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Abstract 

 

The vortex-induced vibration phenomenon is a critical aspect for the optimal design and reliability 

analysis of offshore structures subjected to waves and current loadings. Phenomenological models are 

able to capture some vortex-induced vibration (VIV) features and estimate structural responses within a 

range of uncertainty. In comparison with steady flow, the subject of VIV in oscillatory flow has not been 

much explored; hence, there is a necessity to advance numerical and experimental research in this field. 

This dissertation aims to develop a phenomenological model for a steady flow VIV and perform a 

sensitivity analysis, apply this model to the case of oscillatory flow VIV and perform parametric 

investigations, and design and set up a new experimental framework and perform VIV tests in regular 

waves. A sensitivity analysis, pertaining to the empirical coefficients of the nonlinear wake-cylinder 

oscillators model, which simulates the two-dimensional coupled in-line and cross-flow VIV of a 

flexibly-mounted rigid circular cylinder in steady flow, is first performed to relate the input physical 

parameters to output responses. Wake-oscillator coefficients, cylinder geometric nonlinearity 

coefficients and hydrodynamic coefficients are chosen as varying input parameters in the 

implementation of both local and global sensitivity methods. The variability of mean displacements, in-

line and cross-flow output responses is then obtained for various reduced velocities and mass ratios. The 

advanced wake-cylinder oscillator model is then applied to the case of two-dimensional VIV of a 

flexibly-mounted rigid circular cylinder in planar oscillatory flow. The time-domain simulation model 

is calibrated with CFD results from the literature and shows characteristics of two-dimensional VIV in 

oscillatory flows. Overall, both in-line and cross-flow responses highly depend on KC, Vr and fr 

(cylinder-to-flow frequency ratio). The effects of bi-parametric variations of Vr-m*, Vr-KC and Vr-fr 

are examined and the dependence of hydrodynamic drag, inertia and lift coefficients on the Reynolds 

number Re is also studied. A new experimental framework based on a spring-pendulum system is 

developed and experimental VIV tests in regular waves and in combined steady current and regular 

waves are performed in the wave-current tank of the Hydrodynamic Laboratory at Newcastle University. 

The experimental results shed light on the features of VIV in oscillatory flows, through response 

amplitudes, frequencies, and trajectory patterns. 
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CHAPTER 1 
 

Introduction 
 

 

1.1 Presentation of the problem 

 

     The offshore engineering industry is constantly striving to improve design practices to reduce costs 

and increase reliability and safety of manned and unmanned offshore structures. The industry regularly 

faces challenges when new technologies are being created and designed, such as offshore renewable 

energy systems: offshore wind, wave and tidal energy systems. This requires a knowledge transfer from 

conventional design methods used in the oil and gas industry and to rethink the design process 

specifically for these emerging technologies, while necessitating intensive research and development 

efforts. The optimal design of offshore structures requires the appropriate understanding of wave and 

current loads. Especially, unproper design may lead to undesired situations such as resonance of the 

structure, leading to accelerated fatigue and early damage. Thus, the needs of both industry and academia 

have nourished the numerical and experimental studies in order to better comprehend the fluid-structure 

interactions phenomena taking place between the incoming flow and the structure. In that regard, some 

fluid-structure interaction problematics and physical phenomena pertaining to fluid mechanics and fixed 

or floating offshore structures are recurrently investigated and researched on since they constitute critical 

aspects of the design, in certain environmental conditions.  

Particularly, for certain flow conditions, when an incident flow passes a cylinder, a vortex-shedding 

appears. This vortex-shedding is associated with both drag and lift forces acting on the cylinder and can 

result in its vibration, this is the so-called vortex-induced vibrations phenomenon [1, 7]. In steady flow, 

typically current, vortex-induced vibrations happen at their utmost when the frequency of the vibrating 

cylinder, the cylinder natural frequency and the vortex-shedding frequency are close to each other or 

equal. This is the lock-in phase leading to large amplitude vibrations of the cylinder. Vortex-induced 

vibrations in steady flow has been extensively investigated both numerically and experimentally for 

stiffly and flexibly mounted cylinders, as well as flexible slender structures, by the industry in an effort 

to minimize its effect when designing offshore structures or to conceive appropriate retrofitting methods 

[2, 9, 19, 58]. 

VIV prediction design tools have also been refined in order to asses rapidly potential VIV occurrence. 

Due to its complexity, an exact solution of the nonlinear fluid-structure interaction problem cannot be 

found. Various numerical methods based on solving the Navier-Stokes equations, such as computational 

fluid dynamics (CFD) methods [25, 28], are satisfying but require heavy computational capabilities and 

are costly and time consuming. Reduced-order models or simplified mathematical models have thus 
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been developed to predict relatively quickly and with sufficient accuracy the VIV of cylindrical 

structures in steady flow.  

 

Design tools to predict VIV in steady flow are mainly based on the phenomenological wake-oscillator 

model in which the physical vortex-shedding is theoretically modelled by an oscillator equation and 

coupled with the equation of motion of the cylinder [32-36]. Specifically, the lift coefficient representing 

the wake component satisfies a type of Van der Pol oscillator equation. The system of coupled wake 

and cylinder equations represent the fluid-structure interaction in the lock-in conditions, ie. when VIV 

is taking place. Such a model has been used extensively in the industry for both rigid and flexible 

cylinders cross-flow VIV modelling in steady flow, for single and multiple degrees of freedom. This 

model is currently incorporated in the commercial software OrcaFlex (Orcina) for VIV prediction. 

Research has nevertheless shown that in-line VIV as well as in-line drag magnification are taking place 

and are coupled with the cross-flow vibrations, in the steady flow VIV case [41-45]. Those design tools 

should thus incorporate these aspects in order to predict VIV in steady flow more accurately and reliably.    

Moreover, a wide collection of experimental data is required to determine some empirical parameters 

of the wake oscillator-based prediction model. Hydrodynamic and structural parameters such as 

hydrodynamic coefficients, added mass and damping ratio are also parameters of importance whose 

values should be defined when vortex-induced vibrations take place, but their values are essentially 

taken by default in still water condition. Therefore, values corresponding to a specific representative 

case (experiment) are often taken as generic ones. This is specifically why additional experimental 

results are always welcomed to validate or refine the values generally used in the modelling [21-23]. 

Most importantly, the values used in the model should be conservative when capturing VIV 

mechanisms. 

Besides, the case of vortex-induced vibrations (VIV) due to unsteady flow is more complex and still 

needs further attention in industry applications. For instance, in air, unsteady wind on wind turbine 

towers may induce tower vibrations whose characteristics are different from the vibrations induced by 

constant steady wind. In water or offshore environment, unsteady flow can be formed by a combination 

of regular or irregular waves and current, leading to a complex flow configuration. Oscillatory flow is a 

particular case of periodic unsteady flow where the water particle has an oscillatory motion. Regular 

waves constitute by nature an oscillatory flow whose vertical and horizontal velocity components vary 

with depth.  

The effect of waves on fixed (stiffly mounted) cylinders has been described to some extent, leading to 

the well-known empirical formulation of the in-line (in the direction of the incident flow) wave force on 

cylindrical members: the Morison equation [13]. Meanwhile, a lift force also exists when the vortex 

shedding takes place, acting principally at integer multiple of the flow/wave frequency and in the 

direction normal to the wave direction. Specifically, the vortex-shedding mechanism associated with 
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harmonic oscillatory flow and regular waves is characterized by vortices swept upstream and 

downstream of the cylinder following the wave half-periods, thus distinguishing itself from the steady 

flow vortex-shedding pattern [8, 18].  

Nevertheless, studies on vortex-induced vibrations of flexibly mounted cylinders in oscillatory flow are 

still at this moment quite limited [11, 22, 30]. VIV in oscillatory flow has not been as much investigated 

as VIV in steady flow (current) probably because the research has focused mainly on offshore oil and 

gas applications, where deep water risers can undergo VIV due to steady flow. Nevertheless, within the 

growing field of offshore renewable energy, structures are designed for shallower water depths (up to a 

few hundreds of meters of depth, in the case of floating wind), and therefore the floating structures and 

associated mooring and cabling systems are particularly prone to experience loads from waves and 

potentially resulting vortex-induced vibrations. Numerical modelling and experimental testing of VIV 

in oscillatory flow remain scarce and so there is a real need to nurture research in this field. For instance, 

there has been only a few attempts in the literature to predict oscillatory flow VIV using reduced-order 

modelling, and at the moment there is no design tool proposing an efficient and rapid oscillatory flow 

VIV prediction. Moreover, additional experimental data are continually desired to not only better 

understand physical mechanisms, but also improve the analytical/numerical modelling validation work.  

 

1.2 Aims and Objectives  

 

The aims of the thesis are formulated in two points:  

¶ Predict more accurately two-dimensional VIV of rigid circular cylinders in steady and 

oscillatory flows via the use of reduced-order semi-empirical modelling.  

¶ Capture experimentally two-dimensional VIV characteristics of a rigid circular cylinder in 

regular waves, and combined current and regular waves.  

 

Furthermore, the related descriptive objectives are: 

¶ Develop a phenomenological model for steady flow VIV and perform a sensitivity analysis. 

As mentioned, steady flow VIV prediction models which are currently used by the industry only capture 

the cross-flow component without incorporating the in-line direction. A two-dimensional prediction 

model will thus refine and improve the modelling significantly and better represent the physical VIV 

mechanism. Also, since the wake-oscillator based reduced-order model contains several empirical 

coefficients, a sensitivity analysis will make it possible to identify their relative influence on the cylinder 

two-dimensional response.  

¶ Apply the developed model to oscillatory flow VIV and perform parametric investigations. 

The steady flow model is applied and adapted to the case of oscillatory flow. This requires the calibration 

of the model with available data of two-dimensional VIV in oscillatory flow, depending on Keulegan-

Carpenter number and reduced velocity, leading to calibrated coefficients. Parametric investigations will 

enable the identification of the characteristics of the model response for combined variations of 
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hydrodynamic and structural parameters, such as Keulegan-Carpenter number KC, reduced velocity Vr 

and frequency ratio fr.  

¶ Design and set up a new experimental framework and perform VIV tests in regular waves. 

A new experimental framework aimed at investigating VIV mechanisms and specifically suited to the 

existing wave tank facility is designed. VIV tests in regular waves, as well as in a combination of current 

and waves, will be conducted and findings will fuel existing results in the field.  

     Overall, the present research aims at advancing the modelling of VIV in harmonic oscillatory flows 

and experimentally investigate the dynamic response features of a vertical cylinder in regular waves. 

 

1.3 Content of the Chapters 

 

The thesis is composed of several chapters which are summarized below, except the present chapter.   

