The numerical data are obtained for V0 = 104~ωx ' µ(T = 0) ' 107~ωx and

in the presence of an initial imbalance. In all three case, the condensate number is kept

fixed at NBEC = 5.04× 104. We note that the presence of the thermal cloud at the edges

of the condensate makes the condensate density to have a slightly smaller x axis extension

with respect to the condensate at T = 0 where the thermal cloud is not present and thus

a larger maximum density in order to keep the condensate number fixed. This effect is
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Figure 6.3: The condensate density profile along the x direction (y = z = 0) for three different
temperatures: T = 0 (grey line), T =40nK = 0.31Tc (black dashed line) and T =100 nK = 0.63Tc
(red dashed line) and the thermal cloud density shown as black solid line for T = 0.31Tc and
as red solid line for T = 0.63Tc. The barrier height is fixed at V0 = 104~ωx, w/ξ = 4 and
NBEC ' 5.04× 104.

stronger at a higher temperature T = 100nK = 0.63Tc.

Our model corresponds to the collisionless limit of the “Zaremba-Nikuni-Griffin” (ZNG)

kinetic theory which has been successfully used to model collective modes, vortex dynamics

and evaporative cooling [112, 28, 139, 115, 116].

6.2 Effect of the thermal cloud on the critical imbalance

In Chapt. 5 discussing the full phase diagram for the elongated trap Josephson junction,

we have defined the critical imbalance delimiting the transition from the Josephson plasma

to the dissipative/MQST regimes at T = 0, while in Chapt. 4 discussing the comparison

with experimental data we showed the effect of a small thermal fraction on zcr (T = 0.3Tc)

for the range of the experimental barrier heights. At T = 0, the critical imbalance in the

dissipative regime is defined as the first explored value at which the system decays initially

fast in time (within t ∼ 0.1s) and the relative phase undergoes only one phase-slippage

mechanism (i.e. only one VR is nucleated). In the MQST regime instead, it is the first

value of z0 where the zBEC(t) remains ‘self-locked’ at its initial value while performing

small amplitude oscillations around its non-zero mean value and maintaining a fixed sign

for at least 0.4s. At T = 0.3Tc, zcr was defined by looking at the condensate population

imbalance (Chapt. 4) and, in this case only the transition from Josephson plasma to vortex-

induced dissipative regime was studied. Here instead we consider a higher temperature

T =88 nK = 0.58Tc and we explore barrier heights beyond the experimental range. The

dependence of the critical imbalance on the barrier heights at such temperature is shown
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in Fig. 6.4. We note that the time interval chosen for zBEC(t) in order to exctract the

critical imbalance is [0, 0.4]s but in the following sections the numerical data are usually

obtained for a longer time interval [0, 0.72]s.

At this high T , even the condensate Josephson ‘plasma’ oscillations will be damped in

time due to the mean-field coupling with thermal cloud but we keep calling this Josephson

regime. Being consistent with our definition at T = 0, we call dissipative or vortex-

induced dissipative regime the regime where zBEC(t) presents ‘dips’ or ‘kinks’ during its

initial fast decay (in correspondence of phase-slippage, i.e. vortex rings generation). So,

the definition of Josephson or dissipative regime is based on the profile of zBEC(t) within

0.1s, if it presents or not ‘dips’, i.e. if vortex rings are generated, or not, during the

short-time evolution of zBEC(t).

0.58

0.58

Figure 6.4: The critical imbalance delimiting the transition from the Josephson ’plasma’ regime
to the dissipative/crossover regime (for V0 < 192~ωx ' 1.8µ(T = 0)) or to the MQST regime (for
V0 ≥ 192~ωx) both at T = 0 (blue square symbols) and T =88 nK = 0.58Tc (red circles), and for the
same values of the barrier heights in the range [67, 210] ~ωx and same value of NBEC ' 5.04× 104.
The vertical lines indicate the value of the chemical potential at T = 0 (dark-blue dash-dotted
line) and at T = 0.58Tc (brown dashed-dotted line).

As discussed in Chapt. 5, the MQST regime is a metastable state and even at T = 0 it

could be destroyed, for example, by the presence of the dissipative second-order term in the

current-phase relation originating by the tunneling between condensate and noncondensate

states [65]. The latter at T = 0 could be phonon excitations. At finite temperature instead,

it is the thermal cloud which damps the MQST state. As will be shown later, the MQST

regime is highly unstable against thermal excitations and moreover its decay, or not, within

0.4s depends not only on the chosen temperature but also it can vary from run to run of the

numerical simulation. However the critical imbalance shown in Fig. 6.4 is extracted from

a single numerical simulation. At T = 0 and for NBEC ' 5.04× 104, the first numerically
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explored V0 value at which the onset of the MQST regime is obtained (for z0 = zcr) is

V0 = 192~ωx ' 1.8µ(T = 0). For such values, the population imbalance oscillates around

a non-zero mean value remaining different from zero for at least 0.4s. At finite T instead,

for the same barrier height V0 = 192~ωx the zBEC(t) is in the MQST regime (for z0 = zcr),

oscillating around a non-zero mean value for at least 0.3s. In fact, Fig. 6.4 shows also

the comparison with the extracted zcr at T = 0 for the same condensate number and

for the same value of barrier height. We note that, for temperature T = 0.58Tc the

condensate critical imbalance is almost not influenced (within the numerical error bars)

by the presence of the thermal cloud as long as we keep fixed condensate number and

barrier height. However, at V0 = 67~ωx there is a small shift on the critical imbalance.

As will be described in Sect. 6.8.1 for such relatively low barrier height and at relatively

high temperature a thermally-induced vortex ring could be generated.

The system chemical potential depends on the temperature (as shown previously) and

it is equal to 107 ~ωx at T = 0 and µ(T = 0.58Tc) = 121.4~ωx. Thus, the range of the

barrier heights V0 explored [67.2, 210]~ωx corresponds to a range [0.63, 1.96] µ(T = 0),

while at T = 0.58Tc the range of barrier heights in terms of finite temperature chemical

potential is V0/µ(T = 0.58Tc) ∈ [0.55, 1.73]. In this chapter we decide to fix the barrier

height V0 instead of V0/µ(T ) (which was kept fixed in Chapt. 4) as the relevant parameter

in our study here is V0/(kBT ) as will be described later. The range of temperatures that

would be explored in the following sections is [0.1, 0.7]Tc where the chemical potential at

the highest explored temperature is µ(T ' 0.7Tc) = 131~ωx.

6.3 Effect of the thermal cloud on the Josephson ‘plasma’

oscillation frequencies

At finite T , the tilted linear potential−εx added to our double-well potential at equilibrium

creates also an initial population imbalance for the thermal cloud. Thus, in addition to

the definition of the condensate imbalance zBEC(t), we define the thermal cloud zth(t) and

the total ztot(t) population imbalance as follows:

zBEC(t) =
NBEC
R (t)−NBEC

L (t)

NBEC
R (t) +NBEC

L (t)
, (6.8)

zth(t) =
N th
R (t)−N th

L (t)

N th
R (t) +N th

L (t)
, (6.9)

ztot(t) =
NR(t)−NL(t)

NR +NL
=
NR(t)−NL(t)

Ntot
, (6.10)
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where NBEC
R/L and N th

R/L is the number of the condensate and the thermal particles on

the right/left sides of the barrier (centered at x = 0) while NR/L is the sum of the

number of the condensate and the thermal particles on the right/left sides of the junction

and the total particle number is conserved in the collisionless model. In fact, we model

our partly condensed system by using the Zaremba-Nikuni-Griffin model, initially in the

collisionless limit where the collisional integrals between the thermal-thermal particles

(C22) and between the thermal-condensate particles (C12) are set to zero. Thus the total

condensate number NBEC = NBEC
L + NBEC

R and the total thermal cloud number Nth =

N th
R + N th

L does not change in time due to the absence of particle-exhange mechanisms

between the thermal and the condensate cloud. The condensate and the thermal cloud

dynamics are coupled together via the mean-field potential, which appears in the effective

potential felt by the condensate and thermal cloud (as shown previously and in Chapt. 2).

Our analysis of the role of the thermal dissipation in both the Josephson and the

dissipative regimes is performed at V0 = 104~ωx, which is comparable to the chemical

potential at T = 0 but it is around 0.8µ(T ) for the highest probed temperature T ' 0.7Tc.

Moreover, we can associate an effective temperature to such value of the barrier height

expressed as Teff = V0/kB and we find that Teff = 70nK= 0.5Tc. In order to also fix the

initial condensate population imbalance when varying temperature, we use a fixed value

of ε in the linear barrier shift contribution −εx for each regime (Josephson, dissipative)

studied.

6.3.1 Introduction to the main features of the system dynamics

We start by analyzing the dependence of system dynamics on temperature in the Joseph-

son regime, upon fixing the initial condensate population imbalance z0
BEC = zBEC(t =

0) = 0.05 < zcr. The evolution of the fractional relative condensate and thermal popula-

tion imbalance is shown in Fig. 6.5(a) and (b) respectively, from low to a relatively high

temperature.

Initially the condensate density is larger in the right well with respect to the left well

(z0
BEC > 0), then the condensate population imbalance oscillates harmonically around a

zero mean value with its frequency being shifted by the thermal cloud. Moreover the

zBEC(t) amplitude in time is more damped at higher T . Fig. 6.5(c)-(d) show the con-

densate, thermal and total imbalance temporal evolution for a relatively low temperature

T = 0.31Tc and a relatively high T = 0.63Tc temperature. At low temperatures, the small

thermal fraction (red) is moved by the condensate motion, with no significant distinc-

tion between the condensate (solid black) and total (dashed green) fractional population

imbalances. Both the condensate and total imbalance are slightly damped through the

mutual friction of the condensate in its motion through the thermal cloud. However, as

the temperature increases to values kBT > V0 (as occurs for T = 0.63Tc), the increasing
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Figure 6.5: (a) The condensate and (b) the thermal cloud population imbalance time evolution for
different temperatures. In (c)-(d) is shown the condensate, thermal and total imbalance temporal
evolution for two of the temperatures shown in (a)-(b); T = 0.31Tc and T = 0.63Tc. The numerical
data are for fixed NBEC = 50400 and fixed V0 = 104~ωx and for z0BEC = 0.05 < zcr.

thermal component is free to execute its own oscillations over the barrier, at a distinct

frequency to that of condensate oscillations: relative condensate oscillations are signifi-

cantly damped, and the total atomic population difference also appears to exhibit some

beating. At low T the thermal cloud mean kinetic energy kBT is not high enough for

the thermal cloud to flow hydrodynamically through the barrier. Thus thermal particles

would perform incoherent tunneling through the barrier. For relatively low T such that

the thermal cloud mean kinetic energy kBT is smaller or comparable to (V0 − µ0), the

crossing rate of a thermal particle across the barrier is given by the Arrhenius-Kramer

formula [60]:

Pth '
ωx
2π

exp

(
−(V0 − µ0)

kBT

)
, (6.11)

where µ0 = µ(N/2). In the case of T = 0.22Tc, shown in Fig. 6.5(b), the Eq. (6.11)

estimates a crossing rate Pth ' 8.6Hz, to which corresponds to a time tth ' 0.12s. This

means that each 0.12s, a thermal particle cross the barrier via tunneling. Such result is

consistent with the zth(t) profile in Fig. 6.5(b) at T = 0.22Tc which oscillates initially

around a non-zero mean value 〈zth(t)〉 for at least ∼ 0.13s and after that its mean value
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decays in time until it achieves a value near zero for t & 0.4s.

6.3.2 Condensate imbalance dynamics

In this section, we focus on the condensate zBEC(t) oscillation frequencies, and their de-

pendence on the temperature.

Fitting function and the comparison with DFT results

Our fitting function of the condensate imbalance is choosen based on two main features:

Firstly, we note that in our parameter regime, i.e. for V0 ' µ and small barrier width

w/ξ = 4, which is not in the deep tunneling regime, the superfluid current (thus the

condensate imbalance) is expected to oscillate with two frequencies; a dominant Josephson

plasma frequency and an additional second frequency arising from the second order-term

in the tunneling amplitude [65] (as also described in Chapt. 2 and shown in Chapt. 3 for

our parameters).

Secondly, at finite T , the presence of the thermal cloud introduces a normal component

In to the Josephson current (an Ohmic-like contribution) [60, 65] In = −Gth∆µ where Gth

is the junction conductance. In the limit of low T , the latter can be estimated from the

Arrhenius-Kramers formula as Gth = PthNth/kBT [60], with ∆µ the chemical potential

difference between the two wells being proportional to the condensate imbalance (i.e.

∆µ(t) ∝ zBEC(t), as described in Chapt. 2 and Chapt. 3). For the chosen barrier height,

the Arrhenius-Kramers formula is valid for very low temperature T . 0.2Tc as the barrier

height here is not much different from the single-well chemical potential. Based on these

two considerations and knowing that the condensate current is related to the condensate

imbalance as I = −(NBEC/2) dzBEC/dt (as described in Chapt. 3), we then choose as our

fitting function of the condensate imbalance

F (t) = aJ cos(2πνJ t+ φJ) exp(−γJ t)
+ ai cos(2πνit+ φi) exp(−γit),

(6.12)

where we assign distinct damping rates γ. to the two components, and allow unconstrained

phases φ. to each contribution. The frequency νJ is the main frequency, which corresponds

to the Josephson ‘plasma’ frequency at T = 0 and will be henceforth called the Josephson

frequency, with γJ its corresponding damping term. Interestingly, the secondary oscilla-

tions (labelled here by i = 1, 2) correspond to distinct frequencies at low temperatures

kBT/V0 < 1 (henceforth labeled as ν1) and high temperatures kBT/V0 & 1 (henceforth

labelled as ν2) (as will be described later) with γ1 and γ2 the corresponding dampings.

We cannot use the two-mode model or its modified version, which accounts for the

presence of the normal current [65], because, as we showed in Chapt. 3 for T = 0, the two-
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mode model does not give good predictions of the Josephson ‘plasma’ oscillation frequency

for V0/µ ' 1. Thus the frequencies would be extracted by fitting the condensate imbalance

with F (t) function at different T . We choose the time interval [0.05, 0.72]s for the fit, which

does not start at t = 0. This choise is necessary in the study of the dissipative regime

where the oscillation frequencies are extracted after the VRs generation, i.e. after the

initial fast decay of the population imbalance. For our parameters, such decay ceases near

t ' 0.05s and thus we start our fit from that time. For consistency the same interval is

chosen also for the analysis performed in the Josephson regime. Beyond characterizing

the oscillation frequencies and damping rates, we also investigate the relative contribution

A of each component defined as:

AJ =
aJ

aJ + ai
and A =

ai
aJ + ai

. (6.13)

Finally we investigate the phases φ. of the different contributions.

Figure 6.6: (a) The population imbalance time evolution at T = 0 and the corresponding fit
(orange profile). (b) The corresponding DFT spectrum with a zoomed-in plot of shown in (c). The
numerical data are for V0 = 104~ωx and condensate initial imbalance z0BEC < zcr.

Fig. 6.6(a) shows the temporal evolution of the population imbalance at T = 0 (black

line) for initial imbalance z0 = 0.05 < zcr, i.e. in the Josephson plasma regime where the

population imbalance exhibits periodic oscillations around a zero value. Such numerical

data are perfectly fitted by the function F (t) (Eq. 6.12) but with γ. = 0 at T = 0 (the

fitting function is indicated as orange dashed line). We find that the population imbalance

oscillates at a dominant frequency νJ , whose relative contribution is around 97% at T = 0.

These results are also confirmed by examinating the Discrete-Fourier Transform (DFT) of

the population imbalance time series defined as:

z̃(ωm) =

N∑
j=0

zBEC(tj)e
−iωmtj , (6.14)

where ωm = 2πm/tm which are shown in Fig. 6.6 (b)-(c). In fact, the DFT shows a large

amplitude peak at νJ and a very small component at ν1 which can be just resolved in
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appropriate zoomed-in plot (Fig. 6.6(c)). The temperature range explored in the following

analysis is [0.1, 0.7]Tc. Moreover, we would use the superscript ‘BEC’ in order to label the

condensate frequencies and the corresponding damping.

Main oscillation frequencies

(b) (c)

Figure 6.7: (a) The condensate imbalance frequencies (i), their relative amplitude (ii) and the
corresponding initial phase (iii) as a function of the temperature for V0 = 104~ωx and condensate
initial imbalance zBEC

0 < zcr. Outside the grey area the condensate imbalance is fitted by two-
frequency fit while within the grey area is shown the mean value of the two and three-frequency
fit and the corresponding error bars is given from their differences. The fit is done in the time
interval [0.05, 0.72] s. The vertical dashed line indicate the effective temperature corresponding to
the barrier height, i.e. Teff = 70 nK =0.5Tc.

The extracted main frequencies, relative amplitudes and initial phase of each compo-

nent are shown in Fig. 6.7(a), (b) and (c) respectively for the condensate imbalance and

for T ∈ [0.1, 0.7]Tc. Throughout all the temperature range explored by us, the domi-

nant Josephson dynamics occurs at the frequency νBEC
J (labelled by green circles) with

a relative weighting ABEC
J exceeding 97% at low T and at around 85% at the highest

temperature probed here (T/Tc = 0.66), with NBEC/Ntot ∼ 0.4. At low T the Josephson

frequency is νJ ≈ 14Hz and it exhibits a small monotonic decrease as the temperature

increases. Interestingly, the role of the second component is played by different frequen-

cies at low and high T (note that our high T is still far from the critical temperature) as

shown in Fig. 6.7(a)-(b). For T < 59nK= 0.44Tc the second component is around 30Hz

(blue squares) and we call it νBEC
1 with its damping γBEC

1 . At high temperature limit

T > 78nK= 0.54Tc instead, the second component is a different frequency close to the

axial trapping frequency (red triangles) and we call it νBEC
2 with its damping γBEC

2 .

