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Abstract

Animals moving together as one is a commonly seen spectacle in both the sky, with flocks
of birds, and in the oceans, with school of fish. Mathematical models have been developed
over the last 50 years to gain a deeper understanding into how such coordination occurs
or to recreate the behaviour digitally. There has been extensive numerical simulation and
analysis done for these models but little comparison to actual data. This is due to the

complexity of obtaining high quality data suitable for analysis.

We were able take advantage of lightweight high definition cameras and drone technology
to collect footage of collective behaviours. In this thesis we describe a computer vision al-
gorithm we devised to detect and track individual sheep in the drone footage we collected.
The algorithm emphasises the differences in the colours of the sheep and the grass back-
ground in order to locate the sheep. It then tracks the individuals throughout the video.
In total the trajectories of 45 or more sheep were extracted from 14 videos ranging from
150 frames to 593 frames. In some of these videos the quadbike and farmers herding the
sheep were also tracked. From these trajectories we were able to extract quantities such
as average speed and global alignment which can then be used to compare to simulated
data.

We describe a number of models from the literature which aim to reproduce the types of
behaviours we observed in our sheep flocks and some of these we expand on to make them
include new features such as allowing agents speeds to change or allow agents to interact

with a predator whist in an enclosed area.

We go on to compare our observational data to two different types of these models. The
first of these was a family of models which were able to replicate the emergent flocking
behaviour seen in some of the observations. The second was a model able to simulate
data to compare to our observations of “steady-state” flocking as well as being able to
include the movement of the quadbike or farmer herding the animals. We will compare our
observational data to simulated data using an approximate Bayesian computation rejection
scheme to calculate an approximate joint posterior distribution for the parameters in each
of the models. The parameters of these models were sampled from a Latin hypercube

meaning we are able to cover the full parameter space efficiently.
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1.1

Introduction

Collective Animal Motion

People have always been fascinated by the displays of animals moving collectively. In
ancient times, the Greeks and Romans practised ornithomancy and augury, the practice
of reading omens from the flights of birds [I, 2]. These aggregations of groups happen
across organisms of all size, from bacteria colonies up to pods of whales [3, 4]. The
behaviour is seen across virtually all types of habitat, species, degrees of mobility and
many more biological traits [5 [6]. Some examples demonstrating this wide range of scales
are the rotating of ant colonies, roosting starlings producing breathtaking aerial displays
(Figure , and herds of wildebeest stampeding across the African plains, (Figure|l.1b)).
It is particularly interesting when groups self-organise into complex patterns with no
external stimulus. School of fish move in an orderly fashion but also change direction
amazingly abruptly. They can also swirl so frantically that they confuse any nearby
predators [4], Figure Looking closer to home we also see collective motion in humans.
In busy streets people spontaneously form "traffic lanes" to allow people to pass more
easily [7], Figure m Knowledge of this behaviour can be used to influence the design of
new shopping centres and other public places. For example, in places like train stations
and airports there is often a barrier separating the left and right side of a corridor to
encourage the formation of “traffic lanes” in humans and passively control the crowds that

pass through these areas.

Physical aggregation can be thought of as part of a continuous scale of group interaction [4].
At one end of the scale you have individuals who are highly integrated, they develop long-
term relationships with other members of the group and have a high rate of information
passed between individuals, both directly and indirectly. At the other end of the scale
are territorial animals who have little need to transfer information or to develop group
structure. Dolphin pods, honeybees, and humans are examples of highly integrated groups
[8] and tigers [9], European badgers [10] and real lemurs [I1] are examples of animals who

reside in groups which are less integrated. In the highly integrated groups, pathways of
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(a) A flock of starling creating spectacular (b) A herd of wildebeest migrating across the
aerial displays [12]. Serengeti in Tanzania [13].

(¢) A school of fish swimming in a torus shape (d) A crowd of tourists in Bavaria, south east

[14]. Germany [15].

Figure 1.1: A selection of images showing collective behaviour on ground, in the air and underwater

long-term communications are often established between known individuals (which could
be clones, siblings or other reciprocating members) and at designated locations (these

could be the hive, the breeding grounds or for humans at the family home).

There exists a third type of group interaction which lies between these two extremes.
Parrish et al. [4] claimed that this type of interaction should be considered “prototypical”
animal aggregations as it includes behaviours seen in herds, swarms, flocks and schools.
Over 50% of bird species form feeding flocks [16] and over 50% of species of fish display
coordinated schooling at some point in their lives, and an even higher percentage exhibit
coarser aggregation [I7]. These “prototypical” animal aggregations display coordinated
motion, but individual members of the group generally never form long lasting relation-
ships and are often unrelated to one another. The number of members in these groups
can vary greatly in size, ranging from a number as small as 12, in sheep flocks [I§], up
to billions of individual herring in a single school [19]. The individuals in large groups
are likely to interact with only a small proportion of the total, forming a neighbourhood

around themselves in which they interact. The number of individuals they interact with
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could be fixed, or depend on the destiny of individuals within the neighbourhood. In some
species individuals react to the sound emitted by the group [20]. Groups have been ob-
served forming repeated arrangements similar to those seen in crystalline structures. It is
thought that these structures maximise sensory contact between individuals, reflecting the
ambient conditions and the organisms’ shape [4, 2I]. These group-level characteristics are
generally believed to have significant biological consequences on the wellbeing of its group
members [5], such as the success of foraging [22] 23], defence against predation [24-27],

and the success of reproduction [16, 2§].

It is this “prototypical” group interaction that this thesis will be exploring further. Here
we will observe and analyse the behaviour of medium sized (n ~ 40) flocks of sheep
which are reacting to an external stimulus, such as a quadbike or a farmer. The sheep
start with the appearance of incohesion, however, once the sheep become aware of the
quadbike or farmers they quickly coalesce and form a group which displays synchronous
and coordinated movement. This transition from incohesion to cohesion is an example
of a type of “prototypical”’ aggregation and is known as emergent flocking behaviour.
Emergent flocking has been observed in many of the species known to flock in these types
of aggregations [4]. Another type of “prototypical” aggregation that we will be analysing

is steady-state flocking. This is the behaviour of a group when acting together as one.

Mathematical models

The modelling of flocking behaviour has been attempted by a wide range of communities,
from computer graphics specialists, biologists and physicists [29]. Mathematical modelling
is an integral part of exploring the connection between properties of the individual and
properties of the group as a whole. Using models, researchers are not only able to test
interaction mechanisms and observe the resulting group behaviour but they can also use
these models to program autonomous drones. Although particular implementations may
differ dramatically, interactions are generally modelled as a combination of any or all of the
following three influences: repulsion away from individuals which are too close, attraction

to individuals which are far away, and alignment with neighbours which are close by.

Emergent collective motion as described above is often studied using self-propelled particle
models. The self-propelled particle models are a subset of agent-based models where the
term “agent-based” means that the model represents the individuals of a swarm or flock as
separate entities [30, [BI]. This is in contrast to continuum models [32H34] and those that
coarse-grain the behaviour of the individuals to reach the continuous limit [31), 34 [35].
In this thesis we will refer to self-propelled particle models as agent-based models for

simplicity.
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Agent-based models are incredibly versatile. The models are not limited to modelling
a single species of animal nor are they limited to a specific research area or modelling
a single scenario. For example, in 2015 Carter et al. [9] described the use of an agent-
based model which aims to aid in the conservation of tigers (Panthera tigris); in 2002,
Helbing et al. [36] discussed an agent-based model approach to help understand the forces
on pedestrian crowds in evacuation situations; and in 2015 Choudhary et al. [37] used

agent-based modelling to see the effect of inertia on schools in a turbulent flow.

In the agent-based models we consider, individuals are reduced to featureless points which
change their direction of motion and speed in response to others’ and their surroundings
according to a set of fixed rules [38]. One such simple rule could be a repulsion force acting
on two agents if they were to get too close to one-another. While complex interactions
can be defined as combinations of a number of simple rules, remarkably, it is known that

simple rules of interaction are sufficient to produce complex emergent behaviour [39-41].

Each of these rules are assumed to take a particular form, sometimes changing as a function
of a parameter. These parameters can then be estimated by using experimental data [3, B0+
34, 42]. In the case of the repulsion force mentioned earlier there are two common forms
that this rule can take. The first of these is if two agents get too close together, a smaller
distance than R, the repulsion force changes their direction of motion to point directly
away from its neighbour [42-44]. Whereas the other approach is to allow the force to be
continuous so that the closer two agents get to one another the greater the magnitude of
the repulsion force [45]. By analysing experimental data it is possible to see which of these
approaches is more appropriate to recreate the observed data. It is also possible to infer

from observational data appropriate values that the parameter R should take.

Continuum Models

One of the drawbacks of using agent-based models is that they typically have to be studied
numerically. In contrast continuum models may allow us to gain a deeper understanding of
the mathematics that underpins collective motion. Continuum models give a macroscopic
description of the flocking behaviours seen in the “prototypical” aggregations. Rather than
using a perhaps more obvious coarse-grained hydrodynamical approach, in the late 1990s
Toner and Tu |46, 47| instead derived the most general continuum equations of motion for
a velocity field and density consistent with the conservation laws and symmetries of their
problem. Using this setup, they introduced phenomenological parameters whose numerical
values depended on the observed microscopic behaviours. Unlike agent-based models each
of the terms describing the large-scale behaviour only depend on the conservation laws

and symmetries and do not depend on the rules for the microscopic phenomena.
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Figure 1.2: Results of numerical simulations of the Bertin hydrodynamic model [29] showing a)
A polarised density profile demonstrating striped flocking motion. b) A density profile in the
transient phase showing fluctuating flocking.

Bertin et al. [48] made a significant step in the area of continuum models of collective
motion when they derived hydrodynamic equations for the velocity field and density of a
gas of self-propelled particles which had binary interactions, Figure[I.2] These interactions
came from the corresponding microscopic rules. The results of numerical simulations of

this model closely agreed with the standard model of self-propelled particles.

A primary difference between agent-based and continuum models is the fact that the
degree of aggregation is defined over the entire 2D or 3D field of interest, whilst agent-
based models are point-based where simple properties of the system are defined only on
particles. Agent-based models are much more flexible in terms of their interaction rules,
and also simpler to integrate into statistical inference. Therefore, given that observational
data in the form of (x, y)-coordinates are already in the correct form for comparison with

agent-based models in this thesis we will not investigate continuum models.

Agent-Based Models

In contrast to continuum models, agent-based models describe the microscopic rules which
result in flocking behaviours. One of the earliest well-known flocking simulations was
published by Reynolds [43] who was motivated by the visual spectacle of coherently flying
birds. In his model bird-like objects, which he referred to as “boids”, moved according to

a set of differential equations which took into account three different types of interactions:

1. Avoiding collisions.
2. Heading in the same direction as its neighbours.

3. Staying close to the centre of mass of the flock.
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4 4
» »
(a) Rule 1: Avoid collisions. (b) Rule 2: Head in the same (c¢) Rule 3: Stay close to the
direction as neighbours. centre of mass of the flock.

Figure 1.3: The three microscopic rules in the Reynolds “boids” model. The A individual interacts
with its neighbours A within a set distance, shown here by the pale blue circle. The remainder
of the neighbours, A, are outside of this area and are not interacted with. The current direction
of travel of these “boids” are shown by a short straight line from the tip of the triangle. The new
direction of motion of the A is shown by a black arrow.

Reynolds’ model uses similar microscopic rules to an earlier model by Aoki [42]. A
schematic of these three rules can bee seen in Figure The speed and direction of
each agent in Reynolds’ model is stochastic but the direction of motion is influenced
by the location and direction of its neighbours. Building on the work of Aoki [42] and
Reynolds [43] in 1995, Vicsek et al. [38] established a quantitative interpretation of large
flock in the presence of perturbations. This model is widely known as the “Vicsek Model”
cf. Cucker and Smale [49], Ha et al. [50], Yates et al. [51], Kattas et al. [52], Khurana and
Ouellette [53], Baggaley [54] and Armbruster et al. [55]. Unlike the Reynolds’ model for
“boids” where the speed is allowed to vary, in the standard Vicsek model particles move
with fixed speed in the average direction of its neighbours within a fixed distance. The
Vicsek model is investigated in more detail in Chapter [l This simple model allows the
simulation of hundreds of flocking agents and by varying some of the parameters or initial
conditions it is possible to recreate a vast range of collection motion behaviours, such as

mills, rotating chains, bands and more [29].

The model by Vicsek et al. [38] has been generalised over the years. In 2002 Couzin
et al. [44] and in 2007 Cucker and Smale [49] the simple two-dimensional Vicsek model
was expanded into higher dimensions and Cucker and Smale [49] allowed the interaction
between agents to decay as the distance between them increased. It was then generalised
further by Ha et al. [50] in 2010. Other modifications of the Vicsek model have been
to make the model more applicable to certain scenarios: Yates et al. [51] introduced a
leader /follower dynamic which is able to reproduce behaviours seen in pack animals where
there is hierarchical structure to the flock. In these situations when the leader moves
the others will follow; Khurana and Ouellette [53] and Baggaley [54] replaced the normal
noise term with noise similar to that of a realistic turbulent flow; Armbruster et al. [55]
enclosed the swarm with hard boundaries. Changes to the model were also made after

experimental data was collected: Kattas et al. [52] observed the movement of homing
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Figure 1.4: The human eye can easily separate the daffodil from the background, whilst being able
to detect the shape of each of its petals [57].

pigeons and modified the model accordingly whereas Ginelli et al. observed sheep

grazing in a field the model was modified in a different manner.

Computer Vision

Having discussed mathematical models of collective motion we shall now focus on computer
vision techniques, which provide background for work presented later in this thesis. As
humans we are easily able to interpret the three-dimensional structures of the world we
live in. When presented with an object we know its shape and any areas of translucency
from the light and shading patterns across its surface, Figure [[.4] Taking advantage of
biological features such as binocular vision, we can also easily separate the object from
its background. When looking at a group photograph, we can easily count the number of
individuals present and name each of them. Furthermore, we are even able to speculate
the emotions of each person by studying their facial expressions and body language. Even
though perceptual psychologists are able to devise optical illusions to investigate some of
the principles of how we perceive the world, a full model of the complex human visual

system remains elusive.

Computer vision researchers have developed mathematical techniques to recreate 3D shapes
and their appearance from an image. There are now reliable methods for creating a sim-
ple 3D model of an environment from large numbers of partially overlapping photographs,
Figure [58]. Using stereo matching (the process of finding the pixels in the different
views that correspond to the same 3D point in the scene) we can take a large number of
photographs of a building taken at different views and under different lighting conditions
to create a detailed 3D surface model of the building, Figure [59]. Computer vision is
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now widely used in movie production in Hollywood, with the use of motion capture tech-
niques [60}, [61] to translate the movement of actors to computer animation, Figure m
However, despite these advances made over the last 50 years, we are still struggling to get
a computer to interpret an image better than a toddler could. Szeliski [62] states that this
difficulty is due to vision being an “inverse problem”, where we seek to discover unknowns

with insufficient information to specify any solution.

Some computer vision methods are simply trying to recreate what we can see and are
usually developed using physics and computer graphics. These fields of research focus on
modelling one small aspect of our 3D environment: how objects move, how light scatters
in the atmosphere, or how light refracts in a camera lens. The results of computer graphics
models are often not perfect; animated films such as Final Fantasy: The Spirits Within
and The Polar Express are often referred to as being in “uncanny valley” due to the
animated humans imperfectly resembling a human, provoking feelings of uneasiness of
revulsion [64, [65].

However, more often than not, the phrase “computer vision” is not used to refer to the

above process. It is used to refer to the process of describing the contents of an image.

(a) The recreated trajectory of a tennis ball using Hawk- (b) A simple 3D model of Notre
Eye technology [63]. Dame Cathedral, Paris [58].

(¢) A person being tracked using motion capture methods (d) A detailed 3D model of the
and the final animation [61]. Statue of Liberty, New York [59].

Figure 1.5: A selection of images showing different computer vision techniques, including creating
3D models from multiple photographs, and motion capture methods.

10
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Whilst humans and animals can do this naturally with great ease, computer algorithms
are error prone or have low accuracy [62]. When computer vision first started in the 1960s
a professor at MIT expected his undergraduate to “spend the summer linking a camera to
a computer and getting the computer to describe what it saw” [66]. Researchers are still

working on solving this problem over 50 years later.

Computer vision is now being used regularly in a variety of applications

e Motion Capture: As mention previously computer vision is used regularly in mo-
tion capture techniques so that an actor’s movements can be recreated in computer
animations [60, 61], Figure [L.5d

e Optical Character Recognision: This reads postcodes on handwritten envelopes
to then reduce the amount of manual sorting needed [67]. OCR is also used in
number plate recognition (ANPR) [68].

e Match Move: This process allows computer generated imagery to be placed into
live action films between the background and the foreground. This is used in films

such as Jurassic Park and The Curious Case of Benjamin Button [69} [70)].

e Sports: Computer vision is used to support decision making in critical sports
matches. In big tennis matches Hawk-Eye is often used to determine whether or
not the ball landed in or not, Figure [71, [72]. The technology has recently

started being used in football matches as well.

From the list above we can see that the number of applications for computer vision is
vast. It is now starting to be used more widely in data collection to be able to compare
the behaviours of different animals with simulations. Lukeman et al. [73] used computer
vision methods to identify and track a flock of surf scooters on the surface of a body of
water and Croze et al. [3] used it to calculate the density of algae passing through a region
of interest in a pipe flow. In Chapter [2] we will use similar methods to firstly identify
individual sheep in frames of a video, and then track the individuals through time. The
methods we will use to identify the sheep are similar to those used in image segmentation

techniques when counting cells in a petri dish [74H76] or detecting the nucleus of cells [77].

We took inspiration from previously published image segmentation techniques and ex-
tended them to include novel processing steps based on statistical methods. Further
discussion of the relevant computer vision literature and details about the methods intro-
duced in this thesis can be found in Chapter [2. Our new methods reduce the noise in the

detected locations and reduce the difficulty in tracking over long periods of time.

The advantage of creating a new algorithm rather than using currently available (both

commercial and free) software [T8-81] is that we are able to fix the number of sheep we
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wish to detect at the beginning of the process and the algorithm using previous information

keep keep this number constant.

Thesis Overview

This section gives an overview of the structure of this thesis, as well as a short description

of each of its chapters. This thesis is split into four main parts.

Part [I| - Introduction

Chapter [I] introduces the idea of collective animal motion in nature and different ap-
proaches to mathematically modelling the observed behaviour. We also give a brief

overview of the history of computer vision and its applications.

Part [I1| - Data Collection With Computer Vision

Part [[Il focuses on the extraction of observational data from a number of drone videos and

the observational data itself.

Chapter [2] starts by describing the location we chose to film sheep being herded and the
equipment we used to film them. It then goes into depth about the decisions we made
creating our computer vision algorithm to locate and track sheep through each of the

drone videos.

Chapter [3| then explores the information we were able to infer from the information ex-

tracted from the drone footage.

Part - Models And Data Comparisons

Part [II] introduces a number of mathematical models which can recreate some of the

behaviour seen in our observational data.

Chapter (] outlines some agent-based models from the literature which can simulate be-
haviours seen in sheep flocks which are being herded. In this chapter we propose a number
of modifications to the existing models and combine two existing models to make them

more applicable for comparison with the data we collected.

In Chapter |5 we simulate data from modification of the well-known Vicsek model for
collective motion. Using an ABC rejection scheme, we compare the simulated data to the
observational data in order to determine the posterior distribution of the parameters for

each modification.

12
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Similarly, in Chapter [6] we simulate data from the combined sheep model which approxi-
mates the behaviour of sheep in the presence of a predator with solid boundaries. As before
using an ABC rejection scheme we compare the simulated data to the observational data

to determine the posterior distribution for the parameters in this new model.

Part - Conclusions and Appendices

Chapter [7] contains the conclusions and main results of this thesis. It also describes a

number of scenarios that would be good for future work.

Appendix [A] defines a number of mathematical properties which are used in the thesis. It
also describes and shows standard proofs of a number of numerical time stepping methods.
Appendix B illustrates how to calculate the Mahalanobis distance as a way of separating
the background of an image from the foreground. Appendix C contains the trajectory
plots for each of the captured drone videos. Appendix D contains a table of notation and

symbols used throughout this thesis.
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2.1

Detecting And Tracking The
Location Of Sheep Using Drone
Footage

Introduction

In order to evaluate how well a mathematical model mirrors real life, it is necessary to
compare the simulations to real biological systems. The data we need in order to do this
comparison must be in the form of (x, y) coordinates of animals over time, since this is the
form of the data from simulations. In this chapter we will go through the steps we took
to collect our own data; the process of filming a flock of sheep being herded by a quadbike

using a drone and then extracting the coordinates of the sheep using computer vision.

Computer vision is a way of automating tasks that the human visual system can do [82].
The algorithm we used to do the extraction comprises of three stages; the pre-processing
stage is a combination of standard image manipulation processes, the second stage we
employ novel image processing steps that requires knowledge from the previous frames,
the final stage is the extraction stage where we extract the location of the sheep in each
frame. The entire process is demonstrated in Flowcharts and this chapter will go

through each stage individually starting with each step in the pre-processing stage.

A similar process was used by Lukeman et al. [73] to extract the locations of surf scooters
on the surface of a body of water, however in their method using a camera at an angle
over the water some surf scooter go in and out of shot and hence are missing in the dataset
for that period of time. A similar issue was found in the method used by Ginelli et al.
[56]. Therefore their methods were not sufficient for us as we want to know the locations
of the sheep at all times. Croze et al. [3] used computer vision techniques to determine
the density of algae passing through a pipe, however their method did not result in (x, y)-
coordinates of individual agents over time and hence that method was not applicable in

our situation as we require the full trajectories of our agents.

17
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Flowchart 2.1: Overview of sheep tracking al- Flowchart 2.2: Pre-Processing frames
gorithm. algorithm.

We took inspiration from the image segmentation techniques when counting cells in a
petri dish [74H76] and detecting the nucleus of cells [77]. We extended these above com-
puter vision methods to include novel processing steps based on statistical methods, such
as segmentation based on bivariate normal distributions so as to improve the precision
of the determined agent locations, and improved prediction of trajectory paths using a
Kalman filter [83]. The statistical methods introduced reduces the amount of noise in the
resulting agent trajectories and reduces the difficulty in producing consistent results over
long periods of time. The details of the new steps are described later in this chapter in

Section [2.5.1] and Section 2.6l

We combined the above methods to accurately find a fixed number of agents in an image

18



2.2

2.2. Video Collection And Equipment

and track their locations. From this we are able to examine their individual trajectories,
each agent associated with their own (x, y)-coordinates unbroken over time. The datasets
produced using our algorithm are the largest datasets of collective animal motion known

to the author at the time of writing.

Video Collection And Equipment

In this section we describe our experimental setup of capturing behaviour on video. We
observed the herding of large groups of sheep (N > 40) by a quadbike in flat enclosed
fields. We achieved our filming with a DJI Phantom 3 drone equipped with a built in
camera attached to the underside, Figure [2.1 By filming with a drone we are able to
have the camera directly above the sheep. This removes the risk of sheep being obscured
by other sheep due to the camera angle. Similar observational work has previously been
performed where the research team fixed a camera to the top of a tall pole that took a
photo every second. Due to the camera angle, the sheep regularly obscured each other
resulting in all location extraction needing to be done by hand [56, 84]. The drone is
equipped with onboard GPS, allowing it to hover in one location without any input from

the user, providing stable footage.

The drone can fly up to a hight of 120m but at this height the sheep are no larger than
a couple of pixels on the resulting video, so we film as low as we can without causing
the sheep undue stress due to the noise of the drone and the air displacement. Thus a
balanced height is maintained at approximately 90m. The drone can use the on-board
GPS to lower the 120m height restriction if it is flying in an area where drone flight is
restricted, for example, under a flight path. This GPS function is also useful if the drone
gets in trouble. Before a flight starts a location can be set as ‘home’ and if you were to
lose connection with the drone or it were to run low on battery the drone would fly itself
back to the ‘home’ location and safely land [85]. The drone only has a 25 minute battery

life so all flights must be short, we aim to get 2-3 herding sessions with a single battery.

Figure 2.1: The filming equipment consisted of a DJI Phantom 3 with built in camera [85].
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The camera used for filming was the original built in camera. By using the original
camera we did not have to consider the additional weight of a different camera when
considering the battery life of the drone, as carrying heavy loads can cause increased
battery consumption. The camera up shoots in 2.7K (2704 X 1520 pixel image) and films
with 24 frames per second (FPS). This frame rate is sufficient to accurately reconstruct

the sheep’s trajectories.

Description Of Sheep Videos

We have fourteen videos of length varying from 9 seconds to 25 seconds from which we
want to extract the location of the sheep. The filming for all videos was carried out at
a farm outside of the town of Northallerton, North Yorkshire (54.302237, -1.446258) in
the north east of England in June 2018, Figure On the first day of filming it was
bright but with almost complete cloud cover and with almost no wind. This cloud cover
ensured that each sheep could be seen clearly but there were very few shadows that should
have hampered the locating of the sheep. The second day of filming it was just as bright
and cloudy but on this day a substantial amount of wind which caused the drone to shift
during filming. The data extracted from the footage on this day has more noise present.
The farm has a number of large flat fields that we used for filming. The fields were not
completely homogeneous due to a small number of trees near the edge, these can be seen in

Figure[2.2] But as we are interested in the response of the sheep reacting to the quadbike

ssssssss

Glasgow

United ...
Kingdom 7

(a) Frame 0

nnnnnn

ok Liveipool

ENGLAND
campycte

(¢) Frame 300 (d) Frame 500 — S

Figure 2.2: A subset of frames taken from Video 1. The Figure 2.3: Map of the U.K. showing
sheep can be seen moving from left to right across the the location of the farm used for our
image and then up towards a large tree. experiments [86].
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we trimmed each video to contain only the parts where each sheep is clearly visible.

The height we film at is fixed at 90m so that the size of the sheep in the images is
approximately constant. In Videos 1-7, 10-14 there are 44 white sheep and a singular
black sheep, giving N = 45, that are always in the view of the camera. In Videos 8 and
9 there is a different flock of sheep, this time containing 88 white sheep. In Video 1 the
sheep start approximately stationary, Figure [2.2a] but most are facing toward the centre
of the field. The farmer is initially behind a few trees where it is out of sight of the sheep
and so it is the noise of the quadbike which makes the sheep move. The sheep move from
the trees at the edge of the field towards the centre, Figure The sheep pause when
they get used to the noise quadbike before they can see it and then start moving away
from the bike once it gets in sight, Figure [2.2c, The farmer herds the sheep up towards
the larger tree at the top of the field, Figure [2.2d]

Image Manipulation: Preprocess Stage

The locations of the sheep can be extracted from each frame using image manipulation
and image segmentation tools, the algorithm is depicted in Flowchart 2:2] We initially
split the video into the original frames. There are a number of standard ways to do this:
programs such as VLC player allow you to save a video as frames; or you can convert a
video into a set of still images using command line tool, such as ffmpeg; or you can load
the video the majority of modern programming languages and from there loop through
each frame. We chose the latter of these methods because we want to have a single work
flow. We use Python 2.7 [87] with the numpy 1.13.1 [88] package and load the video into
memory using the OpenCV package [89]. A subset of these frames from Video 1 can be
seen in Figure 2:2]

The extraction process starts by passing each of the frames from the video through a
number of image manipulation steps. These are essential to reduce the noise in the image,

leaving a much simpler image to work with.

Colour Image Format

Each of our extracted frames is a colour image, with three colour channels: red, green and
blue. Each pixel (7, ) in the image has three numeric values, F; ; = (R;j, Gi j, Bi j), so a
colour image can be thought of as a 3D array. In an RGB image the range of values each
colour can take is conventionally limited to integers that lie between 0 and 255 inclusive
giving 28 possible values per colour channel. This convention arises so that a single channel

can be easily represented by a single byte in memory. However, when discussing the values
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Greyscale value, 0-1

Colour RGB Value Weighted sum Gamma Correction, y =5
White (255, 255, 255) 1 1
Black (0, 0, 0 0 0
Red (255, 0, 0) 29.9 0.33
Green (0,255, 0) 0.59 0.33
Blue (0, 0,255) 0.11 0.33
Orange (255, 120, 0) 0.58 0.34
Purple (120, 0,255) 0.25 0.34
Yellow (255, 2565, 0) 0.89 0.66

Table 2.1: A selection of different colours with the equivalent RGB values and greyscale values
using a subset of methods.

of RGB in this document they will be rescaled to lie in the range 0-1 to make comparisons

easier. Table 2.1l shows a number of observed colours with their RGB values.

Converting To Greyscale

To make manipulating the image easier the first step is to convert the image to greyscale.
This reduces the image to a 2D scalar array, where value J; j is the value of the pixel in the
greyscale image, J, at position (i, j). There are a number of conversion methods available
and in the following section we will investigate some of the more widely-used of these
methods. The value of a pixel in a greyscale image varies from 0 to 1, which is equivalent

varying from black to white.

(a) Original colour image.  (b) Weighted average greyscale
image.

