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Abstract

This thesis aims to analyze the performance of the maximal-ratio combining (MRC) and
zero-forcing (ZF) detections in the orthogonal frequency-division multiplexing (OFDM)
based massive multiple-input, multiple-output (MMIMO) system over the frequency-
selective Rayleigh fading channel. Binary and quadrature phase shift keying (BPSK,
QPSK), and M-ary quadrature amplitude modulation (QAM) schemes are focused by
this research work. The mathematical expression of the co-channel interference (CCI) and
effective noise (EN) for MRC detection is derived, and is chosen to analyze the probabil-
ity distribution function (PDF) of the CCI and EN, bit error probability (BEP), PDF of
signal-to-interference-plus-noise ratio (SINR), and outage probability of the output SINR.
Furthermore, by assuming that the diagonal components of the Gram matrix approaches
a constant, this thesis proves that the PDF of the CCI and EN for BPSK and QPSK mod-
ulation tends to the Gaussian distribution, whereas the PDF for M-QAM approaches the
combination of scaled Gaussian distribution, i.e., the Gaussian mixture model (GMM).
Thus, the analysis for the performance metrics is then simplified by utilizing the approx-
imate PDFs. Monte-Carlo simulation results confirm that the outcome from the derived
equation and the approximation closely matched those obtained by simulation.

Moreover, there are deviations between the Gaussian distribution and the exact PDF of
the CCI and EN; especially in a higher E},/Nj region. Thus, an enhanced soft-output MRC
detection is proposed for the coded-OFDM-MMIMO system. The detector utilizes the
derived PDF of CCI and EN instead of the conventional Gaussian distribution to produce
soft-information in forms of the log-likelihood ratio (LLR) for iterative decoders. Newton’s
method is additionally chosen to simplify the computation for the LLRs. According
to the numerical results, the proposed detector provided a better bit error rate (BER)
performance than that of the classical, low-complexity, soft-output detections, especially
at a higher Ej,/N, region.

Likewise, the performance metrics for the OFDM-MMIMO system, utilizing ZF de-
tection, are derived in this thesis. The PDF of the EN and BEP for the detection were
previously derived in a research work, thus, this thesis improves the accuracy for the de-
rived equations by increasing the Neumann series expansion (NSE) to second order. The
PDF of signal-to-noise ratio (SNR) and the outage probability of output SNR are then
derived by employing the derived PDF of the EN. Furthermore, an asymptotic closed-
form expression for the EN PDF, in forms of the Gaussian distribution, and the noise
variance are derived in this thesis for simplifying the performance analysis.

In addition, the derived noise variance for ZF detection is chosen to estimate the LLR
instead of the approximate noise variance for the low-complexity soft-output ZF detec-

tion. The requirement for real arithmetic operators of the proposed detection is thus



significantly reduced, whereas its BER is slightly lower than that of the classical detec-
tion. Focusing on a 10 x 200 coded-OFDM-MMIMO system, 97.81% of multiplications,
required for producing the LLR from the estimated symbol, were minimized by utilizing
the proposed detection. Therefore, the derived equations can be efficiently utilized for

reducing the computational complexity of the soft-output ZF detection.
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Chapter 1
Introduction

During the past years, there is a significant increasing in the global mobile data traffic,
and the number was predicted to reach more than 4.39 zettabytes/month in 2030[1]. As a
result, the 5-th generation (5G) cellular network has been deployed worldwide to enhance
the data transmission rate to 10 Gb/s for the uplink and 20 Gb/s for the downlink. Due
to the 5G has been expected to end in 2030, a number of researchers are focusing on
the standardization for the 6-th generation (6G) cellular network, and massive multiple-
input, multiple-output (MMIMO) has becomes a key to enhance data transmission rate
and energy efficiency for 6G[2]. The technique employs multiple antennas for data com-
munication between base station (BS) and mobile terminal (MT). Due to the fact that a
very high frequency band is recommended for 5G and 6G, hundreds or thousands antennas
can be installed at base station (BS). Focusing on an uplink transmission, multiple MT's
transmit messages through the channel over the same time. As a result, the receive signal
at the BS is interfered by the co-channel interference (CCI) from other antennas, and the
BS requires spatial multiplexing technique to estimate the transmit messages from MTs.
Several linear and non-linear multiple-input, multiple-output (MIMO) symbol detections
have been developed for decades. However, the number of antennas at the BS is very large
and computational complexity for the symbol detection significantly increases according
to the size of the channel frequency response (CFR) matrix. As a result, linear symbol
detections are recommended for the practical MMIMO system due to the computational
complexity for the detection is significantly less than that of the non-linear detection.
Moreover, if the number of receive antennas is much larger than that of the transmit
antennas, the Gram matrix for the MMIMO system approaches diagonal matrix. As the
results, an excellent results can be obtained by utilizing the linear symbol detections[3].
Furthermore, asymptotic inverse matrix operations can be efficiently utilized to reduce
the operational complexity of the detection [4] [5].
This thesis discusses the performance of linear symbol detections in orthogonal frequency-