In Fig. 6.7(c) we observe that, while the Josephson frequency initial phase φJ remains

near zero in all the range the of T explored, the second component for T < 59nK= 0.44Tc,

νBEC
1 has an initial phase φBEC

1 shifted to −π with respect to the Josephson frequency.

This is consistent with the presence of second-order (non-dissipative) term with negative

sign in the current-phase relation, as shown for our case in Chapt. 3, suggesting that

νBEC
1 comes from considering second-order term in the tunneling Hamiltonian through the
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barrier [65]. As the temperature increases and for T > 0.54Tc, the second frequency, which

now becomes νBEC
2 , has a relative initial phase with respect to the Josephson frequency

of |φBEC
2 − φBEC

J | ≈ π/4.

In order to capture the transition from νBEC
1 to νBEC

2 with increasing temperature, the

analysis in a narrow intermediate region 0.44Tc ≤ T ≤ 0.54Tc is extended to 3-frequency

fits (νJ , ν1 and ν2) to provide some continuity to our analysis. The three-component

frequency fit is defined as:

G(t) = aJ · cos(2πνJ t+ φJ) · exp(−γJ t)
+ a1 · cos(2πν1t+ φ1) · exp(−γ1t)+

+ a2 · cos(2πν2t+ φ2) · exp(−γ2t).

(6.15)

In order to avoid the problem of having the highest damped components with a large

relative contribution, we set two of the three damping rates in Eq. (6.15) to be the same.

We take for νBEC
1 and νBEC

2 the same damping, i.e. γ1 = γ2 as they are the less dominant

component all-over the temperature range. In order to have an even more accurate esti-

mate of the condensate imbalance component frequencies and damping rates, we plot the

mean value between the two and three frequency fit in the intermediate region (indicated

by the grey area in Fig. 6.7).

We note that in the intermediate region, the relative contribution ABEC
2 starts be-

coming larger than ABEC
1 for T' 70 nK = 0.5Tc, which is exactly equal to the effective

temperature Teff associated to the barrier height and thus our intermediate region cor-

responds to kBT ∼ V0. In fact, as T increases such that T ≥ Teff , the thermal particles

have sufficient energy to overcome the barrier (V0/kBT . 1), and are thus allowed to exe-

cute oscillations in the underlying trap with a frequency close to the axial trap frequency

νx = 15Hz (as will be shown later).

Few examples of the DFT spectrum of the condensate imbalance are shown in Fig. 6.8

for a low temperature T =50nK= 0.38Tc such that kBT < V0 (a) and for a high temper-

ature T =100 nK= 0.63Tc such that kBT > V0 (b), together with the results from the

two-frequency fit (indicated by vertical lines). We firstly observe that the fit results are

in very good agreement with the frequencies of the DFT peaks (the shift between the two

results can be due to the finite temporal evolution of our numerical simulations). The DFT

spectrum confirms the picture described above: at low temperature kBT < V0 the main

frequencies are νBEC
J (around 14Hz) and νBEC

1 (around 30Hz) with the latter one having a

small contribution. In the opposite limit of relatively high temperature kBT > V0 the main

spectrum components are the temperature shifted νBEC
J (around 13.2Hz at T = 0.63Tc)

and νBEC
2 at around the axial trap frequency (specifically, νBEC

2 ' 14.5Hz at T = 0.63Tc).

We anticipate here that, as will be shown in the following sections, the appearance of the
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component νBEC
2 in the spectrum of the condensate imbalance is related to its coupling

to the thermal cloud motion, with the latter oscillating mainly with a frequency near the

axial trap, i.e. close to νBEC
2 .

(a) (b)

Figure 6.8: The Discrete Fourier transform (DFT) of the zBEC(t) for V0 = 104~ωx and z0BEC =
0.05 < zcr in the frequency domain for T =50nK= 0.38Tc (a) and T =100 nK= 0.63Tc (b) for
fixed NBEC = 50400 and fixed V0 = 104~ωx. The y axis is the amplitude of the components of
the DFT |z̃| while the x axis is the frequency. The vertical dashed lines indicate the values of the
frequencies obtained by the two-frequency fit.

However we make use of the two-frequency fit results in order to extract the relative

amplitude instead of the DFT as our time evolution was not long enough to have a precise

DFT spectrum.

More information on the properties of the dominant contributions to zBEC(t) can be

found in Fig. 6.9 which focuses on the dependence of the frequencies νBEC
J , νBEC

1 and νBEC
2

[top row] and corresponding damping rates [bottom row] as a function of scaled temper-

ature T/Tc. We clearly see the monotonic decrease of νBEC
J over the entire temperature

range probed, accompanied by an almost linear increase of the damping consistent with

the results found by [203]. Frequency νBEC
1 also decreases with increasing temperature,

and its contribution damps at a faster rate than the νBEC
J -term, whereas νBEC

2 displays

a less clear dependence and a corresponding large damping which increases with decreas-

ing temperature, eliminating that mode for kBT . V0: this somewhat counter-intuitive

behaviour can be understood from the fact that at such lower temperatures, the thermal

cloud cannot on its own move across the barrier, but can only do so mediated by the

condensate which drags it along. Since the analysis here focuses on behaviour extracted

from the condensate imbalance dynamics, and the small thermal component does not drag

the condensate at low temperatures, it is understandable that no νBEC
2 contribution can

be found at such low temperatures.
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Figure 6.9: The condensate imbalance Josephson (a)-(i) and second frequencies (b)/(c)-(i) depen-
dence on the temperature with the corresponding damping shown in (a)-(ii) and (b)/(c)-(ii) for
V0 = 104~ωx and z0 < zcr. We use the label νBEC

1 for the frequency around 30Hz and the label
νBEC
2 for the frequency around 15Hz, which is also the trap frequency along x axis. In the grey

area the data shows the mean value between the two and three frequency fit while outside the
grey area only the two-frequency fit is performed. The νBEC

1 and νBEC
2 are shown in the range of

temperature where they are more important, i.e. at low T for νBEC
1 and at high T for νBEC

2 .

6.3.3 The thermal cloud imbalance

Overview of the thermal cloud dynamics, from low to high T

As we discussed previously, at very low temperature T . 0.2Tc the dynamics of the thermal

cloud across the barrier occurs mainly via incoherent tunneling with a crossing rate for

a thermal particle given by the Arrhenius-Kramers formula Eq. (6.11). For such low

temperatures, the thermal imbalance oscillates around a non-zero mean value for relatively

long time. As the temperature increases, the thermal cloud dynamics depends essentially

on the thermal particles have sufficient energy to overcome the barrier, or not, i.e. on the

ratio V0/(kBT ). At low T such that kBT < V0, the small thermal cloud cannot move on its

own across the barrier but it is driven instead by the condensate motion. In fact, the back

action that the condensate has on the thermal particles appears evident if we analyse the

oscillations features of zth(t). In order to give a clearer picture of this process, Fig. 6.10(a)

shows the time evolution of the thermal population imbalance (i) and the corresponding

DFT spectrum (ii) at a selected T = 0.31Tc < V0/kB. The zth(t) profile is fitted by single-

component frequency fit (orange line in (i)) and the extracted frequency is indicated by

a vertical dashed line in the DFT spectrum. Interestingly, the extracted frequency value

is around 14Hz, which is close to the condensate Josephson frequency; for this reason we

keep calling it νthJ . The frequency extracted by the fit is close to the component of the

DFT spectrum with the largest amplitude (the spectrum resolution is 1.2Hz). The DFT

spectrum shows few components (apart of νthJ ) with comparable amplitude. This means
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that perfoming a two-component frequency fit (instead of one-component fit) would not

give reliable results for the second component. For this reason, we perform one-component

frequency fit of zth(t) for T < V0/kB, specifically for T ≤ 0.46Tc. As the temperature

increases, a second-component appears in the thermal imbalance spectrum and thus a

two-component frequency fit is necessary.

fbeat1/

(a) (i) (ii)

(i) (ii)(b)

Figure 6.10: The temporal evolution (i) of the thermal population imbalance and its corresponding
DFT spectrum (ii) for T = 0.31Tc(a) and T = 0.63Tc. The numerical data are for V0 = 104~ωx
and for fixed NBEC ' 50400. The orange curves in (a)-(i) and (b)-(i) are the one-component and
two-component frequency fit respectively. The results from the fit are indicated by vertical dashed
lines in (a)-(ii) and (b)-(ii).

At high T , such that the thermal cloud energy exceeds the barrier height value, the

thermal particles move ‘freely’ over the barrier exhibiting their own motion with a fre-

quency close to the axial trapping frequency. However, this motion is not quite ‘freely’

as the thermal dynamics is coupled to the condensate motion. In fact, as shown in

Fig. 6.10(b), zth(t) oscillates with two-main frequencies; the first one has a value near

the trap frequency, and in analogy with the condensate analysis, we term it νth2 –with a

value νth2 (T = 0.63Tc) ' 14.8Hz— and the second one has a value near the temperature-

shifted Josephson frequency which we called νthJ –with a value νthJ (T = 0.63Tc) ' 13.3Hz.

The frequency values found from both the fit (orange curve) and from the DFT are in
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good agreement within the DFT spectrum finite resolution. Interestingly at such high T

the thermal imbalance shows beating, which occurs between its two-components and the

beating frequency is given by fbeat = |νth2 − νthJ | ' 1.5Hz and its inverse is indicated by an

arrow in the zth(t) profile Fig. 6.10(b)-(i).

Main oscillation frequencies

Figure 6.11: (a) The dependence of the thermal cloud imbalance main frequencies (upper plot) and
their damping (lower plot) on the temperature obtained from the one (for T ≤ 0.46Tc) and two-
component frequency fit (for T > 0.46Tc) in the time interval [0.1, 0.72] s. (b) The corresponding
relative contribution of the ztherm(t) components and their initial phase (c) at different tempera-
tures. The data are for V0 = 104~ωx and fixed NBEC = 50400. The data are for V0 = 104~ωx.

Fig. 6.11 shows the results from the one-component frequency fit for T ≤ 0.46Tc and

from the two-component frequency fit for higher temperatures for the frequencies (a)-(i),

damping rates (a)-(ii), for the relative contributions (b) and for the initial phase of each-

component (c). The error bars are the one obtained from the fit. We observe that as

the temperature increases but for T ≤ 0.46Tc, the νthJ slightly changes with temperature,

remaining near 14Hz (slightly smaller); its damping rate instead increases almost linearly.

For T > 0.46Tc ≈ V0/kB, the νBEC
J is shifted to lower values as T increases while νth2

approaches the x axis trap frequency. Fig. 6.11(b) reveals that for kBT ∼ V0, specifically

for 0.46Tc ≤ T ≤ 0.58Tc, there is an interplay between the νth
J and νth

2 . For T > 0.58Tc

instead, the νth
2 dominates. Moreover, we observe that the initial phase of νth

J is at around

π/2 at low T and it is slightly shifted to larger values as T increases. The φth2 instead,

remains near zero in the range of temperature where it is relevant.

In order to better understand the thermal cloud dynamics it is useful to show its

frequencies, damping rates and initial phases alongside the condensate imbalance corre-

sponding values.
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6.3.4 Thermal vs condensate population imbalance

Fig. 6.12 shows together the thermal and the condensate imbalance oscillation frequencies

and corresponding damping rates at different temperatures. Firstly, we observe that the

thermal cloud and condensate imbalance main components frequencies (shown in Fig. 6.12

(a)) have almost the same values. Next, we initially comment the low temperature be-

haviour of both the condensate and thermal imbalance and then we focus on the high

temperature limit.

For T ≤ 0.46Tc the thermal imbalance oscillates mainly with νthJ , which is close to the

Josephson frequency of the condensate imbalance νBEC
J , as it is visible in Fig. 6.12 [(a)-

(b),(i)]. On the other hand, the corresponding damping rate γthJ increases more rapidly

with respect to γBEC
J . At such low temperatures, as shown in Sect. 6.3.2, νBEC

J is the

dominant component of the condensate spectrum with a relative contribution of more

than 97%, but a second-component is present too, νBEC
1 . As the latter has a very small

contribution in the condensate dynamics, it does not affect the thermal imbalance evo-

lution, i.e. it does not appear in the zth(t) spectrum. Moreover, as it is evident from

Fig. 6.12(d), the thermal cloud νthJ present a phase shift of around π/2 with respect to

the condensate imbalance component νBEC
J , i.e. |φthJ − φBEC

J | ≈ π/2. Even though both

the condensate and thermal cloud density are larger in the right well initially (due to the

system preparation process), the thermal cloud during its dynamics would tend to have

higher density where the condensate density is minimum, explaining so the relative phase

shift of π/2.

At high enough temperature T & 0.5Tc = Teff , as the thermal particles have enough

mean kinetic energy to overcome the barrier, a second component appears in the spectrum

of the thermal imbalance which is near to the axial trap frequency and we termed it

νth2 , as shown in Fig. 6.12 [(a)-(c),(i)]. The thermal cloud, which at these temperatures

is a significant fraction of the total particle number, ‘drives’ the condensate dynamics

influencing its oscillations features. This picture is confirmed by the results reported in

Fig. 6.12(a). In fact, as the temperature increases further, in particular for T > 0.58Tc,

νth2 becomes the dominant component of zth(t) and, as an effect of the thermal cloud back

action on the condensate motion, zBEC(t) second main component becomes νBEC
2 instead

of νBEC
1 ; with the latter already damped at such temperatures. Furthermore, the initial

phase φth
2 has a value near zero and it is close to the value of φBEC

J ; specifically φth2 is

in between φBEC
J and φBEC

2 suggesting that initially the thermal and condensate clouds

could be phase-locked. Interestingly, the initial phase φthJ , even though increasing slightly,

it remains close to π/2. Throughout the range of temperatures, νBEC
J is the dominant

frequency and, as the condensate motion is coupled the thermal cloud dynamics, even

zth(t) oscillates in time with a second component whose frequency is near the temperature-

shifted condensate frequency νBEC
J , as it is visible in Fig. 6.12(a)-(b).
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(a) (b)

(c)
(i)

(ii)

(d)

(i)
(i)

(ii)

(ii)

Figure 6.12: (a)-(b)-(c) The condensate and the thermal imbalance oscillations frequency at differ-
ent temperatures. The dependence of the intial phase of the condensate and of the thermal cloud
imbalance on the temperature. The data are for V0 = 104~ωx and fixed NBEC = 50400.
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6.3.5 The total imbalance

We analyse the total imbalance ztot(t) by fitting the data with two-component and three-

component frequency fit, with the results of their frequencies and their damping rates

shown in Fig. 6.13. The three-component fit results converges to the two-component fit

ones in the limit of low and high temperatures, but for the intermediate temperatures

0.45Tc ≤ T ≤ 0.56Tc (kBT ' V0) there is a small shift between the results. For this

reason, in the intermediate range of temperatures (shown as grey areas in Fig. 6.13), we

calculate the mean value between the fits (as we did for the condensate imbalance) and

show the final results for the frequencies, damping rates, relative amplitudes and each

component initial phase in Fig. 6.13.

(a) (b) (c)

Figure 6.13: The total imbalance frequencies (a), their relative amplitude (b) and the corresponding
initial phase (c) as a function of the temperature. Outside the grey area the total imbalance is
fitted by two-frequency fit while within the grey area is shown the mean value of the two and three-
frequency fit and the corresponding error bars is given from their differences. The fit is done in the
time interval [0.05 : 0.72] s. The vertical dashed line indicate the temperature corresponding to the
barrier height, i.e. T = 70nK = 0.5Tc. The data are for V0 = 104~ωx and fixed NBEC = 50400.

We observe that the total imbalance oscillation properties are similar to the conden-

sate one; at relatively low T the ztot main components frequencies are similar with the

condensate one so they are called νtot
J and νtot

1 . The same happens at relatively high

T with the appearance of a third-component near to the νBEC
2 , which we label as νtot

2 ;

it becomes the second dominant frequency for kBT > V0. As for the condensate imbal-

ance, the νtot
J is the dominant frequency over the entire range of temperatures explored

here. However, there is a main difference with respect to the condensate imbalance: in

our simulations, the increase in temperature leads to an increase in the number of par-

ticles in the thermal cloud, while keeping the condensate particle number fixed: as such,

while the Josephson frequency νtot
J is not significantly affected, its relative contribution

(Fig. 6.13(b)) decreases rapidly as the total population becomes more dependent on the

increasing thermal contribution. At T/Tc ∼ 0.66 the Josephson contribution contributes

only 65% of the total amplitude, while the initial phases of the two dominant contributions

(φtot
J and φtot

2 ) approach each other, indicating phase-locking.

The significant contibution of the second component Atot
2 at high T gives rise to beating
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fbeat1/

Figure 6.14: The total imbalance temporal evolution for T = 100nK = 0.63Tc. The data are for
V0 = 104~ωx and fixed NBEC = 50400.

modes between the νtot
J and νtot

2 as shown in Fig. 6.14 with a beating frequency fbeat =

|νtot
J − νtot

2 | ' 1.7Hz and the beating fastest oscillations frequency (νtot
J + νtot

2 )/2 ' 13.96

Hz (as occurs to the thermal imbalance shown in Sect. 6.3.3).