Figure 2.4: Converting an image of Tynemouth priory from colour to greyscale using a weighted
average of the three colour channels; red, green and blue [90].
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Converting To Greyscale Using A Weighted Average

The default method is to take a weighted average of the three colour channels. Given a
pixel in the RGB image, J;; = (R;j, G;j, Bi ), the corresponding pixel in the greyscale

image is calculated using
j,',]‘ =0.299 X R,‘,]' + 0.587 X Gl',]' +0.114 x Bi,j- (2.1)

The weights shown here are the ones used by OpenCV [89] and Matlab [91]. Given that
each colour channel is given a different weight when calculating the average two objects
that look equally as bright (e.g. the grass and the sky) can look quite different after
conversion. This is because this method of conversion does not retain luminance, meaning

that bright areas can get dulled to a pale grey.

Examples of a number of RGB colour values converted to grey using this method can
be seen in Table 2.1} An example of converting a colour image to greyscale using this
method can be seen in Figure 2.4l Even though this method does not retain luminance, it
does retain many features of the image. In Figure [2.4b| one can still see definition in the

stonework of the priory and some of the texture of the grass.

Converting To Greyscale By Using A Single Colour Channel

Another common method is to use one of the three colour channels. That is that given

that the colour is is J; ; = (R; j, Gi,j, B; ;) the greyscale image becomes

R;,; if red channel is chosen,
Jij = Gi,]- if green channel is chosen, (2.2)

Bj; if red channel is chosen.

(a) Red colour channel. (b) Green colour channel. (c) Blue colour channel.

Figure 2.5: Converting an image of Tynemouth priory to greyscale by using just one of the three
colour channels; red, green or blue [90].
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(a) Difference: R — B. (b) Difference: G — B. (c) Difference: R —G.
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Figure 2.6: The six different combinations of calculating the difference between two of the three
colour channels in an R, G, B image.

Depending on which channel you choose you can get drastically different results. Figure[2.5]
shows the differences of extracting each of the three colour channels of a single image of
Tynemouth priory [90]. The sky significantly differs in each of the three images. In
Figure the sky is darker than in Figure but the main difference comes from
looking at the blue channel, Figure In the image of the blue colour channel, the sky
appears almost white. This is because the value of the pixels for the sky in RGB space
will be close to (0,0, 1), so when we look solely at the blue colour channel the sky have
a value close to 1, which is the colour white. Therefore it becomes harder to distinguish

between the sky and the clouds.

Converting To Greyscale By Calculating The Difference Between Colour Chan-

nels

An alternative to selecting just one of the colour channels is to use the difference between

two channels. That is the greyscale pixel takes the value
Ji,j = Fijk — Fiji (2.3)

where F i € {Ri,j,Gi,j,Bi,j} but k # I. With a three channel image there are three
different combinations you can calculate, and their negatives. The values this method
returns are not guaranteed to be between 0-1 so they have to be rescaled to fit into

this range. Figure [2.0] shows the effects of calculating the six different combinations of
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Figure 2.7: The curves of x” where y ranges from 0.05 to 100.

differences that can be made from an RGB photo of Tynemouth priory [90]. Figures f
are the negative images of Figures [2.6alc respectively.

Using Gamma Correction When Converting To Greyscale

Following from the method where a weighted average is used, we can take a transformation
of each colour channel then take the average of the modified channel. The transformation
method we use here is known as gamma correction [92]. Gamma correction can make
shadows darker or lighter depending on the size of parameter, . Gamma correction can

take many forms [92], here we use one of the simplest cases, a power-law expression:

Vour = AV (2.4)

Setting A = 1 Figure shows the effect of gamma correction on a linear input between
0-1. When gamma = 1 no change to the input occurs. When y < 1 the input is distorted
so as to emphasise values. Similarly when y > 1 the input is distorted so as to diminish
the values. This distortion follows a power law. The overall effect is to increase or decrease

the average value whilst maintaining a continuous smooth output between 0 and 1.

We can see how the image changes as y varied from 0.1 to 10 on the greyscale image
in Figure @ When y < 1 the image gets much brighter as the pixel values get lifted
to 1, Figs If y gets too small then features start to disappear as everything
goes to white. When we have y = 1 we return to our original image, Figure 2.8d, When
y > 1 the shadows get emphasised to the point that features can start to disappear. In
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(a) Transformed using y =0.1 (b) Transformed using y =0.2 (c) Transformed using y =0.5

(d) Original image, y =1 (e) Transformed using y =5 (f) Transformed using y =10

Figure 2.8: The effects of gamma correction on a concert photo with lots of shadows. When y <1
the shadows become lighter, the crowd becomes clearer but the keyboard player becomes washed
out by the lights. On the other hand when y > 1 the shadows become much darker to the point
when y > 5 the crowd can no longer be seen and when y = 10 the keyboard player also starts to
vanish [93].

Figure the crowd is almost completely obscured. This is due to the pixels value now
all being crushed to 0 instead of lifted to 1. When the y value gets high enough most of
the features practically vanish and we are left with an image showing where the spotlights
were. Gamma correction is used in encoding and decoding luminance or tristimulus values
in video or still image systems [92]. The standard value for gamma when encoding is 0.45,
this compresses the image. For decoding the image the standard value is 2.2, this will

expand the image.

Converting To Greyscale By Calculating The Product Of The Three Colour

Channels

Another more unconventional method for converting the colour image to greyscale is to
multiply the colour channels together, that is, given the pixel has RGB value of ¥;; =

(Ri,j, Gi,j, Bi,j), the same pixel in the greyscale image will obtain the value
Ji,]' = (Ri,]' X Gl‘,]' X B,‘,]'). (2.5)

This works similarly to the gamma correction in that the darker pixels get crushed towards
black whereas the brighter pixels get lifted in the direction of white. Figure [2.9 shows the
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Figure 2.9: The resulting image of calculating the product of the red, green and blue colour
channels.

effect of converting to greyscale using the product of the three colour channels on an image
of Tynemouth priory [90]. While most of the image has been darkened, the bright areas

(such as the clouds) stand out clearly in white.

Converting Drone Images To Greyscale

In this section we will go through all the conversion methods mentioned in Section
and discuss if the method is suitable for use when looking at the frames from the drone
footage. Kach of the methods will use the same colour image taken from Video 1 for

conversion.

The first method is a weighted average of the colour channels to convert to greyscale.
When converting the drone image the loss of luminance reduces the contrast between the
sheep and the grass, Figure This contrast is vital in determining what is sheep and
what is grass when looking solely at the values of the pixels. Despite the loss of luminance
this method is very good at preserving the features of the image; a human could still locate

each sheep in the image.

When using just one of the colour channels we have to decide which channel to choose. It
is best to choose the colour channel which retains the most information. In this case we
would choose the blue channel over the other two because the external objects, such as
the fence bounding the field, becomes much less pronounced while preserving a lot of the
features of the sheep without too much distortion, Figure This method retains the

original contrast between the sheep and the grass.

Converting to greyscale by calculating the difference between colour channels removes most
of the features, including some of the sheep, so this method cannot be used for detecting
the sheep in the images. Figure shows the difference between the green and red
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channels. However, when trying to extract the location of the quadbike this method gives
the best results, Section [2.9.2] This is because the quadbike is red and the surrounding
grass is green, so when the difference between green and red is rescaled to lie between 0
and 1 an image of the silhouette of the quadbike is left behind.

When using gamma correction with the images from the drone we set the parameter
A = 1/255 in order for the pixel values to be rescaled to the range (0 — 1). We then set
the gamma correction parameter be y = 1.3. As shown in Figure a gamma value of
this size subdues most of the dark elements, the grass, to black leaving only bright sheep
behind. This is useful as it returns a large contrast between the sheep and grass and still

preserves details such as the shape and size of each sheep.

(a) Full colour image. (b)  Using a weighted average (c) Extracting the blue channel
of the 3 colour channels. from the colour image.

(d) Calculating the difference (e) The average of the (f) The product of the three
between the green and the red colour channels transformed us- colour channels rescaled to lie
colour channels. ing gamma correction, y = 1.35. between 0 — 1.

Figure 2.10: A frame from Video 1 cropped to show just the area containing the sheep converted

to greyscale using Equations (2.1))—(2.5).
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Converting to greyscale using the product of the three colour channels has a similar effect
to using gamma correction. So it is not a surprise that we obtain similar outcomes to
converting the drone image to greyscale using these methods, Figure 2.10f The potential
issue with this method is that some of the sheep decrease in size making them harder to

locate in the image.

Selecting A Method

To quantitatively determine which of these methods is best to use, we look at the kernel
density of each of the resulting images. Figure shows that the resulting distributions
are bimodal. Each peak represents the two main objects in our images; the grass and the
sheep. In order for us to remove the background we want to be able to find a suitable
cut off point where all pixels with values less than that value are grass. The further apart
these peaks are the easier it is to find this value and therefore, the easier it will be to
separate the sheep from the grass. The method that will be most useful for detecting the

sheep will be a compromise between peak separation and features retained in the image.

The method with the most separated peaks is the difference between green and red chan-
nels, however, as mentioned earlier this method is not feasible for the detection of sheep,
by human or computer vision, due to many features being lost. This compromise cannot

be made.

The next best methods due to peak separation in the kernel density plot is gamma cor-
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Figure 2.11: Kernel density distributions of the 5 methods use to make the greyscale images in
Figure [2.10] plotting on a log axis. The each distribution appears to be bimodal, representing the
grass and the sheep.

29



2.4.4

Chapter 2. Detecting And Tracking The Location Of Sheep Using Drone Footage

10%
g — V=
: )/:].5
1 —y=2
107 ¢ —y =25
_’)/Z
e
‘7100 |
] =
O |
A 1
1071 1
1072

— Lol

| |
0.2 0.4 0.6 0.8
Greyscale Value

S

Figure 2.12: Kernel density distributions of the drone image converted to greyscale using the
gamma correction method for several values of y. The distribution shifts in the negative x direction
as y increases. The distance between the two peaks does not change when y > 1.

rection or using the product of the three colour channels. They both have a large narrow
peak at the small greyscale values and a smaller peak at the higher greyscale values. The
area between the two peaks represents areas where it is unclear whether the pixel belong
to a sheep or part of the grass. In the image this could be areas where grass has reflected
more light than expected or shadows cover part of the sheep. Since the value of y effects
brightness of the sheep it is also worth looking at the kernel density plot of the greyscale
images for multiple gamma values. Figure shows y effects the location of the two

peaks but the distance between them remains approximately unchanged.

The kernel density distribution for the blue channel and for the greyscale image created
using the weighted average method also have two very well defined peaks, but since the
distance between them is smaller then the gamma correction or product methods, these

methods might not perform as well.

Due to the slightly increased distance between peaks we conclude that the method of taking
the average of the colour channels that have been transformed using gamma correction is

the best method to use in the case our drone images.

Thresholding An Image

Now that the image is greyscale we can pass it through through two thresholds, as we
want to classify each pixel as belonging to the background grass or the sheep. The first
threshold replaces all pixels with a value less than f; with the value v; and the second

replaces all pixels with a value greater than t, with v,. Therefore for the value of the
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(a) The original (b) A lower threshold: (¢) An upper thresh- (d)  Both lower and

greyscale image of a replaces all pixel values old: replaces all pixel upper thresholds at
grey and white cat lower than 0.35 with 0 values higher than 0.65 0.35 and 0.65
with 1

Figure 2.13: The effects of doing two thresholds on a greyscale image of a cat [94]; one to replace
the smaller values with 0 and one to replace the higher values with 1.

pixel at coordinates (i, j), in the thresholded image ji,]-, gets calculated using

0] Jz‘,]' <ty

Jij =97 t1<3ij<ty, (2.6)

vy Jij >ty

where J; j is the value of the pixel before the thresholding, i.e. the value of the pixel in the
greyscale image at (i,j). Figure shows the effects of doing these steps on a picture
of a grey and white cat [94] where the lower value is v; = 0, black, and the upper value is

vy, = 1, white.

The values of the threshold are obtained from the kernel density plot of values in the
greyscale image. Figure shows the histogram of the values in the image created by
the gamma correction methods mentioned in Section [2.4.2] The lower threshold should be
set to be at the base of the first peak. Most of the points with a value less than this will
be grass and so we can set them to 0 — black. The second threshold should be set at the
base of the second peak where the density starts to increase, since the second peak is the
pixels covering the sheep. Pixel with values greater than this are set to 1 — white. This
idea is similar to the logic behind the Otsu method [95].

To determine the values of these thresholds we fit a Gaussian mixture model; hence we
assume our data consists of a weighted sum of Gaussian distributions. Since our data has
two well defined peaks that are joined together with an area of uncertainty we try fitting
a Gaussian mixture model with 3 distributions, Figure 2.14, We set our first threshold
at a high percentile value of the lowest distribution (somewhere between 95% and 99.9%)
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Figure 2.14: Histogram of the greyscale value in Figure Figure 2.15: The effect of an

Overlaid are the resulting 3 normal distributions after fitting upper and lower threshold on
a 3 component Gaussian mixture model, ((-), (-), (-)) and the the greyscale image produced
mixture model itself (-). The vertical lines represent the 95% in Section leaves only a
percentile for the lowest distribution (--) and the 5% percentile small proportion of grey pix-
for the highest distribution (--). els.

and the second threshold, t,, at a lower percentile of the third distribution (somewhere
between 1% and 40%). We call the percentiles chosen p, and py, for the upper and lower
thresholds respectively. By setting the values of ¢; and t, to be at a fixed percentile, p;, and
pt, respectively, the values of ¢; and t, are dynamic, as the distributions of the greyscale
values will change over the course of the video but the percentiles remain constant. The
algorithm automatically changes the values of {; and ¢, through time as the image changes,

as it is able to react to how bright the image is.

Determining Parameter Values Using A Simulation Study: y, p;, ps,

Since the location of the peaks are dependent on y when converting to greyscale we
completed a simulation study to determine which were the optimal values for y, p;, and
pt,- The values mentioned in this section refers the parameter values for Video 1. We ran
our tracking algorithm for 20 frames and observed whether the correct number of sheep
were identified. For a single value of y we investigated 6 values for p;, and 5 for p;,. We

test more values for py, since the distribution for the smaller values has a greater variance.

For each y =1,1.025,...,2.475,2.5 the proportion of parameter combinations that iden-
tify the correct number of sheep can be calculated. The plot in Figure shows that
all values of y < 1.6 have a proportion of 50% or greater. The value selected for gamma
correction should be in this range ensuring that the locations outputted from the algo-
rithm are consistently placed in the centre of each sheep. For Video 1 we chose the value

of y = 1.5 since as the sheep become more tightly packed, a large gamma value ensured
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Figure 2.16: The proportion of p; and py, Figure 2.17: Percentile combinations that cor-
values that correctly identify 44 sheep in the rectly identify the 44 sheep are shown in blue

first 20 frames of Video 1 for each y value, otherwise are shown as white for y = 1.25.
pr, € (95%,99%, 99.25%, 99.5%, 99.75%, 99.9%)  Here 83% of the combinations tested obtained
and py, € (1%, 10%, 20%, 30%, 40%). the correct number.

that the sheep could still be correctly identified.

Once the value of y is fixed we can then establish the value of p;, and py, for the upper
and lower thresholds respectively. For a single y value we can produce a plot of which
percentile values identified the correct number of sheep and which did not, Figure
For the percentile for the lower threshold the range of values that identify the correct
number of sheep is from 99% to 99.9% so we set the parameter p;, to be the mid point
pt, = 99.5%. Similarly for the upper threshold, p;, is set to be the midpoint of the values
that identity the correct number of sheep, i.e. py, = 20%.

Blurring An Image Using A Gaussian Blur

Once an image has been simplified using a threshold, the image is blurred using a Gaussian
blur. A Gaussian blur is the convolution of a Gaussian function with standard deviation
o¢ centred on each individual pixel of an image. The new value of the pixel at (i, j), j(;m,

can be calculated using

i+L  j+L

~ _ 1 _(i*2472) /252

o= 3 5 dl (ot -
ix=i-L j*=j-L G

where L = (€ — 1)/2.

A Gaussian blur reduces high frequency white noise from an image but while doing this
it also obscures some of the finer detail. The Gaussian blur has two parameters that need
to be set; the width of the kernel, £g, and the standard deviation of the kernel, 0. There
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(a) ¢g=5,06=2 (b) €g=13,06=2 (¢) €g=5,06=20 (d) {g=13,06 =20

Figure 2.18: Effect of the Gaussian blur when varying the kernel size, {g, and standard deviation,
0G.

are restrictions on what values the width of the kernel can take. 1) It must be a positive
integer. 2) It must be odd. The first of these restrictions ensures that that the resulting
kernel can be represented as an €g X g matrix of values. The latter ensures that the
kernel has a well defined centre, making it easy to place the centre of the kernel over each
pixel in the image. When €g = 1 the Gaussian blur has no effect as this is equivalent to a

weighted average of just one value.

Given that most of the noise gets removed by the threshold only a small width is required,
{c € {3,5,7}. For Video 1 the value og = 5 is used. Since the kernel size is small and
the image is close to binary the effect of the size of the standard deviation is minimal;
one would have to look at the individual pixel values to see a difference, however, when
looking at a large kernel size the effect of the standard deviation is much clearer. The

larger the value of o the more obscured each sheep gets, Figure [2.18]

13
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Figure 2.19: Combinations of the Gaussian blur parameters, g and o, that correctly identify the
correct number of sheep are shown in blue otherwise are shown as white.
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Determining Parameter Values Using A Simulation Study: (g, og

Using a similar method to when determining the parameter values for the threshold we
use a simulation study to determine the value of the parameters used in the Gaussian
blur. We ran our tracking algorithm for 20 frames observing whether the correct number
of sheep were identified while varying the values of €z and ¢g. Since we are now only
changing two parameters we can display the full parameter sweep in one plot, Figure [2.19
The figure shows us that when £g is small i.e. €g < 9, the value of og does not alter
the number of sheep detected. This is because the size of the filter limits the impact of
the strength of the blur. Looking back at Figure [2.18 we can see that effect of increasing
the filter size from fc = 5 to {g = 13 whilst keeping the strength of the blur constant
at 0g = 2, has a greater impact than increasing the strength of the filter from og = 2 to
0c = 20 and keeping the size of the filter restricted to £ = 5. However, when the filter
size is larger £g = 13 you can see that increasing the blur strength from og = 2 to og = 20

the effect is much bigger.

This plot shows that the value of g with the highest proportion of simulations where the
correct number of sheep identified is £ = 5. When using this value for €z we can then

select the value for og.

There are 3 values for og that have highest proportion of simulations where the correct
number of sheep were identified, og = 1.5,2,2.5. Therefore we select the mean to help
reduce the chance of under blurring the image or over blurring the image as time goes on
as both of these could result in the tracking algorithm failing due to the wrong number of

sheep being detected.

N s O 0

0

Figure 2.20: Schematic of the maximum filter a) original image where black is 0 and as the colour
increases brightness the value increases b) maximum filter with £ = 3 ¢) maximum filter with
=5
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(a) €pm=3 (b) €m=5 (¢) €pm=13

Figure 2.21: Effect of the maximum filter when varying the kernel size €p;. As the kernel size
increases the features retained by the image decreases, to the point where the original subject of
the image can be lost.

Blurring An Image Using A Maximum Filter

After the Gaussian filter has been applied, it is then manipulated further using a maxi-
mum filter. This filter is important since it reduces the chance of a silhouette of a sheep
fracturing into many parts. This filter replaces each pixel with the maximum value of its
neighbouring pixels within a kernel size, £3;. A demonstration of the maximum filter can
be seen in Figure[2.20] Similar to the Gaussian filter the maximum filter has a kernel size,

€pr. The larger the kernel size the more distorted the image becomes.

The new value of the pixel at (i, j), ij, can be calculated using
jMw- = max(jc,;yf). (2.8)

where i* =i —((p—1)/2,i—(Em—1)/2+1,---,i+({m—1)/2—-1,i+ (€ — 1)/2 and
J=j-CMm-1/2,j-(m—-1)/2+1,---,j+(m—-1)/2-1,j+(m—1)/2.

When looking at the image taken after applying the Gaussian blur, and performing the
maximum filter with varying sizes of €)1 (Figure we can see that in order to preserve
a realistic shape and size of the sheep in the image we need €j; to be small, i.e. €)1 < 13.
For Video 1 we set €)1 = 3 so that as many features as possible are retained in each of the

images.

(a) Fractured sheep (b) Gaussian blur: (c) Maximum filter:
silhouette lg=505=2 =3

Figure 2.22: The effect of the maximum filter on a sheep silhouette which fractures into two distinct
parts during the first threshold.
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(a) Gaussian blur: (b) Maximum filter:
lg=505=2 v =3

Figure 2.23: The differences between the result of the Gaussian blur and the following maximum
filter may not visually be that different. But without the maximum filter the process of extracting
the location of the sheep becomes much trickier.

The combination of these two filters helps reduce the chance of the sheep silhouettes
fracturing into multiple parts. This can happen when shadows obscure part of the sheep
and when the image is passed through the thresholding procedure these darker areas are
incorrectly identified as background. An example of a sheep silhouette fracturing into two
part, then being but back together using the Gauss and Maximum filter can be seen in
Figure The differences between the image after the Gaussian filter and after the
maximum filter may be small and hard to see visually (Figure but we find that the
ability to detect the sheep using computer vision without the maximum filter is much

tricker.

Determining Parameter Values Using A Simulation Study: £y

Since we are now only looking to determine one parameter value we can look at the number
of sheep identified for each value of €js in the range 1,3,5,7,9, Figure As discussed
in the previous section, if €31 get too large then the image gets highly distorted and the
sheep cannot be identified. Figure shows that when €j; > 3 the algorithm fails to

detect some of the sheep.

We therefore have the choice between two values for the kernel size of the maximum filter,
{pm = 1,3. However, a value of €)1 = 1 is equivalent to the maximum filter being removed
from the process. So therefore since we do not want to risk the silhouettes of the sheep

fracturing into multiple parts we chose €)1 = 3.

Both the image after converting to greyscale and the image after the maximum filter has
been implemented get passed on to the extraction stage of the algorithm. The result from
the maximum filter allows us to deduce the approximate area of the image the sheep are
in, and the image from the greyscale image retains a lot of this original information so

therefore is useful for extracting precise locations of the sheep in the image once we have
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Figure 2.24: The number of sheep identified for a small number of €3 tested. When €3 = 1 the
maximum filter is effectively not used as you would be selecting the maximum of one value.

the approximate location from results using the maximum filter.

This is the end of the pre-processing stage of the algorithm to detect and extract the

locations of sheep in drone footage.

Image Manipulation Using Prior Information

In the previous section we focused on processing techniques on single images in isolation.
The locations of the sheep in each frame are highly correlated through time, so we can
use the information we have from previous frames to inform our processing of the image,

and subsequent location extraction.

Predicting Locations Using Kalman Filter

From Flowchart the next step is to predict the locations of the sheep and then if
necessary use our predictions to filter the image further. Since there is some noise in the
previous detected locations (i.e. the location is not always in the centre of the sheep) a
Kalman filter [83] is used to predict where the sheep will be next. The Kalman filter is

based on a linear time-invariant dynamical system of the form:

z;,, = Az} +wy, (2.9)

zr+1 = Hzj + vy, (2.10)

where z; is the underlying state and z; is the measurement output at time t. The matrix
A is known as the state transition matrix and it controls the typical expected behaviour

of the state variables. The other matrix in the system is H, the observational matrix, and
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it maps the true state space to the observed space. The final two terms, w; and v;, are
noise terms in both the process and the measurement and are given the bivariate normal
distributions N (0, Q) and N(0, R) respectively, where Q is the dynamical covariance matrix
and R is the measurement covariance matrix. The initial state and the noise vectors are

assumed to be mutually independent.

It is assumed that the underlying state has four components, the x, y component of its
location and the x, y components of its velocity. We also assume that it is not possible to

measure the underlying velocities so the measurement has the form
T
Zy = (Zx,t,Zy,t) .

To formulate the transition matrix, A, we write approximate equations to describe the
behaviour of the system. We relate the location of a sheep at time f + 1 to the location
and velocity of a sheep at previous time f. We make the simplification to assume that
a sheep moves at constant velocity. As such the acceleration and higher order terms are
0 and so we can use an Euler time step, Section to approximate the position of a
sheep at time t + 1.

Therefore our equations are

* — * ¥
Zx,t+1 - Zx,t + Zx,t/
* —_ * . X
Zy,t+1 - Zy,t + Zy,t'

o % ok
Zx,t+1 - Zx,t/

o o
Zy 41 = Zy b

Hence A takes the form

o O O =
o O = O
S = O =
_ O = O

Similarly looking at the equations for the observations

*

Zxt = Zy
—_ *

Zyt = Zy
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it is possible to extract the form of H,
1 000
H= .
01 00

The covariance matrix for the dynamical noise here is:

00 0 0
00 0 0
Q=150 02 o
qu

2
00 0 o

i.e. we assume that the noise only affects the velocity of the sheep rather than the position.
This noise in the velocity is what causes further small deviations in the position of the

sheep in addition to the dynamical process.

The covariance matrix describing the distribution of measurement noises can be written

0,2 o

r r1,7r2

R = 1 p
Orira 042

where 0, and oy, are parameters in the model.

as

The Kalman filter has two stages: a time update stage and a measurement update stage.
The first of these gives us a prediction for the current point and what the predicted

covariance matrix looks like. The equations for this are

Zt = AZt, (2.11)
P, = AP AT +Q, (2.12)

where z; is the state estimate and P; is the state covariance estimate based on previous

locations and the previous estimated state covariance,

Ox,x,t Ox,yt Oxaxt Oxit

Ox,yt Oyyt Oyxt Oyt

Py
Ox, it Oyit Oxxt Oxyt

Ox,yt Oyt Oxyt Oyt

The second stage takes the estimated values and covariance of the underlying state at time

t and uses the measurement taken at time ¢ to give a better estimate of the current state.
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This starts by calculating the Kalman gain
Ki = P;HT[HP:HT + R]™". (2.13)
which is then used to give the improved value of the underlying state estimate at time ¢

Zpy 1 = %t + Ke(zre1 — Hzp). (2.14)

The final step is to update the state covariance similarly to above

Pt+1 = [I - KtH]Pt (215)

The resulting predictions, zy, are calculated by passing all locations up until time ¢ into
the filter as the measurements and then using Equation (2.11) to give a prediction on

where to expect the sheep next.

We define the measurement covariance matrix R using the size of the sheep, i.e. we assume
our measurement location could be placed anywhere on the silhouette of the sheep. The
dynamical noise covariance matrix is similarly defined in relation to the size of the sheep,
we set 0?,1 and 032 to be 1/4 of the size of the sheep in the x direction. We use the full
size of the sheep for R and only 1/4 of the size of the sheep for Q because we expect more

noise in our measurements than in the underlying model.

To show these assumptions are correct we completed a simulation study where we simu-
lated two silhouettes of different sizes moving towards each other. The silhouettes were
created by calculating the probability density function for two bivariate normal distri-
butions. The contour plot of these distributions and the resulting image can be seen in
Figure This can be converted into a binary image by converting areas where the

density had a value greater than 0.5, to white, and areas where the value of the density

(a) Contour plot. (b) Greyscale image.

Figure 2.25: The p.d.f. of two bivariate normal distributions.
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is less than 0.5 to black. This allows our simulated silhouettes to merge as they get close

just as the silhouettes of the sheep in a data videos do.

The mean of each distribution is changed over time where the velocity is subject to normal
distributed noise, with a small variance. We set the distribution at the lower left to move
upwards and right, and the distribution at the top right to move down and left. Figure[2.26]
shows the movement of the two simulated silhouettes and their eventual merging. The
green markers in this figure show the result of using the Kalman filter, with the parameters
mentioned above, in our algorithm. When the silhouettes first start to move the Kalman
filter still contains a lot of noise from our initial state so the algorithm without the filter is
more accurate. However, after only 3 time steps have passed the algorithms now give the
same results. When the two silhouettes merge at t = 7 the algorithm without the Kalman
filter no longer performs as well as the resulting fitted mean is further away from the true

value, shown in red.

The Prediction Filter

The predictions from the Kalman filter are used to create a filter that removes any areas
of where sheep are not expected. The prediction filter is created by fitting a bivariate
normal distribution centred on each of our predictions. Each distribution has a covariance

matrix so that the spread of the distribution is similar to that of the size and shape of

(a) t=1 (b) t=2 (c) t=3 (d) t=4

(e) t=5 (f) t=6 (g) t=7 (h) t=8
Figure 2.26: Two simulated sheep silhouettes moving towards each other until they merge. The red
point shows the mean of the distributions used to create the silhouette, the blue are the resulting
means from running our sheep tracking algorithm without the Kalman filter, and the green is the

resulting mean of running the algorithm with Kalman filter implemented. There is no green marker
for t = 1 since the Kalman filter requires an initial velocity.
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each sheep.

To determine the size and shape of the sheep, we take a single silhouette and extract
a large number of points from each pixel. We want the coordinate of each pixel to be
extracted E, times, where E, is proportional to the value of the pixel in the greyscale
image. This will result in a high density of points where the image is white, where the
sheep is, and a low density of points where the image is black. By taking the covariance
of these points we obtain a matrix that can be used to describe the size and shape of the

individual sheep. We can calculate the covariance of them using

o[ R enE S pn
)

= o - (2.16)
%ZT Px,iPy,i — PxPy %ZT P;i _Py2

where 7 is the number of points we extract from the silhouette and C; is the resulting
covariance matrix for sheep j. This procedure is repeated for each sheep, the resulting

bivariate normal can then be overlaid on the original image to produce Figure

To use this filter we sum each of the distributions together to produce a prediction image,
Figure [2.28 This image is then multiplied by the image produced by the maximum filter.
This is our final chance for removing extraneous objects before converting the image to
binary. This is done by running it through a final threshold but this time all points with
a value more than t, get set to v, = 1 and all with a value lower than ¢; are set to v; = 0,
where t; = t,,, Figure [2:29

Figure 2.27: A probability density function of Figure 2.28: The prediction filter obtain by
a bivariate normal with mean set as the pre- fitting bivariate normal distributions to each
dicted location of the sheep and covariance set predicted location.

to be the size of the sheep.
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Figure 2.29: The binary image, showing a number of sheep silhouettes.