division multiplexing (OFDM) based MMIMO system, in terms of the bit error probability
(BEP) and the outage probability of the output signal-to-noise ratio (SNR). Maximal-

ratio combining (MRC), zero-forcing (ZF), and minimum mean-squared error (MMSE)
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are important linear symbol detections, and the performance for the detections in MIMO
system was essentially derived by a number of research work. Several approximations were
chosen to simplify the analysis in the work. Therefore, the analysis can be theoretically
enhanced by employing more accurate calculation. Moreover, the effects of the CCI and
the effective noise (EN) in the outcomes of linear symbol detections are generally assumed
to be the complex-valued, zero-mean, Gaussian distribution, CA/(0,202). However, as far
as the literature survey goes, there is no research work derive a closed-form expression
for the probability distribution function (PDF) and noise variance. As the results, the
computational complexity of the derived equations significantly increases according to the
number of antennas. Thus, a compact closed-form expression for the PDF is still required

to simplify the analysis.

1.1 Literature review

The performance analysis of MRC, ZF, and MMSE detections in MIMO system was
previously discussed by a number of research work, and the information is now briefly
summarized in this section. In addition, channel coding technique is generally chosen
for enhancing reliability, and thus, reducing energy requirements for data transmission[0].
Therefore, the research work on soft-output linear symbol detections for the coded-MIMO

system is additionally included in the section.

1.1.1 Performance analysis of MRC detection

Although the MRC detection is the least computational complexity linear symbol detec-
tor, and is suitable for practical system, the research work on the performance analysis
for this type of detector in the multiple-input, multiple-output (MIMO) system is scarce.
The PDF of the output signal-to-interference-plus-noise ratio (SINR), BEP, and outage
probability of output SINR for MRC detection in Rayleigh flat fading channel were de-
rived in [7]. The analysis was then extended to the MMIMO system over a slow flat
Rayleigh fading channel model in [§], where the effects of the channel estimation errors
were included in the work. It is worth noting that almost all of the research work in
this area assumed that the PDF of the CCI and EN for MRC detection exhibited the
Gaussian distribution and utilized the PDF of output SINR to derive the performance of
MRC detection in MIMO system. On the contrary, the accurate and asymptotic PDFs of
the the CCI and EN of the detection were proposed in [9]. The derived PDF's were then
employed to analyze the performance metrics for the MIMO system, and improved the

calculation for soft-output MRC detection.
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1.1.2 Performance analysis of ZF detection

The ZF detection utilizes Moore-Penrose inverse matrix to estimate the transmit symbols,
corresponding to the receive symbols. Although the BEP for the ZF detection is higher
than that of the MMSE detection, the computational complexity of the ZF detection is
less than that of the MMSE detection since the SNR information is not required by the
detector [4]. Furthermore, the difference in BEP of ZF and MMSE detection at a higher
SNR region is marginal. Therefore, the performance for the detection was focused by a
number of research works. The authors in [10, 1] derived exponential tight bounds on
BEP of the data communications, utilizing multiple antennas and optimal combining for
flat and frequency-selective Rayleigh fading. The numerical results confirmed that user
capacity can be significantly enhanced by increasing the number of the antennas. The BEP
of the MIMO system using ZF detection was then analyzed under various fading channels
in [12, 13]. The complex Wishart distribution and a derived probability distribution
function (PDF) of SNR from [14] were employed to approximate the PDF of the Gram
matrix and a closed-form expression for the BEP. The BEP of the system over uncorrelated
Rayleigh fading channel was approximated in [I5]. The authors assumed that the Gram
matrix exhibited a diagonal matrix and utilized the Gaussian approximation to derive the
BEP. The performance metrics for the ZF and MMSE detections over uncorrelated flat
Rayleigh fading were extensively investigated in [I6]. The interference-to-noise ratio and
the output SNR at high SNR region were approximated. The equation for the latter was
then utilized to derive a tight approximation of the BEP, outage probabilities, diversity-
multiplexing gain trade-off for the system. The authors also demonstrated a gap between
the performance of MMSE and ZF detection, which cannot be decreased at a higher SNR
region. The gap was then rewritten in terms of a Hermitian quadratic form in [I7], and
the authors employed the equation to derive the PDF of SNR, the symbol error rate and
the outage probabilities of the MMIMO system. A BEP analysis for the MIMO system
over correlated Rician and Rayleigh fading was derived in [I§]. The noncentral Wishart
distributed matrix was utilized to approximate the distribution of the Gram matrix, and
the authors proved that the PDF of the SNR can be approximated as an infinite linear
summation of the Gamma distribution. Channel estimation is generally employed to
the receiver to estimate the information, making a deviation between the actual and the
estimated information. As a result, the effects of channel estimation errors in ZF detection
and the BEP approximation were then investigated by a number of research works. In [19],
the authors utilized Taylor expansion to approximate the pseudo-inverse of the channel
matrix and employed Gaussian random variable to model the channel estimation errors.
The SNR and the BEP for the system using M-PSK and M-QAM were then derived in
the work. The authors also demonstrated that the PDF of the SNR exhibits the Chi-
square distribution. The BEP analysis was then extended to the MMIMO system and a
lower SNR region in [20]. Improved SNR and BEP analysis for M-QAM were introduced
in the work. The BEP for MRC, ZF, and MMSE detection in MMIMO system using pilot
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symbols to estimate the channel state information was derived in [2I]. The average SNR
and the BEP were derived in the work.