Fig. 6.15 shows only the dominant total imbalance frequency νtot
J which decreases

its value with T , while its damping rate increases, similar to the condensate Josephson

‘plasma’ frequency.
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Figure 6.15: The total imbalance dominant frequency value as a function of the temperature.
Outside the grey area the total imbalance is fitted by two-frequency fit while within the grey area
is shown the mean value of the two and three-frequency fit and the corresponding error bars is
given from their differences. The fit is done in the time interval [0.05, 0.72] s. The vertical dashed
line indicate the temperature corresponding to the barrier height, i.e. T = 70nK = 0.5Tc. The
data are for V0 = 104~ωx and fixed NBEC = 50400.
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6.4 Effect of the thermal cloud on the vortex-induced dissi-

pative regime

In order to study the effect of the thermal cloud in the dissipative regime, we choose the

same barrier height as in the previous section, i.e. V0 = 104~ωx ' µ(T = 0). With the

term ‘dissipative regime’ we refer to the regime found at T=0 for z0 ≥ zcr, where the

dominant dissipation mechanism is the nucleation and subsequent dynamics of the vortex

rings (described in Chapt. 3). At finite temperature instead, there is another source of

dissipation which comes from the coupling of the condensate motion to the thermal cloud

dynamics. At T = 0, the onset of the dissipative regime for the chosen barrier height

happens for zcr = 0.08 and in this section we choose a slightly larger z0 = 0.11, in order

to study the effect of the thermal cloud. The barrier shift creating the initial imbalance ε

is kept fixed at the same value for all the simulations at different T .

6.4.1 Overview of the main characteristics of the system dynamics

Fig. 6.16 shows the condensate, the thermal cloud and the total imbalance time evolution

in the collisionless regime for some of the temperatures explored here. The condensate

imbalance profile at the lowest T shows two ‘dips’ for t < 0.1s, which suggests that there

are two vortex rings generated.

We note that the initial decay of the condensate imbalance is only slightly influenced

by the presence of the thermal cloud, as the timescale at which such decay happens is

faster than the timescale for significant mutual friction effects. Thus, the main source of

dissipation for short time evolution t < 0.1s is due to the VR nucleation and dynamics.

The thermal cloud has another effect in the early time evolution. Its presence at

the barrier position and at the edges of the condensate shifts slightly the initial conden-

sate imbalance produced for the same barrier shift ε compared to that at T = 0. Such

thermally-induced shift in the z0
BEC increases with temperature, even though is still very

small such that it becomes visible only under appropriate zoomed-in of the zBEC(t) profile

(as will be shown later). However, at high T such initial shift can lead to the generation of

another VR (another ‘dip’ is present in the zBEC) as shown in Fig. 6.16(a)-(d) and clearly

visible in the inset of (d) at t ∼ 0.04s. In this section we focus on the analysis of the

oscillations after the initial decay, specifically in the time interval [0.05, 0.72]s.

At longer time evolution, the main features of condensate/thermal and total imbalance

evolution shown in Fig. 6.16 are:

• At low T (even at T = 0 which is not shown in the figure), and after the shedding

of the generated vortex rings, the condensate oscillates about a zero mean value

at two frequencies (which will be shown to correspond to νBEC
J and νBEC

1 ). As the
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(a) (b)

(c) (d)

Figure 6.16: (a) The time evolution of the condensate and (b) the thermal cloud imbalance at
different temperatures. In (c)-(d) is shown the condensate, thermal and total imbalance temporal
evolution for two of the temperatures shown in (a)-(b); T = 0.22Tc and T = 0.63Tc. In the
insets in (c)-(d) is shown the short-time evolution of the condensate/thermal/total imbalance.
The numerical data are for fixed NBEC = 50400, fixed V0 = 104~ωx and z0BEC = 0.11 > zcr.

temperature increases to values higher than the barrier, the thermal cloud exhibits its

own oscillatory decaying dynamics across the barrier. Interestingly, the condensate

mode exhibits enhanced damping (due to the relative motion through the dynamical

thermal cloud) and at relatively high T (for example, T = 0.63Tc) the condensate

starts oscillating mainly with a single dominant frequency.

• At low temperatures, where there is only a small thermal component, the total pop-

ulation imbalance is dominated by the corresponding condensate one (an example

shown in Fig. 6.16 (c)). As T/Tc increases, i.e. as the thermal fraction increases,

ztot(t) starts deviating from zBEC(t). This property is observed by looking both at

short (zoomed-in inset in Fig. 6.16 (c)-(d)) and long time evolution of zBEC(t)/zth(t)/

ztot(t).

• For T = 0.22Tc the dynamics of the thermal cloud through the barrier happens via

incoherent tunneling with a crossing rate of the barrier for a thermal particle given

198



Chapter 6. Bose-Einstein condensates at finite temperature in an atomic
Josephson-junction

by the Arrhenius-Kramer formula Eq. 6.11. This means that for certain time evo-

lution the thermal cloud remains ‘trapped’ in the right well (i.e. positive thermal

imbalance mean value). Referring back to the zth(t) profile in the Josephson regime

and for the same T = 0.22Tc (shown in Fig. 6.5), we note that in that case the

thermal imbalance mean value descreases in time and becomes near zero at t ∼ 0.3s

while in Fig. 6.16 is evident that the 〈zth(t)〉 remains different from zero for at least

0.7s. The reason for such difference could be the following: In the dissipative regime,

during the short time evolution, vortex rings are generated at the trap center and,

as the thermal cloud fills in the vortex core, the initial tendency of the thermal cloud

to equilibrate between the two wells (with a time estimated as 1/Pth) is disrupted

by the presence of the vortex rings. Consequently, at t ∼ 0.05s the 〈zth(t)〉 increases

until it reaches a maximum value at t ∼ 0.1s and then decreases slowly in time.

During its long time evolution, the thermal imbalance shows some small oscillations

following the condensate imbalance as observed from Fig. 6.16 (c).

6.4.2 The condensate imbalance

In this section we present the results from the analysis of the condensate population

imbalance oscillations after the initial decay.

Main oscillation frequencies

Remarkably, the main oscillation frequencies of the condensate imbalance in the dissipative

regime (see Fig. 6.17 (a)) have similar values as the condensate imbalance components in

the Josephson regime. For this reason we also label them here as νBEC
J , νBEC

1 and νBEC
2 .

The two dominant frequencies at low T (kBT < V0) in the dissipative regime are νBEC
J

and νBEC
1 , while at high T (kBT > V0), νBEC

J and νBEC
2 dominate as was also the case

in the Josephson regime. In fact, once again the behaviour changes around kBT/V0 ∼ 1,

where the frequency νBEC
2 emerges, due to the oscillations of the increasing thermal cloud

in the underlying axial harmonic trap. On the other hand, there is a main difference with

respect to the Josephson regime; the main component at low T is the νBEC
1 and not νBEC

J

(with the relative contribution shown in Fig. 6.17 (b)). Another important difference is

that, at low T , the second-component has a relative initial phase of ' π/2 with respect to

νBEC
J , differently from the Josephson regime where the |φBEC

J − φBEC
1 | ' π.

In the Josephson regime, in all-over the range of T, the initial phase of νBEC
J remains at

zero with a small shift at high T . Here instead, as shown in Fig. 6.17 (c) at low T limit the

φBEC
J is near zero while as T increases, its distance from zero increases becoming smaller

than −π/2 in the intermediate regime. Then at T = 0.58Tc the φBEC
J jumps by more than
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(c)

Figure 6.17: The condensate imbalance frequencies (a), their relative amplitude (b) and the cor-
responding initial phase (c) as a function of the temperature for V0 = 104~ωx and condensate
initial imbalance z0BEC = 0.11 > zcr. Outside the grey area the condensate imbalance is fitted by
two-frequency fit while within the grey area is shown the mean value between the two cases of
the three-frequency fits; in the first case the damping γBEC

J = γBEC
2 and in the second case for

the damping γBEC
1 = γBEC

2 ). The corresponding error bars is given from the differences between
the fits. The vertical dashed line indicate the temperature corresponding to the barrier height, i.e.
T = 70nK = 0.5Tc. The data are for fixed z0BEC = 0.11, NBEC = 50400 and V0 = 104~ωx.

π, achieving a value near π/2. Moreover, from Fig. 6.17(b) we observe that another drastic

change happens: For T ≤ 0.55Tc, ν
BEC
1 is the dominant frequency (except for T = 0.5Tc

where it has a relative amplitude ABEC
1 comparable to the ABEC

2 ). Surprisingly, the ABEC
1

transits from having a value of more than 60% for T = 0.55Tc to disappearing from the

condensate imbalance spectrum at T = 0.58Tc. On the other hand, for T ≥ 0.58Tc the

νBEC
J becomes the dominant frequency. This drastic change at such temperature can be

associated to two main reasons: Firstly, at T ≥ 0.58Tc the initial condensate imbalance

is slightly larger than its value at T = 0 leading to the generation of a third VR. In both

cases, the linear tilted potential −εx is taken to be the same. If we instead fix the initial

condensate imbalance at T = 0 to be the same (which means slightly different ε) as the

one at T ≥ 0.58Tc, we find that in this case νBEC
1 is not the dominant component at

T = 0 (as will be shown in Sect. 6.4.7) and its contribution to condensate motion is less

than ABEC
J . Secondly, these results seem to suggest that at high enough temperature the

thermal cloud attenuates the sound wave’s amplitude, helping the condensate to oscillate

around zero value mainly with the temperature-shifted Josephson frequency.

In both Josephson and dissipative regime, at low T , there is a third component at

around 45Hz with a relative contribution of few percent in the Josephson regime and less

than 10 % in the dissipative regime. This third component damps very fast and is already

damped at 0.31 Tc (as shown in Appendix B), for this reason we show the results only

from the two-component frequency fit at low T (note that the frequencies and the damping

rates of the main frequency are not at all affected by including or not the third term but

the second component can be slightly affected). The fact that the frequencies 30Hz and

45Hz are exactly multiple of the x-axes trap frequencies seems to suggest that they can
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Figure 6.18: The condensate imbalance Josephson (a)-(i) and second frequencies (b)/(c)-(i) de-
pendence on the temperature with the corresponding damping shown in (a)-(ii) and (b)/(c)-(ii)
for V0 = 104~ωx and zBEC

0 > zcr. Outside the grey area the condensate and total imbalance are
fitted by two-frequency fit while within the grey area is shown the mean value between the three-
frequency fits (between the results with the two of the three damping fixed to be the same; in the
first case the damping γBEC

J = γBEC
2 and in the second case for the damping γBEC

1 = γBEC
2 ) and

the corresponding error bars is given from their differences. The fit is done in the time interval
[0.05, 0.72]s.

have different nature not connecting with tunneling, but in the section ‘Future works’ we

are going to show some analysis of z(t) a a function of V0 which seems to rule out these

alternative for V0/µ ≥ 1.

Consistently with the condensate imbalance analysis in the Josephson regime, in the

low and high T limits the zBEC(t) is fitted via F (t) (defined in Eq. (6.12)) two-component

frequency fit with the fit performed in the same time interval [0.05, 0.72]s (some examples

of the comparison between the condensate imbalance evolution and the corresponding fits

are shown in Appendix B). We then perform a three-component frequency fit by using G(t)

(defined in Eq. (6.15) in the intermediate range of temperature for 0.45Tc < T < 0.56Tc.

Firstly we took all the damping rates to be different, but there was the problem that one

of the component that had the highest damping rate, had also a high relative amplitude.

Thus we resolve this problem by taking two of the three damping (corresponding to the

frequencies with smaller relative contribution) to be the same as we did in the Josephson

regime. However, there is a significant difference: while for the Josephson regime the νBEC
J

was the main frequency at all the temperatures, here instead the role of the main frequency

changes between the νBEC
1 (for T < 88nK = 0.58Tc ) and νBEC

J (for T ≥ 0.58Tc). Thus

we perform the three-component frequency fits in the first case by setting γBEC
J = γBEC

2

and in the second case by imposing γBEC
1 = γBEC

2 . For T < 0.45Tc and for T > 0.56Tc

the different three-component frequency fits results converges to each-other and to the

two-component frequency fit, but at the intermediate range of temperatures they differ

from each other. For this reason, in all the plots shown here, in the intermediate range of
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T indicated as grey area, we show the mean value between the three-component frequency

fit results.

Looking into more details to the three emerging frequencies, and the damping of the

corresponding modes shown in Fig. 6.9, we note the similar νBEC
1 and νBEC

J frequency

dependence on T/Tc as found earlier in the Josephson regime, shown in Fig. 6.9. In

fact, similar to the Josephson regime, the frequency value νBEC
1 and νBEC

J decreases with

temperature while the corresponding damping rates increases due to an increasing thermal

cloud fraction. Moreover the frequency νBEC
1 damps faster than νBEC

J .

Fig. 6.18(c) also shows the dependence νBEC
2 and the corresponding damping rate on

the temperature. The νBEC
2 starts becoming important once the thermal cloud becomes

large enough to strongly affect the condensate motion. This happens when the thermal

cloud has sufficient energy to overcome the barrier, kBT > V0, and to ‘drive’ the conden-

sate. As T increases, the νBEC
2 value tends at the x axis trap frequency; interestingly, its

damping rate decreases with temperature at T > 0.55Tc.

6.4.3 The origin of the second frequency

We pause here to briefly describe the origin of νBEC
1 . As our barrier height is near the

chemical potential, in the Josephson regime we attributed νBEC
1 ≈ 2νBEC

J frequency to

the presence of the second-order non-dissipative term [65] in the current-phase relation

‘sin(2∆φ)’ term. Thus the superfluid current is then expressed by Eq. (2.79) (and Eq. 3.34

locally): I(∆φ) = Ic sin(∆φ) + J1 sin(2∆φ) where J1 < 0 and ∆φ is the relative phase

between the two condensates. In the dissipative regime instead, the generation of vortices

and associated phonon emission leads to significant interaction between the condensate

and excited sound waves. Meier and Zwerger in Ref. [65] showed that also dissipative terms

could be present in the current-phase relation I(∆φ) (defined from Eq. (2.81), originating

from second-order terms in the tunneling Hamiltonian which consider the transfer of a

particle between a condensate state in right well (for example) to an excited state in the

left well and viceversa. They also showed that, for ∆µ � µ (as in our case), the excited

states that contribute to the condensate-noncondensate tunneling are phonon modes. In

particular, there is a cos(2∆φ) term which introduces a relative phase of π/2 with respect

to νJ , similar to our findings for φBEC
1 . Based on these considerations and on our analysis

reported in Fig. 6.17, we think that one possible scenario is the following: In the dissipative

regime and for long time evolution (after the generation of vortices and in the presence of

sound waves), the second-order non-dissipative current J1 sin(2∆φ) is negligible while the

second-order dissipative current J2 cos(2∆φ) instead becomes important. The latter term

is finite even at T = 0 as shown in [65] that is consistent with our findings. Moreover,
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in our case νBEC
1 could even become more important than the Josephson frequency 1. At

finite T, the condensate imbalance is damped due to the presence of the thermal cloud

and this process is considered by adding to I(φ) a normal current In = Gth∆µ with the

conductance Gth related to the thermal cloud dynamics. In our analysis, the presence

of such normal current is taken into account by fitting the zBEC(t) with an exponential

decay. We note that νBEC
1 , found from our analysis of the condensate imbalance, is not

exactly twice the Josephson frequency, with νBEC
1 (T = 0) ' 2.2νBEC

J . Even though more

analysis will be given in the section ‘Future works’, one possible explanation could be that

in our study we are analysing the population imbalance and not the current-phase relation.

Thus a more detailed study is needed on analysing the current-phase profile obtained by

the zBEC(t) and ∆φ(t) at long time evolution (i.e. after the VRs generation), which goes

beyond the scope of this thesis and would be part of future works.

6.4.4 The thermal cloud imbalance

The analysis of the thermal clound imbalance frequencies starts from T ≥ 0.22Tc while

the condensate analysis started at T = 0.1Tc. The reason for that is that T = 0.1Tc the

thermal fraction is negligible.

(a) (b) (c)

Figure 6.19: (a) The thermal imbalance frequencies, (b) their relative amplitude and (c) the
corresponding initial phase as a function of the temperature. The data points and their errorbar
are estimated by the mean value between the two-component frequency fit done in different time
intervals. The data are z0BEC = 0.11, NBEC = 50400 and V0 = 104~ωx.

Moreover at T = 0.22Tc, zth(t) temporal mean value is different from zero and thus

one of the two main components of the fit is close to zero. For this reason, for T = 0.22Tc

we show only one of the two frequencies, the one different from zero. Furthermore for T ≤
0.56Tc the thermal cloud imbalance fit is performed in different time intervals [0.05, 0.35]s

and [0.25, 0.72]s. From these results we calculate the mean value and the corresponding

error bars shown in Fig. 6.19. For T ≥ 0.58Tc the two-component frequency fit in the

1We note that the relative contribution of νBEC
1 depends on z0: for z0 ≥ zcr, the second-order term is

not always the dominant frequency; for example, for z0 = zcr and V0 = 104~ωx its contribution is smaller
with respect to that of the Josephson frequency.

203



Chapter 6. Bose-Einstein condensates at finite temperature in an atomic
Josephson-junction

range [0.05, 0.72]s fits better our numerical data than the two fits in shorter time interval

so we choose the long-range fit results to show in Fig. 6.19 for these temperatures.

Fig. 6.19(a) shows that for T ≤ 0.56Tc, the thermal cloud oscillates with two main

components termed νth2 and νth1 as their values are similar to the condensate main com-

ponents (as will be shown in the next section). In the opposite limit instead,i.e. for

T > 0.56Tc, the thermal imbalance oscillates mainly with νth2 and νthJ , where the latter is

termed so as its value is close to the Josephson frequency νBEC
J . Moreover, Fig. 6.19(b) re-

veals that νth2 has the largest contribution to the thermal dynamics along the whole range

of temperatures probed. Interestingly, we note that the change in the second-component

role from νth1 to νthJ occurs at exactly T = 0.58Tc. Referring back to our analysis of the

condensate imbalance, at such temperature there is a drastic change of the main conden-

sate component from νBEC
1 to νBEC

J . In fact, similar to the Josephson regime, the thermal

cloud spectrum shows a component close to the condensate dominant frequency all-over

the range of temperatures. Each component initial phase is shown in Fig. 6.19(c). The

φth2 remains close to zero for all the temperatures. As νth2 is the the thermal cloud dom-

inant frequency, we compare its initial phase with the one of the condensate dominant

frequency. At relatively low T , φth2 is shifted by around π/2 with respect to φBEC
1 shown

in Fig. 6.17. Thi happens because, due to repulsive interaction between the thermal and

condensate particle, the thermal particles density is larger where the condensate density is

smaller and viceversa. In the opposite limit instead, φth2 has a relative shift of more than

π/2 with respect to φBEC
J . The temperature dependence of the thermal imbalance main

components frequencies and damping rates are shown in the following section.