Chapter 2 presents a literature review of past researches and recent findings on the field of VIV in steady 

and oscillatory flows. While studies and features of VIV in steady flows are recalled, focus is particularly 

put on the problematics and state-of-the-art research of VIV of flexibly-mounted rigid cylinders in 

oscillatory flows, which constitute the core of this thesis work. Studies on experimental investigation of 

VIV in oscillatory flow are recalled, presenting different experimental arrangements and techniques to 

capture the dynamic features of the vibrating system. Findings stemming from these experimental 

studies on both rigid flexibly-mounted and flexible cylinders are summarized.  

Chapter 3 introduces a system of nonlinear wake-cylinder oscillator equations simulating the two-

dimensional coupled in-line and cross-flow VIV of a flexibly-mounted rigid circular cylinder in steady 

flow. The model includes fluctuating lift and drag forces, steady drag magnification and relative velocity 

between the flow and the cylinder. A sensitivity analysis is performed to relate the model empirical 

coefficients considered as inputs, such as wake-oscillator coefficients, cylinder geometric nonlinearity 

coefficients and hydrodynamic coefficients, to the cylinder in-line and cross-flow responses treated as 

outputs. This sensitivity analysis makes it possible to identify the input parameters of main influence on 

the system response by examining the variability of the latter for varying reduced velocities and mass 

ratios. In that regard, several local and global sensitivity methodologies are implemented.  

In Chapter 4, the developed model is applied to the case of two-dimensional VIV of a flexibly-mounted 

rigid circular cylinder in planar harmonic oscillatory flow. This particular adaptation of the model leads 

to the introduction of inertia forces as well as quantities representing the flow such as the Keulegan-

Carpenter number KC. The model is calibrated with CFD results from the literature for KC=10, 20 and 

40 in the reduced velocity range 0 < Vr < 30. The calibration is optimal when considering an acceleration 

coupling term in the wake oscillator equation. Resulting from the calibration, certain empirical 

coefficients are expressed as a function of KC and mass ratio m*. Characteristics of two-dimensional 

VIV in oscillatory flows are captured, including flow frequency-dependent in-line response, multi-
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frequency and KC-dependent frequency modulated cross-flow response as well as the dependence of 

in-line and cross-flow responses on KC, Vr and fr (cylinder-to-flow frequency ratio). Bi-parametric 

variations of Vr-m*, Vr-KC and Vr-fr are examined, and the dependence of hydrodynamic drag, inertia 

and lift coefficients on the Reynolds number Re is studied, shedding light into the model prediction 

capabilities and limitations. 

Chapter 5 presents the experimental framework for the testing of a flexibly-mounted vertical cylinder 

in regular waves conducted within the wave tank in the Hydrodynamics laboratory of Newcastle 

University. Preliminary regular waves tests are first conducted without the tested structure in place in 

order to investigate the depth-dependent wave velocity profile and its adequacy with first order Stokesô 

theory. The experimental setup consists of a vertical pendulum-type rigid circular cylinder which is 

fixed at its top with a universal joint and flexibly mounted on two-dimensional horizontal springs above 

the water level. Three sets of springs with different linear stiffness coefficients are used for both 

symmetric and asymmetric configurations with two-dimensionally equal and non-equal stiffness, 

respectively. Free decay tests are finally conducted to extract the natural frequency of the system in air 

and in still water, before conducting the full regular wave tests.    

Chapter 6 presents the experimental results of the tests under regular waves, covering various KC and 

Vr ranges depending on the specific frequency ratio (fr). Several frequency ratios are covered and both 

symmetric and asymmetric spring stiffness configurations in the in-line and cross-flow directions are 

investigated. The cylinder vibration frequencies and frequency components as well as amplitude 

responses in the in-line and cross-flow directions are unveiled for varying KC, Vr and fr. Two-

dimensional cylinder motion trajectories are displayed, either regular or irregular, highlighting the 

vibration response patterns. 

Chapter 7 exposes the results of VIV tests in combined steady current and regular waves, showing the 

relative effects of current and wave flows on the cylinder response characteristics. The cylinder in-line 

and cross-flow amplitudes are compared for all flow conditions using a similar spring stiffness. Overall, 

the experimental results with new databases shed light on the mechanisms and features of VIV in 

oscillatory flows, through response amplitudes, frequencies and trajectory patterns which account for a 

three-dimensional effect along the vertical cylinder span. 

Finally, Chapter 8 recalls the main achievements and findings of the thesis as well as limitations, while 

presenting suggestions for potential future work and research.  
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CHAPTER 2 
 

Literature Review 
 

 

Numerous studies have nurtured the literature on vortex-induced vibrations (VIV) in steady flows. 

Sarpkaya [1] provided an exhaustive review of the research that has been conducted on VIV, regarding 

both modelling and experimental testing, with key findings and features. A summary of early studies of 

VIV mathematical modelling and experimental testing, VIV characteristics and vortex-shedding 

patterns can also be found in the review of Gabbai and Benaroya [2]. Below on Figure 2.1 is a schematic 

view of the types of amplitudes responses obtained for VIV in steady flows at high and low mass-

damping parameters m*ɕ , as illustrated in Khalak and Williamson [3]. 

 

Figure 2. 1: Two types of amplitude response: high m*ɕ and low m*ɕ. The mode transitions are either   

hysteretic (H) or intermittently switching (I) [3]. 
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Although the knowledge that has proliferated on VIV in steady flow constitute an essential basis for the 

study of VIV in oscillatory flow, only the works on VIV in oscillatory flow are principally introduced 

in this literature review. Several theoretical, numerical and experimental studies have contributed to an 

improved understanding of fluid mechanics, hydrodynamics and wake vortex-shedding visualizations 

associated with oscillatory flows past stationary cylinders [4-8]. Works on VIV of vibrating cylinders 

in oscillatory flow are naturally divided into one and two-degree-of-freedom studies for rigid cylinders 

and flexible cylinder studies. Effectively, early studies focused essentially on the one-degree-of-freedom 

problem with the cylinder moving either in the in-line or cross-flow direction, while recent studies have 

focused on the more complex flexible cylinder systems.  

 

2.1 Vortex-Induced Vibrations in Oscillatory Flows  

 

One of the key features of a circular cylinder exposed to an oscillatory flow, distinguishing itself from 

that of a steady flow, is the occurrence of periodic flow reversals causing a return of the shed vortices 

from being downstream to upstream and a sudden change in the associated hydrodynamic forces with 

multiple excitation frequencies. These occur whenever the flow velocity changes in sign or direction. 

As the cylinder is free to move transversely, cross-flow VIV may take place with multiple lock-in events 

leading to multi-peak amplitude response characteristics [9]. The oscillatory flow VIV behaviour of an 

elastically mounted circular cylinder is governed by some dimensionless fluid-structure parameters. 

With a maximum oscillatory flow velocity Um, key parameters include the Keulegan-Carpenter number 

(KC), Reynolds number (Re), reduced flow velocity (Vr) and Strouhal number (St), whose expressions 

read  

                                                KC ,   Re ,   ,   St ,    m m m v
r

w n m

U U D U f D
V

f D f D Un
= = = =                                         (2.1) 

in which fw is the flow frequency, D the cylinder diameter, n the fluid kinematic viscosity, fv the 

fundamental or dominant lift force frequency as a result of the vortex shedding and reversal, and fn the 

structural natural frequency in still water. Equation (2.1) enables additional relationships: 

                                

2
KC Re

,    StKC ,    St = ,   ,
KC

n v v w
r r

r w w n

f f f D f
f n V

V f f f
b

n
= = = = = =                            (2.2) 

in which fr is referred to as a cylinder-to-flow frequency ratio, n is the number of lift force oscillations 

(observed to be equivalent to the number of vortex pairs shed from a stationary cylinder plus one, 

seemingly due to the flow reversal mechanism) within each oscillation cycle, and b is the so-called 

Stokes, viscous or frequency parameter [10]. In general, n increases with KC. For stationary cylinders, 

the oscillatory flow in the 1.8x103 < Re < 104 range was found to produce one, two, three and four pairs 

of vortices for 7 < KC < 15, 15 < KC < 24, 24 < KC < 32 and 32 < KC < 40, respectively, by Williamson 
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[11]. Obasaju et al. [12] showed that one additional vortex is shed per half flow oscillation cycle each 

time KC is increased by about 8. This is a consequence of the Strouhal law applicable to an oscillatory 

flow [9]. 

 

For a 1-DOF inline response prediction, the so-called Morisonôs equation [13] may be used to model an 

in-line hydrodynamic force acting on a stationary or oscillating cylinder in oscillatory flow. For a 

stationary cylinder, this semi-empirical equation has two components comprising an inertia force in 

phase with the local flow acceleration and a drag force proportional to the signed and square of the 

instantaneous flow velocity. For an oscillating cylinder, the relative velocities and accelerations between 

the flow and the cylinder are accounted for. The associated inertia and drag coefficients are determined 

based on experimental data typically depending on KC, Re and surface roughness [10, 14]. Williamson 

[11] performed a U-shaped oscillating flow tube test of an elastically mounted cylinder with KC up to 

35 and compared experimental results with those predicted by an extended Morisonôs equation 

accounting for the cylinder motion. Near a primary resonance (fn/fw º 1), he suggested that a relative 

flow-cylinder velocity formulation may be a reasonable assumption for a prediction model. For a fixed 

Re = 200 and 2<KC<20, Anagnostopoulos and Iliadis [15] performed numerical simulations of in-line 

vibrations of a circular cylinder, capturing the cylinder oscillation effect on the flow pattern and 

hydrodynamic forces. By varying fw/fn (Vr/KC) and changing fn (Vr) for a fixed KC=10 and 20, they 

reported that the in-line force contains fw and the odd multiples of fw components amplifying the cylinder 

response near resonance. 

Williamson [11] carried out an experimental study of the in-line response of an elastically-mounted rigid 

circular cylinder of mass ratio 6.5 placed in the sinusoidal flow of a U-tube tank for KC < 35. The 

experimental results are compared with analytical predictions resulting from both nonlinear and 

linearized expressions of the cylinder equation of motion which employs the Morison force relative 

velocity formulation. The relative and absolute response amplitudes, corresponding to the relative and 

absolute coordinates, as well as the inertia and drag coefficients show fair comparison with experimental 

results. Later on, Anagnostopoulos and Iliadis [15] investigated the in-line vibration of a circular 

cylinder in oscillatory flow numerically for a fixed Re=200 and for KC=2, 4, 10 and 20. A wide range 

of frequency ratios, expressed as fr = ff /fn, were investigated, where ff is the frequency of the oscillating 

flow and fn is the natural frequency of the elastically mounted cylinder in air. The power spectrum shows 

peaks at odd multiples of the flow frequency, at f /ff =3 and f /ff =5, which have decreasing amplitude 

with increasing frequency ratio fr. The spectral peak of highest amplitude is at the flow frequency, ie. at 

f/ff =1. This shows that the cylinder predominantly oscillates at the oscillating flow frequency, 

independently of the frequency ratio fr. For increasing KC number and for a constant frequency ratio fr, 

the cylinder oscillation amplitude increases, also partly justified by the corresponding decrease of spring 

stiffness and damping ratio.  
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For a dominant oscillation frequency of the cylinder fi, it may be written that  
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where an Ni represents the number of cylinder vibrations per flow cycle (Ni = fi/fw) and index i = x or y.  