It is worth noting that the BEP analysis for the MIMO system using ZF detection
and BPSK modulation over uncorrelated frequency-flat Rayleigh fading channel at high
SNR region was previously proposed in [I6]. The BEP for M-QAM and other type of
modulation schemes was neglected in the paper, however, the readers can employ the PDF
of the derive SNR to derive the BEP using the equations in [22,23]. Although the outcome
from the derived equation significantly matched the exact BEP, the distribution of the
effective noise in the work was assumed to be the Gaussian distribution. Therefore, The
authors in [24] utilized the Neumann series expansion (NSE) to approximate the inverse
matrix operation as the Taylor series, and the effective noise PDF was then derived from
the joint probability of the involved random variables. The BEP of the system with Gray-
encoded M-QAM was analyzed utilizing the derived PDF. In addition, the pairwise error
probability of the system was then determined from the PDF and was used to evaluate

the upper-bounds of coded systems.

1.1.3 Performance analysis of MMSE detection

Although the ZF detection provides an excellent BEP performance to the MMIMO system,
the effects of thermal noise in the detection are still neglected, making a noise enhancement
to the outcome of the detector. Thus, the MMSE detection utilizes an algorithm to
estimate the outcome, which is as close to the exact transmit symbol as possible[25]. As
the results, the MMSE detection outperforms its BEP performance, compared to other
linear symbol detections. During the past decades, research works derived the performance
of the MIMO system, utilizing MMSE detection. The asymptotic PDF of SINR of MMSE
detection in MIMO system over a correlated and uncorrelated Rayleigh flat-fading channel
was derived in [26]. The Gamma distribution was chosen to simplify the analysis, and
the BEP was then analyzed by utilizing the derived PDF. The authors in [27] derived
the BEP of the MMSE detection in the MIMO system over the fast fading channel. The
PDF of SINR for the system was proposed in the work, and employed to approximate the
BEP for M-QAM in terms of the Q-function. The inter-carrier interference (ICI), caused
by phase noise and channel estimation errors, in the OFDM-MIMO system degrades the
performance of the OFDM-MIMO system. Thus, the SINR degradation in the system
was derived in [28]. The achievable sum rate of the MMSE detection in the MIMO
system was derived in [29]. The asymptotic analysis for a higher and lower SNR region
was additionally included in the work. The performance of ZF and MMSE detection for
a higher SNR region was essentially derived in [16]. The authors utilized the derived
PDF of SNR for the detections to derive the BEP, outage probability, and diversity-
multiplexing gain trade-off for the system. The effects of the channel estimation errors
in the MIMO system, utilizing MMSE detection, was analyzed in [30]. The zero-mean

circularly symmetric complex Gaussian random variables was chosen to represent the
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errors from the channel estimator, and the authors derived the mathematical expression
for the SNR and the BEP for BPSK modulation. Recently, the asymptotic performance
analysis of MMSE detection in the MMIMO system was proposed in [31]. The SINR for
the MMSE detection was rewritten as a combination of the SNR for ZF detection and a
random variable. The asymptotic SINR, capacity, and the BEP for the MMSE detection

were then derived from the equation.

1.1.4 Soft-output linear symbol detection

Despite the MMIMO system, channel coding is another important technique for improv-
ing reliability, and thus, reducing energy requirements for data transmission. Low-density
parity-check (LDPC)[32][33] and turbo codes [34] are widely applied to wireless networks
due to huge coding gain can be achieved by utilizing these channel coding techniques. The
channel coding schemes significantly reduce the energy requirements in MMIMO systems.
However, soft-information in forms of log-likelihood ratio (LLR) is generally required for
iterative decoders, making a significantly increasing in computational complexity to the
detector. As a result, a number of research works aims to reduce the computational com-
plexity of soft-output linear detection in MMIMO system. Fang et. al., in [35], employed
Neumann series approximation to reduce the complexity of inverse matrix operation in
minimum mean square error-parallel interference cancellation (MMSE-PIC) detection.
The complexity of the detector was significantly minimized by employing the approxi-
mate inverse matrix operation. A low-complexity joint iterative detection and decoding
for MMSE detection was introduced in [36]. The Gram matrix was assumed to be a
diagonal matrix, and an approximate equation for the detection was then proposed for
the detector. An inversion-less MMSE detection was also introduced by the authors. The
proposed detection outperformed conventional detection in terms of computational com-
plexity and bit error rate (BER) performance. A technique to reduce the operation of
soft-symbol estimation in soft-interference cancellation and MMSE detection was intro-
duced in [37]. The authors utilized a polynomial to approximate the output of hyperbolic
tangent function, and a simple mathematical operation was then applied to determine the
product of the hyperbolic tangent functions. The use of this proposed technique decreased
the number of multiplications in the detection without reducing their BER performance.
Recently, a semi-iterative symbol detection method was proposed, in [38], to approximate
the operation of MMSE detection. The authors utilized the Richardson approach in the
detection to enhance the convergence rate along with an approximation. Simulation re-
sults confirmed that the proposed technique provides improved performance compared to