6.4.5 The thermal cloud vs BEC imbalance

(a) (b) (c)

Figure 6.20: The comparison between the condensate and the thermal cloud imbalance oscillation
frequencies and the corresponding damping rates at different temperatures. The data are for fixed
z0BEC = 0.11, NBEC = 50400 and V0 = 104~ωx.
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Figure 6.21: The DFT spectrum of the ztot(t) in the frequency domain for T = 0.44Tc (a),
T = 0.5Tc (b) and T = 0.66Tc (c). The data are for NBEC ' 50400 and V0 = 104~ωx.

Fig. 6.20 shows together the BEC and the thermal cloud imbalance oscillation frequen-

cies and their corresponding damping. As described previously and as it is evident from

this figure, the components of the thermal imbalance are termed based on their similarity

to the condensate frequencies value. In fact, for kBT > V0, the thermal imbalance fre-

quencies νthJ and νth2 have similar values to the condensate imbalance frequencies νBEC
J and

νBEC
2 respectively. This is clearly visible in Fig. 6.20(a)-(c). Interestingly, not only the

frequencies νth2 and νBEC
2 acquire similar values for T > 0.5Tc but also the corresponding

damping rates γth2 and γBEC
2 . In the entire range of temperature where it is relevant, νth1

values coincides with νBEC
1 . The latter one exhibits a faster damping with respect to the

corresponding thermal component, until it is overdamped at T = 0.58Tc, ‘disappearing’

so from the condensate spectrum.

Moreover we note that the νth
2 value increases, converging at the trap frequency, as

the temperature increases while its damping decreases instead. This behaviour is similar

to that of the condensate component νBEC
2 for kBT > V0. At relatively low T , the second

component frequency value νth
1 shows the opposite behaviour, i.e. decreasing with the

temperature, while its damping increases initially until reaching a ‘plateau’.

6.4.6 The total imbalance

We analyse the total fractional population imbalance ztot(t) with the two-component fre-

quency fit at the low and high T limit and the three-component frequency fit for the inter-

mediate temperatures 0.43Tc ≤ T ≤ 0.55Tc , with the intermediate temperature started

at lower T with respect to the condensate imbalance analysis that started at T = 0.45Tc.

In fact, in the total imbalance spectrum, shown in Fig. 6.21, appear clearly three com-

ponents even at temperature T = 0.44Tc. Also for T = 0.5Tc the spectrum has three

well-resolved peaks while for T = 0.66Tc the spectrum shows a single dominant peak but

the DFT resolution is not high enough to clearly resolve the second component (found by

the two-component frequency fit) as the two components are close to each other.
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(a) (c)

Figure 6.22: The total imbalance frequencies (a), their relative amplitude (b) and the corresponding
initial phase (c) as a function of the temperature for V0 = 104~ωx and condensate initial imbalance
z0BEC = 0.11 > zcr. Outside the grey area the condensate imbalance is fitted by two-frequency fit
while within the grey area is shown the mean value between the two cases of the three-frequency
fits; in the first case the damping γtotJ = γtot2 and in the second case for the damping γtot1 = γtot2 ).
The corresponding error bars is given from the differences between the fits. The vertical dashed
line indicate the temperature corresponding to the barrier height, i.e. T = 70nK = 0.5Tc.

The results from the fit are shown in Fig. 6.22. We observe that the same three

frequencies emerges also from the total imbalance oscillations analysis; For T . 0.4Tc

the ztot main components (Fig. 6.22 (a)-(b)) are νtot
J and νtot

1 with the second one being

the dominant frequency, as happens for the condensate. In fact, at such low T the small

thermal fraction is moved by the condensate motion and the total population imbalance is

again dominated by the corresponding condensate one. As T increases, another frequency

start becoming important with a frequency value similar to the νBEC
2 and νth2 , so we label it

νtot
2 . In particular, this occurs for temperatures such that kBT exceeds the barrier height

V0. The strong driving of the total particle number by the oscillating thermal cloud leads to

approximately equal amplitudes for Josephson frequency νtot
J and νtot

2 contributions to the

total population at the highest temperatures probed (shown in Fig. 6.22 (b)) and the total

population difference also exhibits some beating and damping. In the intermediate regime

0.4Tc < T < 0.56Tc there is an inteplay between the relative contribution Atot
J /Atot

2 /ABEC
1

while for T > 0.56Tc the νtot
J dominates.

Fig. 6.22 (c) shows the initial phase of each component of ztot. We note that the total

imbalance components φtot
J /φtot

1 /φtot
2 shows similar behaviour and takes similar values as

the corresponding ones for the condensate imbalance shown in Fig. 6.17(c).

Fig. 6.23 shows the profiles of the total imbalance main components as a function of

T. Similar to the condensate νBEC
1 and νBEC

J profiles, the frequency value decreases with

T while its damping increases. The opposite happens to νtot
2 , which increases with T

showing a behaviour which is intermediate between the corresponding condensate νBEC
2

and thermal νth2 . These results confirm our previous description that, while at low T the

total imbalance dynamics is defined mainly by the condensate time evolution, at high

T when the thermal particle number becomes significant, the total imbalance shows an
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(a)
(i)

(ii)

(b) (c)

(ii)

(i) (i)

(ii)

Figure 6.23: The total imbalance Josephson (a)-(i) and second frequencies (b)/(c)-(i) dependence
on the temperature with the corresponding damping shown in (a)-(ii) and (b)/(c)-(ii) for V0 =
104~ωx and zBEC

0 > zcr. In the grey area the data shows the mean value between the three-
component frequency fit while outside the grey area only the two-frequency fit results are shown.
The νBEC

1 (b) and νBEC
2 (c) and their corresponding damping are shown in the range of temperature

where they are more important, i.e. at low to intermediate T for νBEC
1 and at intermediate to high

T for νBEC
2 .

intermediate behaviour between condensate and thermal dynamics.

6.4.7 The role of thermal cloud on initial condensate imbalance

As we showed previously, for T & 0.58Tc, there is a third ‘dip’ in the initial decay of the

condensate population imbalace which occurs in the correspondence of the generation of

a VR. We also noted that the concentration of the thermal cloud at the condensate edges

and at the barrier induces a small shift in the condensate initial imbalance which slightly

increases with temperature. The first question is whether the new shifted z0
BEC would

have been large enough at T = 0 to cause the transition to a regime when another phase

slippage happens or it comes from the thermal induced fluctuations of the phase. The

second question is related to the reason why at T = 0.58Tc the νBEC
1 ‘disappears’ from

the spectrum of the condensate imbalance when for T < 0.58Tc its contribution is large,

around 60%.

In order to answer such questions, we consider also the case when the initial condensate

imbalance is fixed when comparing T = 0 and the selected T = 0.66Tc, instead of fixing

ε of the lineal potential −εx. Fig. 6.24 shows together with the condensate imbalance

for T = 110nK = 0.66Tc, the population imbalance at T = 0 for two slightly different

z0 = 0.106 and z0 = 0.113, with the first one produced by the same barrier shift as

T = 0.66Tc while the second one is exactly equal to the initial condensate imbalance

z0
BEC at T = 0.66Tc. We observe that at T = 0, the condensate population imbalance

for z0 = 0.113, which is equal to the initial condensate imbalance at T = 0.66Tc, present

a third ‘dip’, indicated by the white rectangle in the zoomed-in profile in Fig. 6.24(b).

Thus this analysis explains the origin of the third generated VRs (for V0 = 104~ωx),
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(a)
(b)

Figure 6.24: (a) The condensate population imbalance time evolution at T = 0 and for two slightly
different z0 and at T = 110nK = 0.66Tc with a zoomed-in corresponding profile shown in (b). The
data are for V0 = 104~ωx and fixed NBEC ' 50400.

which is not related to the thermal induced phase-fluctuations. We note that the initial

decay of the condensate imbalance is similar for [T = 0, z0 = 0.113] and T = 0.66Tc.

Furthermore, the temporal profile of the population imbalance at T = 0, after the initial

decay, shows different features for z0 = 0.113 with respect to z0 = 0.106. In particular

in the first case the frequency near 30Hz, i.e. the νBEC
1 frequency, is less important than

the Josephson ‘plasma’ frequency. As we have shown previously, the opposite happens

for z0 = 0.106, where the ν1 is the dominant frequency. Thus this answer to our second

question. Moreover, from Fig. 6.24 we observe also that the long-time evolution differs

between [T = 0,z0 = 0.113] and T = 0.66Tc, i.e. for the same initial condensate imbalance

between T = 0 and T = 0.66Tc, due to the presence of a significant thermal fraction at

this temperature which damps second-order term.
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6.5 The effect of the thermal cloud on the Macroscopic

Quantum Self-Trapping regime

So far we have studied the effect of the thermal cloud in the vortex-induced dissipative and

the Josephson regimes. In this section we show how the thermal cloud affects the conden-

sate population imbalance in the MQST regime. The barrier height value we consider here

is V0 = 210~ωx ' 2µ(T = 0), that is around 1.7µ at the highest explored temperature.

Fig. 6.25 shows the time profile of the population imbalance at T = 0 for two different

values of z0; for z0 . zcr (the blue profile) and for z0 ' zcr with zcr = 0.015 being the crit-

ical imbalance for having the MQST regime. In the former case, the population imbalance

exhibits high amplitude anharmonic oscillations around a zero mean-value as we found in

Chapt. 5 and as predicted by [59, 61]. Such z0 values would be in the grey area of the

phase diagram shown in Chapt. 5. For z0 ' zcr instead the population imbalance oscillates

around a non-zero mean value being so in the MQST or pure self-trapped regime, i.e. it

would correspond to the red part of the phase diagrams in Chapt. 5.

Figure 6.25: The population imbalance time evolution at T = 0, for V0 = 210~ωx ' 2µ(T = 0)
and two different values of z0. The orange profile is for z0 ' zcr. The data are for N ' 50400.

We then, at different temperature, keep fixed the constant gradient of the linear po-

tential −εx at the value it has at T = 0 in order to give zBEC
0 ' zcr. Even at T = 0,

the MQST regime is a metastable regime (for example, it could be destroyed due to the

presence of second-order term in the tunneling Hamiltonian as discussed in Chapt. 5) so

the temperature has a stronger effect on de-stabilizing it with respect to the other regimes

such as the Josephson ‘plasma’ oscillation and the dissipative regimes. Thus, even in the

collisionless limit, different runs of the simulations can give different decay times of the

condensate imbalance in the MQST regime, as shown in Fig. 6.26 for different tempera-

tures. We note that in the cases when the MQST regime decays, the condensate imbalance

exhibits high-amplitude anharmonic oscillations around a zero value after decaying. The

209



Chapter 6. Bose-Einstein condensates at finite temperature in an atomic
Josephson-junction

latter regime usually proceeds the transition to the MQST regime, i.e. it is achieved for

initial condensate imbalance smaller but near to the critical imbalance for the onset of the

MQST regime as shown in Fig. 6.25.

For each temperature are shown five different runs in the time interval [0, 0.74]s. For

each run we extract the decay time of the condensate imbalance τMQST defined as the time

at which the condensate imbalance is almost zero, i.e. |zBEC(τ)| ≤ 10−5. We then calculate

the mean value of the τMQST from the different runs and estimate its error bar from the

maximum deviation. The results are shown in Fig. 6.27 for different temperatures.

Figure 6.26: The condensate imbalance time evolution at different temperatures: (a) T = 28nK =
0.22Tc, (b) T = 62nK = 0.46Tc, (c) T = 70nK = 0.5Tc and (d) T = 88nK = 0.58Tc, for
V0 = 210~ωx and z0BEC ' zcr. In each subplot are shown five different runs.

For T = 28nK = 0.22Tc and T = 50nK = 0.38Tc the condensate imbalance does not

decay in the chosen time interval so we set τMQST ' 0.74 s as a lower limit of the decay

time. We observe that, the overall trend of the condensate imbalance decay time is to

decrease with the temperature.

Fig. 6.28 shows some examples of the condensate and thermal cloud population imbal-

ance time evolution at different temperatures. We observe that the 〈zth〉 is different from

zero at low T and it approaches zero as T increases. Nevertheless, it is different from zero

even at relatively high T = 88nK = 0.58Tc. As we described previously, if the thermal

particles have not sufficient kinetic energy to overcome the barrier, the thermal particles

dynamics across the barrier occurs via tunneling. In particular, if kBT . (V0 − µ0), a
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Figure 6.27: The condensate imbalance mean value of the decay time and its error bar given from
the five different runs at each temperature for V0 = 210~ωx and NBEC ' 50400.

thermal particle exhibit incoherent tunneling with a crossing rate expressed by Eq. (6.11).

In this section, the chosen barrier height V0 = 210~ωx is far from µ0 = µ(N/2) = 81~ωx.

This means that even at T = 0.58Tc, where kBT ∼ (V0 − µ0), a thermal particle needs

sometime to cross the barrier, in particular this each 1/Pth ' 0.18s.

In fact, as shown in Fig. 6.28 the thermal cloud remains ‘trapped’ (i.e. 〈zth〉 remains

different from zero even though close to zero) in the right well for relatively long time

even at T = 0.58Tc. Moreover we note that the effective temperature associates to such

barrier height is Teff ' 140nK. Thus, even at the highest temperature probed by us

T = 110nK = 0.66Tc the thermal particles mean kinetic energy is smaller than the barrier

height and the thermal cloud is so ‘driven’ by the condensate.
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Figure 6.28: The condensate and the thermal cloud imbalance time evolution at different temper-
atures for V0 = 210~ωx and NBEC ' 50400.
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6.6 Fixed total particle number

Our analysis so far has focussed on the role of temperature at variable particle number,

which was essentially in order to fix the condensate particle number, and thus condensate

chemical potential µ. Next, we consider the role of temperature at fixed total particle

number.

In this section we set the barrier height V0 = 104~ωx. When fixing the total number in

the system, the effect of temperature is to decrease the condensate number with increasing

temperature, due to the increasing presence of particles in the thermal cloud. This is

reflected by x axis condensate and thermal cloud densities (for y = z = 0) shown in

Fig. 6.29 for fixedNtot = 106000 and at different T . While the condensate density maxima

decreases with T, the thermal cloud maxima instead (at the edges of the condensate),

increases. Due to the presence of more thermal particles at the edges of the condensate

and due to the repulsive interaction between the condensate and thermal particles, the

condensate density extension along x axis decreases. Moreover the thermal cloud density

at the barrier position increases causing a type of repulsive potential at the center for the

condensate particle and as a consequence the condensate density at x = 0 decreases.

(a) (b)

(c) (d)

T = 0.41 T c T= 0.57 Tc

T = 0.62 Tc
T = 0.75 Tc

Figure 6.29: The condensate and the thermal cloud density along x axis (y = z = 0) profile at
different temperatures going from around 0.4 Tc till around 0.75 Tc. The total particle number is
kept fixed at Ntot = 106000, V0 = 104~ωx and same barrier x axis shift.

The tilted linear potential −εx which is added to the double-well potential at equilib-
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rium in order to generate an initial population imbalance is initially taken to be the same

at different T . Fig. 6.30 shows the condensate and thermal imbalance temporal evolution

for T = 65 nK = 0.41Tc(a), T = 100 nK = 0.63Tc (b) and for T = 120 nK = 0.75Tc (c).

(a) (b) (c)

th
thth

Figure 6.30: The time evolution of the condensate and the thermal cloud imbalance for T = 0.41Tc
(a), T = 100 nK = 0.63Tc (b) and for T = 120 nK = 0.75Tc (c). The data are for the same barrier
height V0 = 104~ωx and for fixed total particle number Ntot = 106000.

We firstly observe that the same shift ε does not give the same condensate initial

imbalance, not only because of the presence of the thermal cloud (whose effect is described

in Sect. 6.4.7) but also because the condensate number is different at different temperature.

Moreover the condensate imbalance temporal profile shows different behaviour, being in

the Josephson ‘plasma’ oscillations regime for T = 0.41Tc and in the dissipative-like regime

for T = 0.75Tc. This happens not only because zBEC(t = 0) is different but also because

the ratio of the barrier height to the system chemical potential is different, leading to a

different ratio of the barrier width to the system healing length. In fact, even when we

set the condensate initial imbalance to be the same for T = 0.41Tc and T = 0.75Tc (i.e.

choosing the constant gradient ε such that z0
BEC(T = 0.41Tc) ' z0

BEC(T = 0.75Tc)), as

shown in Fig. 6.31, the condensate exhibits Josephson ‘plasma’ oscillation at T = 0.41Tc

and shows dissipative-like profile (characterized by an initial fast decay of condensate

imbalance with ‘dips’) at T = 0.75Tc.

This means that the dominant effect should come from the change in the system

chemical potential. In fact, for the case considered here of fixedNtot, for larger temperature

value T = 0.75Tc, the system chemical potential, which includes also the thermal cloud

mean field potential, is smaller (µ ' 112~ωx) with respect to its value at T = 0.41Tc

(µ ' 137~ωx). Thus, for the same barrier height, the ratio V0/µ(T ) is larger in the case of

higher temperature, and thus the corresponding zcr would be smaller, implying that for

the same initial condensate imbalance the system could be in the Josephson regime for

smaller temperature T = 0.41Tc and in the vortex-induced dissipative regime for higher T

(for example T = 0.75Tc).