 

Therefore, the in-line response of a flexibly mounted circular cylinder in oscillatory flows increases in 

amplitude with increasing KC, for a constant frequency ratio fr, and the cylinder predominantly oscillates 

at the flow frequency with possible higher harmonics at multiple integer values of the flow frequency.  

For a one-degree-of-freedom cross-flow VIV response, a larger number of studies have investigated 

VIV of flexibly-mounted rigid cylinders in oscillatory flows. Sumer and Fredsoe [16] performed 

experiments on the transverse vibrations of an elastically mounted rigid cylinder, of mass ratios equal 

to 1 and 1.8, in oscillatory flow using the carriage technique, with 5< KC <100, 0< Vr <16 and                    

Re = 2x104-105. The response amplitudes and normalized vibration frequencies were found to depend 

both on KC and Vr. As KC>10, the amplitude responses are characterized by several peaks 

corresponding to occurrences of the lock-in, where the cylinder vibration frequency is close or equal to 

its natural frequency. Below the first lock-in point, i.e. for small values of reduced velocities, the number 

of cylinder vibrations per flow cycle, denoted N=f /fw, closely follows the number of vortex sheddings 

per flow cycle for a stationary cylinder reported by Sarpkaya [6], which constitutes an interesting 

finding. At the lock-point, the cylinder vibration frequency, its natural frequency and the vortex-

shedding frequency collapse onto one value. The response normalized frequency typically takes integer 

values and drops several times, as does the amplitude, with increasing reduced velocity. In other words, 

numerous lock-in are attainable along the reduced velocity span and the cylinder oscillates at harmonics 

of the oscillatory flow frequency. It is expected that the number of vortex sheddings per flow cycle 

similarly drops to a one-less value after each lock-in point and is consequently a function of both KC 

and Vr. The effect of increased stiffness is investigated by using springs three times as stiff as the ones 

used previously. As a result, the amplitude response is larger and the lock-in occurs systematically 

earlier, mainly due to the fact that the stiff-spring system is lightly damped (corresponding to lower 

stability parameter value). Finally, the effect of increased specific gravity of the cylinder, achieved by 

increasing the cylinder mass (and thus mass ratio), is studied and reveals smaller and narrower amplitude 

responses compared to the previous case, like in the steady flow case. Nevertheless, the frequency 

response mechanism, independent of both the cylinder specific gravity and the vibrating system 

stiffness, remains unchanged. For the same experimental system, Sumer and Fredsoe [17] have also 

examined the effect of the Reynolds number Re, by varying Um and Vr from 0 to 16 (fw was also varied 

to keep KC fixed), on the cylinder vibrations: the lock-in points are reached earlier for higher Re number. 
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Sumer and Fredsoe [16] reported that, for KC=10, Ny = 2 throughout the Vr range and the cross-flow 

amplitude reaches a resonance peak at fy/fn º 1 at Vr = 6. For KC=20, the response begins with Ny = 4 in 

a lower Vr range, dropping to Ny = 3 and Ny = 2 at Vr = 5.5 and Vr = 9, respectively. This decreased Ny 

is due to the increased fw (for keeping KC fixed) which, in turn, reduces the number of vortices generated 

per flow cycle [18]. Such a variation of Ny entails a multi-peak response occurrence as Vr is varied. 

Similarly, for KC=40, the response starts with Ny = 8, exhibiting a zigzagging trend in the fy/fn plot and 

consecutively decreasing N. This unique multi-peak behaviour is different from a single upper-branch 

response found in a steady flow VIV [19]. In all KC cases, Ny=2 is the absolute minimum number of 

oscillation cycles. These results suggest that the cylinder cross-flow oscillation pattern follows the 

fundamental vortex-shedding frequency as Vr is increased until reaching a first lock-in point where         

Ny º n (fy º fv). 

 

Kozakiewicz et al. [20] experimentally studied the cross-flow vibrations of a free circular cylinder, of 

diameter 2cm and mass ratio 1.62, in oscillatory flow for KC=10 and 20 and 4< Vr <8. For KC=10, the 

normalized amplitude response increases, while the cylinder vibrates at twice the flow frequency, until 

reaching its maximum value of approximately 0.8 at Vr =6.29. For KC=40, the cylinder vibrates at four 

times and three times the flow frequency before reaching the two maximum peaks indicating that lock-

in is happening, at respectively Vr =5.86 and Vr =7.48. The lock-in phenomenon occurs when the cylinder 

vibration frequency equals or is close to its natural frequency, which itself is slightly above the value of 

one for a vibrating cylinder because of the decrease of the added mass. These results corroborate the 

previous findings of Sumer and Fredsøe [21] previously presented. Moreover, the number of vortices 

generated over one flow cycle is increased in comparison with the stationary cylinder case. 

Hayashi and Chaplin [22] comprehensively studied the transverse response of a circular cylinder in 

planar oscillating flow for 4< KC <20 and 0.75< Ksp <14.5 where Ksp is the Scruton number (mass ratio-

damping parameter). The cylinder was mounted horizontally at the mid-point of the water depth and 

was supported flexibly by a spring in the transverse direction. For KC=6 and 10, they found that the 

maximum transverse response of the cylinder occurs at a frequency ratio equal to 1/2, where the cylinder 

vibration frequency locks into its natural frequency. At lock-in, the response amplitude standard 

deviation is low, showing that the response amplitude at resonance is stable and not intermittent and 

modulated. An increase of Ksp leads to a decrease of the peak amplitude around fr =1/2. For KC=17, 

resonance is observed for fr =1/3 and 1/2. The multi-appearance of resonant transverse vibration, and its 

dependence on KC and Ksp, is a significant feature of the resonance of a flexibly supported cylinder in 

waves. Two types of resonance are identified: the one happening when the cylinder vibrates at twice the 

oscillatory flow frequency (2fw), called wave coupling, and the one happening when the cylinder vibrates 

at a frequency which is between its natural frequency fn
w and 2fw, called vortex coupling. It is also noted 

that the vortex coupling vanishes when increasing either the damping or the Scruton number. Hayashi 

and Chaplin [23] similarly identified what they refer to as the wave coupling and vortex-coupling (for 
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low damping) resonances in the amplitude of the transverse vortex-excited vibration of a vertical circular 

cylinder in regular waves for Ksp=0.2. In the experiment, the test cylinder was pivoted at its base and 

supported flexibly by spring at its top, and the in-line motion was restricted. Peaks values of the cross-

flow amplitude were also found at submultiples 1/2, 1/3, 1/4 and 1/5 of the frequency ratio fw/fn
w.  

More recently, Wang et al. [24] investigated the cross-flow vortex-induced vibrations of an elastically 

mounted cylinder subject to oscillatory flow using Reynolds averaged Navier-Stokes (RANS) equations 

in conjunction with shear-stress transport (SST) k-w turbulence model to simulate the flow field, while 

the cylinder motion is solved using the Newmark-ɓ method. The model is compared, for the case 

KC=10, with experimental results of Sumer and Fredsøe [21] as well as numerical results of Zhao [25], 

the latter comparison showing satisfactory agreement. Simulations are then carried out with a diameter 

of 0.04m, mass ratio of 2.2 and cylinder natural frequency of 0.98Hz for 2< Vr <18 and KC=25 and 75. 

The response amplitude spectrum indicates the pronounced multi-mode feature for high Vr and KC. As 

Vr and/or KC increases, more frequency peaks characterize the vibration response and these are closer 

to each other. The study shows that the amplitude and frequency at lock-in are mainly due to a single 

mode for both KC values, the one which has the highest amplitude in the response frequency spectrum. 

The dominant mode frequency is close to the natural frequency in the lock-in range, indicating 

resonance. For the highest KC, small participation of second and third mode are observed in the lock-in 

region at low values of Vr. The lock-in range is larger with higher KC number although its amplitude 

remains rather constant with increasing KC. Correspondingly, the hydrodynamic force presents a multi-

mode feature which is amplified with increasing KC.  

Overall, cross-flow VIV of a flexibly-mounted cylinder in oscillatory flow is characterized by multiple 

lock-in occurrences along the reduced velocity span, also depending on the KC number. This multimode 

feature is also described by several frequency components which increase in number with Vr and/or KC. 

 

Two-dimensional coupled in-line and cross-flow VIV in oscillatory flow have then been the subject of 

several experimental studies. Bearman et Mackwood [26] conducted experiments on a flexibly-mounted 

cylinder exposed to an oscillating water flow generated in a U-tube for KC up to 50. The U-tube used 

in their experiments is shown on Figure 2.2. The cylinder of diameter 5cm was free to move in two-

dimensional motion and the system mass ratio was about 4.7. Tests were also conducted for the 

transverse motion only, with the cylinder fixed in the in-line direction. The cylinder oscillates in the in-

line direction at a fundamental frequency equal to the flow frequency fw for all KC, and the in-line 

response increases monotonically with KC. In the cross-flow direction, the spectral peaks are at even 

multiples of fw at low KC, and at very high KC the response becomes much more random with a 

multitude of frequency components.  
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Figure 2. 2: Cylinder mounted in the U-tube used by Bearman et Mackwood [26]. 

 

Lipsett and Williamson [27] proposed a mathematical model to predict the two-dimensional response 

of an elastically mounted cylinder in sinusoidal oscillatory flow. The model incorporates the Morison 

formulation with the fluid-cylinder relative velocity for the in-line force (x direction), and a sinusoidal 

lift force as the transverse force (y direction) which includes the vortex-shedding frequency assumed to 

be a multiple integer of the flow frequency. In the dynamic model, fixed-cylinder constant 

hydrodynamic coefficients (drag, inertia, lift) were taken from Sarpkaya [6], constituting a significant 

assumption. The model predictions are compared with experimental results of flexibly-mounted circular 

cylinder in oscillatory flow generated in a U-tube, with 1.07< fr <8.62 and 5< KC <20, showing some 

agreement at low frequency ratio. While for low frequency ratios repeatable cylinder trajectories are 

observed, for frequency ratios above four, trajectories are more non-repeatable, complex and with 

several transverse cycles per in-line flow cycle. Trajectories with up to eight transverse cycles per in-

line cycle are observed for fr =8.62. 