2.6 Extracting Locations From Each Silhouette

The binary image is used to find sheep in the full image. However, it does not contain
enough information to give accurate location values. Therefore, each silhouette is consid-

ered individually so that only the local features are taken into account.

When we look at each silhouette individually we start by determining the number of sheep
that are contained within the silhouette, as each silhouette may not contain only one sheep.
To do this we look at the predicted points and count the number of points that lie within
the silhouette.

In the previous section we discussed extracting points from pixels within a silhouette that
depended on the value of the greyscale pixel. We repeat that process here, but this time we
fit a two dimensional gaussian mixture model to the points. This is the same process from
Section where we fit a one dimensional mixture model to the greyscale value pixel
value. Whereas before we knew the number of components needed for the mixture model,
here we have to use the number of predicted points within the silhouette to determine the
number of components our mixture model requires. Doing this we obtain a mean for each

component which we take as the location of that sheep.

The final step of the extraction process is to match up locations through time. So that if
necessary we could follow a single sheep though the full video. The Hungarian algorithm
was designed to connect two sets of points together by minimising the cost of doing so.
Here we set the cost to be the squared distance between the locations at time ¢t and the
locations at time t + 1. We square the distances to ensure that the correct sheep are
matched together. Figure shows the trajectories of the sheep in Video 1.
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25 m

Figure 2.30: The trajectories of the sheep over 323 time steps in Video 1

2.7 Accounting For Drone Movement

In some of the drone videos the camera does not stay at a fixed location or angle, as it is
in Video 1. This is due to stronger winds and the drone following the sheep on the ground
to keep them in view. In these videos before detection can take place we must stabilise
the footage in order to minimise the amount of movement of the sheep that is down to
the movement of the drone. The OpenCV package has many builtin functions to allow us

to achieve a more stable video.

To initialise the stabilisation we use the goodFeaturesToTrack function, to which we pass
the greyscale image, the number of features we wish to track ny, the relative quality of
these features (g;), the minimum distance between features and finally an image mask
to define where we want these features to lie. This last part is the most important, we
want the stabilisation code to focus on areas of the images which are not moving. This
function works by finding the most prominent features in the specified image region using
the method described in the paper by Shi and Tomasi [96]. Their method contains the

following steps:

1. For each pixel (i,]) in the region of the image defined by the mask, calculate the

quality measure, Q; ;.

2. Then perform a non-maximum suppression, where only the local maximum in a 3 X3

neighbourhood gets retained.
3. Points where Q; ; < (g1 X max{Q; ;}) are rejected.

4. The function then removes points for which there is a stronger point within the

minimum distance.

5. Finally only the ny points with the highest quality measure are returned to the user.
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(a) Raw image: frame 0 (b) Raw image: frame 150

(c) Stabilised image: frame 0 (d) Stabilised image: frame 150

Figure 2.31: The effect of stabilisation on frame 0 and frame 150 of Video 8

For the first frame we only run this initialisation and add a border around the image
to allow for subsequent movement, Figure 2.3Ta] For all subsequent frames we have
a few calculations to perform. We need to see how many of the points detected by
goodFeaturesToTrack can still be seen. We can then calculate the rigid transforma-
tion matrix using the estimateRigidTransform function, which describes how the new
image should be rotated with respect to the previous frame. We also calculate a trans-
formation matrix to describe how much the image has been warped using warpAffine,
in our footage this could be due to the drone filming from a slightly different height or
angle. Using matrix multiplication we can then rotate, resize or shift the raw image from
the drone to give us stable footage. If we were to lose more than a third of the points
identified in the initialisation due to camera shift, we can reinitialise using the first frame

where the number of tracked points dropped below this threshold.

Transforming Extracted Coordinates

To convert the distances and locations from the reference frame of the size of pixels to
length scales with units meters, we exploit the fact that a stationary car can be see
throughout Video 1 and since all the footage was shot from the same height we can
assume that this conversion works for all thirteen videos. Figure [2.32] shows a frame from

Video 1, at the top of the image, a car can be seen parked up at the side of the road.

Using the graphical interface of Python we can crop the image down to show just the
car, Figure [2.32b] We calculate the width of the resulting image to be 85 pixels and from

manufacturers we can get the length of the car, 3992mm [97]. So we calculate that there
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o WS
0 500 1,000 1,500 2,000 2,500 680 700 720 740
Pixels Pixels
(a) A car can be seen parked up at the side of the (b) By showing just the car we can extract the length

road, shown circled in red. of the car in pixels.

Figure 2.32: We use the known size of the car shown in the frames to convert the lengthscales from
pixels to meters.

is approximately 3992/85 ~ 47mm per pixel.

Extracting Other Features Of The Fields

The white sheep are not the only things we need to locate in the video for comparison with
the mathematical models. We also need to track any black sheep, and anything acting as
a predator, such as the quadbike or the farmers. We also require the location of any solid
boundaries the sheep may encounter, hence we need to extract the location of the fences
and trees. In the following sections we will describe the extraction process for these other

features.

The Black Sheep

Detecting and consequently extracting the location of the black sheep in the drone footage
works in similar way to that of the white sheep. At the start of the process of detecting and
tracking the white sheep there is a preprocess stage, where the colour image is converted
to greyscale in a way as to enhance the difference between the white sheep and the green
grass. Now that we have a black sheep this process is much more convoluted. We start
by cropping the image down around the black sheep, Figure [2.33a] We then calculate the
Mahalanobis distance between the value for each pixel and the average colour of the grass
background. How to calculate this distance, and why it was not appropriate for the white
sheep can be seen in Appendix This distance can be displayed as a greyscale image,
Figure where the black sheep can be seen as a pale grey shadow, but the white
sheep are bright white.

To remove the bright white areas that contain the white sheep we also need to calculate
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) Difference between
) and (c)

(a) Cropped colour im- (b)  Mahalanobis dis- (¢) Product of colour (
age tance channels (

Figure 2.33: Detecting the black sheep using the difference between the Mahalanobis distance and
the product of the colour channels as our greyscale image with the black sheep the brightest point
of the image.

the product of the three colour channels, Figure[2.33d This allows us to identify any white
sheep that may be present in the image, but does not show the black sheep. To remove
the presence of any white sheep we need the difference between the Mahalanobis distance
and the product of the colour channels as our greyscale image, Figure [2.33d] This process
leaves pixels where the white sheep are with negative values, and the area where the black
sheep is with positive values. We then threshold the image so that all negative pixel are

reassigned the value 0.

This leaves us with a greyscale image where the brightest part is the object we are wanting
to detect. We are in the same scenario as we had previously with detecting the white sheep.

The rest of the detection and tracking of the black sheep follows as before with the white.

The Quadbike

Tracking the quadbike follows a simplified procedure compared to tracking the white
sheep. When detecting the sheep we used gamma correction as it emphasised the difference
between the sheep and the grass when looking to extract the location of the quadbike,
as mentioned earlier, we take the difference between the red and green colour channels,
Figure This enhances the difference between the red quadbike and the green grass.
We then threshold the image using the method described in Section [2.4.4]

Once the image has thresholded we have a number of pixels which are white. We use the
mean coordinate of these pixels to be the centre of the quadbike. We can do this now,
when we could not do this before with the sheep, because we are now only tracking a

single object, so all brightened pixels are part of the same object, the quadbike.
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(a) Cropped colour image  (b) Difference between red and
green colour channels

Figure 2.34: Detecting the quadbike using the difference between the red and green colour channels
as the greyscale image.

Fences And Trees

The trees and fences are the simplest objects to detect as they do not move so this operation
does not need to be automated. We use the graphical interface of python to display the
full image and locate coordinates to the closest pixel. When looking to extract the location
of the fences we assume that the fences are perfectly straight between each corner or end
point. Therefore we only have to find the corners of the field and where the fence ends.
Figure [2.35shows the location of these points in red, and where these points are connected

by a fence a solid black line connects them.

In the following Chapter we will explore what information can be extracted from the
trajectories about the movement of the sheep such as their speed and the global alignment
of the flock.

Figure 2.35: The fence sections located in Video ~ Figure 2.36: The 16 trees located in Video 1
1 using the graphical interface of python, over-  using the graphical interface of python, overlaid
laid on top of a frame from the data video. on top of a frame from the data video.
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Analysis of Observations

Introduction

In this Chapter we will be exploring the information we can extract from the sheep trajecto-
ries we extracted using the computer vision algorithm described Chapter 2l By examining
the trajectories, information about the individual sheep’s speed, acceleration and direction
of travel can be extracted. In this chapter we will also look at aspects of the flock as a
whole such as the area covered by the flock, and how well aligned the sheep are within the
flock.

Overview

We have 14 videos in total, filmed over two days across two fields. For each video we
extracted the location of the sheep, and quad bike if visible. The shortest dataset we
obtained was for Video 11, where there are 45 sheep across 192 frames of footage. The
longest dataset, Video 3, is about 3 times larger and contains the information of the
movements of 45 sheep for 593 frames. Table 3.1 shows the number of sheep in each video

and how many frames we were able to track them forf]

In addition to tracking the sheep, with Videos 1-8, 10-13 we were able to track the quad
bike for the duration of the full video. In Video 9, however, the bike is off screen until
frame 80, approximately 1/4 of the way through the video. In this case we were only able
to track the quad bike for 220 frames out of a possible 300 frames. In the final video,
Video 14, the quad bike never becomes visible, however two farmers can be seen herding
the sheep. In this video we use the location of the farmers as the source of the stimulus
causing the sheep to move. The farmers appear in the footage as a collection of very pale
pixels, and so in this case we track the location of the farmers using the same method we
used to track the sheep. For other videos where the farmers appear to be interacting with

the sheep they are also tracked.

IThere are 24 frames per second.
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Video Duration (Speed) (ms™!)
Video # Sheep Seconds Frames Sheep Quad

1 45 17.50 420 1.20 2.66
2 45 14.67 352 1.35 3.17
3 45 24.71 593 2.46 2.69
4 45 13.46 323 2.19 2.56
) 45 9.88 237 2.08 3.63
6 45 10.25 246 1.41 1.84
7 45 11.33 272 3.20 1.80
8 70 6.25 150 1.78 3.49
9 70 12.50 300 3.70 *4.00
10 45 9.71 233 2.81 3.06
11 45 8.00 192 4.55 6.32
12 45 20.38 489 2.43 2.15
13 45 10.17 244 4.00 1.85
14 45 17.54 421 3.18 -

Table 3.1: Summary of data videos. There is no visible quad bike in Video 14 so the speed could
not be recorded. *Quad bike tracked for only part of the video.

Estimating Sheep Size

In the final step of the detection process, Section in order to to extract a location, we
O

fit a 2D gaussian mixture model to each silhouette, which at time f can be written as s;"’,

Q]

i

silhouette may cover several sheep, so this fitting results in N means and covariance
i

where s. " is simply the notation we have given for identifying silhouette i at time {. Each

matrices, where no is the number of sheep within the i*? silhouette at time f. For each
sheep, we have a Gaussian distribution which describes the size and shape of the individual

sheep at each moment in time.

When sheep are aligned with the x axis or the y axis then the covariance matrix has
zero off-diagonals. The width and length of the sheep would then directly relate to the

standard deviation, oy and 0y, in the x and y direction.

Assuming the sheep is aligned we first aim to relate an ellipse, (aligned so that the major
and minor axes align with the x and y axes) with the Gaussian fitted to the sheep data.

Geometrically, such an ellipse is written in standard form as

X 2 ]/ 2
() (%) - o

where 7y is the radius in the x direction and r, the radius in the y direction.
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Figure 3.1: Confidence levels of s = 3.219 underestimates the area of the sheep. When s = 9.210 it
over estimates the area. When s = 5.991 it consistently gives a good visual approximation of the
area covered by each sheep.

We begin by writing an ellipse with major and minor axes in the same ratio as the standard

deviations 0, and o, of our Gaussian distribution, and with variable size. Such an ellipse

X 2 y 2
(G_x) +(G_y) =5, (32)

parameterised by the scale factor, s, known as the Mahalanobis radius of the ellipsoid [98].

will have the form

We then choose s such that an interval, p, is formed by the shape of the ellipse. To
find s, consider that since x and y have a bivariate normal kernel, the left hand side of
Equation (3.2) has the form of a x? distribution, with two degrees of freedom [99].

This can be easily solved using Python or other statistical computing packages such as R.
Visual inspection of fit, Figure [3.1] suggests that s = 5.991 is a reasonable choice. This
corresponds to 95% of the sheep falling into the ellipse.

In the general case where the covariance between the x and y directions for the sheep’s
fitted distribution is non-zero we still use this method largely unchanged, but in a rotated
coordinate system. Instead of using the standard deviations in the x and y direction as
the ratio of the radii of the ellipse we use the eigenvalues of the covariance matrix. These
eigenvalues represent the spread in the direction of the eigenvectors, which under a rotated

coordinate system are aligned with the x, y axes.

By definition a covariance matrix is positive definite therefore all eigenvalues are positive
and can be seen as a linear transformation to the data. The radii of the standard ellipse in
this general case are YsA; and VsAg, and the resulting ellipse is rotated via the covariance

matrix eigenvectors.
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(Area) (Width) (Length)

Video Pixels? m? Pixels m Pixels m

1 307. 0.68 15. 0.70 26. 1.23
2 320. 0.71 13. 0.63 31. 1.43
3 286. 0.63 13. 0.59 29. 1.37
4 332. 0.73 15. 0.70 28. 1.34
) 282. 0.62 13. 0.59 29. 1.34
6 285. 0.63 13. 0.59 29. 1.36
7 308. 0.68 13. 0.61 30. 1.41
8 358. 0.79 15. 0.72 30. 1.40
9 438. 0.97 17. 0.82 32. 1.50
10 286. 0.63 14. 0.66 26. 1.22
11 321. 0.71 12. 0.59 33. 1.54
12 323. 0.71 13. 0.63 31. 1.45
13 305. 0.67 12. 0.57  32. 1.49
14 257. 0.57 11. 0.54 29. 1.34

Table 3.2: Summary of the average size of sheep in each data video, using the 95% confidence
ellipse of the bivariate normal fitted to each sheep.

We denote the major axis and the minor axis of the ellipse by r* and r~, these are
equivalent to

rt =vVsAt, and 1~ =VsA-

where At = max{Ay, A2} and A~ = min{A{, A2}. The result of this process is shown in
Figure [3.1

To obtain the values in Table we calculated the length of the major and minor axis
for each sheep across the video and took the average. The area covered by the sheep is

calculated using A = tr*r™.

Post Processing

A small amount of post processing is required to the data, once it has been extracted from
the videos. The tracking process adds a small amount of noise to the locations detected.
When locating the sheep, the extracted coordinate may not be the centre of the sheep’s
back, it might be the top of its head or down by its tail. This is due to the way we find
sheep by looking from bright white pixels, it might be the case that for a single image the
brightest part of the sheep is its head whereas in the next image the brightest part to be
its tail. When plotting a trajectory of this it would appear as though the sheep moved
backwards for a short time, Figure We denote the direction of sheep i at time t to be

54



3.4. Post Processing

952 |-| —e— Raw data

Smoothed data

551

\__

|
681

|
682

|
683

Figure 3.2: The original trajectory () of a single sheep in video 1 from frame 49 to frame 55 which
has an artefact. The smoothed trajectory (—) no longer has this.

qi)gt) then an artefact is defined as when

t t—1 Tt
o -] > 5

Given we are looking at sharp changes in direction between two consecutive frames, 2—17 of

Before P.P. After P.P.

Video # Artefacts % # Artefacts %

1 3 0.02 0 0.00
2 78 0.49 0 0.00
3 127 0.48 2 0.01
4 31 0.21 0 0.00
D 53  0.50 0 0.00
6 33 0.30 0 0.00
7 95 0.78 2 0.02
8 92 0.88 2 0.02
9 39 0.19 2 0.01
10 2 0.02 2 0.02
11 20 0.23 0 0.00
12 137 0.62 3 0.01
13 47 043 0 0.00
14 38 0.20 0 0.00

Table 3.3: The number of tracking artefacts in the trajectories of the sheep for each video when all
the sheep are moving with a speed greater than 0.5 pixels/frame (Case numbers will be removed

for final version)
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a second, it is unrealistically quick to move that way. We can only detect artefacts when
the sheep is moving, i.e. z > 0.5 so the number of artefacts we can detect in the video
datasets can be seen in Table

To reduce the number of these artefacts in our data we use a moving average process with
a window size of 5. This window size needs to be minimised so that artefacts are removed
while keeping as much of the true movements of the tracked objects. The window size of
the moving average process should be odd, therefore we have a limited number of options
for what ours can be. We take 5 as this removed most of the artefacts that occurred while
the sheep were in motion, whereas 3 was prone to leaving some behind. Table shows
the number of artefacts that were present before and after the post-processing process.
Hence, all summaries based on the location of tracked objects will therefore be calculated

using the smoothed data.

The Movement Of The Quad Bike

From the (x, y) coordinates of the quad bike, denoted g(t), we can see how the speed and
acceleration changes over the course of each of the videos. We calculate an estimate of the

speed of the bike via,

Gt = qt = qe-1- (3.3)
12 —m \
—— Video 1
10 | —— Video 3 i
—— Video 6
gl —— Video 11 |
= 6 |
4 [ |
2 | |
O \ ! ! ! [

0 0.2 0.4 0.6 0.8 1
T

Figure 3.3: The speed of the quad bike (ms™!) plotted against dimensionless time for videos 1, 3,
6 & 11. The orange line shows the typical behaviour for videos where the quad bike comes to rest.
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We chose not to smooth the trajectories of the quad bike as we do not want to infer
any information about the “behaviour” of the bike, we collected this information to give

context to the behaviour of the sheep and for general completeness.

As can be seen in Table in most videos the quad bike travels around 3ms™!. Videos
6, 7 & 13 have an average speed less than this due to the quad bike slowing to be almost
stationary, so that the bike does not get too close to the sheep. For Video 11, where the
quad bike is going at twice the speed of the other videos, the sheep appear to be herding
themselves across the field, so the bike has to catch them before they escape. It is useful
to have a dimensionless time variable, so that videos of different lengths can be compared.

Our dimensionless time variable is defined as

T = t/max(t) (3.4)

The speed of the quad bike four of the videos can be seen in Figure [3.3] The shape of the
speed over time in Video 1 (—) and 3 (), show that even though that have similar average
speeds, they can look quite different. Video 6 (), has a typical speed profile for videos
when the quad almost comes to rest. Also shown is the speed of the quad bike throughout

Video 11 (—), where the average speed is 2 times larger than that of Video 1.

The Movement Of The Sheep

Following the analysis of the quad bike, we can also look at the movement of the sheep
over each video. By looking at the coordinates of the sheep, z, we can compare many
aspects of the flock, including speed and acceleration, and also how the size of the flock

changes over time, or how the direction of travel of the flock changes.

Speed Of The Sheep

Visually inspecting the speed of the sheep across the video we can cluster the videos into
three different groups. Looking first at the speed of the sheep over the course of the
videos, we see that in videos 1-8 the speed has a wavelike pattern. For videos 9-12 the
speed of the sheep decreases over time, and for the final two videos we see an increase in
speed. Therefore in videos 1-8 we will see emergent flocking behaviour, i.e. what happens
when the sheep start approximately still and start to flock. In the remaining videos we
have sections where the speed is approximately constant, here we will see what happens
when the flock is established. Figure shows an example of each of these three different
behaviours; (—) shows the average speed of the sheep in Video 1. In this video we see

a wavelike speed profile implying that this video will show small segments of emergent
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sH— Video 1 | —— Video 1
Video 9 Video 4
6 H —— Video 13 . —— Video 7
g S
o
N
af | i
2 s 9|
0 B | | | | | | |
0 0.5 1 0 0.5 1
T T

Figure 3.4: The mean speed of the sheep plot- Figure 3.5: The area covered by the flock pro-
ted against dimensionless time for videos pro- duces three distinct behaviours; (—) the flock
duces three different shapes; (—) the flock’s gets more compact, (—) the area of the flock
speed fluctuates, () the speed decreases fluctuates, () the flock disperses.

slightly, (—) the speed of the flock increases.

flocking behaviours when the speed is increasing. Video 9 () is an example of slightly
decreasing speed, in videos with speed profiles like this we would expect to see established
flocking behaviours. Finally an example of an increasing speed profile can be seen in Video

13 () which will contain a single emergent flocking event.

Area Of The Flock

We see three different behaviours when looking at the area covered by the flock, Figure[3.5]
We calculate the area of the flock by computing the area of the convex hull of the coor-
dinates of the sheep, Section [A74] For videos 1-3,10 we see that the area the flock covers
over time decreases (—), hence the flock becomes more densely packs as they move. We
see the opposite behaviour when looking at videos 7-9,11,13-14, the area the flock covers
increases over time (), the sheep spread out. For the remaining 4 videos we see that the

area covered by the flock follows a wave like pattern ().

Alignment Of Sheep

How well aligned the sheep are at any given time can be calculated using

N

2 XN 2
Pp® (z[) = Ni Z cos (6]@) + Z sin (6]@) , (3.5)
1 S

j=1 j=1

where N; is the number of sheep in Video i and 9;” is the direction of sheep j at time t

in Video i. The alignment values vary from 0, when the sheep are perfectly unaligned, to
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/
/ g y
/ ‘

/ il —\W\ A |
(a) Alignment is max- X
imised, ¢(t) = 1, when all 0.8 - n
sheep have the same direc-
tion.
0.6 |- i
l -
/ 04 l
«— —
0.2 - n
y l L —— Video 1
Video 7
(b) Alignment is minimised, O \ \ \ \ —
l,b(t) = 0, when the directions 0 0.2 0.4 0.6 0.8 1
are random. T

Figure 3.6: Schematics show- Figure 3.7: The alignment plotted against dimensionless time
ing maximal and minimal for videos 1 and 7. These are stereotypical of the two different
alignment values behaviours that are observed.

1, where the sheep are perfectly aligned. Diagrams showing these behaviours can be seen

in Figure|3.6

Look at the resulting alignment over time plots of all the videos we can see two different
behaviours. For videos 1-6 we see that the alignment fluctuates between almost perfectly
aligned, gb(t) ~ 1, and and much lower values of alignment, gb(t) < 0.3. For the remaining
videos we see that most of the time we have high alignment values, gb(t) > (.8, for the full
video, Figure

Velocity correlation

The velocity correlation function often used in fluid dynamics, f(r), for fixed ¢ is defined

as
(Ux(r, t) Ux(r + 78y, 1))

(x(r, £)%) '

where r is the position vector and vy the velocity in the x direction [I00, T0I]. The

f(r,t)= (3.6)

notation (-) denotes average over fixed distance r. In conventional simulations the points

lie on a square lattice with spacing r.

Since we do not have points on a grid, i.e. the sheep are free to take any location, we define

our velocity correlation function slightly differently. We start by defining the velocity in
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the direction from agent i to its neighbour agent j at time t. We denote the velocity in

this direction v'" (t)].]. for agent j. The velocity component in this

i— i—7],

i for agent i and v

direction for agent i is
W (1 - 9)
(t) 1 ] 1
0 _

l—>],l - (t) _ z('t) 4 (57)
1

Z.
]

and agent j is
v (z(.t) - z(.t))
t j i
S KT
] 1

(3.8)

(*)

i

(#)

and z;° is the speed and location of agent 7 at time f.

where v

We separate each pair of sheep (7, ) into M distinct bins By, By, ... By-1, based on the
distance measure between them, rf;). We have,

. m (t) n _m+1 (t)
R G P vl O )}

Bm = {(1/ ])
We then define the the correlation function,

() ()
<vi—>j,ivi—>j,j>Bm

t 2
<vi‘>7'i >Bm

where (-)p, denotes averaging the sheep in the m*™® bin B,,. The average distance between

(3.9)

f(xm/ t) =

sheep in bin B, is defined as x,, = <r§;)>B .

17 |

:\ [ ]
S 0.5 ° -
a S .
:,% 0 ¢ee o.. =
E ... ¢ °
8 [ ]
g —0.5| et =137 ° %% o .

t =267 °

I I | | | | |

0 2 4 6 8 10 12

Avg. distance between agents x,, (m)

Figure 3.8: The velocity correlation when f = 137 and t = 267 for Video 1.
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In Video 1 the alignment increases from approx 0 at frame 137 to approx 1 at frame 267.
Looking at the velocity correlation at ¢ = 137 we obtain the blue points (-) and for t = 267
we obtain the orange points () in Figure Other than a few outliers, the correlation
is low for most distances when { = 137 which reinforces the idea that the directions of
the sheep are random. When the alignment increases the speed also increases so we see
that at t = 267 the velocity correlation, f is approximately 1 for most measured distances

between agents.

Integral Lengthscale

We can calculate the distance over which the velocities are correlated using the integral

length scale, which is defined at time ¢ for the dataset z as

6 - /0 ()

We approximate the integral I(f) numerically for each point in time ¢ by using the trapez-

f(x,t) dx. (3.10)

ium rule over our M bins at x = xg,..., Xu.

This can be calculated for each of our overall time points. The integral lengthscale for
Videos 1,2,3 and 4 is shown in Figure where 7 is time rescaled as earlier in this
Chapter, but instead of covering the whole Video, T = 0 now shows the time where the
alignment is low and is starting to increase, and 7 = 1 is the time where the alignment is
high and has finished increasing. Due to this period of time being chosen we expect the

integral lengthscale to increase over time.

I I
—— Video 1 —— Video 1
Video 2 20 H Video 2
20 || Video 3 —— Video 3
—— Video 4 —— Video 4
~ ~
10 | R
0 | .
| | | 0 i | | | |
0 0.5 1 0 0.5 1
T T

(a) The integral lengthscale for four videos using (b) The integral length scale for four videos, using

Equation (3.10). Equation (3.11)).

Figure 3.9: The integral lengthscale of four videos, Videos 1 to 4, over the time period where
alignment goes from approximately zero until the time point where alignment stops increasing
using two different equations to calculated I.
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The calculation for the integral lengthscale can be modified to make sure that the length
it produces is always positive. This is done by only integrating up to a critical distance,

Xc, 1.e. .
I(z,t) = / " fx, ) dx, (3.11)
0

where the critical value is defined as the x,, associated with the first bin B,, where the
correlation goes below 0. Figure [3.9b] shows the result of using this formation of the
integral lengthscale for the same four videos as seen in Figure over the same time

period.

Now that we have observational data such as average speed, average global alignment
and average distance between nearest neighbours we can start to compare these quantities
to simulated data from mathematical models of collection motion. In Part [IIl we will
introduce in detail a number of mathematical models which could be used to model sheep
being actively herded across a field. We will then compare some of these models with the

appropriate observations.
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4.1

Mathematical Models For

Collective Motion

Introduction

In the introduction to this thesis, we introduced a number of ways that have previously
been proposed to model collective motion. In this chapter we will look at four different
models from the literature that have been suggested that the resulting trajectories could
be comparable to the data we collected. Each of these models incorporates a different
scenario into the model such as agents interacting with other agents with a different set of
behavioural rules, agents interacting with a predator and agents interacting with walls. In
addition to the models from the literature we will also introduce a number of models of our

own. These are extensions of these previously documented models of collective motion.

The first of the models from the literature is the Vicsek model. In the original paper
[38] output from this model was visually examined to determine that the behaviour was
similar to that seen in biological systems. However, since then many people have modified
the simple Vicsek model adding in new interaction and compared the output to observa-
tional data. In 2002 Couzin et al. [44] modified the Vicsek model and compared that to
observations of birds flocking. The second of our model in this chapter, Ginelli model, also
uses the Vicsek model to approximate the way sheep move while grazing in a field. They
compared their model to a number of observations they collected of sheep grazing. The
full Ginelli model differs from the Vicsek model by having different interactions between
agents based on their state: standing, grazing, running. It also incorporates how an agent
would transition between these behavioural states. Our third model, the Chen model [45],
is used to approximate the movement of animals in a predator prey situation. They did
not have observational data to compare their results too, so they visually compared the
shape of empty region surrounding the predator in their model to photographs of shep-
herds herding sheep in Argentina. This model differs from the previous two in two main

ways. The most obvious of these is the fact that the model comprises of predator and
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prey agents. The second way is that all agents are interacting with each other at all times.
In the original Vicsek model agents only interacted with those within a fixed radius. In
this model the neighbours closer to an agent interact more strongly, but even those very
far way with contribute to the agents movements. The final model from the literature
in this chapter is the Helbing model which looks at the way people move when trying to
escape a room in panic. Helbing et al. [36] collected observational data of people leaving
a room and compared this to the simulated data from their model. This model is the only
one of the four models discussed here to incorporate physical size to the agents and to
include physical boundaries. In the previous models the agents are modelled as point-like
particles, but in this model the interactions changes based on whether or not and agent is

pressed up against other agents or the boundaries of their environment.