Moreover, we note that such differences in the chemical potential should be attributed

to both the different thermal and condensate particle numbers. In fact, at T = 0.75Tc

and T = 0.41Tc the condensate number is NBEC = 23656 and NBEC = 86137 respectively.
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Figure 6.31: The time evolution of the condensate imbalance for T = 65nK = 0.41Tc and T =
120nK = 0.75Tc for the same z0BEC. The barrier height is kept fixed at V0 = 104~ωx and fixed
total number Ntot = 106000.

For the same condensate number, at T = 0 one would have obtained µ = 79.2~ωx and

µ = 132.9~ωx respectively. Moreover, the T = 0 chemical potential values are smaller

with respect to the chemical potential value at finite T for the same condensate number,

which is consistent with our results in Sec. 6.1.

For T = 0.75Tc the thermal cloud fraction is around 0.78 and the thermal imbalance

oscillates mainly with a frequency around 14.83Hz (from the two-component frequency fit),

consistent with our findings from the thermal imbalance analysis reported in the previous

sections. Fig. 6.32 shows the DFT spectrum of the thermal imbalance time evolution

showing a clear peak at the frequency found by the fit.

Figure 6.32: The DFT spectrum of the thermal imbalance time evolution T = 0.75Tc, for Ntot =
106000 and for the case of z0BEC = 0.06. The vertical dashed line indicate the main component
frequency value found by two-component frequency fit in excellent agreement with the position of
the main peak of DFT. The barrier height is kept fixed at V0 = 104~ωx.
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Fixed total initial imbalance

As a next step, we fix the total initial imbalance (as usually done in experiments), for

the same two different temperature as previously T = 0.41Tc and T = 0.75Tc as shown

in Fig. 6.31. At the two-different T , the total imbalance shows different behaviour; for

T = 0.41Tc the total imbalance oscillates sinusoidally around zero mean value with mainly

a single component damped due to the presence of the thermal cloud. On the other

hand, for T = 0.75Tc the total imbalance shows a ‘dip’ during its initial decay suggesting

there are vortex rings nucleated, and thus the system is in the dissipative regime. After

the initial decay, the total imbalance shows beating. In order to extract ztot(t) beating

frequencies, we perform the two-component frequency fit after the initial decay. We find

as main frequencies νtot
2 ' 14.85 Hz (with a contribution of 66%) and νtot

J ' 11.52 with

comparable damping rates; γtot
2 ' 1.18 and γJ ' 1.26 respectively. Firstly, we note that

the total imbalance dominant component has the same value as the thermal imbalance,

whose spectrum is shown in Fig. 6.32 for the same barrier height and temperature, while

the second component derives from the condensate motion. These results confirms the

picture that in the presence of a large thermal cloud and for T such that kBT > V0 the

thermal dynamics strongly effect the total imbalance which shows even beating between

the thermal and condensate contributions.

Figure 6.33: The time evolution of the total imbalance for T = 0.41Tc and T = 0.75Tc for the same
ztot(t = 0). The barrier height is kept fixed at V0 = 104~ωx and fixed total number Ntot = 106000.

Fixed Ntot = 50400

In this section, we fix the total number at a smaller value Ntot = 50400, chosen in order to

match the condensate number used in the previous sections where NBEC was instead fixed.

We show here the comparision between T = 0 and T = 0.81Tc results. The linear potential

gradient and the barrier height are kept fixed. The time evolution of the condensate and
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thermal imbalance are shown in Fig. 6.34(a) while the DFT spectrum of the thermal

imbalance is shown in (b).

Figure 6.34: (a) The time evolution of the condensate imbalance for T = 0 and for T = 0.81Tc for
the same barrier shift ε and for the same barrier height V0 = 104~ωx. In the subplot is shown also
the time evolution of the thermal population imbalance. (b) The DFT spectrum of the thermal
imbalance time evolution T = 0.81Tc, for the case of z0BEC = 0.06. The vertical dashed line indicate
the main component frequency value found by two-component frequency fit in excellent agreement
with the position of the main peak of DFT. The total number is kept fixed Ntot = 50400.

The condensate imbalance shows different profiles at T = 0 and at T = 0.81Tc. While

at T = 0 the condensate imbalance (the condensate fraction is 100%) exhibits Joesphson-

like oscillations with single-dominant frequency; at finite T instead the condensate im-

balance shows the typical behaviour of a decaying MQST regime followed by anharmonic

high-amplitude oscillations around zero-mean value. The thermal cloud oscillates mainly

with a single-component and its value, shown in the DFT spectrum (Fig. 6.27 (b)) and

in good agreement with the two-component frequency fit, is almost 15Hz consistent with

all the analysis on the thermal imbalance done so far.
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6.7 Collisional limit

So far we have shown the results in the collisionless limit of the ZNG model. In this section

we show the effect of collisions considering both C12 and C22 collisional integrals for all

the three regimes we studied previously; Josephson ‘plasma’ oscillations, vortex-induced

dissipative and MQST regime. Even though we are not going to give a detailed description

of the effect of the collisions, we are going to show the main effects of the collisions on the

condensate and total imbalance dynamics.

In the collisional limit, even though the total number is conserved (within few percent

in our simulations), the condensate number (NBEC(t) = NBEC
L (t) + NBEC

R (t)) instead

changes in time due to the particle exchange between the condensate and thermal clouds

(as shown in Appendix B). This is taken into account in the C12 collisional integral in the

Quantum Boltzmann equation Eq. (2.100) and is related to the source term −iR in the

generalized GPE equation Eq. (2.92). As a consequence also the thermal cloud particle

number changes in time (Nth(t) = N th
L (t) + N th

R (t)). The condensate and thermal cloud

imbalance are defined as in Eq. (6.10) but now the NBEC(t) and Nth(t) are time-dependent.

Fig. 6.35 shows the condensate and thermal cloud time evolution for a single run and for

T = 0.22Tc in the (a) Josephson ‘plasma’ regime, in (b) vortex-induced dissipative regime

and (c) in the MQST regime both in the collisional and collisionless limit for comparison.

At this low T , the effect of collisions on the condensate imbalance in the Josephson and

dissipative regime is almost negligible while they significantly influence the zBEC(t) in the

MQST regime causing it to decay earlier in time. We note that the MQST regime is very

unstable in the presence of the thermal cloud and its decay time can change from run

to run even in the collisionless limit (as we showed previously). However at T = 0.22Tc

the zBEC(t) of all the five runs in the collisionless limit did not decay within 0.72s so

Fig. 6.35 (c) shows that the collisions can decrease the decay time (it will be shown in

more details later). The thermal cloud imbalance in the Josephson and dissipative regime

(with a clearer evidence in the second case) oscillates around a non-zero mean value in the

collisionless limit, while the collisions between the thermal particles (C22) and between

the condensate and thermal particles (C12) shift the thermal population imbalance mean

value to around zero value. Referring back to the study in the collisionless limit, at such

low temperature the thermal particles cross the barrier via tunneling. The results in

Fig. 6.35 suggest that collisions, in particular the particle exchange between the thermal

and condensate clouds, induces the thermal particles to cross the barrier faster. In the

MQST regime instead, the initial condensate and thus thermal imbalance is too small

that the noise to signal ratio is high, so the thermal cloud imbalance oscillations are

barely visible.

Next we consider an intermediate temperature T = 70nK = 0.5Tc, which is equal to
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Figure 6.35: The condensate (i) and thermal population imbalance time evolution (ii) in the
Josephson ‘plasma’ regime (a), in the vortex-induced dissipative regime (b) and in the MQST
regime (c) at T = 0.22Tc. The data in (a)-(b) are both for V0 = 104~ωx, but z0BEC < zcr in
(a) while z0BEC > zcr in (b). The data in (c) are for V0 = 210~ωx and z0BEC = zcr. In all cases
NBEC(t = 0) ≈ 50400.

the temperature associated to the barrier height value V0 = 104~ωx, i.e. kBT = V0, chosen

for the study of Josephson and vortex-induced dissipative regime. We note that in the

study of the MQST regime, the selected barrier height value V0 = 210~ωx corresponds to

a temperature Teff = V0/kB ' 140nK, i.e. double the value T = 70nK chosen for the plots

Fig. 6.36. The respective plots of the zBEC(t) and zth(t) in all the three regimes are shown

in Fig. 6.36. At this temperature the zBEC(t) profiles in the Josephson (Fig. 6.36(a)) and

dissipative regime (Fig. 6.36(b)) reveals that the collisions damps further the imbalance

oscillations amplitude, interestingly with a larger effect in the dissipative regime (as will
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(a)

(i) (ii)

(i) (ii)

(ii)(i)

(b)

(c)

Figure 6.36: The condensate (i) and thermal population imbalance time evolution (ii) in the
Josephson ‘plasma’ regime (a), in the vortex-induced dissipative regime (b) and in the MQST
regime (c) at T = 0.5Tc. The data in (a)-(b) are both for V0 = 104~ωx, but zBEC

0 < zcr in (a)
while zBEC

0 > zcr in (b). The data in (c) are for V0 = 210~ωx and zBEC
0 = zcr. In all cases

NBEC ' 50400 is fixed.

be described later). The collisions damps more, with respect to T = 0.22Tc, also the

zth(t) amplitude in time; being so totally damped at t = 0.4s in the dissipative regime

(Fig. 6.36 (b)-(ii)). Fig. 6.36(b)-(i) shows a zoomed-in of zBEC(t) profile at early time

evolution, showing that the collisions have practically no effect at the start time of the

‘dips’, i.e. at the VR generation time (or better the time the VR enters the local TF

surface, as described in Chapt. 3 and Chapt. 5 for V0/µ ' 1) and slightly affects the

decay time (i.e. the time when zBEC = 0). At this higher T in the MQST regime, the

condensate imbalance decay time and profile differs from run to run and these differences
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are even more pronounced in the collisional limit. Thus the results in Fig. 6.36(c) is just

an example of different possible cases.

(b)

(c) (i) (ii)

(i) (ii)

(ii)(i)(a)

Figure 6.37: The condensate (i) and thermal population imbalance time evolution (ii) in the
Josephson ‘plasma’ regime (a), in the vortex-induced dissipative regime (b) and in the MQST
regime (c) at T = 0.58Tc. The data in (a)-(b) are both for V0 = 104~ωx, but z0BEC < zcr in
(a) while z0BEC > zcr in (b). The data in (c) are for V0 = 210~ωx and z0BEC = zcr. In all cases
NBEC ' 50400 is fixed.

The next temperature we show is T = 0.58Tc, with the profiles of zBEC(t) and zth(t)

shown in Fig. 6.37. In the Josephson ‘plasma’ regime (Fig. 6.37(a)) the collisions introduce

even more damping of the amplitude of zBEC(t) and zth(t) with respect to the collisionless

case. Interestingly, the collisions have small effects in the zBEC(t) in the dissipative regime

(Fig. 6.37(b)-(i)) while strongly influencing the zth(t) (Fig. 6.37(b)-(ii)). In the MQST

regime, is shown just as an example of possible profiles zBEC(t) and zth(t), but it can
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change significantly from run to run.

6.7.1 The effect of collisions on the main oscillation frequencies

At one of the temperature explored, T = 74nK = 0.52Tc, in the dissipative regime and in

the collisional limit we find an interesting behaviour: our results are usually obtained from

a total of five different runs 2 for each T explored and for T = 74nK we find that in two

of the runs the zBEC(t) shows a profile as in Fig. 6.38(a) while in the other three runs the

zBEC(t) profile is different with a typical example shown in Fig. 6.38(b). The zBEC(t) in (a),

in both collisionless and collisional limit, oscillates mainly with the frequency νBEC
1 while

in (b) the zBEC(t), in the collisional limit, oscillates mainly with the νBEC
J . The last profile

reminds us the one in Fig. 6.36(b)-(i) found at a higher temperature T = 88nK = 0.58Tc.

It seems that at high enough T, the collisions can even invert the role of the dominant

frequency.

(a)

(b) (i) (ii)

(i) (ii)

Figure 6.38: The condensate (i) and thermal imbalance (ii) time evolution for two different runs
in the collisional limit at T = 74nK=0.52Tc. The data are for V0 = 104~ωx, NBEC(t = 0) ' 50400
and z0BEC > zcr (vortex-induced dissipative regime).

We then perform a two-component frequency fit (for simplicity) of zBEC(t) at different

T and we show the results of each-component relative amplitude in Fig. 6.39 alongside with

the corresponding two-component frequency fit results in the collisionless limit (we show

2in the collisional limit
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only two-component frequency fit results in the collisionless limit for consistency with the

collisional limit analysis). The results are for a single simulation run everywhere except

T = 0.52Tc which shows the results from two different runs of Fig. 6.29. We observe that,

as it happens in the collisionless limit, for T < 0.58Tc the νBEC
1 is the dominant frequency

while for T ≥ 0.58Tc the νBEC
J becomes the dominant one. Moreover in Fig. 6.39 are shown

the results from the two different runs shown in Fig. 6.38 indicated with purple symbols

(for the data in Fig. 6.38 (a)) and orange symbols (for the data in Fig. 6.38 (b)). From

this analysis we confirm that at the two different runs the role of the dominant frequency

is played by νBEC
1 in Fig. 6.38 (a) and by νBEC

J in Fig. 6.38 (b).

0.1 0.2 0.3 0.4 0.5 0.6
T/Tc

0.0

0.5

1.0

A

ABEC
J

ABEC
1

ABEC
2

Coll

Figure 6.39: The relative amplitude of each component found from two-component frequency fit of
zBEC(t) at different temperatures both in the collisionless and collisional limit. The black symbols
are in the collisional limit where the black squares indicate the relative amplitude of νBEC

1 and the
black circles indicate the relative amplitude of νBEC

J . The purple and orange points are the data
from two different runs at T = 0.52Tc. The parameters are V0 = 104~ωx, NBEC(t = 0) ' 50400
and z0BEC > zcr (vortex-induced dissipative regime).

Finally, for the Josephson and dissipative regime, we fit the zBEC(t) and ztot(t) at

each of the five runs with two-component frequency fit and take their mean value as best

estimate of our results with the errorbars given by the maximum deviation. Fig. 6.40

shows the results for the dominant frequency in (a) the Josephson ‘plasma’ νBEC
J and

νtot
J and (b) dissipative regime for νBEC

1 and νtot
1 . Firstly, we observe that the inclusion

of collisions affects differently the dominant frequency in the Josephson and dissipative

regime both for the condensate and total imbalance. In fact, in the former case collisions

soften the effect of the decrease of νBEC
J and νtot

J value with temperature. For T < 0.5Tc

the damping rate in the collisional limit has similar value to the collisionless limit but

when the thermal cloud starts having more of an effect and exhibiting its own motion, i.e.

for T & 0.5Tc = V0/kB, the damping rate γBEC
J and γtot

J becomes larger in the collisional

limit. In the dissipative regime instead, the collisions makes the νBEC
1 (i) and νtot

1 (ii)

achieving smaller values with respect to the collisionless limit (for the same T/Tc) but
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with a profile similar to the collisionless limit. Moreover, the damping rates γBEC
1 and

γtot
1 are larger in the collisional limit almost the entire range of T. Interestingly, νBEC

1 and

νtot
1 in the dissipative regime are damped faster with respect to the dominant frequency

νBEC
J and νtot

J in the Josephson regime. The reason for that could be that, if the frequency

ν
BEC(tot)
1 originates from the coupling between the condensate and noncondensate states

through tunneling, in the presence of the thermal cloud and in particular, when including

the full coupling between the thermal and condensate clouds, (i.e. both the mean-field

potential and the collisional integrals) could cause the sound waves amplitude decaying

faster.

Figure 6.40: The dominant frequency profile as a function of the temperature and the correspond-
ing damping rates in the Josephson (a) and dissipative regime (b) in both the collisionless and
collisional limit. The data are for V0 = 104~ωx, NBEC(t = 0) ' 50400 and z0BEC > zcr (vortex-
induced dissipative regime). In (a) the mean value for the highest two temperatures is extracted
from two runs while the rest of the numerical data are the results from five runs.
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The only analysis we perform for the MQST regime (due to the sensitivity of MQST

on the presence of thermal cloud) is the study of the effect of collisions on the decay time

of MQST with the results from the five different runs shown in Fig. 6.41. We observe that

the effect of the collisions is to slightly reduce the MQST decay time.

Figure 6.41: The profile of the mean decay time of the condensate imbalance in the collisionless
and collisional limit as a function of the temperature. The data are for V0 = 210~ωx and NBEC(t =
0) ' 50400.
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6.8 The vortex ring dissipative dynamics at finite T

The vortex rings are characterized by a core where the condensate density goes to zero

and its size is defined by the condensate healing length ξ. The VR core at finite T is

filled by the thermal cloud, i.e. it acts like a local ‘trapping’ potential for the thermal

particles. This picture becomes clearer by looking at the transverse (a) condensate and

(b) thermal cloud density as reported in the Fig. 6.42. The thermal cloud is concentrated

at the almost-circular vortex core where the condensate density has a local minimum and

it also surrounds the condensate by being additionally concentrated at the edges of the

condensate.

Condensate Thermal cloud
(a) (b)

Figure 6.42: Density profile along the trasverse y − z plane at the position x = xVR of the
condensate (a) and thermal cloud (b) at t = 17.4ms time evolution (b) where a VR is present for
V0 = 67.2~ωx = 0.6µ(T = 0), z0BEC = 0.19 and T = 0.53Tc. The density in each plot is rescaled to
the maximum density.

6.8.1 Thermal cloud induced phase slippage

In Chapt. 4 we showed that at T = 0.3Tc the thermal cloud has practically no effect on

the condensate velocity and vortex ring nucleation. Here we consider higher temperatures.