Besides, Zhao [28] numerically investigated the two-degree-of-freedom vortex-induced vibrations of a 

circular cylinder in sinusoidal oscillatory flows using numerical CFD for KC=10, 20, 40, 0< Vr <30, and 

308< Re <9240. In all cases, the cylinder oscillates primarily at the flow frequency in the in-line 

direction, and the in-line amplitude increases with Vr. In the cross-flow direction, the cylinder primary 

vibration frequency is equal to multiple integers of the flow frequency. As KC increases, there are more 

frequency components in the cross-flow direction and trajectories become more irregular, complex, and 

with larger cycle-to-cycle variations. Also, as Vr increases, the primary cross-flow vibration frequency 

gradually decreases in a step-by-step manner. This study will be of crucial importance in Chapter 4 of 

this thesis in which a proposed model will be compared with these latter CFD results.  

Other studies considered a surface-piercing vertical cylinder flexibly mounted on springs in a wave tank. 

Borthwick and Herbert [29] performed experiments on a spring-mounted surface-piercing and pivoted 
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at its base vertical cylinder in regular waves for a constant surface Keulegan-Carpenter number equal to 

8 and frequency ratios in the range 0.3Ò fw/fNw Ò0.8. Peak values of force coefficients and response 

amplitudes were observed to occur at integer submultiple values of the frequency ratio fw/fNw (integer 

multiples of fNw/fw). Different trends of force coefficients as functions of fNw/fw were obtained at various 

depths, highlighting the three-dimensional characteristics of the vortex shedding pattern that occurs in 

waves. Kaye and Maull [30] performed experimental tests on a vertical cylinder in waves. The rigid 

cylinder is mounted on a universal joint at its base and restrained by a long wire and vertical spring fixed 

at its top. The universal joint and wire-spring components provided a perfect axisymmetric stiffness. It 

was found that the peak transverse response occurred for fN/fw =2 and the peak in-line response occurred 

for fN/fw =1. Also, both the in-line and cross-flow root-mean-square response amplitudes increase with 

KC.  

McConnell and Park [31] oscillated a flexibly mounted cylinder sinusoidally in the transverse direction 

in otherwise still water and measured transverse forces and response displacements. They defined the 

vortex-shedding frequency as being equal to the frequency of the largest peak in the lift force spectrum.  

Furthermore, studies on numerical modelling of flexible cylinders in unsteady and oscillatory flows has 

received increasing attention over the recent years. Thorsen et al. [32, 33] introduced a new method for 

time domain simulation of cross-flow vortex-induced vibrations of rigid and flexible circular cylindrical 

structures in current based on Morisonôs equation and a semi-empirical formulation of the cross-flow 

vortex-shedding force. Zanganeh and Srinil [34] proposed a three-dimensional VIV prediction model 

that incorporates mean drag amplifications using a finite-difference calculation scheme for a long 

flexible cylinder. Ulveseter et al. [35] used the same theoretical modelling to predict pure in-line VIV 

of rigid and flexible cylindrical structures in uniform current, by synchronizing the time-varying 

excitation drag force with the cylinder response. They then modelled the two-dimensional VIV of a 

flexible riser by combining the previous semi-empirical hydrodynamic force model with both the in-

line and cross-flow directions. Gao et al. [36] proposed a model for VIV prediction of a long flexible 

cylinder in uniform and linear sheared flows using the wake oscillator model.  

Besides, experiments on flexible structures have also been conducted in uniform or shared current. 

Chaplin et al. [37] investigated the VIV of a vertical tension riser of diameter 28mm and mass ratio 

equal to 3 in a stepped current. Up to eight and twelve modes of vibration were identified in respectively 

the cross-flow and in-line directions. Wu et al. [38] conducted VIV experiments on a horizontal flexible 

cylinder in uniform and sheared flow and found that the motion phase angle between the in-line and 

cross-flow displacements is an essential parameter characterizing the VIV dynamics of a flexible 

cylinder.  
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2.2 The Wake Oscillator Model  

 

From a modelling and prediction viewpoint, there have been just a few attempts in the literature to semi-

empirically model coupled in-line and cross-flow hydrodynamic forces acting on cylinders in oscillatory 

flows. The Morisonôs equation is commonly used to describe an in-line force [11, 39]. Bearman et al. 

[40] proposed a quasi-steady model to predict the transverse forces on cylinders in waves and oscillatory 

flows. This model assumes St=0.2 and a constant amplitude of the lift coefficient over a half flow cycle, 

providing a good prediction when compared with experimental results for 15<KC<53. 

The wake oscillator model has been used largely for the modelling of the wake forces in the vortex-

induced vibration phenomenon taking place in steady flow condition [41, 42]. Researchers have first 

studied the capability of the van der Pol oscillator to model the wake force in cross-flow VIV  [43], 

proving its feasibility and applicability. The wake-oscillator model has then been used to model two-

dimensional coupled in-line/cross-flow VIV. As such, Srinil and Zanganeh [44] used coupled double 

Duffing and van der Pol wake oscillators to model two-dimensional VIV and calibrated the model based 

on published experimental results. Postnikov et al. [45] also proposed a two-dimensional VIV model 

based on the van der Pol wake-oscillator and calibrated the model parameters with CFD results.  

The calibration procedure is based on the existence of several model empirical parameters whose value 

can be defined by comparing the model prediction, like the response amplitude, with the available data 

in the literature. Nevertheless, it is usually quite challenging to do so since experimental data are limited 

and because a single set of parameters is only able to represent certain prediction cases, thus the intrinsic 

limitations of calibration. But this also shows the powerful potential of calibration, when data is 

available, which can enable a model to predict fairly well realistic cases.  

 The calibration also raises the question of the uncertainty embedded in the model and its sensitivity to 

variations of the calibrated empirical coefficients. Since the calibration is done using experimental data 

usually obtained from a small number of tests, the question of the quantification of the uncertainty on 

the tuned parameters and on calibrated model is raised. In that regard, Gabbai et Hiebert [46] proposed 

a fast methodology to conduct a sensitivity analysis of a wake-body model for the cross-flow VIV of a 

rigid circular cylinder using Monte Carlo simulations. Srinil et al. [47] used a similar approach to 

perform a sensitivity analysis of a two-dimensional coupled in-line/cross-flow VIV prediction model, 

determining the model response uncertainty from the uncertainty of the empirical coefficients.   

In order to validate or calibrate a semi-empirical model or to investigate certain aspects of the VIV 

physical mechanism, experimental studies have been conducted either in the in-line direction only [48], 

cross-flow direction only [49], or both in in-line and cross-flow directions. Blevins and Coughran [50] 

conducted one-dimensional transverse only and coupled two-dimensional in-line and cross-flow VIV 

experiments on a vertical rigid circular cylinder, providing a systematic database of results of response 

amplitude, frequency and drag coefficients by studying the effect of varying mass ratio, damping and 
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Reynolds number. Srinil et al. [51] compared two-degree-of-freedom VIV numerical predictions with 

experimental results for a flexibly-mounted vertical rigid circular cylinder in steady flow considering 

variable natural frequency ratio. Photos of their experimental setup are shown on Figure 2.3. 

 

 

Figure 2. 3: Experimental model of a flexibly-mounted circular cylinder undergoing 2dof VIV [51]. 

 

Goncalves et al. [52] conducted two-dimensional VIV experiments of a circular rigid cylinder a low 

aspect ratio (0.3Ò L/D Ò 2) at low mass ratios (m*=1, 2.62 and 4.36) over the range of Reynolds number 

6000 < Re < 70000. Kim et al. [53] also conducted experimental investigations of two-dimensional VIV 

for a surface-piercing vertical cylinder in steady flow, highlighting the importance of the in-line 

component in the cylinderôs response.  

As an alternative approach, Hayashi [54] was perhaps the first who attempted to apply a van der Pol 

wake oscillator, developed by Hartlen and Currie [41] for steady flows, to model the fluctuating lift 

forces in oscillatory flows in predicting cross-flow VIV in waves. The amplification of the lift force 

around a resonance was reproduced, but the model was unable to predict the cylinder response in a 

certain frequency ratio range. In addition, the effect of in-line motion was neglected. 

It is the main aim of the present study to investigate the feasibility and limitation of using wake 

oscillators for modelling combined cross-flow/in-line VIV in oscillatory flows. 
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2.3 Vortex-Induced Vibrations in Current and Waves 

 

In the case of combined current and wave, the definitions of KC, Vr and Re need be adapted to take into 

account the superposition of the flows. In that regard, researchers have used different definitions, 

sometimes comparing variants in order to study their respective effects.  

Shafieefar and Massie [55] carried out experiments of an oscillating vertical cylinder steadily towed in 

the in-line direction under a regular/irregular wave flow, which is similar to oscillating the cylinder in a 

combined wave-current flow field. Various definitions of KC, Vr and Re are introduced and investigated, 

taking into account the current velocity, the wave orbital velocity and the oscillating cylinder velocity. 

The ratio between the total oscillatory velocity, which includes the wave orbital and cylinder oscillatory 

velocities, and the steady current velocity is found to be the most suitable parameter to represent the 

drag and inertial coefficients in the combined flow field of an oscillating cylinder in waves and current.  

Sumer and Fredsoe [56] conducted experimental tests on scour around a pile in combined irregular 

waves and current, both in codirectional and perpendicular directions. In the experiments, KC is only 

defined as a function of the maximum wave velocity (Um/fwD) while two independent definitions of the 

Reynolds number are considered based on the current and wave velocities: UcD/ɜ and UmD/ɜ. KC ranges 

from 5 to about 30 and the flow ratio from 0 to 1.  

Ulveseter et al. [57] compared in-line and cross-flow VIV experimental results with the predictions of 

a semi-empirical time domain analysis tool in combined irregular wave and current flows. Nevertheless, 

in this study, no definition of KC or flow ratio is referred to. The calculation of the fatigue damage for 

a vertical pipe system between the combined flow case and the two independent current and wave flows 

reveals moderate differences. One important experimental observation from this study is the wave 

damping effect of the in-line amplitude VIV in the combined flow case. This latter result is significant 

for design considerations since it shows how the current-wave flow interaction would impact the fatigue 

damage of offshore cylindrical structures.  

Zhao et al. [28] studied the two-dimensional VIV of a circular cylinder of mass ratio 2.5 in combined 

steady and sinusoidal oscillatory flow using numerical CFD. Constant values of KC=10 and Re=5000 

were chosen with a flow ratio varying from 0 to 1 with a step of 0.2, the flow ratio being defined as the 

percentage of the steady flow velocity component in the total fluid velocity (Uc /(Uc+Um)). For each 

flow ratio, Vr ranges from 2 to 25, covering the full VIV lock-in range. Also, the adopted definitions of 

KC, Vr and Re were based on the full fluid velocity Uc+Um. Two resonance regimes were identified: 

when the flow ratio is lower than 0.2 (wave flow dominates), the cross-flow vibration frequency locks 

onto twice the oscillatory flow frequency; and when the flow ratio is superior to 0.6 (current flow 

dominates), it locks onto the system natural frequency. In summary, depending on the relative 

importance of current and oscillatory flow velocities, the cross-flow lock-in response follows either the 

steady flow mechanism or the oscillatory flow mechanism, which is quite intuitive. Moreover, when the 
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flow ratio is between 0.4 and 0.6, which corresponds to approximately equal contribution from both 

flows, the lock-in regime is the widest and about twice as wide as the ones in the pure oscillatory flow 

or pure steady flow cases. This latter result is a main characteristic of two-dimensional VIV of a circular 

cylinder in combined steady and sinusoidal oscillatory flow.  