Vicsek Model

A model devised by Vicsek et al. [38] is constructed in a simple way to model collective
group behaviour where agents align with their nearest neighbours. The Vicsek model is an
evolution of the Ising model which represents magnetic dipole moments of atomic “spins”
in a lattice structure with can only be one of two states +1 and -1 [102]. The Ising model
allows each spin to interact with its neighbours. When the neighbouring spins match the
energy is lower than when the spins are opposed. The system then tries to minimise the
total energy. The Ising model allows simulation of this system to be run in order for phase
transitions to be identified [I02]. The Vicsek model is similar to this but where agents are
no longer constrained to a lattice. Since this requirement was lifted the phase transitions
seen in simulations of the Vicsek model do not break the Mermin—Wagner theorem which
states that continuous symmetries cannot be broken at finite temperatures when in two

dimension [I03]. The agents in this model are point-like objects where agent i at time ¢

Figure 4.1: The set of neighbours (blue) of the centred agent (red) lie inside the circle of radius r.
The remaining agents (black) outside the circle are not part of the set N;
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0
1

t +1 is calculated using the Euler time step approximation, Section with a step size

has a location x;’, and direction 91@. The position of agent i going from time f to time

dt = 1, and velocity of the form

X(.t) = v |cos Q(t),sin G(t) , 4.1
1

i i

where v is the speed of the agents. The speed is fixed, both in time and over all of the
agents. The direction of an agent, th), is updated by finding the average of the direction

of its neighbours within a set distance r, Figure with some small noise, i.e.
o = (6") +¢, (4.2)
r

where & ~ U(-nm, nm). The magnitude of this noise is controlled by changing the size of
n. Vicsek et al. [38] varied this quantity between 0-5. In the original 1995 Vicsek paper
this quantity represented the temperature of the model. In our simulations of the Vicsek
model, and its modifications, we have removed the noise term to reduce the dimensions of

the parameter space. Vicsek et al. [38] define the average direction to be
<sin (9(.”)>
I My
<cos ( G(f))>
L I Ty

[ W > sin (9?))
(

<G(.t)> = arctan
I Iy

(t)
N;

= arctan ;
+t) cos 9; ))
_‘N" ‘ e

as due to the cyclic nature of angles the numerical mean of the directions can not be used
to calculate this quantity. Where Nl.(t) is the set of indices of the neighbours of agent i
at time f. The quantity ‘Ni(t)‘ is the cardinality of this set which is the number of agents
which agent i interacts with at time f. This is the same as calculating the weighted average

of the agents directions using

N

3, ! sin (9]@)

=

<9@> = arctan | . (4.3)
il N
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where the weights are calculated using a heaviside step function

(t)
0, r..,—-r>0,
wgt.) =H rl@ - r] = l(]t) (4.4)
/ / 1, rl.]. -r<9,

(*)

and Tij is the distance between agent i and agent j at time t.

In the following four sections we discuss modifications to the Vicsek model to enhance the
model’s ability to recreate emergent collective behaviours. We modify the Vicsek model
in order to be able to compare to the observational data which we collected and discussed
in Chapter For example the simulated agents in the Vicsek model are constrained
to moved with fixed speed, whereas in most of our observational datasets the sheep do
not move with constant speed. Therefore we require a model which allows the speed
of the simulated agents to change over time. Other models [44, 49-56], T04HI09] have
been created by modifying the model by Vicsek et al. [38]. Couzin et al. [44] introduced
two more regions of interaction: a small inner zone of repulsion, then a larger alignment
interaction zone and finally a large zone of attraction. By having these three zones of
interaction they were able to reproduce behaviours such as shoaling, rotational motion
and highly aligned motion. Other models have including restricting agents to interact

with only a fixed number of neighbours [108] or having a restricted field of view [107, [109].

Modification 1: Variable Speed

In biological systems the speed of the animals is rarely constant, so we require a model
which allows agents to have variable speed. We allow the speed of the agents to change

by using,

N
t+1 t =
Ul( +1) = Z wi]'Z)§ ). (4.0)
j=1

In this model modification we use the same equation, Equation (4.4)), for calculating the
weights of the interactions. So when the initial speed of the agents are the same we retain
the original Vicsek model. However, when the agents are initialised with differing speeds

then the average speed of the agents will change over time.

When the agent’s speed changes in this manner the resulting behaviour can model scenarios
such as stampedes or emergent flocking. One way to get this type of behaviour would be
to initialise a single agent with a faster speed, when it encounters other agents their speed

will also increase.
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Modification 2: Gaussian Interactions

The second modification we make is to the weights function. When using the heaviside
function to calculate the weight of the interaction between agents we are in a situation
where an agent’s neighbour is either included or excluded depending on the distance
between them. Therefore by changing the function to calculate the weights to a Gaussian
kernel we allow an agent’s speed and direction to be effected by all other agents but those
further away have less influence. This is similar to the modifications Cucker and Smale
[49] made to the Vicsek model in 2007. The new weights are calculated by

r2
t 1] y

where the variable ¢ > 0 plays an analogous role to that of the variable r in the original
Vicsek model. Rio et al. [I10] found that interaction strength, for both direction and

speed, between a pedestrian and its neighbour decreased with distance.

Modification 3: Interactions Dependent On Neighbours Speed

Until now neighbouring agents at the same distance have been given the same weight,
regardless of their speeds. We want the weighting of neighbours to depend on speed. As
it is logical to assume that faster neighbours will influence an agents behaviour more than
slower ones. This allows us to model the idea of neighbours which are moving faster must
have more information about danger or food than the individual. So the individual is

more likely to follow them than neighbours which are moving slower. The formula for the

Modification ~Weight function

(t)
v = A
Y 1, i =< 0,
(t) _ r].2.
2 w;; = exp {—O—é}
0) ri
3 w.. =ex @
A }
2
4 w't) = exp{ — i

(¢"+1) ﬁ

Table 4.1: The weight functions for the four Vicsek model modifications.
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weight is
2
re
wg]t) = exp ——Z]a . (4.7)
(v;t) + 1) 02
The parameter a allows us to vary the strength of the importance of the speed of the
neighbour. When a = 0 we return back to the case we have in Section where speed
does not play a role in the weights of neighbours. By incorporating the neighbours speed
in this way when a > 0 it is equivalent to making a faster agent appear closer that it
would otherwise. Similarly when a < 0 this is equivalent to making a faster agent appear
further away, and therefore it would have a smaller weight in the averages. There are no

constraints on the value of «

Modification 4: Interactions Dependent On All Speeds

Once the speed of the neighbours has been included in the weights it is only natural for
the speed of the agent itself to also be included. It is logical to assume that when one
is moving faster less of the surroundings get accounted for. Hence the formulation of the

weights is now
r2
t 2l )
wl(.) =expq|— = . (4.8)
! (v(t) + 1) g2
i B
J (vl(.t)+1)

The parameter § plays a similar role to that of «, it controls the strength of the importance

of an agents own speed in the weights of its neighbours.

Ginelli Model

In 2015, Ginelli et al. [56] published a paper called “Intermittent collective dynamics emerge
from conflicting imperatives in sheep herds”, which describes a model for simulating the
movement of sheep herds. They noticed that in modelling collective animal movements
the existence of individual-level behavioural shifts, which may trigger a transition at the
collective level, is often neglected; for example, in many species of fish, the group alternated
regularly between a schooling behaviour, in which fish tend to move in the same direction
and are aligned, and an aggregate behaviour, in which they have low levels of alignment.
This behavioural change is due to a sudden change in velocity of a small number of

individuals that propagates throughout the entire group [56l [T11].

The model [56] devised was based on a quantitive study on the collective behaviour of
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large groups of sheep in which the movement of the sheep was not influenced by any
external stimuli. In their study they performed five trials, each an hour long, where 100
sheep were enclosed in a flat 80m X 80m spatially homogeneous field. During each trial
the movement of the sheep was recorded by photographing the field at a rate of 1 frame
per second. The camera was fixed at the top of a 7m tower located outside the field
at the corner. They noticed that while the sheep were grazing the herd would spread
apart into small groups. This dispersion was then broken by an individual, typically at
the group periphery, running towards the centre. This individual would then cause other
sheep to start to run until stopping leaving a compact herd which then begins to graze.
This behaviour of slow dispersal and fast clumping was the key phenomena that they tried

to replicate mathematically in their models.

In the mathematical model the sheep are represented by point-like agents which move

according to a set of rules similar to that of the Vicsek model. In this model the i*" agent
(t) (t)

at time t is described by its position, x;, its direction, 65”, and its behaviour state, ¢q;".

The behavioural state can take only 3 values: 0 when the agent is stationary; 1 when
the agent is grazing/walking; or 2 when the agent is running. The rules used to update

the location and direction of the agent depend on which state the agent is currently in.

When the agent is stationary, q(.t)

1
also enforce that the direction of motion of stationary agents do not change. For agents

= 0, the location remains constant. In this model we

that are moving, i.e. ql(.t) > 0, we update the location according to an Euler time step,

Section and where
vl(t) =0 (q?t)) (cos 61@, sin GZ@) (4.9)
is the velocity of the agent. The speed of the agents v depends on the agents behavioural

state, v(2) > v(1) > v(0) = 0.

The walking agents follow dynamics similar to the Vicsek model has been discussed in this
chapter, Section The walking agents in this model aim to align with their neighbours
closer than r while travelling at a fixed speed. The update equation for the direction of

motion is therefore,

+& (4.10)

()
<cos (QjEN_(t))>

where £ is a noise term which perturbs the angle by a random amount. In this model the
noise is uniformly distributed in the range [-nm, nm]. The set N; contains the indices of

the neighbours of agent i which are within the radius r.

The dynamics of the running agents are much more complex. Instead of interacting with
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Figure 4.2: Set of first shell Voronoi neighbours of an agent, —, are shown as —. They are the
agents which reside in the regions adjacent to the region containing —. The regions are calculated
using a Voronoi tessellation, Section [I12]. The — agents are not part of the set V;

neighbours within a fixed distance running agents only interact with the first shell of their

Voronoi neighbours [112], Figure using a Voronoi tessellation calculated using the

procedure shown in Section [A.5. The indices of these neighbours make up the set (Vi(t).

For each of these neighbours we calculate the effect it has on agent i using
) _ () MY (@ _ B ,,
=0, 4 () 6 ). an

where \7?) is the unit velocity vector, 62 g0 is the Kronecker delta and f (r(]t.)) is the attrac-
1

i
tion/repulsion force, which depends on the distance between neighbours, rs).

The Kronecker delta, 6;j, is a function of two variables i and j. When the two variables

are equal then it takes the value 1, otherwise it has the value 0. So when calculating the
effect of agent j on agent i, ef.;), if the behaviour of the neighbouring agent j is running,

ie. q;t) = 2, then the term containing the Kronecker delta, 52 q(tﬁr;t), is nonzero and the
j

velocity of the neighbour is accounted for in the calculation of eg;).
0
)

same so 62 g0 = 0. The parameter  scales the strength of the attraction/repulsion force

However, when the

neighbour is not running, q.” # 2 subscripts on the Kronecker delta are no longer the

which is defined as

£ (rij) = min (1, i r“) , (4.12)

Te
where 7, is the equilibrium distance at which agent i is neither attracted to nor repulsed
by its neighbour. If you wanted the attraction/repulsion force to only be enacted up to a

finite difference you could use

Vij_re

) rij <7,

0 Tij = Tec.
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4.3. Ginelli Model

Once the effect of agent j on agent i has been calculated for all j € (Vz.(t) we can find the
total effect on agent i by finding the sum of these individual effects

0 _ (p0 £ _ (0 L
B = (Ei,x’Ei,y) = >, e (4.13)
je(V,(t)

The new direction of agent i is simply the direction this effect is pointing in. So therefore
we have
EY

0"V = arctan| — |, (4.14)
1 E\

i,x

where E; y and E; ,, are the x and y components of the total force respectively.

Using an Euler time step and Equation we can update the location and using Equa-
tions — the direction of the agents over time using the equations above. Now
we will describe the equations of how to transition between behaviour states. Transitions
between behavioural states are stochastic, but the probability of the change occurring
depends on a number of variables. The probability rate of a transition from stationary to

walking for agent i at time ¢ takes the form

1+aN (Ni(t), 1)

por ()" = (4.15)

To,1

where the function N (Ni(t), q) calculates the number of neighbours in the set )Vi(t) which
have behaviour 4. As laid out in the schematic in Figure the set Nl.(t) is set of indices of

the agents within a distance r from agent i at time t. The parameter 7( is the transition

time, and « is the strength of the mimetic effect.

The function which calculates the rate of going from walking to stationary has a similar

form to Equation (4.15])
1+aN (M, 0)

p1o(i) = (4.16)
T1,0
where 71 ¢ is the transition time from walking behaviour to still behaviour.
Still and walking sheep transition to running with the same rate function
e o 0
Ht = — "—(1+ N((V.t 2)) 417
Pg,2(1) Tq,2 ldR ! r ( )

where g here is either 0 or 1, l;t) is the average distance to all neighbours in "Vl.(t), dr is a

characteristic length scale and 6 controls the allelomimetic effect. The size of characteristic
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1
lengthscale dr determines at which density the clustering event occurs. When >l then
the separation between the sheep is too high and the chance of a clustering event occurring

(t)

i

1
increases. Similarly when i < 1 then the separation between the sheep is small so the

chance of a clustering event occurring decreases.

For simplicity the behaviour of running sheep can only transition to stationary. So the

final rate is 5

ds ) (4.18)

=1 +aNVY,0))

1
N — =
pQ,O(Z) - l(t)
1

T2,0

where dgs is a second characteristic length scale with the property ds < dr. The set (Pl.(t)
is the set of first shell Voronoi neighbours which stopped between time f — 1 and time f.
Including the term (!%(t) leads to a positive feedback of agents stopping, which causes the
herd to come to a sudden halt. The role of the average distance to the nearest neighbours
here plays the opposite role to that in Equation . The more dense the group becomes,

the more likely it is that the agent will transition to stationary.

We convert the rate of each of the transitions into a probability of transitioning from

behaviour r to behaviour s by using
Prg=1—e Pt (4.19)

where p, s is the probability rate of switching from behaviour r to behaviour s, and r # s.

Parameter  Value Units Description

N 100.00 - Number of agents

dt 1.00 s Size of the time step in the Euler method
v(1) 0.15 ms™! Speed of walking agents

v(2) 1.50 ms™' Speed of running agents

T1,0 8.00 s Transition time from 1 to 0

To,1 35.00 s Transition time from 0 to 1

70,2 N s Transition time from 0 to 2

T1,2 N s Transition time from 1 to 2

T2,0 N s Transition time from 2 to 0

ds 6.30 m Characteristic length scale to enable stopping
dr 31.60 m Characteristic length scale to enable running
Te 1.00 m Equilibrium distance for attraction/repulsion force
r 1.00 m Radius of interaction for walking agents

B 0.80 - Strength of attraction/repulsion force

n 0.13 - Strength of the noise term

Table 4.2: Parameters used by Ginelli et al. [56] to recreate their experimental data.
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4.3. Ginelli Model

We can now update all aspects that define each agent.

Model Simulations

Ginelli et al. [56] found that many parameters of the model can be deduced from obervering
their experimental data, and by order of magnitude considerations [56], Table This
leaves the models with only two unknowns, the allelomimetic parameters @ and 6. They
found in order to have the slow spreading followed by fast paced clustering, which they
had seen in their experiments, the allelomimetic parameters had lower bounds, a > 5 and
0 > 2. They found that values of @ = 15 and 6 = 4 best described the experimental data.

The agents in our simulations are initialised with random locations within a 50 X 50 box.
The agents each start with a random direction between 0 and 27t and a behaviour state

of qgo) =1 for all i (walking). Snapshots taken from one of these simulations are given in

Figure [4.3

100 100
80 |- . 80 |- é .
LR
60 |- * . 60 - »5Y ‘f*‘ .
< r}%w
[ | | v e |
40 40 ~1 54;}& R4
20 |- . 20 | .
0 | | | | 0 | | | |
0 20 40 60 80 100 0 20 40 60 80 100
(a) t=0: The flock start all with the walking (b) f = 500: The flock slowly disperses while
behaviour. individuals alternate between walking and stay-
ing still.
100 100
80 - . . 80 - .
e xy; il\ v
60| .+ f¥% . | et .
~ :5%,4'* %
[ 1y R | [ e |
40 s 1{:“ 40 »}qk
20 |- = 20 + I
0 | | | | 0 | | | |
0 20 40 60 80 100 0 20 40 60 80 100

(¢) t = 521: When the flock spreads out the (d) ¢ = 586: The flock is much denser after a
probability of agents at the edge starting to run clustering event.
increases.

Figure 4.3: Snapshots from a simulation of the model by Ginelli et al. [56] using their preferred
parameters. The different colours show the different behaviours » stationary, » walking, » running.
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Figure 4.4: The area of the
< 190 -| convex hull of locations of
e the agents from a single
< 100p | simulation of the Ginelli

50 [ ! ! ! ! ! L model.
- T T T T T T
: 0l |
@ 0| .
o 0'2 | | Figure 4.5: The average
< ol ‘ ‘ ‘ ] speed of the sheep from

a single simulation of the

0 200 400 600 800 L0 odel by Ginelli et al. [56].
Time

When looking at how the area covered by the flock changes over time we can see that the
“clumping events” described by Ginelli et al. can be identified by a sharp decrease in
area, Figure [£.4] We can approximate the area of the flock by looking at the area of the
convex hull of the locations of the agents [I13]. The convex hull of a set of points defined

as the smallest convex polygon which includes all of the points.

It is also possible, though harder, to see these same clumping events by looking at the
mean speed over time, Figure When the flock clumps together more of the sheep
are in the running behaviour, therefore they have a mean speed closer to v(2), which as
described in Equation is greater than that of the walking speed, v(1).

It is not possible to compare this model to our collected data, as the sheep in this model
are not being actively herded. The sheep being observed by Ginelli were left to graze in
the field whereas the sheep we observed were being actively moved by the farmer [56].
Additionally when looking at the trajectories of the sheep simulated by the Ginelli model,
Figure we can see that the differences between the behaviour we observed and the

behaviour shown by the Ginelli simulations are not compatible. We did look at what would

50

30

10

Figure 4.6: Trajectories of the sheep simulated by the Ginelli model after 200 time steps with the
colour distinguishing between individuals.
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4.4. Chen Model

happen if a single agent was initialised with fixed behaviour and direction to approach a
flock of sheep simulated by the Ginelli model. However, this simply resulted in a clumping
event in the simulation when the agent with fixed behaviour approached the rest of the
flock, and then the Ginelli agents behaved as seen before without the agent with fixed

behaviour.

Chen Model

In our collected data we have either a quadbike or a number of farmers interacting with
the sheep, so therefore we wish to be able to compare our data to a model which can
incorporate these. One way of doing this would to include the quadbike or farmer in the

model as a predator.

There are many models which aim to reproduce the dynamics of predator — prey in-
teractions, most of these model are too complex to study analytically [45] so Chen and
Kolokolnikov [45] produced a minimal model which was amenable to mathematical analy-
sis and captures essential features of predator — prey interactions. As with Ginelli model,
each agent in this model is represented by a point-like particle which moves with respect
to the location of the other agents. This is the case for both different types of agent:
predator and prey.

In this model there are N prey agents and a single predator. Chen and Kolokolnikov
[45] assume that the prey agents, positions at time ¢, xgt), follow Newton’s second law of
motion. Implying that the force on each individual can be written as

a2x" dx®

Fi total = 1M dt; +u—d;, (4.20)

where m is the mass of the prey agent and u is the size of the frictional force acting upon
it. Chen and Kolokolnikov [45] remove the acceleration term assuming that the mass of
the prey agents, m, is negligible compared to that of the size of the frictional force, u. The
relation in Equation is then rescaled so that p = 1 which simply leaves the model
as ©

di = Fi totals (421)

dt ’

where the total force can broken down into a sum of two parts: the force from other prey
F; prey; and the force coming from the predator F; ,eq. This simplification reduces the

second-order model to a first-order model, which aids with mathematical analysis. The

7



Chapter 4. Mathematical Models For Collective Motion

Parameter Value Description

N 100 Number of prey agents

a 1.0 Size of the attraction force between prey

b 0.2 Size of the repulsion force on the prey from the predator
p 3.0 Power law exponent for force on predator from prey

Table 4.3: Parameters fixed by Chen and Kolokolnikov [45].

force between prey is defined as

N
1
R = 30 P05 (). 12
j=Lj#i

where
c
P(T") = 1’_2 —da.

The first term is a Newtonian-type short-range repulsion force, and the second term is
a linear long-range attraction force with strength a > 0. Both of these forces act in the

direction from agent i to agent j.

The predator’s position is denoted p*) and the model assumes that it acts as a repulsive
particle on the prey agents. Therefore the force between the two types of agent can we
written as

Fi,pred =G ( th) - P(t)‘) (th) - P(t)) (—123)

where

G(r) = %

The parameter b is controls the strength of this repulsive force. We now have all elements
needed to calculate the velocity of the individual prey agents in this model. The velocity
of the predator agent follows the same logic, but since there is only one predator agent in
this model there is only have one term, the predator—prey interactions. The force acting on
the predator is the average over all predator—prey forces, where each individual interaction
is a power law that decays at large distances. The predator moves in the direction of that
force resulting in the following update equation
dp(t) c N th) — p(t)

==y i - (4.24)
p
dt N = ‘th) _ p(t)’

where the ¢ determines the strength of the force from the prey agents on the predator.
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4.4.1 Model Simulations

Chen and Kolokolnikov [45] fix all parameter values apart from c, which controls the
strength of the response of the predator. They used ¢ as a control parameter and varied
from ¢ = 0.15 up to ¢ = 2.5. See Table [£.3 for the values of the parameters fixed by
Chen and Kolokolnikov [45]. For both types of agent we use the fourth order Runge-
Kutta method, Section [A:2.5] to update the location of the agents where we fix the time
stepping size to dt = 1.

Slow Predator Responses

The prey are initialised with random locations within a torus shape. To initialise the
locations in this fashion each of the locations is originally described using polar coordinates,
(r,0). Each agent draws its r coordinate from a (0.3,0.7) and its O coordinate from
a U(0,2m). These polar coordinates are then transformed into Cartesian coordinates

leaving us with the agents initialised in a torus where the radius of the hole in the centre

8 T T 8

- I

4 n 4 n

2 n 2 n

0 | | | 0 | | |

0 2 4 6 8 0 2 4 6 8

(a) t=0: The flock start in a torus shape, with (b) t = 50: The flock is aligned and moves
the predator in the centre. away from the predator.

8 8 T

6 n 6 n

4+ e .
2+ e .
0 | | | 0 | | |
0 2 4 6 8 0 2 4 6 8
(¢) t = 60: The flock eventually manages to (d) t = 80: The flock is now free of the predator
expel the predator from within the group. which has been left behind.

Figure 4.7: Reproduced snapshots from a simulation of the model by Chen and Kolokolnikov [45]
using their preferred parameters and ¢ = 0.15. The different arrowheads show whether the agent
is representing » prey or » predator.
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of the torus is 0.3 and the width of the torus is 0.2. The shape allows the predator to be
initialised in the centre without encountering a spike in the velocities of ether the prey
agents or the predator agent. Since the velocities of all agents, prey and predator, depend

on the locations we do not give the agents an initial velocity. The velocities are calculated
using Equations (4.22)) and (4.23)) for the prey and Equation (4.24) for the predator.

When the predator response variable is small, ¢ = 0.15, the speed at which it can chase
after the prey is insufficient for the predator to catch the prey. The initial location of
the predator is in the centre of the prey; after a short period of time the predator is left

trailing behind. This progression can be seen in Figure [1.7]

Fast Predator Responses

When simulating with a predator with fast responses, ¢ = 0.8, we initialise the agents in
the same way we did with the slow response rate. The prey agents are initialised with
locations in a torus shape, with the predator located in the centre. By having the predator

initialised in the centre of the flock, we see the typical behaviour of the agents earlier in
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*1;(A %‘f N Rl o]
2 N 2 I
0 ! ! ! 0 ! ! !
0 2 4 6 0 2 4 6
(a) t=0: The flock start in a torus shape, with (b) t = 50: The flock is aligned and tries to
the predator in the centre. move away from the predator but cannot.
T T T T T T
AL A LA
r’::::“::vu v“h‘f‘:&;‘ Af; >
6l eIy, ol LT
rriEo, A AR a3
i ighds 3379 e
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(¢c) t=60: The predator changes direction to (d) ¢ =80: The flock then oscillates unable to
face the closest prey agents. get away from the predator.

Figure 4.8: Reproduced snapshots from a simulation of the model by Chen and Kolokolnikov [45]
using their preferred parameters and ¢ = 0.8. The different arrowheads show whether the agent is
representing » prey or » predator.
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the simulation then if the predator was slightly removed from the flock.

The predator now has sufficient speed to get in amongst the flock, and enough momentum
to chase the prey in the inner ring of the torus, Figure The forces acting on all
the agents are no longer balanced, and the torus starts to oscillate. This movement is a
culmination effect of the prey trying to move away from predator as one cohesive flock.
However, this causes the prey agents at the rear of the flock to move closer to the predator.
This then causes the flock moves in the opposite direction. This behaviour repeats itself

until the end of the simulation.

With larger values of ¢ we see a more exaggerated version of this behaviour. Since this
model does not allow the predator to catch and hence remove the prey, we have seen all

three different types of behaviour that this model can produce.

Acceleration Model

Chen and Kolokolnikov [45] also devised a second model which, rather than calculating
the new velocity of agents, calculates the new acceleration instead. The derivation of the
model follows the same steps as the previous model, but they no longer assume that the
mass of the agents is negligible compared to the coefficient of friction. The equation for

calculating the acceleration of the prey agents and for the predator are as follows:

d2x® dxt? ;X
B | - #) _ () (t) _ ()
migp =gy 2 F( ) (- x)
i=1,i#j
+G (|x§f> - p<f>|) (ng> - p(t)) , (4.25)
d?p® dp g & GEERG) () o
Mo T — o 0 +ﬁ;H(|xi -p |) (Xi -p ), (4.26)

where the variable g controls how quickly the predator agent can react to the prey agents

and where we have

F(r) = r% —a, (4.27)
G(r) = % (4.28)
H(r) = — 1+ Y (4.29)

with the variables a,b and c are the parameters which control the behaviour of the prey
agents. The variable s determines the strength of the attraction from towards the prey.

The function F determines how the prey agents interact with each other whist the functions
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Parameter Value Description

N 500 Number of prey agents

m; = my 1 Mass of prey agents and predator respectively

Wi = Ho 1 Coefficient of friction of prey and predator respectively
a 1 Size of the attraction force between prey

b 1 Size of the repulsion force on the prey from the predator
c 1 Size of repulsion between prey agents

q 1 Reaction speed for the predator

S 6 Size of attraction towards the prey for the predator

Table 4.4: Parameters fixed by Chen and Kolokolnikov [45] for their acceleration model [45].

G and H determine how the prey and predator interact. All three of these functions are
based on the distance between interacting agents. The parameters for this model are
shown in Table {41

Helbing Model

In all the models we have seen so far the agents have been unconfined. However, in our
data collection, Chapter 2 and in the observations by Ginelli et al. [56] flocks were confined
to a field, so we require a model which takes into account the interactions agents have with
walls. In 2000 Helbing et al. [I14] published a model to approximate the movement of
agents moving through a narrow exit. Similarly to the Chen and Kolokolnikov [45] model,

they started of with a generalised force model, using Newton’s second law of motion

dzxgt)

m dr2 :Fi,total~

(4.30)

Unlike the model by Chen and Kolokolnikov [45] this model does not reduce to first order
ordinary differential equations. This total force, F; iota1 can be broken down into three
different types of forces: a driving force F; griving, the force between agents F; ;, and the

force between an agent and a wall F; 3, , where wy denotes the k' wall. The driving force
()
l' 9

. Both the desired speed and direction can be set to change

is simply the force which acts on the agent because they each have a desired speed, v
()
i

over time. It can be calculated by

and a desired direction, e

mi
Fi,driving = T_Z (vl(-t)egt) - Vgt)) ’ (431)
i

where m; is the mass of agent i and 7; is the characteristic time in which agent i adapts

its velocity.
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Figure 4.9: Schematic showing variables used when calculating the force acting on an agent coming
from other agents, F; ;.

Helbing et al. [I14] define the force between agents as the combination of a repulsive force,
a body force, and a friction force. This model includes a frictional force between agents
because in this model the agents have physical size, and therefore they can rub against

each other. It is this force cause them to slow down when that happens. This gives us

d®
1] . .
Fij=Aiexp B (Rt Klg(dg-))ni,j + Kzg(dg)) [(Xj-t) - th)) : ti,j] tii, (4.32)

1

(t)

where X, is the velocity of agent i at time £, 74; is the distance between the centre of mass

of the agents at time t and dl(]t.) = ri + rj — rjj is the distance between the agents given
physical size. If d;; is positive then this represents the amount the agents overlap and if
it is negative then the size of this represents the distance between the agents but taking
into account their physical size, Figure The function g(d) is defined as

0 ford<0 ‘
g(d) = (4.33)
d ford>0

gt]). is the normal vector pointing from agent j to agent i at time t. It is be

calculated by

The vector n

o _ %%
n,, = ———— (4.34)
ij rij
and finally tgt]). is tangental to this normal vector. So if we have normal vector with

components ngt]). = (ngt]).(x), ngt]).(y)) the tangental normal is tgt]). = (—ngt]).(y), nft])(x)) All
the variables mentioned here in the formulation of F;; can be seen in the schematic in

Figure Since these forces include a crushing force, Ky g(d;;))n,‘,]', if agents are too close
to one another or a wall, the agents in this model have physical size, they are no longer

point like agents which were defined in the Chen model [45].
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X0

® 0

r. )
1wy 1, Wk

(£)

iwg

W

Figure 4.10: Schematic showing variables used when calculating the force acting on an agent
coming from an individual wall, F; 4, .