The barrier height chosen is V0 = 67.2~ωx = 0.6µ(T = 0) and z0
BEC = 0.19. In this section

we kept fixed the condensate number to NBEC ' 6 × 104 as in Chapt. 4 and differently

from the value NBEC = 50400 chosen in the rest of this chapter. The chosen barrier height

value in this section corresponds to an effective temperature Teff = V0/kB ' 45nK. In

order to show the effect of the thermal cloud on the VR generation we study the profile

of the condensate density-weighted x axis velocity defined as in Eq. (3.25):

〈vx〉 =

∫
vx · |ψ(x = 0, y, z)|2dydz∫
|ψ(x = 0, y, z)|2dydz , (6.16)
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where |ψ(x = 0, y, z)|2 is the condensate density along x axis and the integrations take

into account the condensate transverse extention at x = 0. The time evolution of −〈vx〉
at different temperatures is shown in Fig. 6.43. As we described in Chapt. 3 and as

it is evident in Fig. 6.43, the condensate velocity increases initially in time, due to the

presence of an initial chemical potential gradient across the barrier, until it achieves a

local maximum value which exceeds a critical velocity and a VR is generated. The VR

generation causes the condensate phase to slip by around 2π (phase-slippage mechanism)

and the condensate density-weighted velocity to jump almost abruptly to a smaller value by

a quantized quantity ∆ 〈vx〉. Interestingly, at T = 0, the condensate velocity −〈vx〉 shows

two local maxima but only the first one exceeds the critical velocity for VR generation

and thus only one VR is generated at z0 = 0.19, i.e. zcr = 0.19. In fact, the −〈vx〉 shows

only one abrupt jump in the correspondence of the vortex ring nucleation at t ∼ 15ms.

At a first approximation, the first −〈vx〉 peak gives an estimation of the threshold or

critical velocity for VR generation. As T increases the −〈vx〉 profile, which shows more

‘noise’, achieves its maximum value earlier in time, which means that the VR is nucleated

earlier in time at higher T. Moreover this maximum value is almost independent on the

temperature.

Another interesting feature of the profile in Fig. 6.43 is the presence of the second local

peak of −〈vx〉 whose value is close to the value of the threshold velocity (i.e. first peak

value) but it is still not high enough to generate a vortex ring. As T increases and as

the thermal particles energy approaches V0, the value of the second peak increases. Then,

at T = 0.48Tc > Teff , the second peak exceeds the first peak value and the condensate

velocity exhibits a second abrupt jump, thus a second VR is nucleated. As at slightly

smaller temperature T = 0.42Tc, the second peak value is close to the −〈vx〉 first maximum

but still no second VR is generated, we choose it instead as a threshold −〈vx〉thr or critical

velocity such that for −〈vx〉 > vc there is a second VR generated. Such value is indicated

as a dashed horizontal grey line in Fig. 6.43. Note that this value is 15% different from

the value we estimated for the critical velocity during the barrier removal process which

was set by 〈c〉 =
√
µ/2M .

As the temperature goes from T = 0.48Tc to T = 0.59Tc the second local peak conden-

sate velocity decreases its value, and also the velocity jump∆ 〈vx〉 decreases. Summarizing,

an increasing thermal cloud fraction with T has three main effects: Firstly, for the first

VR which is also present at T = 0, the thermal cloud causes the nucleation of such VR

earlier in time. Secondly, as T increases, the larger thermal cloud enhances the second

peak velocity value (which was near the −〈vx〉thr even at T = 0) and the thermal induced

phase fluctuations could even cause the nucleation of a second VR. Contrary to this effect

and for temperature even larger, in our case for T > 0.48Tc, the thermal cloud reduces the

second maximum value of the condensate velocity. The thermal induced phase slippage
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has been studied in different geometries and dimensionality [54, 242, 243, 58, 56].

Figure 6.43: The time evolution of the density weighted condensate velocity along x-axes at different
temperatures. The data are for V0 = 67.2~ωx = 0.6µ(T = 0), for NBEC ' 60000 and for zBEC

0 =
0.19. The vertical dashed line indicate the threshold value of −〈vx〉thr set by the second peak in
the condensate velocity where there are no VR generated. For −〈vx〉 > −〈vx〉thr there is a second
VR generated.

Moreover we check that the second VR at T = 0.48Tc is not related to the shift in the

initial condensate imbalance induced by the thermal cloud as discussed in Sect. 6.4.7. In

fact, Fig. 6.44(a) shows the short-time evolution of the condensate imbalance at T = 0

and T = 0.48Tc for the same (within 10−4) initial condensate imbalance. We find that the

second ‘dip’ is not present in the population imbalance profile at T = 0 which means that

its origin is connected to the presence of the thermal cloud. Fig.6.44(b) shows the relative

phase along the x axis (for y = z = 0) at some of the temperatures explored previously.

At T = 0 there is only one ‘dip’ in the zBEC(t) profile and the relative phase shows only

one jump. At T = 0.48Tc a second ‘dip’ appears in the zBEC(t) and the relative phase

shows a second jump, thus a second VR is generated. This phenomena can be explained

by the fact that the thermal cloud causes phase fluctuations which induces phase slippage

and a second VR is generated. As also observed from Fig. 6.44(b) the phase-slippage

happens earlier in time at higher T, confirming the results found from the condensate

velocity profile.

6.8.2 The vortex ring thermal-induced dissipative dynamics

The thermal excitations are scattered by the vortex [244] and in this process there is a

momentum transfer between the thermal excitations and the vortex. This momentum

transfer per unit time defines a friction force which is responsible for the drifting of the

vortex off-center; this is expected to be larger at higher temperature. Based on this
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Figure 6.44: (a) The short-time evolution of the condensate population imbalance at T = 0 and
at T = 0.48Tc for the same initial condensate imbalance. (b) The temporal profile of the relative
phase along x axis calculated for y = z = 0 and at different temperatures. The data are for
V0 = 67.2~ωx = 0.6µ(T = 0), for NBEC ' 60000 and for z0BEC = 0.19.

argument, we extract the vortex ring center in the transverse y − z plane defined as

r0(t) =
√
y2

0(t) + z2
0(t), where y0 and z0 are the vortex center along y and z axis.

Figure 6.45: The first vortex ring time evolution of the center in the radial plane at different
temparature for V0 = 67.2~ωx = 0.6µ(T = 0), for NBEC ' 60000 and for zBEC

0 = 0.19.

This study is performed at different temperatures with Fig. 6.45 showing the time

evolution of r0(t) for the first VR generated at each explored temperature. At T = 0 the

vortex ring center remains at zero during all the VR evolution. At finite T instead, the

vortex ring center increases from an initial value near zero and this increase is exponential

as also found by [113, 112, 115] of the form r0(t) = aeγt, where γ gives the rate of the

VR center increase. As expected, at higher T the vortex goes off-center faster and thus γ

becomes larger. By fitting the numerical data in the time interval [16, 24] ms we find that

the value of γ changes by ∆γ ' 0.06(1/ms) between the lowest T = 60nK = 0.42Tc and

the highest temperature T = 95nK = 0.59Tc explored. As the VR approaches the edges of
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the condensate, the effect of the vortex images becomes important as the distance between

the vortex and its image decreases. This makes the VR go off-center faster during the

last part of its evolution after 24 ms. When the vortex ring then reaches the condensate

edges, it breaks in one long single line (or in other words, the vortex reconnects with its

image). While the VR goes off-center its elliptic profile shows also an inclination induced

by the thermal cloud.

For each T , the VR mean radius is extracted with its time evolution given in Fig. 6.46.

This plot does not take into account the vortex core finite size. In our analysis, whose

results are shown in this plot, we start the VR tracking at the moment the VR enters the

condensate transverse extension at x = 0.

Figure 6.46: The time evolution of the first vortex ring radius at different temperatures. The data
are for V0 = 67.2~ωx, for NBEC ' 60000 and for z0BEC = 0.19.

We observe that at higher T the VR initial radius is smaller. Further insight is given

by looking at the transverse condensate density at T = 0 and at T = 0.59Tc for x = 0

shown in Fig. 6.47. We observe that at finite T the condensate transverse extension is

smaller, due to surrounding thermal cloud (not shown in this plot), and it presents some

fluctuations. These fluctuations could facilitate the VR entrance inside the TF surface,

which in fact occurs earlier in time at higher T, and the VR initial radius is smaller.

Except for T = 0, in all other case the VR dynamics is shown until the VR breaks in

one-single vortex line. An example of the VR dynamics at finite T is shown in Fig. 6.48

for T = 95nK, consistent with the description given in Chapt. 4, the VR goes off-center

in time until breaks in one long single vortex when it reaches the condensate edges in (d).

In (b) we observe that the VR core is thinner in the part of the VR which is more distant

from the edge, i.e. where the condensate density is larger, and it becomes thicker at the
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(b)(a)

Figure 6.47: The transverse condensate density for x = 0 at T = 0 (a) and T = 95nK (b) at 14.9
ms. The data are for V0 = 67.2~ωx, for NBEC ' 60000 and for z0BEC = 0.19.

other extreme. The results shown in this section are from a single run but we expect the

direction the VR goes offcenter to be different from run to run even though the underlying

physics is the same. Another thing to note is that our VR is elliptic when it is generated

and thus it shows Kelvin-wave excitations (as described in Chapt. 3 and Chapt. 4) which

further dissipates the VR motions.

(a) (b)

(c) (d)

Figure 6.48: The 3D isocontour density plot at 15% of maximum density at different time evolution
(a) t = 18ms, (b) t = 21.2ms, (c) t = 22.9ms and (d) t = 24.8ms for T = 0.59Tc, for V0 = 67.2~ωx =
0.6µ(T = 0), NBEC ' 60000 and for z0BEC = 0.19.

6.8.3 The effect of collisions

For one of the temperatures explored T = 0.42Tc we show in Fig. 6.49 also the effect of

the collisions between condensate-thermal and between thermal-thermal particles.

The collisions introduce more friction between the vortex and thermal excitations

increasing the rate γ of the vortex ring center and according to the reference [112, 115] the

main contribution comes from the exchange collisions term C12. Furthermore, collisions
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(a) (b) (c)

Figure 6.49: The time evolution of the first vortex ring (a) center in the radial plane, (b) mean
radius and x axis position (xV R) at T = 60nK = 0.42Tc in the collsional and collisionless limit.
The data are for V0 = 67.2~ωx, for NBEC ' 60000 and for z0BEC = 0.19.

have no significative effect on the VR mean radius and position xV R at short time evolution

while they strongly effects the VR dynamics during the end of its lifetime (at t ∼ 25ms);

the collisions causes the VR radius to increase faster and then VR slows its motion and it

can even reverses its direction (visible in Fig. 6.49(c)) while going off-center.

6.9 Conclusions and future work

6.9.1 Conclusions

In this chapter, we analyzed the role of thermal dissipation in the three main dynami-

cal regimes found in an elongated three-dimensional Josephson junction: the Josephson

‘plasma’ regime, the vortex-induced dissipative and MQST or pure self-trapped regime.

To model our system at finite T we used ZNG model, a self-consistent theory, which incor-

porates a dynamical thermal cloud and its back action on the condensate. We started by

studying the dynamical evolution of the condensate/thermal/total population imbalance

across the Josephson and dissipative regimes, and analyze their dominant contributions

and corresponding frequencies of oscillations. In particular, in the vortex-induced dis-

sipative regime the analysis was perfomed after the initial decay, i.e. after the vortex

rings generation. Such study was performed firstly in the collisionless limit. The range of

temperature probed by us was [0.1, 0.7]Tc, and we initially kept fixed condensate number

NBEC ' 50400 fixing so the condensate axial extension. The chosen barrier height was

V0 = 104~ωx ' µ(T = 0), for which the Josephson ‘plasma’ and vortex-induced dissipative

regimes were found for z0 < zcr = 0.08 and z0 > zcr respectively.

We identified two distinct dynamical regimes, namely a low temperature regime (kBT <

V0) in which the small thermal cloud is driven by the condensate, and a high tempera-

ture regime (kBT & V0) in which the thermal cloud has enough energy to overcome the

barrier, and thus begins to drive the condensate. The dominant frequencies identified

are the Josephson plasma frequency νJ , its second order contributions ν1, and a char-
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acteristic frequency of the thermal cloud ν2 which is close to the underlying harmonic

trap frequency. These frequencies are found to be relevant in both the Josephson plasma

and the dissipative regimes. The associated temperature to the barrier height value is

Teff = V0/kB = 70nK = 0.5Tc.

In particular, for the condensate imbalance, we showed that at low temperatures kBT <

V0, the frequencies νBEC
J ≈ 14Hz and νBEC

1 ≈ 30Hz are the dominant ones. As the

temperature increases towards Teff , i.e. as the thermal fraction increases, the thermal

particles have sufficient kinetic energy to exhibit their own motion at a frequency νth2 ≈
15Hz. Thus, the thermal cloud back action to the condensate motion affects this latter

spectrum with the appearance of a frequency νBEC
2 ≈ 15Hz for temperatures such that

kBT & V0.

However, we found an important distinction between the Josephson and vortex-induced

dissipative regime: although the dominant frequencies are the same, their relative contri-

butions and phases of oscillations are not. Specifically, in the low temperature limit, in the

Josephson regime the νBEC
J is the dominant frequency at more than 97%, while in the dis-

sipative regime its contribution becomes less than 30% with the νBEC
1 being the dominant

frequency at more than 70% of relative contribution. Moreover even the relative phase

between the two components is different in two regimes: in the Josephson ‘plasma’ regime

the νBEC
1 has a relative phase of π with respect to νBEC

J , while in the dissipative regime

the relative phase is around π/2. In the Josephson regime, based on these findings on the

relative phase between the components and on the fact that νBEC
1 ≈ 2νBEC

J , we attributed

the origin of νBEC
1 to the second-order non dissipative term in the current-phase relation

coming from considering the tunneling process between condensate-noncondensate states

across the junction as described in [65]. In the vortex-induced dissipative regime, given

the dominant role played by the generated vortex rings and associated sound waves, a

second-order dissipative term instead becomes important which, as shown in [65], has a

relative phase of π/2 with respect to νBEC
J . Even though the last observation requires

further future investigation, we think it is the most probable scenario.

In the intermediate regime (kBT ∼ V0), all the three components νBEC
J , νBEC

1 and νBEC
2

are present in the condensate spectrum. We then characterized further the temperature

dependence of the oscillation frequencies values and corresponding damping rates. Inter-

estingly the dominant frequency in both regimes shows similar profile as a function of the

temperature; it decreases its value with the temperature while the corresponding damping

rate increases. The main difference is that the dominant frequency in the vortex-induced

dissipative regime (νBEC
1 ) suffers more damping with respect to the dominant frequency

νBEC
J in the Josephson regime. Therefore the νBEC

1 in the dissipative regime is already

damped at T = 0.58Tc and the condensate oscillates mainly with νBEC
J frequency. These

results seem to suggest that at high enough temperature the thermal cloud attenuates the
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sound wave’s amplitude helping the condensate to oscillate around zero value mainly with

the temperature-shifted Josephson frequency. In the Josephson regime, the dominant fre-

quency νBEC
J persists along the entire range of T explored having a contribution of more

than 85% at the highest probed temperature T = 0.66Tc.

In particular, we showed that, in the dissipative regime, a drastic change happens in the

νBEC
1 relative contribution: its contribution jumps from around 60% to ‘disappearing’ from

the condensate spectrum at T = 0.58Tc. At this temperature another ‘dip’ appears in the

initial fast decay of the zBEC(t), i.e. another VR is generated. We showed that the reason

for that is the following: when comparing different temperature, we fixed at the same

value the linear tilted barrier shift −εx, which creates an initial condensate imbalance.

As T increases, for the same ε, the initial condensate imbalance increases slightly and at

T = 0.58Tc this small shift is sufficient for inducing the generation of another VR. We

checked that if instead of fixing ε, we fix the initial condensate imbalance to be the same

at T = 0 and at T = 0.58Tc, the same number of VRs is generated. Moreover at T = 0 for

this slightly larger z0 the population imbalance oscillates in time with different frequencies

where the νBEC
1 is not the dominant frequency, in contrast to the slightly smaller z0 case

of our analysis. These considerations alongside the effect of a large thermal cloud explain

the drastic change in the relative amplitude of νBEC
1 at T = 0.58Tc.

Next we analyzed the thermal cloud population imbalance profiles. We showed that,

one of the main oscillation frequencies of the thermal imbalance is a component νth2 which

approaches the axial trap frequency νx = 15Hz as the temperature increases. In fact,

as the thermal particles kinetic energy exceeds the barrier height value, the increasing

thermal component executes its own oscillations over the barrier, at a distinct frequency

to that of condensate oscillations. Another interesting feature of the thermal imbalance

spectrum along the entire range of temperatures is that it presents a second component

which has a value close to the dominant condensate imbalance frequency, due to the

mean-field coupling between condensate and thermal cloud.

We then analyzed the total population imbalance time evolution. We showed the

the same three frequencies emerges also for the total imbalance appearing in the same

temperature ranges: νtot
J , νtot

1 and νtot
2 , where the first two are dominant for kBT < V0

while νtot
J and νtot

2 become the main frequencies for kBT > V0. However, there is a critical

difference between the condensate and total imbalance temporal profiels in the Josephson

regime: the increase in temperature leads to an increase in the number of particles in

the thermal cloud and as such, the relative contribution of νtot
J decreases rapidly as the

total population becomes more dependent on the increasing thermal contribution. In

fact, at T/Tc ∼ 0.66 the Josephson contribution is only 65% of the total amplitude and

the total population difference exhibit some beating between νtot
J and νtot

2 components

(whose values are close to each other). Even in the dissipative regime, for T ≥ 0.58Tc, the
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contributions of the two main components become comparable and the total imbalance

presents beating.