classical iterative detection, and requires less number of iterations.
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1.2 Research contributions

According to the literature survey on MRC detection, the BEP analysis for the detection
in the MIMO system was recently proposed in [9]. The authors in the work derived
PDF of the CCI and EN of MRC detection for M-PSK modulation and M-QAM, and
the PDF was then utilized to analyze the BEP and mutual information. Although the
outcomes from the analysis matched the exact BEP, there were still small deviations
between the results. In addition, the CCI for the MIMO system in [9] was assumed
to be the Gaussian distribution. However, the CCI is combination of product of CFR
and transmit symbol vector, which are Gaussian and discrete uniform random variables,
respectively. Therefore, more accurate PDF of the CCI could be theoretically utilized
to enhanced the performance analysis. According to the information, this thesis derives
more accurate PDF of the CCI and EN of MRC detection in the OFDM-MMIMO system,
utilizing BPSK, QPSK, and M-QAM modulation. The mathematical expression for the
CCI and EN is rewritten to minimize the correlation between the variables in the equation.
Joint probabilities of involving random variables and other theorems in probability theory
are then employed to derive the PDF of the CCI and EN. The BEP, PDF of output SINR,
and outage probability of the output SINR are additionally analyzed by employing the
derived PDF.

It is worth pointing out that a number of correlated variables in the original anal-
ysis for MRC detection was assumed to be independent random variables, resulting in
small deviations between the analytical results and the actual PDF values. Thus, more
accurate analysis is still required to analyze the performance metrics for the MRC de-
tection. Furthermore, it is well known that the distribution of the received symbols in
linear symbol detection tends to be a Gaussian distribution if there is no line-of-sight
link between transmitter and receiver[39]. However, as far as the literature survey goes,
there is no research work derives a closed-form expression for the PDF and the noise
variance. Therefore, a mathematical expression for the Gaussian approximation is still
required to simplify the performance analysis. According to the information, the derived
PDF of CCI and EN for MRC detection and the performance analysis are enhanced in
this thesis. The mathematical expression of CCI and EN in MRC detection involves with
the diagonal elements of the Gram matrix, and the elements tends to a constant values
if the number of the receive antennas is much larger than the number for the transmiter.
Therefore, this approximation can be utilized to simplify the PDFs of CCI and EN for
MRC detection. Variables, in the mathematical expression of the CCI and the EN, are
assumed to be the constant, and the enhanced PDF of CCI and EN is then derived from
the approximation. Moreover, this thesis firstly derives asymptotic closed-form expres-
sions for the PDF's of the CCI and the EN. The work proves that the PDF of the CCI and
the EN in the OFDM-MMIMO system, utilizing BPSK and QPSK modulation, converge
to the Gaussian distribution. On the other hand, if Gray-coded M-QAM is employed by

the system, the PDF tends to be a combination of Gaussian distributions, i.e., Gaussian
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mixture model (GMM). The enhanced PDFs and the approximations are additionally
utilized to derive the BEP, PDF of SINR, and outage probability of the output SINR.

In general, the classical soft-output MRC detection employs the Gaussian distribution
to estimate the soft-information in forms of log-likelihood ratio (LLRs), corresponding
to the estimated transmit symbols. Although the EN of MRC detection tends to be the
Gaussian distribution, this is not the case for the CCI, especially when the system operates
in the high Ej /Ny region. Therefore, the derived PDF of CCI and EN for MRC detection
is then chosen to the soft-output MRC detection to produce more accurate LLRs instead
of assuming a classical Gaussian distribution. Due to the high computational complexity
of the PDF, it is not suitable for using it in a symbol-by-symbol maximum a posterior
(MAP) detector directly. Therefore, a polynomial is chosen to approximate the LLRs
instead of the exact equation|24]. The enhanced soft-output MRC detector utilizes the
Newton’s method to produce coefficients in the polynomial40].