*)

i is the distance between agent i and wall

(*)

i,wk

The interactions with the wall is analogous: r
k at time f taking into account the size of the agent, n:’ is the normal perpendicular to

it, and tE?ﬂk is the vector tangental to it. Therefore the corresponding force from wall k to

agent i is

)
Fiu, = Aiexp ] — (i, + Kig(@di) i, + Kog(@l) [£ 60, | ¢ . (139)

; iw i,wi | Ciwg”

We now have defined all three different types of force therefore the Helbing model is

a2x® N K
mid—t; = Fi,driving + Z Fi,]' + Z Fi,wk~ (4.36)
j=0,j#i k=0

where N is the number of agents in the model, and K is the number of walls in the model.

Defining The Walls

In the simulation shown in Figure we have four walls. Each wall is defined by the
coordinates of its start and end point. From these coordinates we can calculate the min-
imum distance between an agent and the wall, |d;, |, and also the normal vector for the

line at the point where the distance is minimal, njg, .

To be able to find both of these we need to be able to define the equation of line defined
by the start and end point. If the start point of our wall is denoted P; = (x1, y1) and the
end point Py = (x2, y2), then the equation for a line passing through these two points is

(y2 — y1)x — (x2 — x1)y + ya(x2 — x1) = 0.
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Since we know the equation for the line in the form ax + by + ¢ = 0 the normal vector
niwk = ((1, b)
In some situations the length of the wall might not be infinitely long. Therefore to calculate

the distance between the wall and the agent we first need to calculate u where

u = (x0 — x1)(x2 — x1) + (y3 — y1)(y2 — y1)
- (x2 = x1)* + (Y2 — y1)? '

When the agents lies in line with the wall then 0 < # < 1 and the point of intersection
between the agents and the wall is at the point Pr,t = (X1a¢, Yint) = (X1 + u(x2 — x1), y1 +
u(y2 — y1)) but if u < 0 the point of intersection is Pr,; = P; and if u > 1 the point
of intersection is P,y = Ps. The distance between the wall and the agent then can be

calculated:

(i | = (0 = X102 + (0 = ¥2,). (4.37)

Model Simulations

In the paper by Helbing et al. [114] they simulated N = 200 agents in a 15mX15m room
(d) (t)
i i

towards a 1m wide exit in one of the walls. In our simulations of their model we set
(d)

i

with identical desired speed, v; ', and where the desired direction, e; ', was the unit vector

N = 49 and set their desired direction to be the vector e;”’ = (1,0). Since we are not
interested in the behaviour of the agents as they leave the room, we remove the exit. In
both our simulations and those by Helbing et al. [I14] the radius (in meters) of the agents
comes from uniform distribution, » ~ U(0.25,0.35). Allowing the radius’ to vary across
agents reduces the chances of model artefacts appearing. The remaining parameters of the

model remain unchanged from the values used by Helbing et al. [I14] in their simulations,

Parameter Value Units Description

m; 80.00 kg Mass of agents

Ul(.o) 0.80 ms! Desired speed of agents

Aj 2,000.00 N The strength of the wall

B; 0.08 m The size of the wall

T; 0.50 s Characteristic time

K 120,000.00 kg s™* The size of body compression force
Ky 240,000.00 kg m~! s™' The size of friction force

Table 4.5: Parameters fixed by Helbing et al. [I14] in their model simulations. Due to the lack of
experimental data available owing to the fact that escape panics are rare and unexpected and the
ethic implications of manufacturing these behaviours Helbing et al. [I14] used information from
Weidmann [IT5] to estimate their parameter values.
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Figure 4.11: Reproduced snapshots from a simulation of the model by Helbing et al. [I14] using
their preferred parameters where » represent the agents.

Table {5
Snapshots from our simulations of the Helbing model can be seen in Figure In these

snapshots we observe that the agents start of moving in their desired direction until they
get to the wall. Once at the wall the forces tangental to it makes them to spread out and
the lattice structure they originally had breaks down. After a while the agents then fill
the space across the entirety of the wall and the forces balance causing the agents to come

to rest.

Combined Sheep Model (CSM)

We combined two models from the literature in order to create a combined model: a
predator—prey model by Chen and Kolokolnikov [45] and a pedestrian model including
walls by Helbing et al. [114]. A similar study was done by Miller and Ouellette [105]
where they simulated agents following Vicsek dynamics hitting an impermeable wall. In
their research they looked into the surface tension of the agents. The model by Chen and

Kolokolnikov [45] provided the base for our combined sheep model, as it was a minimal
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model containing interactions between a herd of animals and a predator. The equation to

calculate the acceleration of both types of agents, as seen in the previous Section is

as follows

d2x? dxt¥) ] ¥

. i _ i t) _ ® () _ ()
Mitqge TR +N,Z_F(|Xi |)( J’)

i=1,i#j
+G (|xgt) - p(t)|) (th) - p(t)) , (4.38)

d?p" dp? g < A

myo dt2 = —Mo_dt + N Z (lx(t) (t)l) ( (t)) (459)

where the variable g controls how quickly the predator agent can react to the prey agents

and where we have

F(r)=— -
G(r)=—
H(r) = rs i— r’

The Helbing model restricts agents to interact within a confined area and also originates

from Newton’s second law. Helbing et al. [114] define the change in velocity to be

2 oWl g
1 d, d
m; dt; = m; i di + Z fz] + Z f; Wk (4.40)

j#i

where the first term of the right hand side of the equation is simply the finite difference
between the velocity the agent is moving at and the speed and direction it wishes to travel
(t) (t)

in. The desired speed and direction are denoted v, and e, .. The second term, > j#i fi i,
is an internal force between agents. The force is a combma‘mon of attraction and repulsion
forces, but also represents agents getting crushed if they get too close together. The final
term, Zf:o fi w, is a similar combination of attraction and repulsion forces, but instead
these forces being between agents they are between an agent and the walls. The agents in
this model have physical size, they are no longer point like agents which were defined in

the models by Chen and Kolokolnikov [45] and Vicsek et al. [3§].

In order to join these two models together we replace the first two terms in Equation (4.40)
with Equation (4.38) as the acceleration calculated in Equation (4.38) determines the

agents desired direction and speed due to the forces acting on it by is surroundings. This
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combination gives

dzx(.t) dX(-t) 1 N
=ty 2 F( =) (7 - x) 4 6 (- p1) (57 - )
i=1,i%]
S
L ¢ 4.41
mi ; 1, Wy r ( )
a2t ap? g & O o) (0 o). LS ¥
- _HPT + N;H(lxl -p |) (Xz’ -p )+ m—OkZ_Ofi,wk- (4.42)

We define our crushing forces to be a simpler version of those used by Helbing et al. [114]

in their paper to reduce the time it takes to simulate from this model. We use

d:
fiw = Ainiy exp {%} (4.43)
1

were A; and B; are constants that determine the size of the force felt by agent i.

When looking at the two models individually, Section [4.4.2] and Section the location of
the agents (both predator and prey) were updated using different time stepping methods
with different requirements on the size of the time step. Therefore, we will be using a
variable time stepping method so that the dt adapts to the complexity of the environment,
Section [A.2.4] This method will result in a larger step size being used when the agents
are all in the centre of the domain, but as they start to approach the walls the step size

will decrease.

Parameter Value Description

N 45.0 Number of prey agents

mi = mg 60.0 Mass of prey agents and predator respectively

Wi = tp = o 1.0 Coeflicient of friction of prey and predator agents

a 1.0 Size of the attraction force between prey

b 1,000.0  Size of the repulsion force on the prey from the predator
c 12,000.0 Size of repulsion between prey agents

q 12,000.0 Reaction speed for the predator

S 2.4 Size of attraction towards the prey for the predator

Table 4.6: Parameters used to create Figure m These values results in average speed and
distance to nearest neighbour which are comparable to collected data.
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4.6. Combined Sheep Model (CSM)

4.6.1 Model Simulations

An example of the type of behaviour the combined sheep model can produce can be seen in
Figure The simulation shown here was ran with 45 agents confined to a square with
corners at (100, 100), (100, 700), (700, 700) and (700, 100). By doing a parameter search the
model parameters m;, mu;, a, c were selected to result in speed similar to those observed in
our observational data and the remaining parameters were set to obtain spacing between

agents and between agents and the predator that was comparable to the collected data,
Table .6

We can see in these snapshots that the prey agents are initially disordered, Figure
but quickly they find order and start to move away from the predator agent, Figure
Due to the initial location of the predator the agents are forced into the corner of the
walls where they become crushed against it, Figure This then gives the predator
a chance to catch up to the prey agents where it then becomes surrounded by the prey,
Figure When the simulation was ran longer (snapshots not shown) one could see
the prey then moving away from the predator and the walls and only to repeat the same

behaviour again once it hit a different wall.
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(a) t = 0: The flock starts in a disorganised (b) t = 10: The flock moves away from the
group away from the predator. predator.
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(¢) t = 55: The prey hits the walls and the (d) ¢ =90: The flock then surrounds predator
predator starts to get closer. causing the forces to be balanced.

Figure 4.12: Snapshots from a simulation of the combined sheep model using parameters shown in
Table The different arrowheads show whether the agent is representing » prey or » predator.
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In the following two chapters we will compare our observational data described in Chap-
ter |3| to data simulated from the Vicsek model modification in Chapter [5|and to simulated
data from the combined sheep model in Chapter [f] These comparisons will produce a

posterior distribution for the values of the parameters in each of the models.
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5.1

5.2

Comparison Of Vicsek Models To

Observational Data

Introduction

In Chapter [2] we described the process we used to obtain observational data which we
wished to compare to the mathematical models discussed in the previous chapter. In this
chapter we will compare a subset of that data to the Vicsek model modifications described
in Section The observational data used in this chapter will contain cases where
collective behaviour is emergent. The Vicsek models presented here are not appropriate
for comparison to state-state flocking as there is no term in any of the models that keep
the flock together in one cohesive group. Examples of this can be seen in the trajectory
plots at the end of this chapter, Figure[5.25] Simulated flocks may split into smaller groups
and each of those will exhibit steady state behaviour. We cannot compare the behaviour
of these sub-groups to our observational data s the number of agents in the group will be
smaller than the number of sheep in our observations. This chapter will start by describing
approximate Bayesian computation. It will then lay out the observational datasets used
for comparing to the simulations. Finally we to aim to determine whether the family of

Vicsek models can reproduce the behaviour we see in our observations.

Bayesian Inference

Bayesian inference is a statistical inference method where Bayes’ theorem is used to update
the probability of an event occurring as more information becomes available. Bayes’

theorem can be written as
r(¢)(D]¢p)
(D)

where ¢ denotes the parameters of the model whose probability is affected by data, denoted

n(¢|D) = (5.1)

by D. The distribution 7(¢), is known as the prior probability and is the probability of
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the quantity ¢ before the current data has been observed. The probability of ¢ once
the data has been observed is denoted 7t(¢p|D), and is known as the posterior probability.
Therefore, (D) is the probability of observing the data. The final term in Bayes’ equation
7t(D|¢) is the probability of the data given the parameters and is called the likelihood.
Using the same notation the term (D) is the probability of observing the data. This is

often difficult to compute, so Bayes’ theorem is often written as

1(¢|D) x 11(¢)7(D|¢) (5.2)

i.e. the posterior is proportional to the prior times the likelihood [116]. The probability
of observing the data is constant with respect to the parameters chosen. It can therefore

absorbed into the constant of proportionality.

In Bayesian inference we want to infer the parameter(s), ¢, of the mathematical model
for our observed data. In other words what range of parameter(s) would we need in the

model to best recreate the observed data using our mathematical model.

Approximate Bayesian Computation

Approximate Bayesian computation (ABC) is used to approximate the posterior distri-
bution. ABC is a powerful and flexible tool and has been used in many fields, such as
genetics [117], evolution [118] and agent based models [I19]. The technique is used to
determine the distribution of each of the model’s parameters which best fit the observed
data. This method is used in many statistical applications where it is difficult or not

possible to calculate the likelihood, but it is easy to simulate from the model.

Consider a model f(D|¢) where D is observed data and ¢ = (¢1, P2, ..., P,) are the
model parameters. Suppose we wish to sample from the posterior distribution, 7t(¢|D),
without evaluating the likelihood function. If model simulation is straightforward, then

the following algorithm provides exact samples from the posterior

1. Sample ¢* from the prior distribution 7t(¢).
2. Simulate a realisation, x, from the model f(:|¢").

3. Accept ¢* as a draw from the posterior distribution 7(¢|D) if x = D.

This rejection algorithm samples from the posterior distribution, 7(¢|D). This can be
shown as follows. Let
1, x=D

0, x#D

I=
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Then we have that Pr(I = 1|¢) = f(D|¢). So given that

PrI=1)= / Pr(I = 1¢)n() dep,
- / FDI$)R(d) dob.
Hence
__ PrI=1¢)n(¢)
[ Pr=1l$)n(¢) do’
f(D|p)m(d)

" T FDIo)(0) do’
- 7(|D).

([l =1)

When the observational data is discrete then this algorithm is exact and the rate at which
proposed values, ¢*, are accepted would be non-zero. On the other hand, in most complex
problems the rate at which ¢* are accepted is unsuitably low. For example when using
continuous data the rate of acceptance is typically zero as it is highly unlikely for the

simulated data, x, to be exactly the same as the observed data, D.

This is where the “approximation” part of approximate Bayesian computation comes in.
Instead of only accepting values of ¢* when x = D, values are now only accepted provided

that x is sufficiently close to D. Hence the ABC rejection algorithm is now as follows

1. Draw ¢ from the prior distribution 7t(-).
2. Simulate a realisation, x, from the model f(:|¢").

3. Accept ¢ as a draw from the posterior distribution if p(x, D) < ¢,

where p(x, D) is some distance between simulated and observed data. The quantity € is a
small pre-defined tolerance level. For a suitable choice of ¢, the ABC rejection scheme will
approximate the true posterior distribution. However, if ¢ is too small then the rejection

rates will be higher. A typical choice for p(x, D) is the Euclidean distance

p(x,D) = y/(x1 = D1)2 + -+ + (x, — Dy)?

where 1 is the dimension of x (and hence D).

The rejection rate increases with the dimension of the data, so in this case it is easier to
compare summary statistics, S(X). Summary statistics are used to summarise the high-

dimensional data as simply as possible [I18]. The common summary statistics are the
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arithmetic mean, to measure the location of the observations, and the standard deviation,
to measure the spread of the observations. In 2008 Joyce et al. proposed a method of
choosing summary statistics systematically [120]. The criteria for parameter acceptance
becomes:

p(S(x),S(D)) < e. (5.3)

The efficiency increase obtained by using summary statistics does not introduce any error if
the summary statistics are sufficient [I121I]. A sufficient statistic is defined as all information
in D about ¢ is contained in S(D). Finding a sufficient summary statistic can be difficult
and with our data and models one could not be found. So to reduced bias and reduce the
amount of information lost three summary statistics will be used and the average distance
between observational data and simulated data will be used in the criteria for parameter

acceptance, Equation ([5.3)).

Observational Data

The simulations from all four of the modified Vicsek models result in the average speed,
alignment and integral lengthscale increasing over the course of the simulation, Fig-
ures and These aspects are typical in behaviour seen in emergent collective
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behaviour. Therefore we compare the simulated data to observational data which has sim-
ilar features. The observational datasets we will use for comparison comes from Videos 1,
2, 3 and 4. The trajectory plots for these datasets can be seen Figures[C.1] [C.2] [C.3] and
We denote the observational datasets as zj;) where i € [1,2,3,4] is the video number.
In the observational videos we see the emergence of collective behaviour in the flock of
sheep in periods of time where the average speed, alignment and the integral lengthscale
increase. Therefore by using the family of modified Vicsek models we aim to reproduce

this emergent collective behaviour.

The three observational datasets have different lengths, Table so we normalise the
time period so that time starts at 7 = 0 and ends at T = 1. By doing this is it much
easier to compare the videos to each other but also to the simulated data. Once time
has been normalised we can look at each of the quantities mentioned above over 7. The
normalisation factor for each of these observational datasets is simply the number of frames
in the section of the video which we are going to compare T[;}, shown in Table Three of
the observational datasets have a very similar number of frames which we want to compare
to the simulations, T;; & 120 but Video 2 has almost twice as many, T2} = 220. Due to
this it is important for us to normalise the time period using the method described above

to make comparisons across videos easier.

The observational datasets were chosen because the average speed, alignment and the

integral lengthscale increase over time. The average speed is calculated using
1w 1 o
Dy~ . (t) () .(t) £
(D) = Nzlbcj | and (la))]) = Nz;|z[i],j|, (5.4)
j= j=

where |5<§.t)| is the speed of simulated agent j at time f, and similarly |zg]) jl is the speed of
the j'" observed sheep at time t in observational dataset i. The average speed profiles for

the observational datasets are shown in Figure

The global alignment of the agents/sheep at time t, as described in Chapter [3] is defined

Obervational dataset Length of observation Number of sheep

zj;; Frames, T|;; Seconds in oberservation
1 130 5.42 45
2 220 9.17 45
3 120 5.00 45
4 120 5.00 45

Table 5.1: The number of frames and time covered in each of the observational datasets, z[;) where
i€[l,2,3,4].
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Figure 5.4: The average speed over rescaled time. Three of the observational datasets show that
the average speed at the end of the simulation is higher than at the start of the observation.

Whereas in z[3) the profile of average speed has very distinct waves.

as
N

N
1 1
By = — - (£) B,y = L .(H)
YY) = N El X; and ¢ (Z[i]) N |2 2,
= j=

where X;t) is the velocity of agent j at time ¢, as defined in Section |3.6.4

~

and similarly

(5.5)

()
21,5

is the velocity of sheep j at time ¢ in observational dataset i. We have the same number

of agents in the simulations as the number of sheep in all four of the observational dataset

so the i subscript on the N as seen in Chapter [3| has been dropped for conciseness. The

global alignment over time for each the observational datasets is shown in Figure [5.5

Finally the integral lengthscale, which gives an idea of the distance over which the velocities

1 - |
= 0.5 =
— Z[1]
— Z[2]
—_— Z[3]
—_—Z[y
0L ! ! ! ! ! [\] il
0 0.2 0.4 0.6 0.8 1

Figure 5.5: The global alignment over normalised time. All four observations exhibit similar

increases in global alignment but with varying amounts of noise.
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20

10 |-

Figure 5.6: The integral lengthscale over normalised time for our four observational datasets. On
average this quantity increases overtime, but it is the noisiest of the three summary statistics
chosen to represent the observed data.

of the agents or sheep are correlated, as defined in Section [3.6.5]

Xc Xc
10 (x(t))= /0 fx,f)dx and IO (zg]’)= /0 F(x,t) dx, (5.6)

where f(x,t) is the correlation between the velocity of agent j and its n*® nearest neighbour
at time t, and x. is defined as the neighbour where the velocity correlation goes below
zero, Section This can be seen in Figure for each of out observational datasets.

The remaining ten videos either do not have periods of time where these quantities are
increasing or the period of time is too short (number of viable frames less than 100). These
three quantities will be used as summary statistics of both the simulated data and of our

observational data.

The four observational videos have visually similar behaviour and this is reflected in each
of the quantities increasing over time. However, the average speed in Video 3 has a more
sinusoidal profile compared to the other three videos, Figure[5.4] The alignment in Video
4 peaks around 7 = 0.25 before decreasing back to 1 = 0.5, this could be due to the drone
shifting position during filming which the stabilisation process was not able to fully rectify,
Figure These two videos have a more varied relationship between I and T because
of the noise seen in the other quantities, Figure [5.6] Due to the additional noise in these
datasets the minimal p(x,z;)) values for i = 3,4 may not be as small as the minimal

p(x,2[;)) when i =1, 2.
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Figure 5.7: The average speed of simulated agents over time, showing the cut off points used to
trim simulations (Simulation of modification 2 with ¢ = 70).

Determining ¢;

Our simulations contain a longer time period than that of the observed datasets. Most
of the simulations include a short period at the beginning of the simulation where the
summary statistics are not increasing and small, and a larger period of time at the end
of the simulation where the summary statistics are at a constant larger value. We are
interested in comparing the period of time where the summary statistics are increasing
so we truncate the simulations. The simulations are trimmed to start as the first of the
summary statistics starts to increase, t;, and end as the last of the summary statistics
reaches within 1% of its final value t., Figure We now have a curve for each of the

summary statistics which increases over time for each simulation.

The sampling rate of the observational data and simulated data do not match. Figure
shows that we will have approximately 400 remaining simulated data points once it has
been trimmed. This is almost twice as much information than we have in our longest
observational dataset. So we use linear interpolation to obtain a the value of 7 in the
simulation for each time point where we have an observation. The time point T = t; is

simply the time at which the ]'th observation was made.

Using ABC With Vicsek Flocking Models

The ABC rejection scheme algorithm for approximating the posterior distribution using

our collected data follows the same procedure as set out in the previous section, Algo-

rithm B.11

All three summary statistics were chosen because they all measure the behaviour better
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than the raw trajectories. The raw trajectories could be heading in different directions
and be in different places at a certain time so a naive comparison would not show the
similarities between simulation and raw data. the summary statistics so as to capture
emergent flocking behaviour information without relying on similarly of raw trajectories.
For example specific flocks of sheep becoming ordered over time from a state of disorder
might demonstrate trajectories that do not align at any point, however, the statistics we
use are consistent throughout several datasets and simulations. This consistency allows

us to use them in the ABC parameter inference.

The three summary statistics that will be used to decrease the dimensionality of our data,
both simulated and observed, are the mean speed of the agents, the global alignment of the
agents and the integral lengthscale of the agents. For the ABC scheme we first calculate the
distance between the summary statistics of the observed data and the summary statistics

of the simulated data using

e The distance between simulated mean speed and observed mean speed over all time

Ty L (F: . (ts
[ (1) = Uz 7))
(Iz(y "]y

is defined as

polx, 2[)) = T (5.7)

il [
where (|x)|) and (|z['i](t)|) is the mean speed of the agents in the simulated data and
observed data at time t respectively and are calculated using Equation (5.4). The

quantity Tf;) is the number of observations in observational dataset i.

e The distance between simulated and observed global alignment over all time is cal-

culated using
. ) (1)
| | v &) = iz |
[] .
py(X,27) = T ©) (5.8)
[i] j=1 l,lJ(Z[l])

where 1(x*)) and gb(zg]) ) is the global alignment of the simulation and observed data
at time t respectively, computed using Equation (5.5)). As with the distance between

mean speeds, T[;) is the number of observations in observational data i.

Algorithm 5.1: Using ABC with the Vicsek model modifications and our observa-
tional data.

1. Draw parameters, ¢*, from the prior distribution;

2. Simulate x from the Vicsek model modification using ¢*;
3. Compare x to z[;;

4. Accept ¢" if p(x, zi)) < e[i);
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e The distance between the integral lengthscales averaged over time using

! (o -6
P&z = 7= ) Y (59)
5= Iz;y)

where I(x)) and I (zgi)) is the integral lengthscale of the simulation and observed
data at time t respectively, Equation (5.6). As seen with the other two distance

metrics, T[; is the number of observations in observational data i.

These distances calculates the difference between the simulated and observed quantity and
then normalise this by dividing by the observed quantity. By normalising in this fashion
when calculating the average difference over time all three distance metrics are in the same
order of magnitude despite the raw alignment being almost 3 orders of magnitude smaller

than the integral lengthscale.

Once all three of the distances between observed and simulated summary statistics are
calculated we use the average distance of those calculated in Equations (5.7)), (5.8)) and (5.9))

as the distance used in the ABC rejection scheme when comparing to the i** dataset, ],

1
p(x,21i1) = 3 (Po(x 21) + Py (x, 70i7) + pr(x,217)) - (5.10)

By using the arithmetic mean of the three distance metrics we ensure that all three of the
summary statistic distances have to be close in order for the parameter combination ¢*

to be accepted.

Initialising The Simulations

The initialisation of the simulations is vital to being able to create simulations where the
three summary statistics increase. In order for the simulations to match our collected data
we require a stimulus. For this we use agent N to mirror the stimulus the sheep in the
data videos received from the quad bike. In order to do this we fix the speed to be faster

than the remaining agents and also fix direction of the agent over time.

Initialising Agents

The initial locations of N — 1 of the agents in the simulations are randomly allocated.
The (x,y) coordinates for each agent is selected by independently randomly sampling
from a continuous uniform distribution for both x and y. The width of the distribution is

governed by the quantity 5, which is the average distance between an agent and its nearest
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Location of
other agents

7
Location of agent N

Figure 5.8: The starting location of agent N compared to the starting locations of the rest of the
agents.

neighbour. We require s to be approximately the same as the average distance between a
sheep and its nearest neighbour in the observed data, to ensure that we are comparing like-
for-like. For Video 1 the average separation between a sheep and its nearest neighbour
is approximately 30 pixels. When randomising the initial coordinates of the simulated
agents using independent samples from a continuous U(0, 350) distribution for x and y
the average separation between an agent and its nearest neighbour is also approximately
30.

In our observations the alignment starts small, meaning that the initial directions of the
observed sheep are approximately random. Therefore we initialise the initial directions of

the agents from a continuous uniform distribution U (-7, ).

The initial speeds of the agents are sampled from a normal distribution. The mean and
standard deviation of this distribution are taken from the observed data at time 7 = 0.
When comparing to Video 1 the normal distribution used as the prior for the initial speed
is N(0.26,0.12). The values realised from a normal distribution are not limited to positive
values. If an agent is initialised with a negative speed, —v, in the direction 6 then this is
equivalent to the agent being initialised with direction —6 and speed v. Since the starting

directions are random this is not a problem for initialisation.

Initialising Agent N

We initialise this agent’s location to be slightly displaced from the rest of the agents,
Figure 5.8 This ensures that our simulations have a burn in period, so we always capture
the moment where the rest of the agents start to react to the stimulus. The direction of
agent N is fixed at the beginning of the simulation to point directly towards the rest of
the agents, Figure 5.8l By doing this we can be confident that the other agents will always

interact with agent N.

Since we require the average speed of the simulated flock to increase once exposed to agent
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Bounds
Parameter Lower Upper  Modification
r 0 120.00 17
o 0 120.00 2 3 4
a 0 4.00 3
a 0 0.05 3
a 0 1.00 3 4
B 0 4.00 4
B 0 0.05 4
B 0 10.00 4

Table 5.2: The upper and lower bound for the uniform prior distributions of parameters and which
of the modified models it appears in. If the model number is written 1* then this is the prior
distribution used for model analysis.

N we fix the speed to be higher than the initial speed of the other agents. This is similar
to how in the observational videos when the sheep become aware of the quadbike their

speeds increase.

To allow for an easier comparison between simulated and observed data we fix the speed
of agent N to be the mean speed of the observed sheep at the end of our dataset (when
T
(1]
z[1]). By doing this the average speed for both simulated and observed data should start at

comparing to Video 1 this speed is {|z,,;"|) = 2, where T; is the final time in dataset 1,

T .
approximately 0 and end when the average speed is approximately <|i[i[]’] |}, for all datasets,
zjj] where i € [1,2,3,4]. We could instead to use the average speed of the quadbike as the

fixed speed of agent N, this would produce similar behaviour in the simulated agents as
Ty:
the average speed of the quadbike is approximately (|i[i[]’] ).

Prior Distributions Of The Model Parameters

ABC requires the parameter(s) of the Vicsek modifications, ¢*, to be sampled from the
prior distribution. In the following sections we will discuss the prior distributions used for

each parameter in ¢*. The parameters are:

e r in modification 1,
e ¢ in modifications 2, 3, and 4,
e ¢ in modifications 3 and 4,

e ( in modification 4.
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5.9. Modification 1: Variable Speed

Each of the model modifications as set out in the previous chapter are: modification
1 is the Vicsek model with variable speed, Section modification 2 is the Vicsek
model with variable speed and weighted Gaussian interactions, Section [£.2.2} modification
3 is a continuation of modification 2 but where the size of the Gaussian now depends
on the agents neighbours’ speed, Section [£.2.3} finally modification 4 changes the size of
the Gaussian used for the weighted interactions based on both the agents speed and its
neighbours’ speed, Section [£.2.4]

For these parameters we assume a uniform prior and it is these parameters that we are
interested in approximating the posterior distribution. For continuity when the parameter
is used in multiple modifications we use the same continuous uniform distributions in each.
We use a latin hypercube, defined in Section[A.7] to sample from the prior distribution, the
marginal prior distributions are shown in Table[5.2] to minimise the number of simulations

needed to cover the entire parameter space.