In the next chapter, a non-linear two-dimensional model using the wake-oscillator model is introduced 

to predict two-dimensional VIV of a flexibly-mounted circular cylinder in steady flow. An extensive 

sensitivity study will also be performed to as to identify the most influential parameters and their impact 

on the cylinder response.  
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Chapter 3 
 

Empirical Sensitivity of Two-Dimensional Nonlinear Wake-

Cylinder Oscillators in Cross-Flow/In-Line Vortex-Induced 

Vibrations In Steady Flow. 

 

This chapter presents the sensitivity analysis of the empirical coefficients embedded in the developed 

structure-wake oscillators model predicting the two-dimensional vortex-induced vibrations (VIV) of a 

flexibly mounted circular cylinder in steady uniform flow. The sensitivity study is performed by both 

Monte Carlo simulations and variance-based methods. The individual and relative importance of 

empirical input coefficients are qualitatively and quantitatively assessed relatively to the corresponding 

response output of the two-dimensional reduced-order model. The Reynolds number dependence is also 

taken into account by correlating the hydrodynamic coefficients with available experimental data in a 

subcritical flow range. Therefore, this chapter presents the advanced nonlinear wake-cylinder oscillators 

and the systematic study of the empirical sensitivity and relative input contributions to the output 

uncertainties in predicting coupled cross-flow/in-line VIV responses and the associated dynamic 

amplification of in-line mean displacements. Also, the most influential input variables in VIV 

predictions are identified and the interdependence effect of input variables is demonstrated. The 

influence of Reynolds number (Re) is eventually evaluated through the hydrodynamic and empirically-

tuned coefficients by introducing some useful empirical functions which incorporate available 

experimental data.   

 

3.1 Two-Dimensional Nonlinear Wake-Cylinder Oscillators  

 

A reduced-order fluid-structure interaction model, simulating coupled cross-flow/in-line VIV and in-

line mean displacements, is presented and investigated. Figure 3.1 displays a spring-mass-damper 

idealisation model of a flexibly mounted circular cylinder placed in a steady and uniform flow of 

velocity (V). By accounting for the system relative velocities (Vrel) between the free stream flow and the 

two-dimensional moving cylinder, a dynamic angle of attack q [58] is realized such that the 

instantaneous directions of effective drag (FD) and lift (FL) forces acting on the oscillating cylinder are 

aligned with and perpendicular to the Vrel vector, respectively. Consequently, both FD and FL 

components can be projected onto the global in-line (X) and cross-flow (Y) axes, enabling the overall 

hydrodynamic drag-lift coupling as discussed in Ogink and Metrikine [59] and Zanganeh and Srinil 

[34].  
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Figure 3. 1: A schematic diagram of cross-flow/in-line VIV of an elastically mounted circular cylinder, vectors 

of relative velocities and associated hydrodynamic force components. 

 

3.1.1 System equations and variables 

By considering the dynamic equilibrium of 2-DOF cylinder motions, the geometrically nonlinear 

Duffing-type oscillators, which account for the intrinsic two-dimensional displacement coupling and 

stretching effects due to potential large-amplitude oscillations and amplified mean displacements 

experimentally observed [51, 60], may be expressed in a dimensional form, for cylinder in-line and 

cross-flow VIV with the bi-directionally equal quantities of structural mass (ms), fluid-added mass (ma), 

structural viscous damping (cs) and linear stiffness coefficient (K), as 

                           
3 2( ) sin cos ,s a s x x L Dm m x c x Kx x xy F Fa b q q+ + + + + = +                              (3.1) 

      
3 2( ) cos sin ,s a s y y L Dm m y c y Ky y yx F Fa b q q+ + + + + = -                   (3.2) 

where, as in Figure 3.1, sinq = ώȾὠ  and cosq = ὠ ὼȾὠ . A dot denotes differentiation with respect 

to time, ὼ and ώare the cylinder in-line and cross-flow displacements, ‌ȟ‍ȟ‌and ‍ are the geometric 

nonlinearity coefficients, ma = ɟˊD2Ca/4, r the fluid density, D the cylinder diameter, Ca the added mass 

coefficient. Following Zanganeh and Srinil [34], the total drag and lift forces per unit length are 

expressed as 

                                            2 21 1
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in which the mean drag, fluctuating drag and lift force coefficients of the oscillating cylinder are defined 

by 
DC , CD and CL, whereas their counterparts for the stationary cylinder are 0,DC CD0 and CL0, 

respectively.  
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To simulate the modification of stationary fluid forces due to the wake vortex shedding of the oscillating 

cylinder, variations in CD and CL are considered through the normalized wake variables as CD = CD0p/2 

[44] and CL = CL0q/2 [43]. These terms are substituted into Equation (3.3) which are part of Equations 

(3.1) and (3.2). To capture the self-excitation and self-limiting phenomena of cylinder VIV, the 

fluctuation of p and q may be described through the nonlinear van der Pol wake oscillators [1]. 

Accordingly, by introducing the dimensionless time (t) normalized with respect to the cross-flow 

angular natural frequency in still water (ɤn), and the dimensionless displacements x = x /D and y = y /D, 

Equations (3.1) and (3.2) can be transformed into the dimensionless forms, with four output variables 

(x, p, y, q), as 

         ( ) ( )3 2 2, 2 2 , ,x x D L D D V

r r

qy px
x x y x x x xy M p M M M f x y

V V
l a b p p

ë ûå õ å õî î
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î îç ÷ ç ÷í ý
     (3.5) 
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                                                  ( )2 21 ,y yq q q q ye+ W - +W =L                    (3.8) 

in which ex, Lx, ey and Ly are the empirical wake coefficients regulating the self-limiting response (ex, 

ey) and the fluid-cylinder interaction (Lx, Ly), ax, bx, ay and by are the geometrically nonlinear 

coefficients, and Vr is the nominal reduced flow velocity Vr=2pV/wnD, with the normalized fluid 

excitation frequency ɋ=StVr=ɤf/ɤn and the angular vortex-shedding frequency ɤf according to the 

Strouhal number (St) rule. With equal X-Y natural frequencies, the dimensionless quantities (ML, MD, 

ὓ ), the higher-order nonlinear effect of relative velocities Ὢὼȟώ, the system damping (l) and the 

mass relationship (m) can be expressed, respectively, as 
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where x is the structural damping ratio and m* is the mass ratio with m* = ms/(rpD2/4). The coefficient 

Ca may be assumed to be unity for a circular cylinder oscillating in still water [58]. Nevertheless, due to 
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the unsteady wake dynamics, the effective added mass is time-dependent which is already accounted 

for through the wake oscillators as analytically characterized in Zanganeh and Srinil [62] by 

decomposing the total hydrodynamic forces in Equations (3.5) and (3.7) to be in phase with the cylinder 

accelerations.  

A linearization with Vrel ºV, sinq ºώȾὠand cosq º1 may be further applied to eliminate nonlinear terms 

ὴὼ, ήὼ and fv from Equations (3.5) and (3.7) as in Zanganeh and Srinil [62] who also disregarded ὓ in 

order to focus on the oscillation components. In this study, the full nonlinear expressions of Equations 

(3.5) and (3.7) are considered as a more complete and generic model. Numerical integrations of 

Equations (3.5)-(3.8) can be performed by using the Runge-Kutta solver in Matlab with adaptive time 

steps and appropriate initial conditions. In each simulation case, the final steady-state responses of about 

100 cycles of oscillations are kept and statistically analysed. 

 

3.1.2 Summary of Phenomenological Aspects 

Some key features captured by the present nonlinear wake-body oscillators are highlighted as follows. 

a) Response Hysteresis: It has been experimentally observed that, for a cylinder with low m* (<6) 

and x (O(10-3)), a jump from the upper (lower) to lower (upper) branch response takes place in the X-Y 

amplitude diagrams when increasing (decreasing) Vr. From a fluid mechanics viewpoint, the hysteresis 

response is attributed to the wake-cylinder nonlinear interaction, dependent on the wake mode transition, 

blockage and mass ratio [63], leading to the coexisting upper/lower branch responses in a specific Vr 

range. The present model can capture such an intrinsic feature when accounting for the cylinder cubic 

stiffness nonlinearities (x3, xy2, y3, yx2) through Equations (3.5) and (3.7) [44].  

 

b) Dual 2:1 Resonance: The X-Y response trajectories exhibit various figure-of-eight patterns, X-

Y phase differences and tuned 2:1 oscillation frequencies due to the adapted hydrodynamic added mass 

[64]. In accordance with the 2:1 drag-lift vortex-shedding frequency ratio, such a dual resonance 

character is associated with quadratic nonlinearities [65] and can be captured through the wake-cylinder 

coupling ( , , ,qy px py qx) terms [62] in Equations (3.5) and (3.7). 

 

c) Self-Limiting Feature : Both structural viscous (linear) and hydrodynamic (nonlinear) damping 

effects are accounted for through Equation (3.11). The time- and amplitude-dependent hydrodynamic 

damping strongly depends on the relative velocities in both X-Y directions (fv) as well as on ὅ . The 

ὅὠȾτ“‘ expression is equivalent to /g mW  as in Srinil and Zanganeh [44] with ‎ ὅȾτ“3Ô being the 

so-called stall parameter [66]. If a constant g is assigned, e.g. g =0.8 (ὅ ς, St=0.2) as in Facchinetti et 

al. [43], the dynamic variation of ὅ  is omitted. In the absence of x, the stall term solely contributes to 

the cylinder self-limiting or limit cycle feature.  
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d) Mean Drag Amplification: Physical experiments have evidenced that the steady or mean drag 

force can be dynamically and significantly amplified during the VIV  lock-in or synchronization for the 

oscillating cylinder. The magnification of ὅ  may be described as a linear function of maximum cross-

flow amplitude per diameter (A*) within a certain lock-in range. A typical empirical expression reads 

[58] 

      *

0(1 ),D DC C kA= +                              (3.13) 

where k  is the amplification factor which can be obtained via calibration with 1-DOF [58] or 2-DOF 

VIV [67] data. A* is unknown and may be specified a priori based on an existing correlation in the 

literature. This point will be again discussed in Section 3.2.2 together with the Re effect.  

e) Cylinder In -Line Drift : The ὓ  term multiplied with fv in Equation (3.5) has two effects on 

the cylinder. The first one results in an in-line static drift due to the stationary mean drag force 

component proportional to V2 whereas the second one results in the mean drag dynamic amplification 

depending on oscillation amplitudes. These drifts admit positive values in the X direction. In addition to 

ὓ , smaller drifts due to 2:1 resonances are also generated by the quadratic (qy ) and cubic (xy2) 

nonlinear terms as theoretically proved in Zanganeh and Srinil [62]. These extra values may be positive 

or negative depending on the relative (q-y or x-y) phases. Nevertheless, a combination of overall drift 

components is found to always yield a positive value suggesting that a final new equilibrium of the 

displaced cylinder will take place further downstream.  