Focusing on the performance analysis for ZF detection, the PDF of the EN and the
BEP analysis for the detection over the OFDM-MMIMO system were derived in [24].
Although the analysis in the work provided accurate analytical results, only the 15 order
of Taylor’s series was employed by the research work, and the Gram matrix was assumed
to be a diagonal matrix. As a result, there is still a small deviation between the analytical
results and the exact BEP. More accurate analytical results could be theoretically achieved
if a higher order of Taylor’s series is chosen for the analysis. Therefore, this thesis employs
the NSE with the 2"¢ order Taylor series to analyze the effect of noise in ZF detection and
its PDF. The PDF is additionally utilized to determine the BEP, PDF of output SNR,
and outage probability of the output SNR for the OFDM-MMIMO system. Moreover,
this thesis proves that the PDF of the EN after the ZF detection in the OFDM-MMIMO
system tends to the Gaussian distribution, and derives a closed-form expression of the
noise variance. In practice, the analytical results from the approximate PDF are closely
matching those from the exact equation if the number of the receive antennas is larger
than 100, and the ratio of number of the receive antennas to that of the transmit antennas
is larger than 10. As a result, the classical Gaussian distribution approximation can be
also utilized to simplify the performance analysis of OFDM-MMIMO system for special
cases.

Furthermore, this thesis utilizes the asymptotic PDF of the EN for ZF detection to
reduce the computational complexity of the soft-output ZF detection. The derived noise
variance is chosen to calculate the LLRs instead of the approximate noise variance. Since
the PDF of the EN tends to become the Gaussian distribution, the BEP of the proposed
detection is theoretically close to that of the classical detection, whereas its operational
complexity can be significantly minimized.

In summary, the contributions from this research work are as follows.

1. This thesis derives accurate PDFs of the CCI and EN, BEP, PDF of SINR, outage
probability of output SINR for MRC detection in the OFDM-MMIMO system,
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utilizing BPSK, QPSK, and M-QAM modulation. The mathematical expression
for the CCI and EN in the detection is rewritten, and the performance metrics are

then derived from the equation.

2. The analysis in this thesis proves that the PDF of the CCI and EN for MRC detec-
tion, utilizing BPSK and QPSK modulation, approaches the Gaussian distribution.
On the other hand, the PDF for M-QAM is approximated as the combination of
Gaussian distribution. Thus, the BEP, PDF of SINR, outage probability of out-
put SINR for the detection are then simplified in terms of the Q, exponential, and

incomplete Gamma functions, respectively.

3. An enhanced soft-output MRC detection is additionally proposed in this thesis. The
detector employs the derived PDF of the CCI and EN and the Newton’s method to
estimate the LLR instead of the Gaussian distribution. Due to the exact PDF of the
CCI and EN is different from the Gaussian distribution, especially in a higher Ej, /N
region, a higher BER performance could be theoretically achieved by utilizing the
proposed soft-output MRC detection.

4. The performance of ZF detection in the OFDM-MMIMO system is analyzed in this
thesis. The 2-nd order NSE is chosen to approximate the inverse matrix operator in
the mathematical expression for the EN of the detection, and the PDF of the EN,
BEP, PDF of SNR, and outage probability are then derived from the equation.

5. This research work proves that the PDF of the EN for ZF detection in the OFDM-
MMIMO system approaches the Gaussian distribution, and derives a compact closed-
form expression of the noise variance. The performance analysis for the BEP, PDF

of SNR, and outage probability are then simplified by utilizing the asymptotic PDF
of the EN.

6. A low-complexity soft-output ZF detection is proposed in this thesis, where the
detector utilizes the derived noise variance to estimate the LLR instead of the ap-
proximate noise variance. Since the PDF of the EN for the detection approaches
the Gaussian distribution, the computational complexity of the proposed detection
is thus significantly reduced, whereas the BER is slightly lower than that of the

classical detection.

1.3 Publications arising from this research

1. D. Chumchewkul and C. Tsimenidis, “Maximal-ratio combining detection in mas-
sive multiple-input multiple-output systems with accurate probability distribution
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2. D. Chumchewkul and C. Tsimenidis, “MRC Detection for LDPC-OFDM, Massive
MIMO, NR-5G-based Systems Utilizing Accurate PDF of Effective Noise and Co-
Channel Interference,” in Proc. IEEE Int. Conf. Commun., 2022, pp. 775-780.

3. D. Chumchewkul and C. Tsimenidis, “Probability of Bit Error of MRC Detection
in OFDM-MMIMO Systems Utilizing Gaussian Mixture Model,” in Proc. Asia
Pacific Conf. Commun., 2022, pp. 220-225.

4. D. Chumchewkul and C. C. Tsimenidis, “Closed-Form Bit Error Probability of
ZF Detection for OFDM-M-MIMO Systems Using Effective Noise PDF,” in IEEE
Access, vol. 10, pp. 104384-104397, 2022.

5. D. Chumchewkul, C. Tsimenidis and S. Mumtaz, “Outage Probability Analysis
of MRC Detection in OFDM-MMIMO System Utilizing Incomplete Gamma Func-
tion,” in Proc. IEEE Int. Conf. Commun. (Workshop), 2023, pp. 1826-1831.