Modification 1: Variable Speed

The first modification to the Vicsek model allows the agents to change their speed in the
same way they update their direction, Section The weights used for interactions in
this modification at time t are

w(t,) =H [rﬁ? — r]

()
_ 0, rl.j —-r >0,

()
1, i =T <0,

(5.11)

as previously shown in Equation (4.4]), where 1’5;) is the distance between agents i and j
at time f. Hence this modification contains a single parameter, the radius of interaction,

r.

For clarity in the following sections we focus how the simulations compare to Video 1,
but will show the resulting posterior distributions from comparison with the other three
observational datasets. Figure shows the mean and and the mean plus/minus one
standard deviation of the p(x, z[;]) values from one ABC scheme, Algorithm with the
p(x,z[1)) split into bins of width r = 1. We can see that when r is close to 0, p(x, z) is
at its highest, therefore the model is not matching the observational data very well. This
makes sense because in the simulations the agents will be too far apart to interact. As r
increases the value of p(x,z[]) starts to decrease suggesting that at for the larger values

of r the model is closest to the collected data with respect to p(x,z[;}). Once r > 100
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z;) Tolerance level ¢[;
1 0.19
2 0.60
3 0.47
4 0.85

Table 5.3: Tolerances values used to obtain 1% of simulations with the smallest p(x, z[;}) values for
i €[1,2,3,4] when comparing to modification 1.

the p(x, z[1}) values do not decrease anymore which shows that by increasing r further the
fit does not improve. We can take from this that approximately » = 100 all agents are

interacting.

Figure shows the histogram and the kernel density estimation distribution of p(x, z[1))
values we obtain. The p(x, z[;)) distribution has three peaks, at approximately p(x, z[;])=
0.3,0.5 and p(x,z[1))= 0.8, for both runs of the ABC scheme. This shows that we are
running enough simulations to cover the parameter space sufficiently. We run our ABC
scheme, Algorithm [5.1] twice each with 20,000 simulations sampled across our parameter

space in order to check we are running a sufficient number of simulations.

As can be seen in Table the prior distribution of r is U(0,120). The approximate
posterior distribution for r is obtained by looking at best 1% of simulations produced by
the ABC scheme. We define the best 1% of simulations as the 1% of the simulations with
the smallest p(x,z[;)) value. The best 1% of simulations, when comparing to Video 1, is
equivalent to a tolerance level of &7 = 0.19. The tolerance levels for comparing to the
other three datasets can be seen Table 5.3

I I I
— Av. p(x,2z)1)) —— Batch 1: Hist.
Av. p(x,2[1]) = 1 s.d. Al — Batch 1: KDE ||
1 d Batch 2: KDE
= >
= =
N\ é}
> <% | N
= 0.6 - I a 2
0.2} . 0f— --
| | | | | |
0 50 100 0.2 0.6 1
r P(Xz Z[l])
Figure 5.9: The relationship between p(x,z(1}) Figure 5.10: The distribution of p(x, z[;}) values
and r using all 20,000 simulations categorised from all simulations of the ABC schemes for the
into 120 bins when using modification 1. first modification of the Vicsek model.
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5.10. Modification 2: Gaussian Interactions
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Figure 5.11: The prior distribution and the approximate posterior distributions from comparison
with all four datasets for modification 1.

Figure shows the prior distribution and approximate posterior distributions for r
when comparing to all four observation datasets. We can see that in the approximate
posterior distribution for r when comparing to Video 1, the values vary from about 50
up to 120, with a peak at 75. The density of r values at r = 75 is higher than the
density in the prior distribution at this point. The density is now approximately 0 for
all values of r < 50. The distributions for » when comparing to Video 1 and Video 3 are
very similar, they each have r varying from 50 up to 120 and peak close to r = 80. The
other two posterior distributions cover much smaller values of r. We see that the broadest
distribution comes from comparison with Video 4 which had a large amount of noise in

the summary statistics.

Modification 2: Gaussian Interactions

As with the first modification of the Vicsek model there is only a single parameter in
the model with prior distribution o ~ U(0,120). We use the same limits for the uniform
prior distribution for o that was used for the radius of interaction r, since when o = r
the influence an agent receives from its surroundings is similar. The weights used for

interactions in the second modification at time ¢ are

(142
(r?)

o2

w!) = exp§ — (5.12)

ij

as previously shown in Equation (4.6)), where r® is the distance between agents 7 and j at

ij
time f. The equation to calculate the weights used in averaging now gives a larger weight
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Figure 5.12: The area under the curve representing the radius of interaction () is comparable to
the area under the curve for the Gaussian interactions ().

to neighbours at further distances.

Figure [5.12) shows how the weight changes as the distance to the neighbour increases for
each model, calculated using Equations and . The area under the curve gives
us an idea to how much an agent can be influenced by its neighbours. The area under
the curve for the previous modification (—) is 40, whereas the area under the curve for
this modification () is slightly smaller at 35.5. From this we might expect that the peak
in the posterior distribution for ¢ to be at a slightly larger value that the location of the
peak in the posterior distribution for r.

Figure m shows the mean p(x,z[;]) value and the mean plus and minus one standard

deviation of the p(x,z[;)) values for data split into bins of width 1. When o is close to

0 the value of p(x,z[;)) is at its highest and once ¢ gets larger then 100 the values of

I I I
— Av. p(x,2[1)) —— Batch 1: Hist.
10 Av. p(x,z[1)) = 1 s.d. || Al “R Batch 1: KDE
= > i
— e M
S z il
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4
0.2} | 0 __,,ﬂ‘ | Mo
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o p(x, z[1))

Figure 5.13: The relationship between p(x,z;1}) Figure 5.14: The distribution of p(x,z[)) val-
and ¢ using one batch of 20,000 simulations ues for all 20,000 simulations using Gaussian
split into 120 bins. interactions.
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Dataset z[;; Tolerance level ¢;

0.19
0.87
0.47
0.84

=W N

Table 5.4: Tolerances values used to obtain 1% of simulations with the smallest p(x, z[;}) values for
i €[1,2,3,4] when comparing to modification 2.

p(x, z[1]) flattens out, in the same way as in the previous model. The relationship between
o and p(x,z[y)) is similar to that of r and p(x,z[;)) shown in Figure Since we expect
the behaviour when ¢ = r to be similar, it is reassuring to see that p(x,z[;)) flattens out

when ¢ = 100, showing that at these large o values all agents are interacting.

Figure shows the distribution of p(x, z[;}) values we obtain from running two batches
of the ABC rejection scheme, Algorithm [5.1] both of which with 20,000 simulations. This
is similar to the distribution produced by the previous modification, Figure but the
first two peaks are much closer together, and the final peak is now much smaller. Since
more simulations are achieving smaller p(x, z[,])alues overall this modification is a better

fit to our observational data.

In order to obtain the approximate posterior distribution for ¢ we use the same procedure
that was used for r in the previous model. Looking at the distribution of ¢ values of
the top 1% of simulations is equivalent to setting a tolerance level of &[] = 0.19, toler-
ance levels for comparison with other dataset shown in Table By changing type of
interaction from a radius of interaction to a Gaussian interaction, we see that the peak in
the approximate posterior distribution for the size of the interaction when comparing to
Video 1 reduces from 75 to approximately 55, Figure [5.15] The spread of the distribution
is also smaller. The posterior distributions for Video 2 and 3 see similar changes. The
posterior distribution for ¢ when comparing to Video 4, 1t(c|z4)), is now slightly narrower,
with a less density in the regions ¢ < 10 and ¢ > 60. This shift to smaller ¢ values is the
opposite of our initial hypothesis. This could be explained by the neighbours which are
further away now having a larger weight (in modification 2 it is non-zero) so agents start

to interact even when far apart.

We can compare the posterior distributions, for 7 from comparing modification 1 and zj,
7(r|z(1}), and for o from comparing modification 2 with z1}, 7(o|z[;}), by converting the
parameter values into the equivalent area under the weight curve, A, for that parameter
value. This quantity A can be thought of as the amount of influence the surroundings can

have on an agent. The area under the weight curve for modification 1 where the weight
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Figure 5.15: The prior and posterior distributions for Figure 5.16: Distribution of A for mod-
each of the datasets z[;} using modification 2. ification 1 and modification 2.

function is given by Equation (5.11]) is simply

I RGN0
A—/O wi]. drz.].

= H[r@ -] art?
1 1

0

where H [rg) — r] is the heaviside function described in Section and where rg) is the

distance between agent i and its neighbour agent j at time f.

The area under the weight curve for modification 2 where the weight function as given by

Equation (5.12) is
_ [T 0
A= /o w;j dri].

r@)g

_[7 _(”_ (0
_A exp = drij

vr (5.14)

Figure shows the distribution of A for both of these models. The peak for modification
1 is at a higher value of A that the peak in the distribution for modification 2. Therefore
on average the agents simulated using the second modification to the Vicsek model require

less influence from their neighbours than those simulated by the first modification to obtain

the same behaviour.
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5.11 Modification 3: Interactions Dependent On Neighbours Speed

Modification 3 has two parameters, o and «, Section The interaction weights for

this modification are calculated using

r2

R F R— (5.15)

i a
! (U;t) + 1) 02

w

as seen in Equation (4.7). The interaction weights now depend on both the distance
()

between agents i and j at time ¢, e and also the speed of the neighbour at time f,

Z);t). Which as mentioned earlier allows us to model the idea of neighbours which are
moving faster must have more information about danger or food than the individual. So

the individual is more likely to follow them than neighbours which are moving slower.

To ensure that this model drops back to the previous modification when @ = 0 we look
at the case where a has the continuous uniform prior distribution @ ~ U(0,0.05). This
can be case is shown in Figure by the dashed green line (- -). Since we have limited
knowledge about what the value of a should be we initially use a continuous uniform
prior distribution U(0,4). Figure shows that allowing a to vary this much gives us
much broader distribution of p(x,z[;)) values than when using the prior a ~ U(0,0.05).
Therefore, the larger values of a result in larger values of p(x,z[;)) so the upper bound
of the continuous uniform prior distribution can be reduced to aid with computation and
to allow for a more thorough investigation into an appropriate parameter space. Hence
for our model comparisons we use the continuous uniform prior @ ~ U(0,1) as shown in
Table Figure shows that when a ~ U(0,1) we obtain fewer simulations which
result in p(x, z;17)> 0.5 and more simulations which result in p(x, z[;]) values at the peak
of the distribution, p(x,z[1)) # 0.3. Therefore a value of & in this range gives better results

than the previous model where a = 0.

When simulating from this modification we use the same continuous uniform prior dis-
tribution for ¢ as was used in the previous modification, ¢ ~ U(0,120), as shown in
Table (.21

How the distance metric p(x,z[;]) changes as the individual parameters, o and a, are
varied can be seen in Figure This shows that there is a range of (0, a) values which
result in low distance (p(x,z[;;) < 0.35). In the region where a decreases from 0.9 to
0.3 and as ¢ increases from 60 to 80 the distance p(x,z;]) is at its smallest. Since this
region depends on both ¢ and a values the two parameters have a non-zero correlation.
As seen in modification 2, Figure when o < 15 the value of p(x, z[;}) increases due to

agents not interacting with each other. Figure [5.19|shows the distribution of the resulting
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Figure 5.17: The distribution of p(x,z1}) values for M3 with « taking different ranges of values.

distance metric values, p(x, z[1]), for both batches of the ABC scheme, Algorithm when
using this model. The p(x, z1}) distributions for both batches are very similar, so despite
increasing the number of dimensions of the parameter search the number of simulations is
still sufficient. The p(x,z[;)) distribution no longer has three peaks, but instead has one
broad peak and one smaller bump. The small bump in the distribution comes from the
small ¢ values, 0 < 10. Regardless of the a value chosen when ¢ is in the range 0-15 the
resulting fit to the collected data is poor, p(x,z[1])> 0.8. This was also observed in the 2D

surface plot shown in Figure [5.18

The joint posterior distribution for ¢ and « is shown in Figure The posterior distri-
bution for comparison with z[;] is calculated using a tolerance level of ¢[;) = 0.19. Table
shows the tolerance levels for the other observation comparisons. The joint posterior dis-
tribution, (o, a|z[1)), peaks when o ~ 50 and a ~ 0.7. The peak in o is reflected in the
marginal posterior distribution for ¢ but the peak in a does not appear in its marginal
posterior distribution which reiterates the implication that there is correlation between

the two model parameters.

The marginal posterior distribution for ¢ when comparing to z[;) and z3 peak at ap-
proximately the same value, 0 ~ 50. However, when comparing to z[3) it is very broad
distribution spanning the entire domain with only a slight increase in density at the peak
of the distribution. The marginal posterior distributions when comparing to the other
datasets both peak at a smaller value, 0 ~ 20 for comparison with zps; and o ~ 10 for

comparison with z[4).

The marginal approximate posterior distributions for a appear to split into two categories
across our observational datasets. The comparison with z[;} results in a distribution which
cover all values between 0-1 but has a slight peak at @ > 0.5. Whereas the other three

observational datasets result in distributions where they still cover all values 0-1 but the
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Figure 5.18: A 2D surface showing contours fitted to the p(x,z[;)) values obtained from a single
ABC scheme using modification 3.

peak is much more well defined and is at a smaller, a ~ 0.15.

5.12 Modification 4: Interactions Dependent On All Speeds

The final modification has three parameters in the weighted interactions: o, a and . The

interaction weights are calculated using

(1) i

w..’ = exp ,
l] a
(v(t) + 1) 02
I
—— Batch 1: Hist.
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Figure 5.19: The distribution of p(x,z[1]) values for two batches of 20,000 simulations using Gaus-
sian interactions with variable speed using o ~ U(0,120) and a ~ U(0, 1), model M4.
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Dataset z[;; Tolerance level &;

1 0.19
2 0.95
3 0.58
4 0.91

Table 5.5: Tolerances values used to obtain 1% of simulations with the smallest p(x, z;}) values for
i €[1,2,3,4] when comparing to modification 3.

(*) )

i

(t)
ij
respective speeds at this time, as previously seen in Equation (4.8). This modification

where 7 are their

is the distance between agent i and j at time t and v;’ and v;t
allows the weight of the interactions to depend on the agents own speed: if it is going
fast then its interaction weights will be smaller, and conversely when an agent is going
slow its interaction weights will be larger. As with the previous modification we assume
that an agent which is moving faster than its neighbours has more information about
its surroundings. Before we allowed faster agents to influence its neighbours more than
slow agents, this modification is a continuation of that idea. Now faster agents can be
influenced less by its neighbours as it has more information about its surroundings than

they do.

As with introducing the a parameter in modification 3, Section [5.11] we had very limited
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Figure 5.20: Approximate joint posterior distribution for comparison with zj;} and marginal dis-

tributions of the parameters ¢ and a from the comparison with all four datasets when using
modification 3.
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Figure 5.21: The distribution of p(x,z[;)) val- Figure 5.22: The distribution of p(x, z[1]) val-
ues with § using different priors in M4. ues for both ABC schemes of M4.

prior knowledge of what the value for f should be so we gave it the prior distribution
U(0,4). Figure shows that using this prior distribution shifts the distribution of
p(x,2[1]) to the left giving us a better fit than that of the previous model. When we allow
B to have a broader prior distribution (B ~ U(0,10)) we see that the overall performance
of the model is worse so therefore to aid inference, a smaller continuous uniform prior
distribution where f < 4 is sufficient. As before when adding «, Section we check
that the previous model can be realised when f =~ 0. Figure shows that the curve
for the previous modification where f = 0 and using this modification where p < 0.05 are

equivalent.

The distribution of p(x, z[1}) values when using the final Vicsek modification model, Fig-
ure shows that the distribution still comprises of a large peak at p(x, zj;;) < 0.5 and
a small bump at p(x,z[;)) ~ 0.75. The small bump in the p(x,z[;)) distribution was also
observed in the distribution p(x, z[;]) when using the previous model. It peaks at approx-
imately the same p(x,z[;]) value but it is now composed of less density. The decrease in
density at larger p(x,z[;]) values implies that the over all fit of the model is improving as
we add more complexity. The two independent batches of the ABC scheme are approxi-
mately the same therefore even in a 3D parameter search space the number of simulations

is sufficient.

Figure @ shows the three approximate marginal posterior distributions for o, @ and f
and their respective marginal prior distributions and Figure shows the pairwise ap-
proximate joint marginal posterior distributions. The approximate posterior distributions
we obtained by seeing the tolerance level to e[ = 0.19 leaving 1% of the simulations.
The tolerance levels for the 1% of simulations with the smallest p(x,z;)) values for all
i €[1,2,3,4] can be seen in Table From these distributions we can see that of the
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Figure 5.23: The prior distributions and approximate marginal posterior distributions for the
parameters in modification 4.

three parameters we inferred more about the parameter ¢ than the other two. This is

shown by the amount the distribution changed from prior to posterior.

The posterior distributions for ¢ are now very much skewed towards the smaller values
of 0. The comparison with Video 1 suggests that the underlying value of ¢ lies in the
range 20-60. Whereas the comparison with the other three datasets, zj;; where i =2, 3,4,

suggest that smaller values may also be acceptable.

The approximate posterior for a shows very little change from the prior .When considering
the posterior distributions for @ we can see that one of the distributions is skewed towards
larger a whereas the other three are skewed towards smaller a value. However, all four
distributions have small density values, < 2, at their peak suggesting that more simulations
or comparing more summary statistics might be necessary to determining the underlying

value of & in the observations.

The peaks in the posterior distributions for f are more well defined than those in the

posterior distributions for a. In the simulations we allowed B to vary from 0-4 from the

Dataset zj;; Tolerance level ¢[;

1 0.19
2 0.97
3 0.62
4 0.92

Table 5.6: Tolerances values used to obtain 1% of simulations with the smallest p(x, z[;}) values for
i €[1,2,3,4] when comparing to modification 4.
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5.13. Trajectories from Simulation
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Figure 5.24: Approximate joint posterior distributions for comparison with zj;) when using modi-
fication 4.

posterior distributions we can conclude that g is more likely to lie in the 0-2. All four of
the posterior distributions for g have approximately the same shape with a peak around

p =1 and the density reducing as f increases. With a peak at g > 0 we can conclude that
()
i

the model. Physically this is the equivalent to animals moving at higher speeds interacting

the inclusion of v;’ in the calculation of the interaction weights is important to the fit of

less with their surroundings.

Trajectories from Simulation

We can view example trajectories of the simulated agents using the parameters from near
the peak of the approximate posterior distributions. The selected examples shown in
Figure [5.25] are for the four model modifications described in the previous sections. The

parameters input in these simulations are show in Table [5.7]

The initial condition for each example simulation was set as described in Section [5.7.1]
All example simulations had 45 agents, and the speed of agent N was fixed at the mean

speed of the observed sheep at the end of our dataset from Video 1.

Model Modification N R ¢ a f

M1 45 70 - - -
M2 45 - 70 - -
M3 45 - 50 0.7

M4 45 - 50 03 3

Table 5.7: The parameter values used in the example trajectories.
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(a) Model modification 1 (b)  Model modification 2

25m

/

(¢) Model modification 3 (d) Model modification 4

Figure 5.25: Example trajectory plots from the four Vicsek model modification used optimal
parameter values.

Examples with no noise

As used so far in this chapter the following examples are simulated with no noise, & = 0 in
Equation (4.2)). This allows us to more easily observe the relative difference in behaviour
for the four models and shows the type of trajectories they can produce. It is trajectories

such as these that were used as input for the ABC method.

For each model modification a change in behaviour can be observed in the trajectory plots.
Each additional level of complexity produces more varied trajectories. For example model
4 includes B a term that changes the behaviour of the agents depended on their velocity.
This can be seen directly in the surprisingly different trajectories as compared to the other
three model modifications. This is because as p > 3 the agents are influenced less by their

surrounding so there is even less of a cohesive force keeping the flock together.
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5.13. Trajectories from Simulation

(a) Model modification 1 (b)  Model modification 2

(¢) Model modification 3 (d) Model modification 4

Figure 5.26: Example trajectory plots from the four Vicsek model modification used optimal
parameter values including a small noise term.

Including a small amount of noise

The full modified models included a noise term that was previously suppressed throughout
this chapter for ease of parameter inference. Here we include the noise term so that we can
simulate sample trajectories from the full model reintroducing small differences between

agents.

The trajectories in Figure [5.26] use the same parameters as in Figure [5.25] but now have
& = 0.1 which was chosen by observation as as to only make a small effect and not

overwhelm the model.

The overall behaviour is similar to the previous case with no noise, however variations in

individual trajectories can be observed.
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Model Modification 20% 1%

M1 0.292 0.191
M2 0.270 0.194
M3 0.272 0.191
M4 0.256 0.190

Table 5.8: The tolerances equivalent to looking at the best p%, p € {1, 20}, of simulations for each
model when comparing to Video 1.

Comparing The Model Variations

Looking at the best 20% of simulations when using the observational dataset from Video 1,
z[1], we obtain the tolerances shown in the fist column of Table The tolerances show
that on average as the model complexity goes up the closer the simulations get to the
collected data. This can also be seen in Figure [5.27a] which shows the distribution of
p(x,z1]) values for each model once the tolerance has been applied. The peaks of each
of the distributions moves to smaller p(x, z(;]) values and the distributions get narrower
as the model goes from modification 1 to modification 4. This means that there are more
parameter combinations that fit closer to the collected data for the higher dimensional

models.

However, when looking at the best 1% of simulations for comparing to the observational
dataset from Video 1, z[y}, using the tolerance levels in the second column in Tablethere
is now very little difference between the models. Figure shows the distributions of

p(x, z[1]) values across the four model modifications are approximately the same when the

I
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£ 20 1 &
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A A
0
| | | | | | |
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p(x, z(1]) p(x, z(1])
(a) The best 20% of simulations. (b) The best 1% of simulations.

Figure 5.27: The distribution of p(x, z[;}) values for the best p% of simulations for all 4 modifica-
tions.
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Figure 5.28: Proportion of p(x,z[1)) from each p; with standard deviation shown in the error bars.

tolerance level is set to € = 0.19. The distribution for each model now has approximately
the same peak at p(x, z1)) = 0.18 and spread where the range of values is 0.14 < p(x, z1}) <
0.19. This implies that when using this family of models to recreate the behaviour seen
in Video 1 there appears to be a cap on how close the models can recreate the observed
data.

For qualitative comparisons we can use the best 20% of simulations for model comparisons
as there is a discernible difference in the distributions of p(x,z[;)) values when using the
best 20% of simulations but not when using the best 1% version. However, since we used
ABC to estimate our posterior distributions more complex methods of comparison such

as Bayes factor should be used in future work.

We can breakdown p(x, z[1]) into its three constituent parts (py, py and py) and look at the
proportion each p; passes on to the combined distance metric, p(x, z1)). Figureshows
proportion of p; in p(x,z;}) for each of the four models. We see that all three distance
metrics for each of the models account for approximately a third of the full p(x, z[;}). This
means that no one summary statistic is more influential than the others for comparison

with all four models.

Conclusions

In summary using approximate Bayesian computation we were able to calculate the ap-
proximate joint posterior distribution for the parameters in each of the four Vicsek model
modifications for each of the four observational datasets. These approximate posterior dis-

tributions characterise the behaviour seen in our observational datasets, z(;} i € {1,2,3,4}.

As previously described in Chapter [4] modification 1 is the Vicsek model with variable
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speed with a radius of interaction parameter r. When comparing to z;] and z3) the
approximate posterior distributions had bell shaped curve in the range 50 < r < 120 with
well defined peaks at » = 70 and » = 90 respectively. For these two observations simulations
using an interaction radii of less than 50 do not produce comparable behaviour. For the
other two observational datasets, z[) and z[4), the approximate posterior distributions are
much flatter meaning that less information was inferred from the observational data. The
approximate posterior distributions for these two observational datasets are also skewed
toward smaller values, which means in order to best replace the behaviours seen in z[g)

and z4] smaller radii of interaction should be used when using modification 1.

When moving on to modification 2 where the radius of interaction is replaced with a
Gaussian with standard deviation o we see similar results. The approximate posterior
distributions for z[;] and z3] are skewed towards large values of 0, 40 < 0 < 100. Whereas
the other two approximate posterior distributions for z[) and z[4) are skewed the other
way, 0 < 0 < 60. The approximate posterior distributions for these two observational
datasets now have defined peaks meaning that more information could be inferred when

using modification 2 compared to modification 1.

When using modification 3 the size of the Gaussian depends on the agents neighbours’
speed to the power of @ (when a = 0 we return to modification 2). For this model we
find that for z[;] the approximate joint posterior distribution peaks at o ~ 50 and a ~ 0.7.
Whereas the approximate posterior distributions for the other three observational datasets

peak at smaller ¢ and a values.

Finally when simulating using modification 4 (which allows the size of the Gaussian to
change with respect to both the agents speed and its neighbours’ speed) with parameters
o, « and  we again see z;] producing a different approximate joint posterior distribution to
the other observations. When looking at the approximate marginal posterior distributions
we see that for z;; the peaks are 0 ~ 40, @ = 0.75 and § < 1. When comparing to the
other observational dataset the approximate marginal distributions for ¢ is flatter and
peaks at smaller values ¢ < 30. The approximate marginal distributions for a are now
skewed towards the smaller values with the peaks at @ = 0.2. The approximate marginal

distributions for § for all four observational datasets are very similar.

The approximate posterior distributions when using modification 1 split the observational
datasets into two categories. Two datasets produced approximate posteriors distributions
skewed to the higher values of r and the other two produced approximate posterior dis-
tributions skewed the other way towards the smaller values of r. When the model gets
more complex the differences between the four observations become less. This supports
the idea that the more complex model, modification 4, can account for a much more varied

behaviour. Additionally comparing the distributions of p(x, z[;)) for the best 20% of sim-
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ulations we are able see that as the model complexity increase the more the distribution
is skewed towards smaller values of p(x,z;]) mean that more of the simulations have a

closer fit to the observations.

In the next chapter we will be following a similar ABC rejection scheme to compute the
approximate posterior distributions for the parameters in the combined sheep model when

compared to observational datasets 9, 10 and 11.
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6.1

6.2

Comparison Of The Combined

Sheep Model To Observational
Data

Introduction

In this chapter we will investigate steady-state behaviour rather than emergent behaviours
which we have been focusing on so far in Part We will compare three observational
datasets to the combined sheep model described in Section The combined sheep
model was not appropriate for comparison to the emergent behaviour as the transition
from disordered to ordered happens too quickly and is chaotic. As before, an approximate
Bayesian computation rejection scheme will be used to obtain a posterior distribution of
the parameters in the combined sheep model for each observational dataset. We will then
look at the trajectories of the simulated agents using the model with optimal parameter

values to compare likeness with the observed trajectories of the collected data.

ABC Rejection Scheme

The ABC rejection algorithm follows the same procedure as in the previous chapter,
Section but since the combined sheep model produces different behaviour to that of
the Vicsek modifications we have to define different summary statistics. From simulations
of this model, the summary statistics used in the previous chapter, (the average speed,
the global alignment and the integral lengthscale), no longer increase over time. The
global alignment of the simulated agents stays consistently high for the full simulation and
because of this looking at the integral lengthscale would not give us any extra information
not already provided by the alignment and the average speed. This is because the integral

lengthscale is a measure of the distance over which the velocities are correlated.

The parameter ¢ in the combined sheep model, controls the size of the repulsion force
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Algorithm 6.1: Using ABC with the combined sheep model and our observational

data.

1. From the prior, sample parameters ¢";

2. Simulate x from the combined sheep model using ¢*;

3. Compare x to z[;], where i € [9,10, 11];

4. Accept ¢ if p(x,z[;)) < €[;) where p(x,z[;)) is the average distance between
observed and simulated summary statistics, Equation ;

between agents, so as a result of that it also controls the distance between an agent
and its nearest neighbour. Therefore we are interested in how the average distance to
the nearest neighbour compares between simulated and observed data. We denote this
distance of an observed dataset at time ¢ to be D®([{]).

The ABC rejection scheme algorithm stays very much the same as in the previous chapter
but we now use the combined sheep model instead of the Vicsek model modifications and
we use the datasets, zj;; where i € [9,10,11], Algorithm

Observational Data

The observational data we will be comparing the combined sheep model to is not the same
observational data which we compared the Vicsek models to. This is because the behaviour
observed from the combined sheep model results in the summary statistics described in
the previous section being constant rather than increasing. This is due to the combined
sheep model producing behaviour more readily seen in ‘steady-state’ flocking rather than
the emergent collective behaviour which the modified Vicsek model was able to reproduce.
The observational datasets we use in this chapter come from Videos 9, 10 and 11. The
trajectory plots for these datasets can be seen in Appendix [C] in Figures and
As used previously we denote the observational datasets as zj;; where i € [9,10, 11]
is the number of the video it came from. These datasets were visually identified as having
periods of time where alignment, speed and average distance to nearest neighbour all
remain approximately constant. The remaining eleven videos either do not have periods
of time where these quantities are all constant, there is no period of time where the
alignment is both constant and high or these periods of time is too short (number of

viable frames less than 100).

The observational datasets have differing lengths, Table Our largest observational
dataset comes from Video 9, zg), which comprises of 295 data points and is almost 3 times
larger than the smallest dataset, z;;;]. We normalise the time period so that time starts
at 7 = 0 and ends at T = 1. This makes it easier to compare the videos to each other and

also to the simulated data. Once time has been normalised we can look at each of the
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Figure 6.1: The average speed over rescaled time, 7, for all three observational datasets used in
comparison with the combined sheep model.

summary statistics mentioned above over t.