Further to our analysis we investigated the effect of the thermal cloud in the MQST

regime, where the barrier height was kept fixed at V0 = 210~ωx ' 2µ(T = 0). We showed

that the MQST regime is highly unstable in the presence of the thermal cloud and its decay

time can differ from run to run even in the collisionless limit. However, by extracting the

mean decay time from five runs we showed that on average the MQST decay time becomes

smaller at larger T.

We then considered the case of fixed total particle number, and we showed that having

different condensate numbers at different T can make the condensate or total population

imbalance to be in a different dynamical regime for the same value of the barrier height

because V0/µ is different.

We then added the effect of collisional integrals by including both the condensate-

thermal and thermal-thermal collisions with the first one giving rise to particle exchange

between the condensate and thermal cloud. We showed that at very low T (for example

T = 0.22Tc) the collisions have no effect on the condensate imbalance but their pres-

ence strongly affects the thermal cloud imbalance. At such low temperature, the thermal

dynamics across the barrier occurs via incoherent tunneling. Consequently, and in the

collisionless limit, the thermal cloud remains ‘trapped’ in the right well for relatively long

time. Interestingly, the inclusion of collisions helps the thermal particles to cross the

barrier and the thermal imbalance temporal mean value becomes close to zero. Next,

we showed the effect of collisions on the dominant frequency of the condensate and total

imbalance in the Josephson and dissipative regime, with collisions found to add an ex-

tra damping conribution to the dominant frequency. Moreover, the νBEC
J and νtot

J in the

Josephson regime decrease at a slower rate in the collisional limit while the νBEC
1 and νtot

1

decreeases slightly faster in the collisional limit. For the MQST regime we showed that

the inclusions of collisions make the MQST decay faster with respect to collisionless limit.

We then showed the role of the thermal cloud on the VR nucleation and dynamics for

a smaller barrier height V0 = 67~ωx = 0.6µ(T = 0), to which is associated an effective

temperature of Teff = V0/kB ' 45nK. The initial condensate imbalance was chosen such

that only one VR is generated at T = 0 once the condensate maximum velocity exceeds

a threshold value. Firstly, we found that the presence of the thermal induced phase

fluctuations and transverse density fluctuations causes the generation of the VR earlier

in time. Moreover, at T = 0, we showed that the condensate velocity has a second local

maximum whose value is close to the threshold velocity for VR generation. Interestingly, as

T increases, and thus the thermal fraction increases, the larger thermal cloud enhances the

second peak value until it exceeds the threshold velocity and a second VR is generated.

The thermally induced VR generation occurs at T = 70nK = 0.48Tc > Teff . Further
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increasing the temperature, leads to a reduction of the second peak velocity value. Thus,

for smaller barrier height value V0 and for temperature larger than V0/kB, the thermally

induced VR could be generated. Finally, we showed that in the presence of the thermal

cloud the VR ‘drifts’ off-center, due to the scattering of thermal excitations by the vortex

[244]. Once the VR aproaches the condensate edges it breaks into one long vortex line.

The rate at which the VR goes off-center increases with temperature, consistent with the

results in [112, 115]. Thus the VR lifetime decreases with increasing temperature.

6.9.2 Future works

The origin of second order component at T = 0

Even at T = 0, for N = 50400 and for V0/µ ' 1 in the Josephson and dissipative regime

we found a second component ν1 with a frequency near 30Hz that has a contribution of 3%

in the Josephson regime while becomes the dominant frequency in the dissipative regime.

This second component is ' 2.15νJ but it is also twice the x axis trap frequency. In

this chapter, we attributed the origin of this second component to the presence of second-

order term in the current-phase relation that oscillates with twice the Josephson frequency.

In order to investigate further the origin of this component, if it comes from trapping

potential, intra-well excitations or if it is relative to the tunneling physics, we studied the

DFT spectrum of the population imbalance time evolution at different barrier heights and

different initial imbalance. From the paper of Zapata et al. [60] the Josephson ‘plasma’

frequency is expected to be a fraction of the x axis trap frequency and it is expected to

become smaller as the barrier height increases. Thus, if the second component ν1 is related

with νJ then it will become smaller too. In this section our study is done at T = 0 and for a

particle number N = 6×104 as we have more statistics with respect to the N = 5.04×104

case. Moreover, the addition of the linear tilted potential in our double-well trap in order

to create an initial imbalance leads also to a non-zero value of the condensate center of

mass COM along the x axis. After removing the linear potential, the condensate dynamics

starts and collective modes could even be excited [2, 245, 246, 34] depending on the initial

value of the axial COM. Such low energy collective modes frequencies could be calculated

by solving the linearized Bogoliubov-de Gennes equations and it would be subject of

further studies [247] but here we estimate the m = 0 collective excitation frequency by

solving the equation (86) of the paper of Dalfovo et al. [34]. Such equation, for the low

energy mode, gives a frequency of 23.7Hz for our trap frequencies that is different from

the frequency 30Hz we found in our analysis. Another possibility can be that the 30 Hz

frequency originates from the fact that our trapping potential is not purely quadratic but

it has an anharmonic term due to the presence of the Gaussian barrier [245, 248]. If this

is the case, than this term is expected to be larger for higher barrier heights but we will
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show that it does not happen for ν1.

z0=0.025 z0=0.10

z0=0.006 z0=0.05

Figure 6.50: The Discrete Fourier Transform spectrum of the population imbalance for V0/µ = 1
(a) and V0/µ = 1.17 for z0 < zcr (i) and for z0 > zcr (ii). The data are for particle number
N = 60000. The DFT resolution is around 0.7Hz.

L. J. LeBlanc et al. in Ref. [48] found that the hydrodynamic modes arising from the

coupling between the x axis and transverse directions, due to the nonlinear interaction term

and due the transversal axial asymmetry, vanish for barrier height around the chemical

potential. According to this study, for V0/µ ≥ 1 the Josephson frequency is the dominant

frequency. Thus, the hydrodynamic modes should be negligible for our case V0/µ ' 1.

In fact, we also consider here a barrier height V0/µ & 1 in order to avoid having the

contribution from hydrodynamic modes.

Fig. 6.50 shows the DFT spectrum of the population imbalance for V0/µ = 1 (a) and

V0/µ = 1.17 (b) for z0 < zcr (i) and for z0 > zcr (ii). Interestingly, in both (a) and (b) in

the Josephson ‘plasma’ (i) and in the dissipative regime (ii) we find the same components

(within the DFT finite resolution). If in the Josephson regime [(a)-(b),(i)] the contribution

of the second component ν1 is around 3%, in the dissipative regime the second component

contribution increases but it can still be less important than the Josephson frequency (at

around 14Hz) as happens in (a)-(ii) or it can even become more important than the νJ

as occurs for V0/µ = 1.17 (b)-(ii). In the plots a third component is present at around

44Hz which it is three times the νx but it is also 3.3 times the νJ . However we focus

our attention on the first two components. Based on these two plots, if the origin of this

frequency was from intra-well excitations then we would expect it to have more importance

for larger z0 and smaller V0 as in (a)-(ii) but in our case the opposite happens. As the ν1
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frequency is also present in the DFT spectrum in the Josephson regime, another possible

explanation (which we considered as the most probable reason) is that the ν1 comes from

the second-order term in the tunneling Hamiltonian [65] which has a frequency twice νJ .

If it is the case, then νJ and ν1 are expecting to become smaller as the barrier height

increases. Moreover, we note that we are looking at the z(t) and not at the current-phase

relation and a better future analysis could be to study the current-phase relation instead.

 

(a)

(b)

(i) (ii)

(c)

z0=0.013z0=0.0012

z0=0.022

z0=0.026

Figure 6.51: The Discrete Fourier Transform spectrum of the population imbalance for V0/µ = 1.4
and different z0 from Josephson to the crossover regime. In (b)-(c) in the right is shown a zoomed-
in of the plots on the left. The data are for particle number N = 60000. The DFT resolution is
around 0.63 Hz.

We then investigate a higher barrier height V0/µ = 1.4 with results at different z0

shown in Fig. 6.51. For this barrier height for z0 = zcr = 0.026, the system enters the

crossover regime as shown in the Chapt. 5. For z0 < zcr, the νJ ' 12Hz and ν1 ' 26Hz

have smaller values with respect to the values in the Josephson ‘plasma’ regime shown

238



Chapter 6. Bose-Einstein condensates at finite temperature in an atomic
Josephson-junction

in Fig. 6.50 but the ratio ν1/νJ ' 2.3. Interestingly, at z0 = 0.026 many frequencies are

present: in addition to the onse at 12Hz and 26Hz, there are two other frequencies, one at

14.45Hz and another one at 29.5Hz which are near the x axis trap frequency νx = 15Hz

and twice the x axis frequency. Thus at this barrier height, it is clear that at z0 < zcr the

frequency 11.3-12 Hz and the second component at 26-28 Hz comes from the tunneling

Hamiltonian and they are distinct from the x axis trap frequency and multiple of trap

frequencies found for z0 = zcr.

Figure 6.52: (a)The Discrete Fourier Transform spectrum of the population imbalance for V0/µ ' 2
and for two different values of x-axes frequency and its zoomed-in plot (b). The initial imbalance
z0 < zcr being z0 ' 0.006. The data are for particle number N = 60000. The DFT resolution is
around 0.63 Hz.

We increase further the barrier height and the last value explored is V0/µ = 2.

Fig. 6.52 shows the DFT spectrum of z(t) and a zoomed-in plot in (b). Even though it is

not so well resolved, the second component is at exactly twice the νJ ' 6.3Hz. The study

presented here seems to suggest that second and/or third component can originate from

higher order term in the tunneling Hamiltonian and their value becomes closer to twice

and three times the Josephson frequency as the barrier height increases.

Moreover, we think that in the Josephson regime, the frequency ν1 ≈ 2νJ is associated

to the non-dissipative second-order term in the current-phase relation ‘sin(2∆φ)’, while

in the vortex-induced dissipative regime, where VRs and sound waves are generated, such

frequency comes from the second-order dissipative term ‘cos(2∆φ)’ in the current-phase

relation. We showed that the second-order term in the dissipative regime, in some cases

could have a contribution even larger than νJ and in some other cases it is less important

than νJ . An interesting future study could be the analysis of the relation between the

number of vortex rings generated and barrier height value with the relative contribution

of ν1.
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The effect of the thermal cloud on the sound waves

We have shown that the thermal cloud drifts the vortex ring off-axis due to the scattering

of the thermal excitations from the vortex. Moreover the VR lifetime is usually smaller

at finite T with respect to T = 0 if we look at the first VR generated. If instead there

are many VRs generated, the situation can change. Fig. 6.53 shows the time evolution of

the x axis position of the VRs generated at T = 0 and T = 50nK for V0/µ(T = 0) = 0.8

and z0 = 0.25. This is one of the cases studied in details in Chapt. 3 and Chapt. 4 where

at T = 0 (blue circles) there are seven VRs generated while in the case of T = 50nK

(red circles) there are 8 VRs with the last shrinking at x = 0. We checked here that

this difference between the number of VRs generated is due to the slight shift in initial

condensate imbalance induced by the thermal cloud populating the barrier and the edges

of the condensate. Surprisingly the 3rd, 5th and 6th VR at T = 50nK have a longer

lifetime with respect to T = 0. There are two possible reasons for this; one explanation

can be the fact that the presence of the thermal cloud can attenuate the sound waves

amplitude and thus affecting the vortex ring dynamics and the second one is related with

the small change of z0
BEC making z0

BEC at T = 50nK slightly larger. As future works it

would be interesting to study the effect of the thermal cloud on sound waves and how it

influences the VR lifetime. Moreover, in order to rule out or not the second explanation

it must be studied at T = 0 the case for z0 the same as the finite temperature z0
BEC.

Figure 6.53: The time evolution of the position of the generated VR at T = 0 (blue circles) and
T = 50nK (red circles), for V0 = 90~ωx = 0.8µ(T = 0) and for NBEC ' 60000.
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Chapter 7

Summary of conclusions

In this chapter we briefly describe the main findings from the study presented in this

thesis. A more detailed description is provided in the end of each chapter together with

the possible future works.

Chapt. 3: Modeling the LENS experiment: From dissipationless to the dissi-

pative regime

Motivated by a recent experiment with 6Li at LENS (Florence) [49, 20], in this chapter we

firstly characterized the dynamical regimes emerging in an elongated three-dimensional

atomic Josephson junction. We modelled this experiment in the limit of BEC of molecules

of lithium and the results presented here were at T = 0, produced by using the GPE

equation for a molecular BEC. Our Josephson junction consisted of two molecular BECs

coupled through a Gaussian barrier with a 1/e2 width set at w ' 2µm ' 4ξ and with

variable barrier height V0 in the range [0.6, 1.22]µ (experimental values). The superfluid

dynamics across the barrier was induced by an initial population imbalance between the

two-wells z0, which induces an initial acceleration of the superfluid across the barrier.

Firstly, we showed that, depending on the value of z0, the superfluid maximum velocity

at the barrier position could be smaller or exceed a critical velocity for topological defect

generation, which was shown to be set locally by the speed of sound. In the former

case, found for z0 < zcr, the system enters the well-known Josephson ‘plasma’ regime

[59–61] characterized by coherent oscillations of both the population imbalance and the

relative phase between the two wells around a zero mean value at a characteristic ‘plasma’

frequency. In the latter case, found for z0 ≥ zcr, vortex rings are generated at the barrier

position and the superfluid flow becomes resistive. The VR emission causes the relative

phase to jump by around 2π everytime a VR is generated (phase-slippage mechanism)

and thus the superfluid velocity jumps by a quantized quantity. The system enters so

the dissipative regime, in which was shown that the population imbalance decay initially
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fast in time and then oscillates around a zero mean value with different frequencies. We

then tracked the generated vortex ring motion finding that the VR, nucleated outside the

local Thomas-Fermi radius (as a ‘ghost’ vortex), initially shrinks its radius by entering the

condensate, thus becoming a hydrodynamical vortex ring. Moreover, we showed that the

vortex ring swirling velocity induces a reduction of the superfluid potential flow which can

even invert its sign, that we termed the backflow. Due to the remaining chemical potential

difference ∆µ(t), the superfluid velocity increases again until it exceeds again the critical

velocity and another VR is nucleated with a rate given by the phase-slippage rate ∆µ/h.

Further to this analysis we showed that, for the range of parameters explored in this

chapter, the well-known two-mode model is out of its validity range. This model takes into

account first-order processes in the tunneling Hamiltonian. Beyond the two-mode model,

Ref. [65] showed that second-order term considering tunneling from condensate to non-

condensate states could be important and we showed that such terms have a non-negligible

contribution in the current-phase relation for our probed values of barrier heights V0 ∼
µ. We then extracted the critical parameters delimiting dissipationless and dissipative

transport, such as the critical initial imbalance and the maximum Josephson current, for

each barrier heights, from the GPE simulations. We then showed that the critical current

is well-predicted by the model described in Ref. [65, 159].

We further investigated the origin of dissipation by showing that the dissipation of

Josephson oscillations originates from two irreversible effects: incompressible kinetic en-

ergy transfer from the superfluid flow to the swirling one of the nucleated vortex rings

and phonon emission during VR early stage dynamics. Next, we directly connected mi-

croscopic features of early-stage vortex ring dynamics with macroscopic observables, such

as population imbalance and superfluid current. In particular, we showed that every time

a VR enters the local Thomas-Fermi surface it causes a local ‘dip’ in the otherwise mono-

tonic decay of z(t): each such local minimum corresponds to the generation of a VR. The

number of vortex rings, i.e. the number of ‘dips’ in z(t), which can be generated in the

junction depends on how far the initial imbalance is from its critical value.

Depending on the value of the barrier height, the vortex ring could leave the barrier and

propagate further into the left reservoir. We then followed the first vortex ring subsequent

dynamics in the left condensate and we studied the dependence of the VR dynamics on

the initial population imbalance at fixed V0/µ = 0.8. In particular, we showed that the

VR velocity descreases with increasing z0 and its incompressible kinetic energy increases

instead. It was shown that for these cases, the VR, after propagating for a while in the

left reservoir, shrinks further its size, ‘disappearing’ and giving rise to rarefaction pulses.

Furthermore, the dependence of the amount of dissipation on z0 was investigated, finding

that the fraction of the total kinetic energy (until the nucleation of the first VR) that is

dissipated in sound or transferred to the first VR, increases as z0 gets larger.
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Chapt. 4: Comparison with an ultracold atom experiment (6Li experiment in

Florence)

In this chapter we compared our numerical simulation results of Chapt. 3 with the exper-

imental results from the LENS experiment in Florence [20] in the limit of BEC of lithium

molecules. In particular, our prediction of the critical imbalance and critical superfluid

current across the barrier, defining the transition to the dissipative regime was found to

be in very good agreement with the experimental data. Furthermore, we showed that the

maximum current delimiting the two regimes can also be calculated in a simpler way by

the product of the population imbalance oscillation frequency ωJ (found for z0 < zcr), of

the critical imbalance zcr and of half the condensate number NBEC/2. This finding is of

significant importance for experiments as the ωJ and zcr can be easily extracted. We also

showed that the z(t) profiles achieved numerically excellently reproduce the experimental

data. As the experiment was done at low, but finite temperature, we also consider the

presence of a small thermal cloud, by describing our system via the Zaremba-Nikuni-Griffin

(ZNG) kinetic model, where a generalized GPE equation, describing the condensate evo-

lution, is solved self-consistently with a Quantum Boltzmann equation (QBE) describing

the thermal cloud dynamics [28, 26, 27]. In this chapter we performed the studies in the

collisionless limit. Specifically, we selected T ' (0.3− 0.4)Tc in our numerical simulations,

consistent with the estimated experimental value from the condensate fraction. Even at

finite T the comparison was very good with the experimental data and, for such low tem-

peratures, the thermal cloud has no significant effect on the critical parameters and the

population imbalance time evolution as long as we kept fixed the condensate number when

comparing the T = 0 and finite T results (which are thus done at variable total particle

number).