1.4 Thesis outline

The remainder of this thesis is organized as follows. The principle of uncoded OFDM-
MMIMO and coded-OFDM-MMIMO systems, the channel model, linear symbol detec-
tions, and channel coding techniques are briefly summarized in chapter 2 The mathe-
matical expression of the CCI and EN for MRC detection is then utilized in chapter |3| to
analyze the PDF of the CCI and EN, BEP, the PDF of SINR, and the outage probability
of the output SINR for the OFDM-MMIMO system. The asymptotic analysis is addition-
ally included in the chapter. The performance metrics for the OFDM-MMIMO system,
utilizing ZF detection are then derived in chapter {4 by employing the mathematical ex-
pression for the EN. The asymptotic equations are additionally discussed in the chapter.
Furthermore, the derived PDF's of the CCI and EN for MRC detection are chosen to en-
hance the performance of the soft-output MRC detection. Likewise, the asymptotic PDF
of the EN for ZF detection is employed to simplify the computation of the soft-output ZF
detector. The information, regarding the proposed soft-output MRC and ZF detections,
are finally discussed in chapter [5

1.5 Notation

The definition of mathematical symbols is clarified in this section. Matrix and vector
variables in this paper are denoted as bold characters, e.g., H, with element Héf,z1 §R(H,(Lf,%)
and S(H,(@fgq) represent the in-phase and quadrature components of Hé{%, respectively.
The Hermitian transpose of X is denoted as H' = (H)T)*. Q(z) = \/%7 [ exp(—L)dt be
the Q-function. Furthermore, I'(z) = (z — 1)! and I'(z,a) = (1/I'(a)) 7 t* ' exp(—t)dt

denote the Gamma and upper incomplete Gamma function, respectively.
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The principle of uplink uncoded OFDM-MMIMO and coded OFDM-MMIMO systems is
summarized in this chapter. The next section explains the block diagram of an OFDM-
MMIMO system. BPSK, QPSK, and M-QAM modulation schemes are chosen to this
research work for generating the transmit symbol, and the methodology of the symbol
mapper is introduced in section [2.2] Section describes the operation of OFDM, which
is employed by this research work to eliminate the effects of inter-block interference (IBI)
caused by multi-path propagation. The mathematical models of the OFDM-MMIMO
channel in time and frequency domain are then explained in section [2.4, The random
variables in the equations describing the channel model are additionally declared in this
section. Since the number of receive antennas is much larger than that of the transmit
antennas, the Gram matrix tends to be a diagonal dominant matrix, where the off-diagonal
components are very small. The distribution of the diagonal and off-diagonal components
of the Gram matrix is summarized in section [2.5] Section explains the operation
of linear symbol detection to estimate the transmit symbols for the MMIMO systems
under consideration. In addition, the principles of low-complexity linear symbol detection
using inverse matrix operations or direct methods are described in section [2.7] Next, the
system model of coded-OFDM-MMIMO system is summarized in section The 5G
NR LDPC codes are utilized in the system to evaluate the BEP performance. Therefore,
the operation of the LDPC is then explained in section 2.9 Finally, the soft-output linear
symbol detection is introduced in the section [2.10]

2.1 System model

Fig. shows the block diagram of an uplink N; x N, OFDM-MMIMO system, where
the number of transmit and receive antennas are denoted as N; and N, respectively.
Let Ny denotes the number of sub-carriers, the information bits at the transmitter d €
ZNexlogas(M)Ny are generated by the information source, and row-wise separated into N,
sub-streams for each transmitter. The element dff:)l in d represents the [-th tuple of the
information bit for the m-th transmitter of the f-th sub-carrier. Next, BPSK, QPSK, and

10
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Figure 2.1: Block diagram of OFDM-MMIMO system.

M-QAM mappers are chosen for the system to produce the transmit symbols in frequency
domain X € CM*Ns | corresponding to d. If the number of the constellation points is
represented as M, the information bits for each transmitter are grouped into a log, (M )-
tuples binary code. The information is then utilized by the mapper for producing X. If
the value of Ny is a power of two, the inverse fast Fourier transform (IFFT) operation can
be employed by the OFDM modulator to produce the transmit symbols in time domain
¥ c CV*Nr from X. Due to the occurrence of multi-path propagation in the MMIMO
channel model, the transmitted symbols are impaired by the effects of IBI. Therefore, a
cyclic prefix (CP) is appended at the start of the OFDM symbols during the process to
obtain WCF ¢ CNex(Ny+Ner) where Nep denotes the number of appended CP samples.
Finally, WCF is transmitted through the MMIMO channel. Let £F € CN-*(Nr+Nep) denote
the received samples at the receiver, then, per antenna, the CP samples are firstly removed
from the received signal to obtain & € CN~*¥s which is transformed into frequency domain
Y € CN*Ns by utilizing FFT operation per row. The receiver then utilizes the symbol
detector to estimate the transmitted OFDM symbols X from Y. Finally, the received
information bits d are produced from the symbols utilizing the M-QAM demapper.