As seen in the previous chapter, Equation (5.4), the mean speed of the observed sheep

and the simulated agents is calculated using

LS00
(O — & . (t
O =55 215
j=t
1 N
L(t L(t
Ui = 57 2, 411 (6.1)
j=1

where |5(§.t)| is the speed of simulated agent j at time f, and |zg])]| is the speed of the j*®
observed sheep at time t in observational dataset i. For each observational datasets we
can see how the mean speed varies over 7, Figure The mean speed for z[g) and z[yqy,
have an approximately constant speed at around 4, whereas the average speed for z;y;

decreases over time. This change in speed is not large enough to cause issues.

The global alignment of the agents at time #, as described in Chapter [3] for both simulated

Observation length

Dataset Frames (T[;;) Seconds

2] 295  12.29
2[10] 187 7.79
Z[11] 100 4.17

Table 6.1: The number of frames and time covered in each of the observational datasets using for
comparison with the combined sheep model, zj;) where i € [9,10, 11].
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Figure 6.2: The global alignment over rescaled time, 7, for the observational datasets used in
comparison with the combined sheep model.
agents and observed sheep, is defined as
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where )'cﬁ.t) is the velocity of agent j at time f, and similarly zﬁ]) j

j at time t in observational dataset i, as previously seen in Equation (5.5). The global
alignment over time 7, for each the observational datasets is shown in Figure We can

see that for all three datasets the alignment is constantly approximately 1.

is the velocity of sheep
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Figure 6.3: The average distance to the nearest neighbour over rescaled time, 7, for all three
observational datasets used in comparison with the combined sheep model.
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6.4. Determining t;

The third and final summary statistic is calculated using

N

(t) (t) (#)
D)) = Z i T Pk

j=1

N
DOED) = — Z‘ ) _ (t)‘
j=1

z

(6.3)

where N is the number of agents in the simulation or sheep in observational dataset i
and k is the nearest neighbour to agent/sheep j at time f. The time series of the average
distance over time for the three observational datasets is shown in Figure The average
distance for Video 9, z[g], has the greatest separation with D(t)(Z[g]) ~ 30 for all t. The
average separation for the other two videos is closer to 25. The variation in this summary
statistic is at maximum +3 pixels, which when you compare to the size of the sheep, which
is in the range of 11 to 33 pixel (Section , is small.

Determining f;

Our observational data is from the period of time in the videos where the global alignment,
velocity and distance to the nearest neighbour are all approximately constant but our
simulations often have a period of time at the beginning of the simulation where this is
not true. Therefore we trim our simulations to start as the first of these summary statistics
starts to remain constant, ts, Figure [6.4 This procedure leaves us with almost constant
summary statistics over time. As in the previous chapter, Section in order to compare
the observations to the simulations we rescale time so that they start at T = 0 and end at

7 =1 for both types of data.
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Figure 6.4: The average speed of simulated agents over time, showing the cut off point used to
trim simulations. (Simulation of CSM shown in Figure with parameters in Table [4.6)
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The sampling rate of the observational data and simulated data do not match. The
combined sheep model using variable times stepping. This means that in some extreme
cases we may end up with simulations with hundreds more samples that out observed
datasets. We use linear interpolation to obtain a the value of T in the simulation for each
time point where we have an observation. The time point 7 = t; is simply the time at

which the ]'th observation was made.

ABC With The Combined Sheep Model

Similarly to when we were using the Vicsek model modifications, the likelihood function
of the combined sheep model is either difficult or not possible to formulate. However, as
shown at the end of Chapter [4]simulation from the model is straightforward so therefore we
can use ABC to approximate the posterior distribution of the parameters by comparing

to our observational data. The ABC rejection scheme follows the procedure set out in
Algorithm

As before in Chapter [5| we have three summary statistics that will be used to decrease the
dimensionality of our observed and simulated data. The summary statistics as described
above are: the mean speed, the global alignment and the average distance to the nearest
neighbour. For each summary statistic we calculate the distance between observed and

simulated using the following equations.

e The distance between the simulated and observed mean speed over all time is defined

Ty (t: . (t:
S (1) = (a7
lzii )

as

po(X, 24) = — (6.4)

Thiy |4
where Tp;) is the number of observations in observational dataset i, (Ix?]) and
(|z['i](t)|) is the mean speed of the agents in the simulated data and observed data at

time f respectively and are calculated using Equation (6.1)).

e The distance between simulated and observed global alignment over all time is cal-
culated using
[ (") = i) .
L] j=1 l;b(z[l] )

(t))
(1]
is the global alignment of the simulation and observed data at time f respectively,

where T[;) is the number of observations in observational data i, gb(x(t)) and U(z

computed using Equation (6.2)).
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e The distance between simulated and observed average distance to the nearest neigh-

bour over time is calculated using

( | 1 Ty | DO(x)) - D(t)(zgj'))
PDIX, Z[i)) = =—
T

il = D“)(Zgﬂ))

(6.6)

) ti)\ . . .
where D(x"*))) and D(z{ij)) is the average distance to the nearest neighbour of the
simulation and observed data at time f respectively, Equation (6.3)). As seen with
the other two distance metrics, Tf;) is the number of observations in observational
data 1.

These distances calculate the difference between the simulated and observed quantity
which we then normalise by dividing by the observed quantity. As before in Chapter [5] by
normalising in this fashion the three distance metrics are in the same order of magnitude

despite the differences in the raw values.

Once all three of the distances between observed and simulated summary statistics are
calculated we use the average distance of those calculated in Equations (6.4)), (6.5 and

as the distance used in the ABC rejection scheme when comparing to the i** dataset, Z[i]

1
p(x,2[) = 3 (po(x, 2117) + py(x, 1) + pp (%, 2[1))) - (6.7)

By using the arithmetic mean of the three distance metrics we ensure that all three of the
summary statistic distances have to be close in order for the parameter combination ¢

to be accepted.

Initialising The Simulations

The initialisation of the simulations is vital to being able to create simulations which are
comparable to the observed data. We use the predator in the combined sheep model to
mirror the stimulus the sheep in the data videos received from the quadbike, but limiting

the speed it can go at so that it cannot catch up with the simulated sheep.

Initialising Agents

The initial (x, y)-locations of the agents in the simulations are randomly allocated by
sampling from a uniform distribution. In this ABC scheme we use a U (Zg?), 2&)) + 140)
distribution, where Zg?) is the average starting location of sheep in the observed data in
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dataset i and 140 = (140, 140). The width of this distribution is chosen to minimises the
amount of burn in time as the agents in this model arrange themselves to minimise the

forces acting upon them.

We use the distribution U (-7, ) as the prior distribution for the initial directions. We
can allocate the initial angles randomly like this since the simulation will start by ordering
the agents into a regular grid like pattern in order to balance the forces acting upon the

agents, so the initial directions are irrelevant to the overall behaviour of the agents.

The initial speeds of the agents are sampled from a normal distribution. The mean and
standard deviation of this distribution are taken from the observed data at time 0. The
normal distribution used as the prior for the initial speed when comparing to Video 9 is
N(4.07,0.48).

Initialising The Predator

The initial location of the predator in the combined sheep model simulations is taken to
be the location of the quadbike in the observational dataset at time ty3. The direction of
predator at the beginning of the simulation is initialised to point directly towards the prey
agents. The initial direction of the predator does not affect the behaviour of the simulation
as over the first few time steps the equation of motion will determine the direction the
predator will travel. By initialising the direction in approximately the same direction as

the direction determined by the equation of motion we minimise any burn in time.

The speed the predator moves at is initialised to be a separate realisation from the same
normal distribution used for the prey agents, which for Video 9 is N(4.07,0.48). Since we
do not have an active predator in our data videos, we do not want the predator in our
simulations to be able to catch up with the prey agents. Hence we cap the speed at which

the predator can travel to be the mean speed of the prey agents.

The Size And Mass Of The Agents And Predator

The agents in the original Helbing model, and therefore also in our combined sheep model,
are no longer point like particles, they have physical size and mass. Each agent is assumed
to be circular with radius ;. The individual radii for the prey agents and the predator
are sampled from a U(0.5,0.7) distribution. The mass of the agents is assumed to come
from a U(30kg,80kg) distribution which from conversations with farmer and scientific
literature is appropriate [122]. The mass of the quadbike is considerably higher with a
distribution of U (350kg, 550k g) [123].
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Parameter Value
Aj, j€ [0,...,N] 10,000
B]-,jE[O,...,N] 10
K; 120,000
K5 240,000

Table 6.2: The parameter values which define the characteristics of the walls in the Helbing model
[114] and the combined sheep model.

The Walls

The parameters which define the walls can be seen in Table [6.2] The values of K; and Ky
remain unchanged from the original Helbing paper. The values of A; and B; have been
chosen to keep the minimum distance between an agent to the wall in the same order of
magnitude in our observations. The walls in our simulations are defined to be in the same
locations as the fences we detected in the drone videos, Section When comparing
to Video 9 this method only returns K = 5 fences, K = 19 when comparing to Video 10
and K = 12 when comparing to Video 11.

Remaining Parameters

Before describing the marginal prior distribution for the parameter of the combined sheep
model. We start by recapping the equations of motion for the combined sheep model. As
seen in Chapter [4] these are

dzxgt) dx®
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t t t t t t
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where

F(r)::—z—a, G(r):k and H(r) =

r2 rS4r

The equation calculating the force between an agent an a wall is

d; i
fi, = Ay exp {B+w} . (6.8)
1
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Parameter Lower bound Upper bound

Ui 0 5
a 0 10
b 5,00 12,000
c 20,000 120,000

Table 6.3: The upper and lower bound for the uniform prior distributions of parameters using in
comparisons between the combined sheep model and observed data.

We can see that there are six remaining parameters of the combined sheep model. Two of
these parameters determine how the predator reacts to the prey, g and s. Both of these

parameters aid the predator to catch up with the prey, so since we do not require this
in our simulations for comparison with the observed datasets we fix these parameters to

be g = 12,000 and s = 2.5 as these parameters allowed the predator to change direction

swiftly to react to the prey.

Therefore we are left with only four parameters. These are sampled from a Latin hyper-
cube, Section [A77] with marginal prior distributions for each of the parameters shown in
Table Using the parameter value we found to work we set the lower bound of our
initial prior distribution to be the value round down an order of magnitude and the upper
bound to be the parameter value rounded up an order of magnitude. Then after running

1,000 simulations using these prior distributions we were able to modify these ranges to

give the values shown in Table
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Figure 6.6: The distributions of p(x,z[10)) val-

Figure 6.5: The distributions of p(x, z[g)) values
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6.7 Comparing Simulations To Observational Data

By comparing the simulations to the observational data, z[;) where i € [9,10, 11], we obtain
a distribution of p(x,z(;)) values. For each observational dataset we run two batches of
the ABC algorithm each of which with 10,000 simulations. By running two batches of
the ABC scheme, Algorithm we are able to see whether we are running a sufficient

number of simulations to get a good idea of what the true distribution of p(x, z(;)) is.

The curve shown in Figure is the resulting distributions of p(x, z[9]) values obtained by
comparing the two batches of simulations to Video 9 where p(x, z[9))< 5. When comparing
to this observational dataset the p(x,z[9)) values lie in the range 0.08 — 48, but 95% of
simulations result in a p(x, z[g)) value less than 5. The second run when completed follows

the same shape showing that we are running sufficient simulations.

For the comparison with the observational dataset from Video 10 we see a very similar
shape, Figure Just like the previous study, when comparing to Video 9, we see
that the second run of the ABC rejection scheme produced a very similar distribution of
p(x,2[9])> 5. In this comparison only 88% of the simulations lie in the range 0-5, hence
the maximum density achieved by the p(x,z[g)) distribution is smaller than before when

comparing to Video 9.

When comparing with the observational dataset z[1], we see the shape of the distribution
p(x,2[11]) is the same of the distributions for p(x,z[9)) and p(x, z[10)), Figure This

comparison results over 95% of the simulations with a p(x,z[11]) value in the range 0-5.

We can see that all three distributions of p(x, zj;}) i € [9, 10, 11], have the same shape, the
peak at 0.5 with a long upper tail.
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Figure 6.7: The distributions of p(x,z[11]) values when comparing the combined sheep model
simulations with observational data from Video 10.
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Posterior Distributions

Since our combined sheep model has four parameters, ¢ = (u,a,b, c), which we are want
to infer values from the data we are unable to visualise the joint posterior distributions
as it resides in 4-dimensional space. Hence, we have to look at each marginal posterior
distribution individually. Figure shows the individual marginal posterior distributions

of the parameters, p,a,b and c.

Starting with the posterior distributions for y we can see that each observational dataset
produced different distributions. This variance could be down to the value of u being
correlated to one of more of the other parameters. Starting with the comparison with
z[9] the marginal posterior distribution, 7(u|z[9)), peaks at approximately y = 3, with the
other distributions peaking at 4.5 and 1.5 for comparisons with z[;o] and z[;1] respectively.
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Figure 6.8: The prior and posterior distributions for the parameters ¢ = (u, a, b, c) in the combined

sheep model.
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The parameter p represents the coefficient of friction acting on the individuals, in the
papers by Chen et al. and by Helbing et al. this parameter was fixed at y = 1 [45] [114]
whereas our data comparisons show that the coefficient of friction of the sheep we observed
is likely to be higher than this.

When looking at the posterior distributions for a we see the data observations agreeing
closer than we did with p. All three marginal posterior distributions peak in the middle
of the original range of 0-10, for p(x, z[g)) this peak is at 3.5 whereas for p(x, z[;9]) and
p(x,z11)) it is at 5 but 7(11|z;;)s much flatter than that of n(10[z)) In the Chen et
al. acceleration model the parameter was set to a = 1 [45] when we compare to our

observations this value of a seems unlikely.

The marginal posterior distributions for the parameter b has a nice well defined peak at b ~
11,000. When comparing to z[;o] the marginal posterior distribution for b has a broader
peak spreading from 9,000 to 11,000. However, the b value with highest density is still
at approximately the same value as the other two marginal posterior distributions. The
parameter b determines the strength of the force repelling the agents from the predator,
in our observations the quadbike is the predator. As a result of b controlling the strength
of the repulsion force the size of b is critical in determining the speed at which the agents

move at.

In the prior distribution for c, 7(c), the parameter varied from 20,000 up to 120,000.
After the comparison with the datasets we see that the value of ¢ is more likely to lie
in that range 30,000 to 75,000. All three marginal posterior distributions are skewed
towards smaller values of ¢ giving a slight peak in density around 60,000 for 7(c|z[9)) and
7t(c|z[19)) and around 35,000 for 7t(c|z[;1}). The parameter ¢ determines the size of the
repulsion force between agents and as a result of that the average distance between an
agent and its nearest neighbour. Since these distributions are board we would expect that

this parameter must be correlated to one or more of the other parameter values.

a b c
g 0.26 (£ 0.26) 0.68 (+ 0.09) 0.47 (£ 0.25)
a 0.31 (£ 0.13) 0.83 (+ 0.06)
b 0.45 (+ 0.15)

Table 6.4: The average Pearson correlation coefficient (+ one standard deviation) for the parame-
ters p,a,b and ¢ across the three model comparisons.
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Figure 6.9: The joint marginal posterior distribution for parameters a and ¢ when comparing with

Z[9] .

Correlation Between Parameters

In the previous section we noted that there could be some correlation between parameters
since the marginal posterior distributions for a and ¢ were so broad. Therefore we cal-
culated the pairwise Pearson correlation coefficient, Section [A.6] for all four parameters.

The resulting average Pearson correlation coefficient values can be seen in Table

The pair with the largest average Pearson correlation coefficient is a and ¢ where r,. = 0.83.
Hence the parameters a and c are highly correlated. The joint marginal posterior distri-
bution for these parameters, Figure shows that the there is a peak in the distribution
around the point (a,c) ~ (4.5,0.7 x 10°).

-10% 1074

r :

Density

U

Figure 6.10: The joint marginal posterior distribution for parameters p and b when comparing
with z[g).
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The other pair of parameters that are slightly correlated is (u, b) with a Pearson correlation
coefficient of 7, = 0.68. The joint marginal posterior distribution for this pair are shown
in Figure The joint marginal posterior distribution for y and b has a small region
of high density (2 < p < 4 and 1 X 10* < b < 1.2 x 10*) with a peak at u = 3 and
b ~ 1.15x 10* which matches up with the individual marginal posterior distributions seen
earlier, Figure and From the joint marginal distribution we can now see that

there is a point of inflection in the distribution before it peaks.

Comparing The Fit Across The Videos

To compare the fit of the combined sheep model to the observational data we can look at

the p(x,z[;)) values for the best simulations which result in the smallest 20% and smallest
1% of the p(x, zf;) values for i € [9, 10, 11], Figure

When only 20% of the simulations are considered for all three of the comparisons the
p(x, z[;)) distribution only contains values of p(x,z[;)) < 0.4. The three distributions when
comparing to the observational datasets, zj;; where i € {9,10, 11}, produce similar p(x, z[;])
distributions, with values ranging from 0.1 to 0.3. The distributions for p(x,z[g)) and
p(x,2[11]) produce distributions with a well defined peak, at 0.225 and 0.275 respectively
whereas the distribution for p(x,z1g)) is much flatter with no obvious peak.Considering
the peaks are within 0.15 of each other and that the original distributions of p(x, z(;))

extended further than the range 0-5 we can say that these distributions are very similar.

I I
— Z[9] — Z[9]
40 | Z[10] 40 | Z[10] |
— Z[11] — 2[11]
> >
= =
w0 n
g g
o 20 |- n o 20 |- .
0 | \ ! \ 0 \ \ \ \
0.1 02 03 04 05 0.1 02 03 04 05
p(x, 2(i)) p(x, z(i))
(a)  The resulting distribution of p(x,z[;)) values (b)  The resulting distribution of p(x, z[;)) values
using only the 20% of simulations with the smallest using only the using only the 1% of simulations with
p(x, z[;)) values. the smallest p(x,z[;)) values.

Figure 6.11: The distribution of p(x, z;)) using only the 20% or 1% of simulations with the smallest
p(x, z[;)) values when compared to all three observational datasets.
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When only using the 1% of simulations with the smallest p(x,z(;)) values to create the
distribution the all three distributions have a well defined peaks and are only separated
by approximately 0.1. They are now at p(x,z[9)) = 0.15, p(x,z[109))  0.125 and for the
final observational dataset comparison the peak is p(x,z[1]) = 0.175. The p(x,z11))
distribution for the 1% of simulations with the smallest p(x,z[;1]) values may result in
larger values due to the fact that observational dataset was the smallest, with only 100
observations, Table [6.1] We could argue then that a dataset with observation at only 100
time points is not long enough to be able to closely fit a mathematical model to.

Analysing p(x, z[;))

As in the previous Chapter we can break down p(x, z[;)) into its constituent parts, py, py
and pp. However, unlike in the previous Chapter we do not see that the three part
contribute to the overall value of p(x,z};)) equally, Figure When comparing the
combined sheep model to our observational datasets, z[g) z[10) and z[11}, the distance
between the observed alignment and the simulated alignment, py, becomes the most

influential summary statistic distance. The value of py is approximately two thirds of
p(x, zji)).

The summary statistic distance p, averaged across the three data comparisons makes up
the smallest proportion of p(x, z[;]), approximately 1%. The third summary statistic, pp,
takes up the rest of the remaining third. Showing that the distance between agents is

more influential to the fit of the model than the speed they travel at.
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Figure 6.12: Proportion of p(x, z;)) from each p; with standard deviation shown in the error bars.
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Parameter Value

Video i p(x, z[;1) U a b c
9 024 4.16 4.15 1.01x10* 9.28 x10*
10 0.28 4.87 3.99 0.71x10* 5.36 x10*
11 0.24 295 235 0.93x10* 2.49 x10%

Table 6.5: The p(x, z;}) value for the simulation chosen to be compared to the observed trajectories,
with the parameter values which created it.

Comparing The Observed And Simulated Trajectories

Since the initialisation of the simulations was very dependent on the initial locations of
the sheep in the observational datasets we can also see how well the model recreates our
data by comparing the trajectories of the prey agents in a simulation to the observed

trajectories in the observational datasets.

To decide which simulation’s trajectories to compare to the observed trajectory we look
at the joint marginal posterior plots, for comparison with Video 9 these are shown in
Figures [6.9, and For this video we see that there is a peak in the density of the
posterior distribution at around u = 3,4 = 4.5,b = 1.15 X 10* and ¢ ~ 0.65 x 10°. So
therefore for comparison with Video 9 we select the simulation with parameters close to
this peak value with minimal p(x,z[g)) value. The p(x,z;) values for the simulations
selected for comparison with their respective parameter values (to 3 significant figures)
are displayed in Table

(a) Observed trajectories for Video 9. The initial (b) Simulated trajectories using optimal param-
positions of the agents in the simualtion are taken eters taken from the approximate posterior distri-
from the 80" frame of the video. This is where bution when compared to Video 9.

the quadbike is visible in the observations.

Figure 6.13: The observed and simulated trajectories for Video 9. The black lines show the fences,
the green circles show the approximate size and location of any trees or bushes in the field. The
sheep trajectories are shown by a solid blue line, with the direction of travel from the green cross
to the red cross. The quadbike’s trajectory is shown by a solid red line with the direction of travel
similarly denoted as from the green to red cross.
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(a)  Observed trajectories for Video 10. The (b) Simulated trajectories using optimal param-
dashed line shows a fence where the sheep can go eters taken from the approximate posterior distri-
underneath, but the quadbike has to go around. bution when compared to Video 10.

Figure 6.14: The observed and simulated trajectories for Video 10. The black lines show the fences,
the green circles show the approximate size and location of any trees or bushes in the field. The
sheep trajectories are shown by a solid blue line, with the direction of travel from the green cross
to the red cross. The quadbike’s trajectory is shown by a solid red line with the direction of travel
similarly denoted as from the green to red cross.

Figure [6.13] shows the observed trajectories from Video 9, and the simulated trajectories
using the parameters shown in Table Figure shows the same but for Video 10,
and Figure [6.15] for Video 11. We can see that for Videos 9 and 10, the simulated agents
follow very similar path to the sheep in the observed trajectories. For Video 11, we see
the simulated agents deviate from this by travelling further up the field than was seen in
the observations. This could be down to the predator/quadbike being further down the
field from the initial positions of the sheep and hence the agents would feel a push up the
field towards the walls. This is different from the observed behaviour of the sheep who
still move across the field. This could be down to the sheep knowing where they should
do when being herded in this field.

In further analysis we could include a new summary statistic in the ABC algorithm to
capture similarity in the paths. The new summary statistic would be the centre of mass
of the flock at each point in time. This comparison of trajectories between observed and
simulated was not possible when comparing the Vicsek model modification simulations to
observations in Chapter 5] as the simulated trajectories were too distinct from the observed

trajectories and comparison using the centre of mass would give meaningless results.

The trajectories from our three simulations have one clear difference to those from our
observations. The simulated agents move as one collective group where no individual
moves out of group formation after the initial burn in time. The end of this disorganised
burn-in time can be seen in Figure [6.15b] Whereas in the observations we made the sheep
mix and the distance between sheep regularly changes as they travel. If there was more
noise in the model, either by adding a noise term to the direction of travel, or allowing
the sizes of the agents to vary more, there could be a less rigid formation to the simulated
flock.
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(a) Observed trajectories for Video 11. Only the (b) Simulated trajectories using optimal param-
first 100 out of the 192 frames tracked were used eters taken from the approximate posterior distri-
for simulation comparison. bution when compared to Video 11.

Figure 6.15: The observed and simulated trajectories for Video 11. The black lines show the fences,
the green circles show the approximate size and location of any trees or bushes in the field. The
sheep trajectories are shown by a solid blue line, with the direction of travel from the green cross
to the red cross. The quadbike’s trajectory is shown by a solid red line with the direction of travel
similarly denoted as from the green to red cross.

In Figure we see that the simulated agents also get much closer to the walls than
the sheep did to the fences in our observations. This could be rectified by tweaking
the parameters in Table However, overall the interaction between the walls and the
simulated agents seem reasonable, as they never pass through a wall or get so close to

encounter repulsion forces to relocate an agent from one side of the flock to the other.

Conclusions

Using an approximate Bayesian computation rejection scheme we were able to calculate the
approximate joint posterior distributions for the parameters in the combined sheep model
for each of the three observational datasets. These approximate posterior distributions

characterise the behaviour seen in our observational datasets, z[; i € {9,10, 11}.

The combined sheep model has four parameters which we have calculated the approximate
posterior distribution of, u,a,b and c. The marginals of these distributions can be seen in
Figure[6.8] When comparing to all three data videos the approximate marginal distribution
for u, m(ulz;;)) i € {9,10,11}, we see that all three distributions have a well defined peak
between p = 1.5 and p = 4.5. The marginal posterior distributions for u show the
most variation across the three videos. The approximate marginal distributions for a, b
and ¢ are similar across observational datasets, with the approximate marginal posterior
distribution for a peaking at 3 < a < 5, the approximate marginal posterior distribution
for b peaking at b ~ 1.15x10* and the approximate marginal distributions for ¢ peaking at
values between 0.25 X 10% and 0.75 X 10°. Given that three of the four marginal posterior

distributions are quite similar it follows that the parameter a is more sensitive to the
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differences in the observed behaviours.

In the final section of this chapter we looked at how observed trajectories and the simulated
trajectories of the combined sheep model using parameters shown in Table compared
visually. We found that overall the simulated sheep did have visually similar paths. How-
ever, there was more mixing among the sheep within the flock in the collected trajectories.
So therefore in the future we would look into how behaviour changes if at each time step
the parameters were re-sampled from the approximate posterior distribution, m(¢|z(;).
We would also look into how adding a small amount of noise to the direction of travel

would effect the rigid structure of the simulated flock.
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Summary

Using computer vision techniques we devised an algorithm that was able to identify and
individually track over forty sheep across 14 data videos showing sheep being herd across
a field by a farmer. We extended computer vision methods from the literature to include
novel processing steps which improved the precision of the determined agent locations, and
improved prediction of trajectory paths. We introduced several models of collective ani-
mal motion incorporating different physical behaviours observed in real collective motion.
We obtained feasible parameters for all our models of collective motion using parameter

inference with our observational data.

In Part [[T we describe in detail how we performed our own data collection by travelling
to a farm in North Yorkshire on a number of occasions to film sheep being herded using
a camera mounted on the underside of a drone. Using our computer vision algorithm we
were able to acquire a complete trajectory for each individual and from these we were
able to examine quantities such as individual speeds and global flock alignment. Of the
14 videos that were suitable for data collection the longest continuous trajectories obtain
were 593 frames in size, equivalent to approximately 25 seconds of collective animal motion

for 45 sheep.

In Part [Tl we introduced mathematical models for collective motion from the literature.
We proposed four modified versions of the Vicsek model [38] for collective motion, making
it appropriate for comparison with the observational data. We found that the Ginelli
model for collective motion in herds of sheep [56] was unable to reproduce behaviour

captured in our data videos and so was unsuitable for comparison with our collected data.

The final two models we discussed (Chen and Kolokolnikov [45] and Helbing et al. [114])
were also unsuitable for direct comparison with our collected data individually, as neither
fully captured the behaviour observed. However, we proposed a new combined model
where simulated agents interacted with both a predator and hard boundaries to produce

features similar to those in the observational data.

Using periods of time showing emergent flocking behaviour, where quantities such as speed

and alignment were increasing, we compared the observational data to simulation using
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an ABC rejection scheme to determine the approximate joint posterior distribution of the

parameters in a family of point-like agent-based models based on the Vicsek model.

Similarly using different time periods where flocking was in a “steady-state”, that is where
the alignment and speed are approximately constant, we compared the observational data
to simulated data to produce an approximate joint posterior distribution for the parame-
ters in our new combined sheep model, which takes into account the physical size of the

sheep and surrounding obstacles such as fences and walls.

We think that the modified Vicsek models and the combined sheep model created here
would be interesting not only to agriculturalists, but also to anyone who has to deal with
large numbers of people. We may have created our models with sheep in mind, but that
does not limit its uses. For example the combined sheep model could be used to determine
the path people would use to leave a packed stadium after a concert, or where people will

naturally gravitate towards in a shopping centre.

In addition to the direct collective motion applications we believe our computer vision
algorithm on its own could be interesting to farmers or park rangers who often have to
go out and count up their livestock or animals. A perfected version of our computer
vision model has the potential to help these people so that they would only need to know
how to fly a drone and it could survey their land, autonomously counting the number of
the animal they were interested in, whether that be sheep or cattle or elephant or even

endangered species.

The same perfected computer vision algorithm would have wider applications to anyone
using, developing or interested in image segmentation software. For example on a much
smaller scale our methods could be used to count biological entities such as cells as they
move through a biological fluid. The methods can be easily extended to include an increas-
ing number of agents allowing you to track cell multiplication over time which currently
often has to be done by hand [124].

Future Work

To improve the computer vision algorithm to locate and track sheep in drone footage
we could collect footage of other animals being herded in different environments, such as
wildebeest herding in the Serengeti National Park. In this situation there is no longer a
bright white object of interest against a green background, which we have currently not
tested due to a lack of footage of such a style. Ensuring the algorithm copes with, or
enabling the algorithm to cope with, footage like this would allow for more varied datasets

to examined.
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Additional datasets that show different flocking behaviours would enable a more in depth
investigation in to the final Vicsek modification model. One dataset that would be par-
ticularly interesting would be one where the sheep start from stationary and then start
to move at a slow speed. Doing parameter inference on this dataset for the final Vicsek
modification would give us insight into the value of the parameters change when f, the
parameter that determines how much an individual is influenced by its surroundings when

moving at speed, plays a smaller role.