 

    f) Empiricisms: Overall, the present reduced-order model encompasses 12 empirical input 

variables classified into 3 groups as follows: 

(i) Wake oscillator coefficients (ex, Lx, ey, Ly),  

(ii)  Cylinder geometric nonlinearity coefficients (ax, bx, ay, by), and 

(iii)  Hydrodynamic coefficients (St,
0 0, ,D L DC C C ).   

 Based on calibration with experimental 2-DOF VIV data [67, 68], ey may be assumed through the 

m* -based function [62]: 

  
(0.228 *)0.00234 m

y ee= .                       (3.14) 

As the dynamic amplification of ὅmay be based Equation (3.13) which contains another empirical 

variable Ὧ and unknown A*. Without specifying these two input variables a priori, Equations (3.5)-(3.8) 

would be solved by iterations which are very time-consuming and not recommended. To overcome this 

difficulty, Ὧ and A* will be specified based on calibration with experimental data as in Sections 3.2.2 

and 3.3.3, rendering a total of 14 model empiricisms. In the following, the process of selecting the 

random input variables is described. 
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3.1.3 Identification of Random Inputs 

Table 3.1 summarizes the dimensionless quantities of hydrodynamic coefficients and fluid-structure 

parameters appearing in Equations (3.5)-(3.13). It is noticed that most of the quantities depend on m* 

which is one the key parameters in 2-DOF VIV [69]. x may also contain some uncertainties [70]; 

however, a small x (order of 10-3) is herein specified as attention is placed on the m* effect on empirical 

sensitivity. To identify a set of influential coefficients to be considered as random input variables in 

Sections 3.2 and 3.3, a differential or local sensitivity analysis is first performed by applying one-at-a-

time variations around the nominal values summarized in Table 3.2 for the above-mentioned 12 

empirical coefficients. A perturbation to their nominal values is considered, and simulations with 

nominal values are used as a baseline case. Herein, the local sensitivity indices (Sij) proportional to the 

derivatives of output variables (Yj, j=1-3) with respect to the chosen input variables ( i, i=1-12) are 

evaluated using a finite difference method. With the first-order forward difference of Yj, the numerical 

approximation for Sij =  i[Yj( i+D i)-Yj( i)]/D i, where Y1, Y2 and Y3 denote cross-flow amplitude 

(Ay/D), in-line amplitude (Ax/D) and in-line mean displacement (Am/D), respectively. As Sij is based on 

a local linearity assumption, a small perturbation D i of 5% is applied to  i, indicating a reduced 

parameter space. A linear differential approximation may be invalid for a larger perturbation, see, e.g., 

Cattarin et al. [71]. To overcome this shortcoming, a global sensitivity analysis should instead be 

considered as in Sections 3.2.2 and 3.2.3.  

 

Table 3. 1: Dimensionless quantities, associated hydrodynamic coefficients and fluid-structure parameters 

Dimensionless quantities Hydrodynamic coefficients Fluid-structure parameters 

LM     (Eq. 9) 
0,LC  St, Ca m*   

DM  
0 ,DC  St, Ca m*  

DM  
DC , St, Ca m*  

xl          (Eq. 11) 
DC , Ca m*, xx, Vr 

yl  DC , Ca m*, xy, Vr 

W  St Vr 

 

Table 3. 2: Mean values of empirical wake-cylinder and hydrodynamic coefficients in Monte Carlo Simulations 

Wake 

coefficients 

Values Cylinder 

coefficients 

Values Hydrodynamic 

coefficients 

Values 

ex 0.3 ax 0.7 
0LC  0.3 

Lx 12 bx 0.7 
0DC  0.2 

ey Eq. (14) ay 0.7 
DC  2 

Ly 12 by 0.7 St 0.2 
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Numerical results of Sij in the case of varying Vr are illustrated in Figure 3.2 based on m* = 3.68 and      

x = 0.006, distinguishing between the set of wake-cylinder (a-c) and hydrodynamic (d-f) coefficients for 

the three main outputs. It can be noticed that the cross-flow wake coefficient ey has a greatest influence 

on all output predictions, especially near the maximum response at Vr º10. Other oscillator variables 

including Ly, ax, bx, ay and by also play a role in the predicted Ay/D, Ax/D or Am/D, albeit with a lesser 

effect than ey. Nevertheless, a variation in ex and Lx is negligible, confirming what has been remarked 

in Srinil and Zanganeh [44] based on a linearized model predicting only Ay/D and Ax/D.  

a)                                                                                d)  

 

  

 

 

 

 

 

b)                                                                                e)  

 

 

 

 

 

 

 

c)                                                                                 f)  

 

 

 

 

 

 

 

Figure 3. 2: Local sensitivity indices of response outputs for cylinder with m* = 3.68 and x = 0.006 due to 

perturbation in (a-c) wake-cylinder oscillator and (d-f) hydrodynamic coefficients. 
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As for the hydrodynamic coefficients, the greatest effect comes from CL0. The coefficient ὅ  also plays 

an influential role in the associated Am/D prediction whereas St shows a small sensitivity effect. The CD0 

variation is seen to be negligible: this is consistent with the above-observed trivial effect of ex and Lx 

variations governing the in-line wake oscillator with a smaller-amplitude excitation. 

In the following, the sampling- and variance-based global sensitivity approaches are described by 

omitting ex and Lx variations and accounting for a greater parameter space with multiple random 

variables of ey, Ly, ax, bx, ay and by (Section 3.2.1). Randomness in St, CD0, CL0 and ὅ  is also considered 

based on Re variations. 

 

3.2 Global Sensitivity Analysis: Qualitative and Quantitative Methodologies 

 

 In most studies that use wake-cylinder oscillators, very little emphasis is placed on how a multitude of 

input variables present in the governing equations affects VIV predictions. In addition, no information 

on individual contribution, relative importance and coupling of variables is available. These aspects will 

be qualitatively and quantitatively measured through a global sensitivity by applying the Monte Carlo 

simulation (MCS) to assess the 2-DOF VIV multiple times under randomly selected inputs. The output 

uncertainties are assessed through the following cylinder response quantities: the cross-flow amplitude 

(Ay/D), in-line amplitude (Ax/D) and in-line mean displacement (Am/D). The X-Y oscillation frequencies 

are not treated as uncertain outputs as most of the X-Y trajectories exhibit the figure-of-eight patterns 

due to 2:1 resonances regardless of the inputs.  

 

3.2.1 Sensitivity to Wake-Cylinder Oscillator Variables 

The six wake-cylinder oscillator variables are first considered and grouped as   = (ax, ay, bx, by, ey, Ly). 

Their nominal values in Table 3.2 are treated as mean values in MCS, unless stated otherwise. A uniform 

distribution over an interval centred on such mean values of   is introduced as no associated information 

on individual and joint distributions is available. The use of  uniform distribution is plausible since a 

sensitivity analysis depends more on the range than on the assigned distribution [72]. Herein, a random 

sampling function in Matlab is used to create 6 vectors, each containing N independent random numbers 

between 0.8 and 1.2 to allow for the ±20% variation in  . A variation of 10% was considered by Gabbai 

and Hiebert [73] for a 1-DOF VIV analysis. This increased ±20% variation is due to the doubled 

dimensionality and 2-DOF coupling effect. Such sampling technique has an advantage in producing 

unbiased estimates of the output mean and variance [72]. Subsequently, 6 series of N perturbed values 

are generated by multiplying the mean values of   with the corresponding N random numbers. By 

keeping the hydrodynamic coefficients in Table 3.2 invariant, Equations (3.5)-(3.8) are evaluated N 

times, and the recorded steady-state X-Y time histories are transformed into multiple Ay/D, Ax/D and 

Am/D outputs for which the uncertainty analysis can be performed by evaluating the relevant mean and 

variance.  
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Both qualitative and quantitative characterizations of response outcomes can be achieved through 

several methods. The most convenient qualitative approach is the scatterplots or data cloud relating 

outputs (Ay/D, Ax/D, Am/D) to the multivariate random inputs ( ). These scatterplots allow for a visual 

inspection of potential dependencies, being regular or complex, and the subsequent use of appropriate 

quantitative methods. As the obtained data cloud presented in Section 3.3.1 mostly display a linear 

relationship, the sensitivity quantification can be first performed by evaluating the Pearsonôs correlation 

coefficients (PC). By letting each output vector be Yi (i = 1,é, N) and the random input variables be Gij 

(j =1,é, 6) for each input vector  j ( 1 = ax,  2 = ay,  3 = bx,  4 = by,  5 = ey,  6 = Ly), the PC for each 

 j can be evaluated through 

  PCj = 
( )( )

( ) ( )

1

2 2

1 1

,

N
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                        (3.15) 
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Y= G =ä ä                     (3.16) 

Additional useful quantitative measure based on the regression analysis is also performed to identify 

contributions of individual inputs to the output uncertainties. With the 6N dimensional random sampling 

strategy, a linear regression model for each output takes the form of 

  

6

0

1

,i j ij i

j

b b r
=

Y = + G +ä                    (3.17) 

where bj are the regression coefficients and r i is the residual due to the approximation. These bj and r i 

values can be obtained through the least-squares approximation directly applied to the scatter maps. For 

identifying and comparing the relative importance of each input variables, the standardized regression 

coefficients (SRC) are used for which SRC=ὦίǿȾίǿ, where 

  
( ) ( )

1/21/2 22

1 1

,           .
1 1
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j

i i

s s
N N= =

è øè ø G -GY -Y
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ä ä                    (3.18) 

Equation (3.18) implies that estimating SRC is equivalent to performing the regression analysis with 

input/output variables normalised to a zero mean and standard deviation of one. The associated 

coefficients of determination (R2), which justify how reliably Equation (3.17) can reproduce the actual 

outputs, are also computed through 

  ( ) ( )
2 22

1 1

R
N N

i i

i i= =

è ø è ø
= Y -Y Y -Yé ù é ù
ê ú ê ú
ä ä                     (3.19) 

where   denotes the estimation of   obtained from Equation (3.17). It should be noted that the 
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regression model will achieve the best performance when R2 = 1 [72].  