Next, we implemented in our simulations the protocol of barrier removal used in the

experiment before observing the vortices in time of flight (TOF) image. We showed that

the barrier removal is an efficient tool for producing longer living vortices with larger

propagation radius, and thus making it easier to be observed experimentally, although

less VRs are generated. In fact, while the barrier height value decreases, the density at

the barrier position increases. Consequently, the density-weighted superfluid maximum

velocity achieves smaller values until it becomes smaller than a threshold, which we found

is equal to the mean speed of sound 〈c〉 =
√
µ/2M . Finally, the role of the thermal cloud

on the VR motion was considered. We showed that the thermal cloud causes the vortex

ring to go off-center until it breaks into one long single vortex line when approaches the

condensate boundaries asymmetrically, consistent with the experimental observation of

single off-center vortices.
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Chapt. 5: Full phase-diagram for a three-dimensional Josephson junction

In this chapter, we characterized the full phase diagram of a three-dimensional Joseph-

son Junction where three main dynamical regimes were found: Josephson plasma, self-

trapping, and dissipative. In particular, for z0 = zcr(V0), the pure self-trapping or Macro-

scopic Quantum Self-Trapping regime was found, as predicted by Smerzi et al. [59]. In such

regime, the population imbalance features regular symmetric oscillations about a non-zero

value, and it is characterized by an increasing relative phase in time. Furthermore, we

showed that increasing the initial population imbalance much beyond zcr leads to more

complicated self-trapped states with oscillations at multiple frequencies.

Specifically, we showed that for elongated traps, such as the ones studied in Ref. [49, 20]

and described in Chapt. 3 and Chapt. 4 of this thesis, where only the transition from the

Josephson plasma regime to the dissipative one was observed, the self-trapping regime can

in fact also be observed for higher and/or wider barriers. As a counterpart, our result

indicated that for isotropic traps in which only the transition from the Josephson plasma

to the self-trapped regime has been seen (such as in Ref. [42]), the dissipative regime can

also be observed by lowering the barrier height (to values slightly below, but still a sizable

fraction of, µ). For both geometries we found a smooth, and rather irregular, crossover

between dissipative and self-trapped regimes. Thus, our work presented in this chapter

suggested that for any geometry we can find all three dynamical regimes, and that such

regimes should be experimentally observable within a single experimental set-up by careful

control of the barrier height or width.

Our results in this chapter also clarified what distinguishes between the dissipative and

macroscopic quantum self-trapping regimes, not just in terms of z(t) and φ(t), but also

in terms of vortex ring dynamics. As V0/µ increases, the vortex rings go from a regime

in which they can propagate (leaving the barrier region), to a regime where they shrink

within the barrier. Whether the vortex ring leaves or not the barrier is defined by the

value of incompressible kinetic energy that is present in the system. We showed that in

the crossover between the self-trapped and dissipative regimes, the main difference comes

from sound waves: specifically, in the self-trapped regime (for z0 values slightly larger

than zcr) there are practically no sound waves, while in the dissipative regime such sound

waves propagate and make the condensate dissipate.

Chapt. 6: Bose-Einstein condensates at finite temperature in an atomic Josephson-

junction

In this chapter, we showed, for the elongated Josephson junction, the role of thermal dis-

sipation on the three main dynamical regimes found at T = 0 in Chapt. 3 and Chapt. 5:

Josephson ‘plasma’, vortex-induced dissipative and pure self-trapped or MQST regimes. In
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order to model the finite temperature Bose gas we used the Zaremba-Nikuni-Griffin model

where a generalized GPE describing the condensate evolution is solved self-consistently

with a Quantum Boltzmann equation (QBE) describing the thermal cloud dynamics.

Firstly, we performed our studies in the collisionless limit, where the collisions between

condensate-thermal particles (resulting in particle-exchange between the two subsystems)

and the collisions within the thermal cloud are not included. Many ultracold atom experi-

ments are in the collisionless limit due to their low density and the ZNG collisionless limit

has given results in quantitative agreement with experimental observation [153, 105, 96–

98, 134, 156, 154, 155]. However, a complete description of the system would require the

inclusion of collisions, which was also studied in this chapter even though to less extent

with respect to the collisionless limit.

We mainly considered the case of fixed condensate number when comparing different

temperatures, i.e. variable total particle number and thus variable critical temperature

Tc(N). Firstly, we studied the dynamical evolution of the condensate/thermal/total pop-

ulation imbalance across the Josephson and dissipative regimes, where for the latter the

analysis of oscillations was performed after the initial decay, i.e. after the VRs generation.

In particular, we showed the temperature dependence of the dominant frequency values,

their damping rates, relative contribution and each component’s initial phase. The range

of temperature probed by us was [0.1, 0.7]Tc, and we initially kept fixed condensate number

NBEC ' 50400, thereby fixing the condensate axial extension. The chosen barrier height

was V0 = 104~ωx ' µ(T = 0), for which the Josephson ‘plasma’ and vortex-induced dis-

sipative regimes were found for z0 < zcr = 0.08 and z0 > zcr respectively. The associated

temperature to the barrier height value is Teff = V0/kB = 70nK = 0.5Tc.

We identified two distinct dynamical regimes, namely a low temperature regime (kBT <

V0) in which the small thermal cloud is driven by the condensate, and a high temperature

regime (kBT & V0) in which the thermal cloud has enough energy to overcome the bar-

rier, and thus begins to drive the condensate. The dominant frequencies identified are the

Josephson plasma frequency νJ , its second order contributions ν1, and a characteristic

frequency of the thermal cloud ν2 which is close to the underlying harmonic trap fre-

quency. These frequencies are found to be relevant in both the Josephson plasma and the

dissipative regimes. In particular, for the condensate and total imbalance, we showed that

at low temperatures kBT < V0, the frequencies ν
BEC(tot)
J ≈ 14Hz and ν

BEC(tot)
1 ≈ 30Hz

are the dominant ones. As the temperature increases towards Teff , i.e. as the thermal

fraction increases, the thermal particles have sufficient kinetic energy to exhibit their own

motion at a frequency νth2 ≈ 15Hz. Thus, the thermal cloud back action to the condensate

motion affects this latter spectrum with the appearance of a frequency ν
BEC(tot)
2 ≈ 15Hz

for temperatures such that kBT & V0. Moreover, the thermal cloud damps the component

ν
BEC(tot)
1 and in the limit of high temperature the main components become ν

BEC(tot)
J and
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ν
BEC(tot)
2 .

However, an important distinction between the Josephson and vortex-induced dissi-

pative regime was found: although the dominant frequencies are the same, their relative

contributions and phases of oscillations are not. Specifically, in the low temperature limit,

in the Josephson regime the νBEC
J is the dominant frequency, while in the dissipative regime

its contribution is smaller than νBEC
1 , with the latter being the dominant frequency of rel-

ative contribution. Moreover even the relative phase between the two components was

found to be different in two regimes: in the Josephson ‘plasma’ regime the νBEC
1 has a

relative phase of π with respect to νBEC
J , while in the dissipative regime the relative phase

is around π/2. Based on the last considerations and on the fact that νBEC1 ≈ 2νBECJ ,

we attributed the origin of νBEC1 in the Josephson regime to second-order non-dissipative

term in the current-phase relation. On the other hand, in the vortex-induced dissipative

regime, given the dominant role played by the generated vortex rings and associated sound

waves, a second-order dissipative term should become important which, as shown in [65],

has a relative phase of π/2 with respect to νBEC
J .

Further to our analysis we investigated the effect of the thermal cloud in the MQST

regime, where the barrier height was kept fixed at V0 = 210~ωx ' 2µ(T = 0). We found

that the MQST regime is highly unstable in the presence of the thermal cloud and its decay

time can differ from run to run even in the collisionless limit. However, by extracting the

mean decay time from five numerical runs we showed that on average the MQST decay

time becomes smaller at larger T . We then considered the case of fixed total particle

number, and we showed that having different condensate numbers at different T can cause

the condensate or the total population imbalance to be in a different dynamical regime

for the same value of the barrier height because V0/µ and the axial condensate extension

are different.

We then added the effect of collisional integrals by including both the condensate-

thermal and thermal-thermal collisions. We showed that at very low T (for example

T = 0.22Tc) the collisions have no effect on the condensate imbalance but their presence

strongly affects the thermal cloud imbalance, favouring the thermal particles incoherently

tunneling across the barrier. Next, we showed the effect of collisions on the dominant

frequency of the condensate and total imbalance in the Josephson and dissipative regime,

with collisions found to add an extra damping contribution to the dominant frequency.

For the MQST regime we showed that the inclusion of collisions makes the MQST decay

faster with respect to collisionless limit.

We then showed the role of the thermal cloud on the VR nucleation and dynamics

for a smaller barrier height V0 = 67~ωx = 0.6µ(T = 0), with an effective temperature

of Teff = V0/kB ' 45nK. We found that the presence of the thermally induced phase

fluctuations and transverse density fluctuations could cause the generation of the VR,
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present also at T = 0, earlier in time. Moreover, as temperature increases and the thermal

particles mean kinetic energy exceeds the barrier height, a thermally-induced VR emission

occurs. In particular, it was found to occur at T = 70 nK= 0.48Tc > Teff for such relatively

low barrier height.
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The vortex ring dynamics in the

spherical trap.

t=31.8ms t=37.2 ms t=39.3 ms

t=41.4 ms t=47.8 ms t= 53 .1 ms

t=58.4 ms t= 63.7 ms t=69 ms t= 73.2 ms

t=42.5 ms

t=32.9 ms

Figure A.1: Three dimensional isocontour surface density for V0 = 0.8µ, w/ξ = 4 and for the
isotropic trap νx = νy = νz = 15Hz at different times. The isocontour is shown at different values
of the maximum density in order to better visualize the VR.

In Chapt. 5 we showed that the dissipative regime could be found even for an isotropic

or a spherical trap. In such regimes, as for the elongated trap, vortex rings are generated

and could even propagate in the left reservoir depending on the value of the barrier height,
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i.e. on the value of the incompressible kinetic energy. As for the elongated trap, the VR is

nucleated outside the local TF surface and then shrinks initially its radius while entering

the transverse condensate extension. Fig. A.1 shows some examples of three dimensional

isocontour surface at different times during the VR dynamics. Once the VR is inside

the condensate, it shrinks further its radius in order to conserve its kinetic energy while

density is increasing, remaining so initially within the barrier. When it achieves a certain

radius it enters in the left side of the BEC and propagates. While going towards the

edge of the condensate it increases it radius (for t ≥63.7 ms) and after that reverses its

motion. In this isotropic case, when the VR radius becomes comparable to the transverse

TF radius, the VR does not break into two vortex lines but it instead becomes larger than

the condensate size moving so at the surface without breaking as shown in Fig. A.2.

(a) (b) (c)

Figure A.2: Three dimensional isocontour surface density for V0 = 0.8µ, w/ξ = 4 and for the
isotropic trap νx = νy = νz = 15Hz. The plots are shown at (a) t = 76ms, (b) t = 79ms and (c)
t = 81ms.

250



Appendix B

Finite temperature analysis

In this section, we show some results from the analysis of the condensate and thermal

population imbalance oscillations both in the Josephson and vortex-induced dissipative

regime, in relation to the results presented in Chapt. 6.

Fitting the condensate imbalance

In Sect. 6.4.2 we showed the results obtained by fitting the condensate imbalance time

evolution in the vortex-induced dissipative regime after the initial decay and in the time

interval [0.05, 0.72]s. In the limit of low (kBT < V0) and relatively high temperatures

(kBT > V0), the numerical data were fitted by using a two-component frequency fit by

using the function F (t) defined in Eq. (6.12) as

F (t) = aJ cos(2πνJ t+ φJ) exp(−γJ t)
+ ai cos(2πνit+ φi) exp(−γit).

(B.1)

In the intermediate range of temperatures such that kBT ∼ V0, we perform a three-

component frequency fit by using G(t) (defined in Eq. (6.15) as

G(t) = aJ · cos(2πνJ t+ φJ) · exp(−γJ t)
+ a1 · cos(2πν1t+ φ1) · exp(−γ1t)+

+ a2 · cos(2πν2t+ φ2) · exp(−γ2t).

(B.2)

Specifically, the intermediate regime corresponds to the range 0.45Tc < T < 0.56Tc. In

order to avoid the problem of having the highest damped components with a large relative

contribution, we set two of the three damping rates in Eq. (6.15) to be the same. In

particular, we chosed two cases: γBEC
J = γBEC

2 and γBEC
1 = γBEC

2 and the data shown in

Sect. 6.4.2 are obtained from the mean value between the two fits.

Here instead, we show a comparison between the fit and the condensate imbalance,
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with the results shown in Fig. B.1 for three different temperatures: in the limit of (a)

low temperature T = 0.22Tc, hight temperature (b) T = 0.66Tc and in the intermediate

regime T = 0.54Tc. In the first two cases a two-component frequency fit is performed

while in the last case a three-component frequency fit is performed where the damping

γBEC
1 = γBEC

2 . We find that the numerical data and the fit are in very good agreement.

(a) (b)
(c)

Figure B.1: The population imbalance time evolution at (a) T = 28nK = 0.22Tc, (b) T = 78nK =
0.54Tc and (c) T = 110nK = 0.66Tc and the corresponding fits (orange profiles). In (a)-(c) the
numerical data are fitted by a two-component frequency, while in (b) a three-component fit is
performed. In the latter we set γBEC

1 = γBEC
2 . The numerical data are for V0 = 104~ωx and

condensate initial imbalance z0BEC > zcr.

The frequency at 45Hz

As discussed in Chapt. 6, at low temperatures there is a third component in the spectrum

of the condensate imbalance with a frequency around 45Hz, which we term here as νBEC
3 .

This component has a negligible contribution of less than 1% in the Josephson regime

and contribution of around 10% in the dissipative regime at T = 0. Here we show the

results for the dissipative regime. The contribution of νBEC
3 decreases as the temperature

increases. An example of Discrete Fourier Transform spectrum for the condensate imbal-

ance revealing the presence of νBEC
3 is shown in Fig. B.3 at T = 40nK. We note that

νBEC
3 amplitude is much smaller than νBEC

J . Such results are in good agreement with the

three-component frequency fit, in which the main component values are indicated by the

vertical dashed lines. The dependence of νBEC
3 and its corresponding damping rate on the

temperature is shown in Fig. B.3. The highest temperature in such plot corresponds to

T = 0.44Tc. While νBEC
3 value decreases with increasing T , its damping rate increases

fast and at T = 40nK= 0.31Tc its value is much larger than the damping rates γBEC
1 and

γBEC
2 , which are shown in Sect. 6.4.2.

Collisional limit

Until now, in this chapter we considered the collisionless limit. Here instead we show

some results in the case where all the collisional integral are included. In particular, in

Fig. B.4 we show how the condensate and thermal cloud particle number changes in time
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Figure B.2: The Discrete Fourier Transform spectrum for the condensate imbalance revealing the
presence of a frequency at around 45Hz. The vertical dashed lines indicate the values of the
frequencies from the three-component frequency fit. The numerical data are for V0 = 104~ωx and
condensate initial imbalance z0BEC > zcr.
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Figure B.3: The temperature dependence of νBEC
3 and its corresponding damping rate as found

from the the three-component frequency fit. The numerical data are for V0 = 104~ωx and conden-
sate initial imbalance z0BEC > zcr.

for the case of T = 88nK= 0.58Tc. Interestingly, the condensate particle number increases

in time. This is a consequence of particle-exchange between the condensate and thermal

clouds, which is taken into account by the term C12 in the Quantum Boltzmann equation

and by the source term −iR, related to C12, in the generalized GPE equation. We note

that NBEC and Nth refers to the sum of the particle number in the left and right well. At

this temperature, the total particle number is conserved in time (for at least 0.72) within

5%. Thus, the thermal particle number decreases in time.
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0.0 0.2 0.4 0.6
t(s)
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N
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Figure B.4: The time evolution of the condensate and thermal cloud particle number at T = 88nK=
0.58Tc and in the collisional limit. The numerical data are for V0 = 104~ωx and condensate initial
imbalance z0BEC < zcr.
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[64] R. Gati, B. Hemmerling, J. Fölling, M. Albiez, and M. K. Oberthaler,

Phys. Rev. Lett. 96, 130404 (2006), URL https://link.aps.org/doi/10.1103/

PhysRevLett.96.130404.

[65] F. Meier and W. Zwerger, Phys. Rev. A 64, 033610 (2001), URL https://link.

aps.org/doi/10.1103/PhysRevA.64.033610.

[66] A. Trombettoni and A. Smerzi, Phys. Rev. Lett. 86, 2353 (2001), URL https:

//link.aps.org/doi/10.1103/PhysRevLett.86.2353.

[67] D. S. Hall, M. R. Matthews, C. E. Wieman, and E. A. Cornell, Phys. Rev. Lett. 81,

1543 (1998), URL https://link.aps.org/doi/10.1103/PhysRevLett.81.1543.

[68] J. Williams, R. Walser, J. Cooper, E. Cornell, and M. Holland, Phys. Rev. A 59,

R31 (1999), URL https://link.aps.org/doi/10.1103/PhysRevA.59.R31.

[69] A. Smerzi, A. Trombettoni, T. Lopez-Arias, C. Fort, P. Maddaloni, F. Minardi, and

M. Inguscio, The European Physical Journal B - Condensed Matter and Complex

Systems 31, 457 (2003), ISSN 1434-6036, URL https://doi.org/10.1140/epjb/

e2003-00055-1.

[70] C. Gross, T. Zibold, E. Nicklas, J. Estève, and M. K. Oberthaler, Nature 464, 1165
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