For both the Vicsek models and the CSM model datasets with more agents would be
interesting to look at and analyse. We were limited to under 100 sheep in our observations
due to the increased computing power needed to track larger flocks. It would be interesting
to see if the inferred parameters remain the same when the flock is double or ten times
the size. Also, for both models it would be interesting to see if different animals produce
similar model parameters and if not, which parameters differ between species and by how

much.

An additional dataset that would be more useful for inference with the combined sheep
model would be one where the sheep change direction while being herded, but not directly
influenced by the fences in the field. Similarly, it could be studied to see if sheep retain
knowledge about the features of fields that they are used to. It would be interesting to
see which parameters remain the same if the sheep are being herded in locations that they
know compared to locations they have never seen before. As a casual observation while
on the farm, we noticed that sometimes the behaviour of the sheep changed if the flock

was herded for the second time in one day.

Other datasets that would be interesting would be ones where the sheep are in a much
smaller enclosure. Does there need to be a change in the model when this is the case or
is it just the parameters that change? Similarly when multiple predators are introduced
or when two of more flocks are herded together, which parameters change under these

situations?
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A

Numerical Methods And

Mathematical Definitions

Introduction

To aid with the flow of the thesis in this chapter we will describe a number of numeri-
cal time stepping algorithms that are used in future chapters when simulating from the
mathematical models for collective motion. After describing each of these time stepping

methods we also present its derivation.

This chapter also outlines a number of mathematical properties that are used when forming
the mathematical models of collective motion or when analysing the output from these

models.

Numerical Time Stepping Methods

There are many standard numerical time stepping methods used to approximate the nu-
merical solution of ordinary differential equations. In this section we will go through just
a small number of these, as these methods have been used in our model simulations in
Chapters and [6] When implemented all methods have been coded from scratch, no in
built ODE solvers have been used. Conceptually these methods allow you to start from
an initial point and then take a short step forward in time to find the next solution point.
We can then continue to take steps until a solution is found. These methods can be single-
step which only refer to the previous point in time, like Euler’s method in Section
or can refer to many previous points such as four-step Adams-Bashforth, Section
Multistep methods increase the accuracy of the solution from O(h?) to O(h"*1), where h
is the size of the step taken. There are even families of methods, such as the Runge-Kutta

methods, which calculate intermediate points to increase accuracy of the solutions found.
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Appendix A. Numerical Methods And Mathematical Definitions

FEuler’s Method

The Euler time stepping method is a first-order linear method for solving ordinary differ-
ential equations with a given initial value. It is the most basic explicit method for solving
ordinary differential equations and the simplest Runge-Kutta method. The Euler method

can be written as

y(tns) =y (tn) + hf (tn/ Y (tn)) (A.1)

where h is the size of time step and f(t,, y(t,)) is the differential of y at time f,. This
method is accurate to order #?. The Euler method is consistent, meaning that the local
truncation error goes to zero quicker than the size of the time step, h, goes to zero.
Unfortunately, the Euler method is unstable, meaning that the numerical solution can
grow very large for ordinary differential equations where the exact solution does not.
Therefore, the stability of Euler’s method can determine whether or not it is appropriate

to use for numerically integrating a specific ordinary differential equation. This can be

seen in Section [A.2.6

Derivation Of Euler’s Method

Euler’s method can be derived in many ways. One possibility is to describe the problem
geometrically. However, here we prove Euler’s method by looking at the Taylor expansion

of y(t,+1) at t, up to the terms of order h:

Y (tur1) =y (tn) + (tns1 — tn) y, (tn) +O (h2) (A.2)

where & is defined to be the difference between the time at f,41 and f,. Hence since

f(tn, y(tn)) is the differential of y at time ¢, we have Euler’s method
Y (tne1) = y (k) + B f (tn, y () -

Four-Step Adams-Bashforth

Four-step Adams-Bashforth is a linear multistep method used to calculate approximate
numerical solutions of initial value problems of ordinary differential equations. Multistep
methods use information from previous steps rather than discarding it, which methods
such as n-step Adams-Bashforth and n'" order Runge-Kutta do (where 7 is greater than
1). Linear multistep methods refer to a linear combination of several previous points and
derivative values. The Adams-Bashforth methods were designed by John Couch Adams
to solve a differential equation modelling capillary action derived by Francis Bashforth.
They published Bashforth’s theory and Adams’ numerical methods in 1883 [125]. The
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linear multistep method we refer to in this section refers back four steps in time. Euler’s
method in the previous section, Section is a one-step method.

The Adams-Bashforth methods are explicit methods, that is to say that the methods can
be used directly to compute y(f,+s) without having to know the derivative at that point
in time, y'(fn4s, Y(tn+s)). To simplify the notation we set vy’ = f(t, y(t)) and y; = y(t;)
where t; = tg + ih. The variable I is the time step size and i is an integer. The four-step
Adams-Bashforth method is

Yn+a = Yn+3 + 2h_4 (55f (tn+3/ ]/n+3) - 59f (tn+2/ ]/n+2) + 37f (tn+1/ ]/n+1) - 9f (tn/ yn)) .
(A.3)
This method needs four values, y,+3, Yn+2, Yn+1 and y,, to compute the next value, v,,44.
However, the initial value problem only provides the one value yo. Therefore, we use the
approximate value of y; calculated by Euler’s method (which is also the one-step Adams-
Bashforth), yo calculated but the two-step Adams-Bashforth, and ys3 calculated by the
three-step Adams-Bashforth. The one to three-step methods are:

Yn+l = Yn + hf(tnz ]/n) (A'4)
h

Yn+2 = Yns1 t 5 (Bf (tn+1/ ]/n+1) - f (tn/ ]/n)) (A5)
h

Yn+3 = Yn+2 + E (23f (tn+2/ yn+2) - 16f (tn+1/ yn+1) + 5f (tnz ]/n)) (A-G)

Derivation Of Four-Step Adams-Bashforth

The general form of an s-step Adams-Bashforth method is

Yn+s = Ynvs—1 t h Z /\ky,(tn+s—k)

k=1

where the coefficients of the differential terms must follow )7 _; Ay = 1. We can simplify

the notation by allowing v, = y’(t,). Expanding the sum for s = 4 gives

Yued = Ynas + 1 (A g + A2y + A3Yypy + Aayy) - (A7)
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Each of the differential terms can be Taylor expanded at t,43 up to order h*

/ ’ (_h)2 (_h)3
Ynio = Ynas — MY s + 21 yg:a +t 3 %(14+)3 +0(1°), (A.8)
/ ’ ( 2h)2 (_2h)3
Yne1 = Ynas — 2hY5 g + ol %(1333 T3 y£z4-23 +0 (h°), (A.9)
’ ’ (_Bh)2 ( 3h)3
Yn = Ynez — 3hyy 3+ ol ygi& + 30 y£z4-23 +0 (h5) . (A.10)
(A.11)

Substituting these into Equation (A.7)) results in

’ ’ h? 3 h? 4
Yuea = Yusa +BALY )5+ A (ym By + 5t~ yilg)

) 4h? ) 4hP
+hAs (]/n+3 2hyy 3+ —— 5 ]/;(133 3 ]/;(123)

, 92 3 9 4
+hAy (yn+3 3hyn+3+_y£z+)3 5 3/5133 .

Collecting like terms and simplifying gives

Yn+a = Yn+3 + hy;+3 - hQ(A2 +2A3 + 3A4)y;z/+3
3
+ %(AQ T+ ANy + 97y

n+3

n+3

3
- %(Ag + 813+ 279y, . (A.12)

We can compare the coefficients of this with the Taylor expansion of y,4+4 at t,4+3 up to
order h*:

, h? h3 h* i
Yn+a = Ynaz + hYpis + orYns T gp y,(1333 T y;(ﬁg o (r°). (A.13)

The comparison of coefficients in Equation (A.12)) and the coefficients in Equation (A.13])

leaves us with 3 simultaneous equations in Ag, A3 and Ay:

2A9 + 4/\3 +6A4 = -1, (A.14)

39 + 12)\3 +27A4 =1, (A.lS)

4059 + 32A3 + 10844 = —1. (A.16>

We can solve these to obtain Ay = 24,/\3 = 37 1 and Ay = —%. To find the value of A4

recall that Zk 1 Ak = 1, hence we have that /\1 55.
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Therefore, the four-step Adams-Bashforth method is

h
Yn+da = Yn+3 + ﬂ (55f (tn+3/ yn+3) - 59f (tn+2/ yn+2) + 37f (tn+1/ yn+1) - 9f (tn/ yn)) .

where f(tn, yn) = y'(tn).

Three-Step Adams-Moulton

The Adams-Moulton methods are similar to Adams-Bashforth methods in that they only
depend on the previous value plus a linear combination of the derivative at different
points in time. However, the Adams-Moulton methods are implicit methods which means
that in order to compute y(ty+s) we need to know the derivative at that point in time,
Y (tn+s, Y(tn+s)). Therefore the method needs to solve an algebraic equation for y(t,+s).

This change allows the s-step Adams-Moulton method to obtain order s + 1.

The one to three-step Adams-Moulton methods are [126]:

Yn+l = Yn + hf(tn+1/ yn+1) (A.l?)
h

Yn+2 = Yns1 + 5 (f (tn+2/ yn+2) + f (tn+1/ yn+1)) (A.18)
h

Yn+3 = Yn+2 + E (5f (tn+3/ yn+3) - 8f (tn+2/ yn+2) - f (tn+lr yn+1)) (A-19>

Though this method was solely due to John Adams, Forest Moulton’s name is often as-
sociated with this methods because he realised they could be used together with the
Adams-Bashforth methods to form a predictor-corrector pair [127]. This will be looked

into further in the next section.

Adams-Bashforth With Variable Time Stepping

In order to allow the time step size to vary we use predictor-corrector [127]. It combines the
explicit four-step Adams-Bashforth method with the implicit three-step Adams-Moulton
method, with step size h. This method uses the value of y,4; created by the four-step
Adams-Bashforth as an estimate of the value at t,,4+1, denoted 1,41. It is used to estimate

the derivative at t,41,

~ 1,
fltust, Yns1) = 7 (yn+1 + ]/n) .
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The estimated derivative is then used in the three-step Adams-Moulton, which at t,,,4 has

the form

Yn+a = Ynez + = f (9f (tn+4/ ]/n+4) + 19f (tn+3/ ]/n+3) 5f (tn+2/ ]/n+2) + f (tn+1/ yn+1))
(A.20)
where f(tn, yn) = y'(tn). This gives the value of y,11 that is used going forwards. The
variable time step size comes from multiplying the original time step size, h, by g. When
g is defined to ensure that the local truncation error is less than €. The local truncation

error for the four-step explicit Adams-Bashforth method is

251

Tpi1 () = ==y ht
Tn+1( ) 720]/ 5)(Cn)
for t, < (; < tuy41, and the local truncation error for the three-step Adams-Moulton
method is
=y 4

for t, < 1y < ty41. If we presume all previous values, vo, Y1, Y2, , Yn—-1, Yn, are exact
then it follows that

y(tn+1) - gn+1
h 7

y(tn+1) — Yn+1

%n+1(h) = Tn+1(h) = 7 ’

where 1,41 and y,41 are the values computed using the explicit and implicit method,
respectively. We assume that y,+1(Cn) ® Yu+1(nn), and then subtract the local truncation

errors, to obtain
Ynel — Yns1 270
n+ - n+ ~ 720h5y5+1(nn).

This can be rearranged to give

270 Yn+1 — Yn+1

s+1 ~ 2t
v m) ~ e

Substituting this into the local truncation error 7,.1 gives

|y(tn+1) - ]/n+1| 19 1

|]/( nel) — ]/n+1|

In this method we multiple the step size h by g therefore, this multiplies 7,41(h) by g°.

In order for |t,4+1(h)| < € we must have that

19 4°

270 1 |y(tn+1) yn+1| <E.
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Which when rearranged to make g the subject of the formula is

270 ch 1/4

_—_— A.21
19 |]/n+1 - yn+1| ( )

In practice we chose g to be the value calculated in Equation (A.21)) rounded down to two

decimal places and ¢ = hS.

Fourth Order Runge-Kutta

Like the Adams-Bashforth methods the Runge-Kutta methods are a family of iterative
methods, which include Euler’s method, used for the approximate solution of ordinary
differential equations with known initial value. The most widely known member of the
Runge-Kutta family is the fourth-order Runge-Kutta method, commonly referred to as
‘RK4’. As with the other time stepping methods we have seen we allow f(t,, y») = y'(tn)
and vy, = y(t,). With time step of size h we define

1
Yn+l = Yn + E (k1 + 2ko + 2ks + k4) (A.QQ)
where t,1 =t, +h, forn=0,1,2,..., using

kl = hf (tn/ yn) 7 (AQS)
ko=hf (tn + E,yn + E) , (A.24)

2 2
ks=hf (tn + h,yn + E) , (A.25)

2 2
ka=hf (tw +h, yn +ks3). (A.26)

Here we see that in contrast to the Adams-Bashforth methods which use previous values
to calculate v,4+1 the Runge-Kutta method uses intermediate values. For the fourth order
method the next value is determined by the present value plus a weighted average of four
increments, where the increments are based on an estimated slope specified by the function
f.

The fourth-order Runge-Kutta, is a fourth-order method hence it has a local truncation
error of O(h°).
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Derivation Of Second Order Runge-Kutta

The derivation of the Runge-Kutta second order method follows the same ideas and meth-
ods as the derivation of the fourth order method but is much shorter. So to be more
concise only the derivation of the second order method is presented here. The initial value

problem is specified as
y'(t)=ft,y), y(to) =vo

where t, = to+nh, h is the size of the time step and the function f is known. The notation

y’ denotes the full derivative of y with respect to t.

We start by looking at the Taylor expansion of y,.1 at t, up to order h:
h2
y?l+1 = yn + hf(tn, yn) + ?f/(tn, yn)yl + O (h3) . (A.Q?)

Since f is a function of t and y we can convert the full derivative into partial derivatives

using
, df Idf af

Hence Equation (A.27)) becomes

h2
Yn+l = Yn +hf+?

2, fg_f;] +O (). (A.28)

where the arguments of f(t,, y,) have been suppressed for the ease of reading.

We will return to Equation (A.28) later in the derivation. The Runge-Kutta method

attempts to find the unknown value of y,.1, which can be written as

Yn+1 = Yn + [yn+1 - yn] ’
tn+1
=it [ F o) de

The integral is often difficult to calculate so it can be approximated using quadrature, this

gives the modified expression

N
Yui1 = Yn +h Z wif (tn + hoi, y(t, + hvy)), (A.29)

i=1

where w; are the weights of the average and v; are locations in time between t,, and t,41.

Since we want to derive the second-order Runge-Kutta we set N = 2 and expand the sum
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which gives us the equation

Yna1 = Yn + har f (tn + o1, y (b, + hoy))
+hawof (tn + hva, y (b + hoa)) . (A.30)

This can be written in terms of k;
Yn+1 = Yn + w1k1 + w2ks (A.31)

where

ki=hf (tn +hvi, y (ty + hZJZ‘)) .

Convention states that v; = 0 so that the first intermediate value calculated is at t = ¢,,.

Using this we can obtain the expression for ky:

ki =hf(ts, y(tn)). (A.32)
A single step of Euler’s method, Equation (A.1]), allows us to write ko in terms of kq,

ko = + hoo, y (tn + hUz)) ,

tw + oo, Yu + hoof (tn, yu)),

f (¢

(tn + hva, yu + ooy’ (£,)),

(

( + h’(}z, Yn + ’(Jgkl) . (A33)

~ f
~ f
~ f

In the fourth order scheme you would calculate k3 and k4 in the same way so that they
would end up in the form k; = f (tn + hvi, yu + Z 1 aijk ) To determine the values of w;
and vy we start by substituting k1 and ko into Equatlon (A.31)) which results in

Yne1 = Yn + 01h f(tn, yn) + w2h f(ty + v2h, yu + v2ky). (A.34)

Now consider the two-dimensional Taylor expansion,

af(t,y) N af(t, y)

ft+h,y+g)=f(t,y)+h T g oy

where for the fourth-order derivation higher order terms are also included. Substituting

this expansion into our expanded quadrature equation, Equation (A.34)), results in

Jd
Yn+1 = Yn + 01h f(tn, yn) + w2h | f(tn, yn) + vzh—f

af 3
5 +02”lf@ +0 (h?%).
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We then set this equal to the Taylor expanded y,4+1 that was found earlier

of  .of

h?
ar oy

yn+hf+? f

d d
+0 (hs) = yn+(a)1 + a)2) hf+a)202h28—{+a)gvgh2f@ +0 (hg) .

which when we equate terms on both sides, we find that there are two statements that

must hold if the Runge-Kutta method is to be consistent. These are

w]+wy =1, (A.SS)

V2o = —. (AS())

DO |

When deriving the fourth order method, there are more of these equivalences to be made
in order to find the statements of consistency. Since we have two equations for three
unknowns, we have the choice of one of our parameters. The canonical choice for the

1

second order Runge-Kutta method is for v = 1, which then results in w; = w2 = 3.

Therefore, the second order Runge-Kutta method is
h 3 .
Yner = Yu + 5 (ky + ko) + O (h?) (A.37)

where ky = hf(t,, y,) and ko = hf (tn + %/]/n + %1)

The derivation for the fourth order Runge-Kutta follows the same ideas shown in this
section but is significantly longer. The derivation is shown in full in the paper by Musa
et al. [I28] published in 2010.

Testing Numerical Method Stability

As mentioned at the end of Section the stability of the different methods can deter-
mine which method should be used for numerically integrating a specific ordinary differ-
ential equation. To show the stability of the four different time stepping methods we have

described here we will look at how they perform for the following coupled ODEs

11 = sin(5sin(y2)), (A.38)
Y2 = cos(y1), (A.39)

where both vy and vy, are functions of t.

When setting the time step size to h = 0.2 and the precision value to ¢ = h'° in the
variable Adams-Bashforth method the differences between the four methods mentioned

earlier in this chapter are emphasised. The result of numerically integrating the coupled
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4
E:
150 -
2
= 100 |- o
= =
= = 0
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(a) Euler’s Method (b) Four-Step Adams-Bashforth Method
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10 |-
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(c) Variable Stepsize Adams-Bashforth Method (d) Runge-Kutta 4 Method

Figure A.1: Solving the same ODE with different time stepping methods to observe method
stability.

ODE:s for each of our four methods is shown in Figure [A1] From the figures we can see
that for the coupled ODEs, Equations (A.38]) & (A.39)), only one of the four methods
tried reaches a stable solution. Euler’s method fared poorly for these coupled ODEs with

the value of ya(t) quickly growing very large. The Adam-Bashforth methods both initially
produced a solution close to the stable one, but then deviated away. Only the fourth order

Runge-Kutta method was able to find the stable solution.

Random Distributions

Now that we have introduced the numerical time stepping methods which will be used
while simulating from the mathematical models of collective motion we will define two
continuous probability distributions. These distributions will be used in the definition of

some of the mathematical models for collective motion as well as in our computer vision
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algorithm for detecting and tracking sheep in the data videos.

Uniform Distribution

The continuous uniform distribution (also known as the rectangular distribution) is a
family of probability distributions. The general form of the probability density function
for this family is

fora<x<b,

1
fl)y=4"" (A.40)
0, otherwise.

Normal Distribution

The normal distribution (also known as the Gaussian distribution) is a continuous prob-
ability distribution for a random variable. The general form of the probability density

function is )
1 x—1\2
flx) = exp #(5)
oV2m

(A.41)

The parameter p is the mean, median and mode of the distribution and o is its standard
deviation. When a random variable X is distributed normally with mean p and variance
o2 it is written

X ~ N (p,0?) (A.42)

The standard normal distribution sets the mean to 0 and the standard deviation to 1.
This is denoted N(0, 1?).

1.5+ N
O 1 =
= =
e} el
o oF
0.5 N
0
! ! ! ! !
-1 0 1 2 -2 0 2

Figure A.2: The standard uniform probabil- Figure A.3: The standard normal probabil-
ity density function. ity density function.
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A.4 Convex Hull

In mathematics, the convex hull of a set of points X in the Euclidean plane, is the smallest
convex set that contain X [I13]. For example, when X is a bounded subset of the plane,
the convex hull may be visualised as the shape enclosed by a rubber band stretched around
X, Figure

The convex hull is the set of all convex combinations of its points. In a convex combination,
each point x; in X is assigned a weight a; in such a way that they are all non-negative
and sum to one. These weights are used to compute a weighted average of the points. For
each choice of coefficients the resulting convex combination is a point in the convex hull.
The whole hull is formed by selecting all possible coefficients and calculating each convex

combination. This can be expressed in a single formula: the convex hull is the set

|X]
(Vi : oy ZO)/\ZO{Z'=1}.
i=1

1X]

Conv(X) = {Z a;x;
i=1

The convex hull of a finite set of points in 2-dimensions, X € R?, is a convex polygon. Each
point in x; in X which is not in the convex hull of the remaining points, x; ¢ Conv(X\{x;})
is called a vertex of Conv(X). If all the points in X lie on a line, then the convex hull is

the line segment joining the two outermost points.

We will be using the convex hull of the locations of simulated agents and observed sheep
to find the approximate area covered by the flock. To do this we use the spatial SciPy
package [129] in Python 2.7 [87] to calculate the convex hull of the locations, Section [3.6.2]
and Section [4.3l

Figure A.4: Convex hull of the points e
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Voronoi Diagram

A Voronoi diagram, also known as Voronoi tessellation, is a way of partitioning the plane
into regions based on distance to points on the plane. The set of points, known as seed
points, is specified before the partitioning and for each seed point there is a corresponding
region consisting of all points closer to the seed point than to any of the other seed points.

These regions are known as Voronoi cells.

Voronoi diagrams are named after Georgy Voronoy, a Russian mathematician who defined
and studied the n-dimension case in 1908 [112].

Voronoi tessellations of regular lattices of points in 2-dimensions and 3-dimensions give

rise to many familiar tessellations:

e A square lattice gives rise to the regular tessellation of squares.

e A rectangular lattice produces a tessellation of rectangles sorted into rows and

columns.

e Other 2D lattices gives an irregular honeycomb tessellation.

A depiction of what these Voronoi tessellations look like can be seen in Figure

The formal definition of a Voronoi tessellation is as follows. Let X be a metric space where
d is a distance function. Let K be a set of indices and (Py)rex be a tuple of nonempty
subsets in the space defined by X. Each of these Py are the sites of the Voronoi diagram.
The Voronoi cell, Ry, affiliated with the site Py is the set of all points in X whose distance
to Py is not greater than their distance to other sites, P; where j # k. So therefore if
d(x, P;) denotes the distance between a point x and a seed point P;, then the Voronoi cell
is

Ry = {x € X|d(x, Px) < d(x,Pj)Vj # k}.
The full Voronoi diagram is the tuple of these cells, (Rg)rek-

i _. : L] L] L] _. : L] L] L] L]
| _. ; L] L] L] _. : L] L] L] L]
i _. : . . . _. : (] . . L]
T i 1 o Tt [ T -
e | e [ 0o | o | o e | e | e ;| e
1 1 1 1 1 1 1
(a) Square lattice (b) Rectangular lattice (c) Hexagonal lattice

Figure A.5: Examples of Voronoi diagrams for different types of 2-dimensional lattices.
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In our work using Voronoi diagrams we use the spatial SciPy package [129] in Python 2.7
[87] to calculate the Voronoi tessellations of the locations of simulated agents, Section

Pearson Correlation Coefficient

In statistics the Pearson correlation coefficient is a measure of the linear correlation be-
tween two variables X and Y [I30]. According to the Cauchy-Schwarz inequality [I31] it
has a value between +1 and —1. A value of +1 refers to total positive linear correlation, 0

is no linear correlation, and —1 is total negative linear correlation, Figure

The Pearson correlation coefficient can be applied to both the population and a sample.
When calculated for a population this quantity is denoted pxy and is sometimes referred
to as the population correlation coefficient. Given a pair of random variables (X,Y) the

formula for calculating pxy is
_cov(X,Y)

A43
p—— (A.43)

Pxy

where oy, oy are the standard deviations of the random variables X and Y respectively,
and cov(X,Y) is the covariance of the two random variables and is defined to be the

expected value of their product minus the product of their expected values:

cov(X,Y) = E[XY] - E[X]E[Y)].

When applied to a sample the Pearson correlation coefficient is often denoted ry,. Given

paired data in the form {(x1, y1),...,(Xn, yn)} where n is the number of pairs the quantity

/ X \
g o © ° o \
4 ®e .: ° ()
o ¢ . \
= o = ¢ . = o
/ ... .. L Y ® \
%, ® ° o
/ b \
o e ° ° [
X X X
(a) ryy=1 (b) rxy =0 (c) rxy=-1

Figure A.6: Schematics showing pairwise data with Pearson correlation coefficient ry, shown.
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ryy is defined as

XiYi —nxy

M=

=1

\/(i X7 — m??)\/(i y? - ngQ)
i=1 i=1

where x; and y; are the i*" points in the sample. The quantities ¥ and y are the means

Txy = (A.44)

of the two individual samples.

Latin Hypercube Sampling

Latin Hypercube sampling is a method of sampling numbers to cover the whole sample
space. The method was proposed by McKay et al. [I32] in 1979 and its ease of use has

made it popular in computer experiments [133].

In 2-dimensions, the sampling constructs a Latin square by splitting the sample space into
n, rows and columns each with exactly one sampled point in it. Figure shows the
case where there are n = 20 sampled points in the range 0 < x, ¥y < 1. When the sampled
points are projected onto the axis they provide good coverage in that dimension. A Latin
hypercube is the generalisation of this idea to any number of dimensions, where there
is only one sample in each axis-aligned hyperplane containing it. However, the method
proposed by McKay et al. [I32] does not ensure that the full sample space is well covered
as sampled points on the diagonal would produce a Latin square which is valid but does

not fill the whole sample space.

[} [ J
[ ] ° PY [
] [ ]
[ ] ® [ J
[ ] PY [}
e °
[ L] [
= ° =
¢ ] hd ]
[ ] ® ° °®
® ™Y ®
L g
[ ] ) ) L
[} Y [ °
X X

Maximum Latin hypercube

(a) Latin hypercube (b)

Figure A.7: Schematics showing two different Latin hypercube sampling methods, each with 20
sampled points. Whilst both methods cover every value of x and y the original sampling method
(a) has a small cluster of points for small x and y leaving areas with a low density of points whereas
n (b) clusters like this should not occur.
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Other methods have been designed which account for this; Morris and Mitchell [134] pro-
posed that in order to find the best Latin hypercube sample the distance between the
points should be maximised. Figure [A.7b] shows n = 20 sampled points using the max-
imised Latin hypercube. Comparing to the standard Latin hypercube case, Figure
we can see that they have slightly better coverage over the sample space. However, this
method is computationally more intensive and so we chose to use the original Latin hy-
percube sampling throughout the following chapters. We used the pyDOE [135] package
in Python 2.7 [87] to compute our Latin hypercubes.

Now that most of the mathematical concepts used throughout this thesis have been laid
out we will move on to Part [[T] where we will explore the computer vision algorithm we
devised to locate and track sheep in aerial drone footage and the information we can

extract from the trajectories of the sheep.
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The Mahalanobis Distance

An alternative method we investigated to convert the colour image to greyscale was to
calculate the Mahalanobis distance between each pixel and the average background values.
To calculate the Mahalanobis distance of the image we first need to know the covariance
of the three colour channels, S = Cov(R, G, B), so we know how much the three colour
channels influence each other. We also need to know the average background values. We
do this by cropping the image down to show only the background and then calculating
the average of this subsection. The larger we can make this area the more reliable our
background average will be. Once we have these two pieces of information we can calculate

the Mahalanobis distance for each pixel:

MD,;; = \/(fﬂ,j -b)TS-1(F;; —b) (B.1)

where b is a vector representing the background average and S is our covariance matrix.

When doing this calculation with an image from the drone we obtain an image that appears

much noisier than the original, Figure This is because the shadows of the sheep will

103 ¢ : : .

E —— Blue Channel 1

102 | Weighted Average 1

B —— Mahalanobis Distance ]

Z 100F E
2 H i
5 0 B
107! 7
10_2 L ! \ é

1

E ! !
0 0.2 0.4 0.6 0.8
Greyscale Value

Figure B.1: The Mahalanobis Figure B.2: The kernel density of 2 methods from Chapter
distance from the average and the Mahalanobis distance.
background values.

167



Appendix B. The Mahalanobis Distance

have a greater distance to the average grass value than the grass not in shadow and hence
will appear bright in the greyscale image. In other methods the appearance of the fence
was subdued, but in this method the appearance of the fence was strengthened which is
not ideal. Because of all of this added noise is it unlikely that even a human could correctly
locate each of the sheep in the image, therefore this method is not an appropriate method

for our problem.

Consider the kernel density curve for the Mahalanobis distance, Figure This density
curve does not have two defined peaks reinforcing our ideas that this method should not

be used for detecting the sheep.
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Flocking videos

Figure C.5: Video 4. Figure C.6: Video 6.
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Figure C.8: Video 8.

Figure C.13: Video 13. Figure C.14: Video 14.
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