To also elaborate the multivariable interaction or the coupling effect of input changes on the predicted 

cross-flow/in-line VIV, the so-called Sobol¡ sensitivity indices (SI) are considered in conjunction with 

MCS [74]. In supporting the above quantitative observation of individual input contributions using SRC 

and R2, the interaction between each two independently random variables (e.g., within the wake 

oscillator, within the cylinder oscillator or cross-coupling between wake/cylinder oscillators) is herein 

of primary interest. According to the variance-based theory [72], the second-order SInm ï which capture 

the model sensitivity to both Gn and Gm changes ï are evaluated through  

  SInm    =  
( )( | , )

,
( )

n m n mV E V V

V

Y G G - -

Y
                    (3.20) 

  ( ( | )),          ( ( | )),n n m mV V E V V E= Y G = Y G                       (3.21) 

where ὠ   is the total variance of output Y (i.e. Ay/D, Ax/D or Am/D), E(Y|G) is the conditionally 

expected value obtained by averaging all possible outcomes of Y based on the (individual or multiple) 

G input changes, and ὠὉ ȿῲ  denotes the variance of expectations. Equations (3.20) and (3.21) can 

be assessed using the open-source GSAT toolbox in Matlab [75].  

Note that attention should be paid to the coexisting upper/lower branches within the hysteresis region 

exhibiting a jump for the cylinder with low m* when evaluating PC, SRC, R2 and SI for sensitivity 

analyses. To avoid the mixed statistics, upper- and lower-branch responses in this range are separated 

prior to the post-processing. Although MCS create a high number of data through several runs, the total 

required computational effort and data storage are indeed relatively minimal based on the proposed 

reduced-order model.  

 

3.2.2 Sensitivity to Reynolds Number 

The hydrodynamic characteristics of flows around circular cylinders are governed by several factors 

including Re, the turbulence intensity of incoming flows and the cylinder surface roughness. In addition, 

the measured hydrodynamic forces of vortex shedding formations are influenced by experimental 

arrangement parameters such as the cylinder aspect ratio, wall proximity, free surface, blockage and 

three-dimensionality [58, 76, 77]. With these variable conditions in different testing facilities, the 

collected hydrodynamic data are often scattered, leading to some uncertainty contributions to the model 

calibration and prediction comparison. In this study, experimental data of smooth cylinders in steady 

flows with free or very low turbulence are considered regardless of their experimental arrangements.  

As Re affects the flow regime and vortex shedding pattern, this second part aims to incorporate the Re 

dependence into the prediction model for investigating the Re sensitivity of 2-DOF VIV outcomes 

(Section 3.3.3). This is accomplished by considering (i) the Re-dependent hydrodynamic coefficients 
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(St, ὅ ȟὅ ȟὅ ) which affect several dimensionless quantities (Table 3.1), and (ii) the Re-dependent 

amplitude function (A*) which, in turn, influences the mean drag ὅ  through Equation (3.13). Re is 

varied with V through Re = VD/n where n is the fluid kinematic viscosity. To account for the sole Re 

variation, Vr is assigned and fixed. This implies that D and/or fn is adjusted through Vr = V/fnD, as carried 

out in Blevins and Coughran [68] with varying D and Re. In regard to the flow regime, attention is 

placed on the subcritical flows with the approximate range of 1x103 < Re <3x105 [76]. A critical flow 

regime (3x105 < Re < 3.5x105) is disregarded as the present wake-body oscillators presently exclude the 

possible occurrence of a non-zero mean lift force in this Re range [78]. The supercritical flow regime at 

higher Re is also disregarded due to the lack of empirical functions and experimental VIV data. 

To account for the Re dependence of St, empirical functions based on a compilation of experimental 

data in Norberg [79] are considered and plotted in Figure 3.3a. These functions read 

     St 0.2139 4 / Reº -                                                                      ; 325 ¢ Re ¢ 1.6x103,                       (3.22) 

     
2.3

3St 0.1853 0.0261exp( 0.9 log(Re/1.6 10 ) )xè øº + -ê ú
                           ; 1.6x103 ¢ Re ¢ 1.5x105,              (3.23) 

     
4.6

5St 0.1848 0.00086 Re/1.5 10xè øº + ê ú
                               ; 1.5x105 ¢ Re ¢ 3.4x105.           (3.24) 

Norberg [79] also proposed the Re-based empirical functions for the sectional root-mean-squared lift 

coefficients of stationary cylinders. These statistical functions which account for the lift force 

fluctuations are herein considered for CL0 as follows. The CL0 variation and sample data are plotted in 

Figure 3.3b.      

     
4.5

3

0 0.045 1.05 1 Re/1.6 10LC xè øº + -ê ú
                               ; 260 ¢ Re ¢ 1.6x103,                  (3.25) 

     
4.6

3

0 0.045 3 log(Re/1.6 10 )LC xè øº +ê ú                                    ; 1.6x103 ¢ Re ¢ 5.4x103,              (3.26) 

     
2.6

3

0 0.52 0.06 log(Re/1.6 10 )LC x
-

è øº - ê ú                                  ; 5.4x103 ¢ Re ¢ 2.2x105,                (3.27) 

     
5 6 10

0 0.09 0.43exp 10 (Re/10 )LC è øº + -ê ú                                        ; 2.2x105 ¢ Re ¢ 3.4x105.              (3.28) 

Experimental CD0 data are scarce and King [80] suggested that CD0 º 0.2 may be used for all Re as 

applied in Currie and Turnbull [81]. Nevertheless, Bishop and Hassan [82] and Cheung and Melbourne 

[83] reported very few CD0 data as plotted in Figure 3.3c. In the lower Re ¢ 5.8x104 range, the averaged 

CD0 º 0.06 is herein assumed whereas a new curve-fitting CD0 function is introduced for a higher Re 

range as 

      5

0 0.4408log(Re 10 ) 0.2478DC º- +                                              ; 5.8x104 ¢ Re ¢ 3.0x105.                (3.29)  

As for ὅ , experimental data compiled by Schlichting and Gersten [84] are considered and plotted in 

Figure 3.3d. Accordingly, new empirical ὅ  curve-fitting functions are introduced as follows:   
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            ( )
0.179

3

0 1.095 Re 10DC
-

º                                                         ; 1.0x103 ¢ Re ¢ 2.1x103,             (3.30)           

            ( ) ( )
0.033

3 3

0 1.164 Re 10 0.493 10 ReDC º -                                    ; 2.1x103 ¢ Re ¢ 1.0x105,               (3.31)      

( ) ( ) ( )
3 2

5 5 5

0 0.019 Re 10 0.173 Re 10 0.323 Re 10 1.182DC º - + +         ; 1.0x105 ¢ Re ¢ 3.0x105.                (3.32) 

 

a)                                                                                  b)  

 

 

 

 

 

c)                                                                                d)  

 

  

 

 

 

Figure 3. 3: Variation of hydrodynamic coefficients as function of Re for a stationary cylinder: star, square and 

circular symbols denote test data from Bishop and Hassan [82], Cheung and Melbourne [83], and Schlichting 

and Gersten [84], respectively; solid lines in a)-d) are based on Equations (22)-(32); some test data (symbols) in 

a) and b) from Norberg [79]; a dashed line denotes a mean value. 

 

Figure 3.3 shows the variation ranges of 0.18<St<0.22, 0.05<CL0<0.55, 0.06<CD0<0.35 and 

0.95<ὅ <1.35 which are more versatile than the usually fixed St=0.2, CL0=0.3, CD0=0.2 and ὅ =1.2 

in the wake oscillators. Equations (3.30)-(3.32) may be combined with Equation (3.13), dependent on 

A* and k , for approximating the dynamically amplified steady drag ὅ  as Re is varied. To capture the 

A* variation as a function of Re as well as m*x, the following correlation for a maximum response may 

be used [85], 

                 ( ) ( )* 2 0.361 1.12 0.3 log 0.41Re ,A a a= - +                             (3.33) 

where a = (m*+Ca)x and Ca=1. Note that Equation (3.33) has been validated to be satisfactory for 

500<Re<3.3x104 and this range may be further valid at a higher subcritical Re as noted by Govardhan 

and Williamson [85]. As Equation (3.33) has been derived based on 1-DOF VIV tests, it is most suitable 

for 2-DOF VIV analysis for cylinders with high m*>6 where the effects of in-line VIV and stiffness 

nonlinearities are negligible due to the lowering cross-flow response. In the absence of amplitude 
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correlation from 2-DOF VIV tests, Equation (3.33) is herein utilised for all m* by assuming that the 

drag magnification is proportional to a predominant y response as experimentally observed in 

Stappenbelt, Lalji [67]. The effects of in-line VIV and geometric nonlinearities can be accounted for by 

tuning the empirical curve fitting coefficient k instead as discussed in Section 3.3.3.  

To capture the Re dependence of the lift force wake oscillator, Equation (3.35) from Facchinetti et al.  

[43] and Equation (3.33) may be combined to arrive at a unique relationship for the two wake 

coefficients Ly and ey as 

             ( ) ( )
2

2 2 2 2
2 0.36G G

0 0

4S 16 St 2S 8 St
1 1.12 0.3 log 0.41Re 1 ,

y

y L LC C

p g p g
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e

è øå õL è ø å õ+ +
é ù= - + -æ öæ öé ùæ öé ùê ú ç ÷ç ÷ê ú

              (3.34) 

where SG = 8p2St2mx = 2p3St2a is the so-called Skop-Griffin parameter [66]. It is worth remarking that 

equation (34) depends on both physical parameters (m*,x) and Re-dependent hydrodynamic properties 

(St, CL0, ( ,St)DCg ) deduced from Equations (3.22)-(3.32). The empirical ey expression depending on 

m* may be specified through Equation (3.14) so that a sole variation in Ly is achieved. The Ly/ey plots 

as function of Re and m* will be presented in Section 3.3.3 together with the analysis of model sensitivity 

to Re.  

 

3.3 Parametric Investigations 

 

 Insights into the model empirical sensitivities, output uncertainties and effects of fluid-structure 

parameters are now highlighted. Convergence tests have been performed with increasing N in MCS such 

that 1000 series of random input vectors   (N=1000) provide converging outputs with invariant means 

and standard deviations. Table 3.2 summarizes the assumed mean values of input variables used in MCS. 

These values have been deduced by Srinil and Zanganeh [44] through calibration with several 2-DOF 

VIV experimental results [67-69]. By considering the cylinders with a fixed x = 0.6% and varied m* = 

3.68, 5.19 and 8.76 [67], cross-flow amplitudes (Ay/D), in-line amplitudes (Ax/D) and in-line mean 

displacements (Am/D) are evaluated in the case of varying Vr to capture initial, upper or super-upper 

(where maximum amplitude occurs), and lower branch responses [69]. In the following, the output 

components are explained by also demonstrating the capability of the present wake-cylinder oscillators 

in capturing basic VIV features. 