2.2 M-QAM mapper and demapper

The transmitter utilizes the M-QAM mapper to produce the transmit symbol for each
transmitter corresponding to the information d. The information bits for the m-th trans-
mitter are packed in log,(M)-tuples of binary code. The mapper then produces the
transmit symbol X by matching {dff;)l }():gf(M) with one of a M constellation points.
Fig. shows example of the constellation diagram for square-shaped, Gray-coded BPSK,
QPSK, or, 16-QAM modulation. There are M constellation points in the diagrams, and
each point in the diagram corresponds to a log,(M)-digits binary codes. In addition,
if Gray-coded mapping is chosen to the system, the different between the binary codes
for each two successive points in the constellation diagram is always 1 bits. Likewise,
the receiver utilizes a symbol demapper to estimate the transmitted information from

the received symbol X,(Tf ). Since the in-phase and quadrature element of Xr(,{ ) match the

11
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Figure 2.2: Constellation points of square-shaped, Gray-coded, M-QAM waveform.
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transmitted information, the estimated symbol Xy ), generated by the MMIMO detec-
tor, is then compared with the constellation points in terms of the euclidean distance.

The nearest constellation point to X,S{ )

is chosen by the demapper and the binary code
{dm . }Og? M) corresponding to the point is then used as the outcome of the demapper.
If Gray-coded M-QAM constellation points are chosen to the transmitter, the in-phase
and quadrature components of x4 independently match half of the binary codes. As a

(f))

result, the demapper can use %(Xf(,f )) or I(Xm’) to estimate cfﬁ,{)l independently for this

case.

2.3 OFDM

Orthogonal frequency division multiplexing (OFDM) is an important multi-carrier com-
munication technique, which can improve spectral efficiency and reduce effects of IBI in
wireless communications. The technique was proposed in 1960s [41], whereas the OFDM
system using discrete Fourier transform (DFT) algorithm was later introduced in [42].
OFDM is widely applied for data communication standards, e.g., IEEE 802.11a/g/n/p,
DVB-T and DVB-H [39]. Generally, the bandwidth of communication channel is sep-
arated into Ny multiple sub-channels, which use a different sub-carrier to transfer the
information[43, [44]. Since the OFDM waveform employs multiple orthogonal carriers for
data communication, the symbol for all Ny sub-carriers can be transmitted through the
sub-channels over the same time. Sequence of transmit symbols for the m-th transmit
antenna is firstly separated into Ny-symbol groups {X }Nf LN ¢ is a power of 2,
an Ny-point IFFT operation can be utilized by the OFDM modulator to produce the

transmit symbol in time domain {wm,t}ji’o*l corresponding to X\, i.e.,[45]

Nr—1
f~ 2w ft

Gyt Z XD Ny (2.1)

At the receiver, the OFDM demodulator uses € and discrete FFT converter to estimate

the transmit symbols in frequency domain for the n-th receive antenna as

Nf 1 .27 ft

Z Ense NI (2.2)

fto

The MMIMO channel model in time domain can be expressed as a convolutional in-
tegral of the transmit symbols and the CIR. As a result, the received symbol is generally
interfered by the consecutive symbols, i.e., IBI. Therefore, dummy symbols are trans-
mitted during the symbols to eliminate the effects of IBI[46]. CP is an example of the
dummy symbol, which employ the last K samples of the OFDM symbols to be the CP
symbols, and the operation of CP insertion is demonstrated in Fig. If the number
of CP symbols is chosen to be larger than the maximal delay spread, V;, in , the

13
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Figure 2.3: Utilizing CP symbols to eliminate the effects of IBI.

MMIMO channel model in frequency domain for each sub-carrier can be independently
expressed as a flat-fading channel and a low-complexity one-tap equalizer can be applied
to recover the transmitted symbol. It is worth nothing that the CP symbols, which are
added by the OFDM modulator, are removed by the receiver since the symbols are not

required by the OFDM demodulator for producing the output.

2.4 Channel model for the OFDM-MMIMO system

The mathematical model for an up-link data communication from mobile terminal (MT)
to base station (BS) is summarized in this section. This thesis focuses on the system,
where the MTs are pedestrians, moving slowly inside cellular network. Furthermore,
there is no line-of-sight link between BS and MTs and the symbol time is higher than the
maximal delay spread. Thus, frequency-selective Rayleigh fading channel is chosen by
this thesis to simulate the propagation channel between transmit and receive antennas for
this case[47], and the Doppler effects are neglected by the model. Section [2.4.1| and [2.4.2]
describes the OFDM-MMIMO channel model in time and frequency domain, respectively,

where random variables are chosen to demonstrate the propagation channel. Due to the
fact that the mathematical expression of the MMIMO channel model in section [2.4.2]
is complex, asymptotic OFDM-MMIMO channel model in frequency domain is chosen
by this thesis for simplifying the derivation in chapter |3| and The approximation is

explained in section [2.4.3]