3.3.1 Response Output Variations 

The Re-independent model is first considered to demonstrate output components. With m*=3.68, Vr=9 

and initial conditions 0x y x y p q= = = = = =, p=2 and q=2, Figure 3.4 displays the response time 

histories including transient dynamics of x (3.4a), p (3.4b), y (3.4c) and q (3.4d) associated with 

Equations (3.5)-(3.8). Overall, the steady-state responses are achieved when t >150, exhibiting a perfect 

periodicity and single harmonic oscillation frequency. Maximum, mean and minimum x components 
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can be extracted from Figure 3.4a, establishing Ax/D and Am/D. A zero mean in y response is guaranteed 

in Figure 4c with Ay/D being equal to the maximum (or the absolute minimum) y component. The time 

histories of wake variables p (Figure 3.4b) and q (Figure 3.4d) reveal the amplified magnitudes (p º 3.5, 

q º 21.6) which are notably greater than their initial conditions (p=q=2) owing to the VIV fluid-structure 

interaction effect. A zero mean in p and q responses justifies a realistic simulation of fluctuating drag 

and lift force components through the van der Pol equations forced by the cylinder accelerations. 

 

Figure 3. 4: Illustrative time histories of four wake-cylinder variables in 2-DOF cross-flow/in-line VIV with 

m*=3.68, ɝ=0.006 and Vr=9. 
 

With the same m*=3.68, output diagrams of Ay/D, Ax/D and Am/D with varying Vr are presented in Figure 

3.5a, 3.5b and 3.5c, respectively. The multiple lines (exactly 100) correspond to amplitude responses 

(Figures 3.5a), 3.5b) and 3.5c)) and trajectories (Figure 3.5d)) of simulated 100 2D wake-cylinder 

oscillator equations of motion, when accounting for a 20% random variation (following a uniform 

distribution) from their mean value of the coefficients listed in the vector   = (ax, ay, bx, by, ey, Ly). 

Hence, for each Vr, 100 MCS are exemplified, and the initiated displacement and velocity conditions of 

all x, y, p and q are fixed; otherwise they will further affect the free-oscillation variability. Several key 

observations can be made from Figure 3.5. Pure in-line VIV responses [80, 81] are captured in the range 

of 2< Vr <3 whose very small amplitudes are insensitive to the input randomness (Figure 3.5b). With 

regard to the main 2-DOF VIV range, a greater output certainty appears in an initial (Vr<4) and lower 

(Vr > 8) branch range with a high repeatability of Ay/D < 0.5 (Figure 3.5a) and Ax/D < 0.05 (Figure 3.5b). 

In these ranges, Am/D values (Figure 3.5c) increase linearly with Vr due to the increasing steady drag 

force proportional to V2 (Equation (3.3)). Within the middle upper branch range 4< Vr <14, Am/D are 

substantially enlarged due to the dynamic drag amplification coupled with Ay/D and Ax/D. In this main 

resonant range, the multivariable output uncertainties increase visibly as amplitudes and mean 

displacements increase. The maximum responses are in the approximated ranges of 1< Ay/D < 1.4, 0.1 

< Ax/D < 0.3 and 0.25 < Am/D < 1.5, demonstrating the input sensitivity and output variation when 
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compared with experimental data [67] whose maximum Ay/Dº1.4 and Ax/Dº0.23 deduced by averaging 

the top 10% of the half peak-to-peak values from the experimental time histories. 

In Figures 3.5a-3.5c, multiple locations of response jumps suggest a critical parametric range affected 

by the hysteresis feature where upper and lower branches coexist (8< Vr <14). This multiple solution 

range is susceptible to initial conditions which are uncertainly random in nature. Therefore, there is a 

wider possibility that the cylinder response may undergo and switch between greater or smaller x-y 

responses resulting in the cylinder static drift variations. With Vr = 9, the x-y orbital motions associated 

with the upper branch are displayed in Figure 3.5d (left-to-right flow direction) which exhibits various 

figure-of-eight trajectories associated with dual 2:1 resonances [62, 64]. The relatively similar patterns 

with two lobs pointing downstream are remarked. By inspecting the motion paths, the majority of the 

eight figures follow the counter-clockwise (clockwise) direction at their top (bottom) parts as 

exemplified by arrows in Figure 3.5d. These are typical upper-branch patterns experimentally observed 

[51, 64, 68, 86]. The x-y phase differences are mostly about 315o with x leading y [69]. Such repetitive 

resembling features suggest the rather quantitative than qualitative effect of the input randomness. This 

remark is also supportive to both the amplitude (Figures 3.5a and 3.5b) and mean (Figure 3.5c) response 

diagrams where the self-limiting, jump and hysteresis characters are all maintained.  

a)                                                                b)      

 

 

    

 

 

 

 

                 c)                                                                    d)                                                       

 

 

 

 

 

 

 

Figure 3. 5: Illustrative (a) cross-flow and (b) in-line responses, (c) in-line mean displacements and (d) x-y 

trajectories at Vr = 9 for cylinder with m*=3.68, x = 0.006, and sample 100 MCS for each Vr. 
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With 1000 MCS for each Vr, the means and standard deviations of Ay/D, Ax/D and Am/D outputs 

associated with the upper branches are plotted in Figure 3.6 for different m* = 3.68, 5.19 and 8.76. 

Hence, in Figure 3.6, the dots represent the mean values (Figure 3.6 a), c) and e)) and standard deviations 

(Figure 3.6 b), d) and f)) of in-line, in-line mean, and cross-flow amplitudes (upper-branch) for these 

three different mass ratios. The lines connecting the dots are straight lines, not linear or nonlinear 

interpolations. Within the hysteresis range (i.e. Vr > 8 for m*3.68, 6 < Vr < 8 for m* = 5.19, 6 < Vr < 7 

for m*=8.76), it is necessary to separate the upper-branch MCS data from the lower-branch ones to 

avoid the mixed statistics which could be misleading. In so doing, a threshold Ay/D value (i.e. 1.0 for 

m*=3.68, 0.8 for m*=5.19, and 0.5 for m*=8.76) is introduced to group the 2-DOF VIV data. The 

number of MCS is also increased such that the associated Ay/D, Ax/D and Am/D in both branches account 

for at least N=1000 fulfilling the convergence. It can be seen from Figure 3.6 that mean values of Ay/D 

(Figure 3.6a), Ax/D (Figure 3.6c) and Am/D (Figure 3.6e) increase as Vr is increased, and they decrease 

as m*  is increased. This is expected from a lock-in resonance and mass ratio effect perspective [69].  
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Figure 3. 6: Mean (a, c, e) and standard deviation (b, d, f) values of Ay/D, Ax/D and Am/D based on 1000 MCS 

for different Vr and m*: red, blue and green points denote m* = 3.68, 5.19 and 8.76, respectively. 

 

Nevertheless, in the hysteresis range, the maximum standard deviation of Ay/D in Figure 3.6b is about 
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12% for m*=3.68, 9% for m*=5.19 and 8% for m*=8.76), being greater than those associated with Ax/D 

in Figure 3.6d (up to 3.5% for m*=3.68) and Am/D in Figure 3.6f (up to 7.5% m*=3.68). This 

demonstrates a greater output variance associated with the larger y response. When comparing with 

experimental data, these means and standard deviations may be useful for establishing the upper/lower 

response bounds. 

To identify which individual input variables play the most influential role in the output uncertainty and 

to understand the interactive changes in multiple variables, a systematic sensitivity analysis is next 

carried out by also accounting for the effects of m* (Section 3.3.2 and 3.3.3) and Re (Section 3.3.3). 

3.3.2 Contribution, Relative Importance and Coupling of Wake-Cylinder Variables 

Of practical interest is the prediction of maximum Ay/D, Ax/D and Am/D associated with the upper 

branches (e.g. 4<Vr<14 in Figure 3.5). By focusing on the model sensitivity to random changes in the 

six wake-cylinder variables (ax, ay, bx, by, ey, Ly), 0 0 0, ,D L DC C C  and St are fixed as in Table 3.2. From 

Equations (3.5) and (3.7), ax and ay govern the one-directional cubic stiffness axx3 and ayy3 terms, bx 

and by govern the bi-directionally coupled cubic stiffness bxxy2 and byyx2 terms. The coefficients ey and 

Ly, presented in Equation (3.8), govern the fluctuating lift force through q. Both ex and Lx which affect 

the fluctuating drag force are not treated as random variables as they produce a negligible sensitivity as 

in Section 3.1.3. The scatterplots are first qualitatively analysed through 1000 MCS.  

Both low (m* = 3.68, Vr = 9) and high (m* = 8.76, Vr = 6) mass ratio systems are considered and 

compared. A series of output variations in (a) Ay/D, (b) Ax/D and (c) Am/D vs. the percentage changes in 

ax, ay, bx, by, ey and Ly are presented in Figure 3.7 for m*=3.68 and 8.76 cases. Because a linear 

monotonic relationship is generally observed in the scatter data, a least-squares linear fitting is applied 

and shown in Figure 3.7 to describe the likelihood of the mapping trend. With m*= 3.68, it is seen that 

Ay/D points (Figure 3.7a) with ax and bx variations appear scattered but over two almost horizontal fitting 

lines. This implies the independence of Ay/D outputs on ax and bx. In other words, the Ay/D variability 

is likely due to deviations in other input variables. This is feasible since ax and bx govern the x motion 

(Equation (3.5)). The negligible sensitivity to ay is also noticed although the small by dependence is 

realised by a slightly inclined fitting line. This suggests a weak dependence of y geometric nonlinearities. 

Remarkably, Ay/D outputs are significantly affected by both ey and Ly variations which reveal their 

highly-inclined fitting lines albeit with the opposite effects. Accordingly, Ay/D are likely to decrease 

with increasing ey or decreasing Ly.  

The sensitivity state of Ax/D (Figure 3.7b) becomes rather different from that of Ay/D (Figure 3.7a). It 

can be seen that, together with ey, Ly and by, both ay and bx variations now play a role in the model 

sensitivity. Due to the x-y geometric coupling and greater y response, both y2 and y3 nonlinearities appear 

to govern the smaller x response: the former amplifies Ax/D as bx increases due to the softening 

(quadratic) effect of y2 whereas the latter reduces Ax/D as ay increases due to the stiffening (cubic) effect 
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of y3. The ax variation is still negligible because of a small contribution of x3 term. Owing to the 

amplified drag force within the main lock-in range, both ax and bx variations affect Am/D outputs (Figure 

3.7c) due to the enlarged drifted x (e.g. Figures. 3.4a and 3.5c).  
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Figure 3. 7: Scatterplots and least-square fitting lines of response outputs vs. six empirical input variations: red, 

green and turquoise (blue, purple and orange) maps of Ay/D, Ax/D and Am/D, respectively, denote m*=3.68 and  

Vr = 9 (m*=8.76 and Vr = 6). 










































































































































































































































