2.4.1 Channel model in time-domain

This section discusses the frequency-selective multi-path Rayleigh fading channel model
and the tapped delay line channel model, which are chosen by this research work to
demonstrate the OFDM-MMIMO system. According on the system model for the OFDM-
MMIMO in Fig. , the transmit symbols with CP insertion, ¥°F are generated by
the transmit antennas, and the symbols are delivered to the receive antennas through

the multi-path propagation. There are multiple propagation paths between transmit and

Ny

receive antenna, utilizing various propagation delay and channel coefficient. Let {%Cﬁ el

and {fgf Nr_ | represent elements in W and £, respectively, the received symbol at
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the n-th receive antenna and the time ¢ is given by

Ny Nj—
nt - Z Z hn mlprgli l+wn,t; (23)
m=1 [=0

where hg)m denotes the I-th tap coefficient of the channel impulse response (CIR) between
the m-th transmit antenna and the n-th receive antenna. The number of tap coefficients is
denoted as Nj. w,; in (2.3 represents the complex-valued additive white Gaussian noise
(AWGN) for the n-th receive antenna at the time ¢. According to fCP is generated
from CIRs and !I/Ct , by employing various attenuation coefficient and propagation delay.

Wy, in (2.3)) is generated from a complex-valued, zero-mean Gaussian random variable,
CN(0,202%). Let vy, = E,/Ny represent the signal-to-noise ratio (SNR) per bit, the variance

per dimension o2 of Wy, is defined as

NE
2 tHs
o = 2.4
w,uncoded 92 logg( A [)'Yb ( )

It is worth noting that the noise variance, J?U, can be expressed in forms of Ny. If

E, = logy(M)E, and v, = Ej,/ Ny are substituted in (2.4, the 0% becomes

2 NtNO

w,uncoded — 2

(2.5)

g

In addition to the channel model in (2.3, the magnitude of the CIR, hﬁf)m decays
according to the delay. Therefore, the CIR is generated from the Gaussian random variable

and exponential function as

- [T
hg,)m = On,m, €XP <_Nmax> s (26)
where 0, represents the tap coefficient, exhibiting a CN(0,1). Nyax and 7 in (2.6)
represents the maximum delay spread and a constant to control power delay profile (PDP),
respectively. In order to normalize the total power of tap coefficients, o7 is 0.5 and hsf,)m

is generated from hnm as

R

S R

By utilizing the FFT operation, the channel frequency response (CFR) between the

130,

n,m

(2.7)

m-th transmit antenna and n-th receive antenna for the f-th sub-carrier can be evaluated

from hgf)m as

Nj—1

92
HY), §jh,jj exp( 7\[’%) F=0,1,-- N;— 1. (2.8)
f
=0

Nmax = 50 and 7 = 1.2 were chosen to the simulation on this thesis since the magnitude
of CFR in (2.8) fluctuates across all sub-carrier. Fig. shows samples of CIR and CFR
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Figure 2.4: CIR and CFR for 10 x 100 OFDM-MMIMO system.

for a 10 x 100 OFDM-MMIMO system. 7 and Np., were 1.2 and 50, respectively. N; = 8
and Ny = 512 were chosen to the simulation. A closer look at the results reveals that the

magnitude of Hflf,z@ exhibits a frequency-selective behaviour with several spectral nulls.

16



Chapter 2. Preliminaries

2.4.2 Channel model in frequency-domain

Generally, the CP symbols are added to the OFDM symbols for reducing the effects of
IBI. If the number of CP symbols is larger than the maximum delay spread, Ny, IBI is
assumed to be completely eliminated for the OFDM demodulator. As a result, the receive
symbol in frequency domain of the f-th sub-carrier for the n-th receive antenna is given
by

Ny
v =3 HOXD + WP, n=01,- N, (2.9)
m=1

Xﬁ{ ), Yn(f ), and W,Sf ) in (2.9) denote the transmit symbol, the receive symbol, and the
noise vector for the f-th sub-carrier, respectively. The symbols are calculated from the

oD P and wl by using FFT operator, i.e.,

Np—1
2 fk
(f) — k _ — e _
X, = kgo VY exp ( J N, > . f=0,1,--- N;p—1, (2.10a)
Nj—1
2 fk
Y(f)ZE k — =0,1,---,N;—1 2.10b
n rar gneXp J Nf ) f ) Ly y AV f ) ( )
Nj—1
1 2 fk
w — E wk ex (—V ), =0,1,--- ,N;— 1. 2.10c
n \/Wf e n €XP J Nf f f ( )

Since the path gain between the m-th transmit antenna and the n-th receive antenna
in (2.9) only corresponds to H,S{”,L, the received symbols for the f-th sub-carrier can be

rewritten in forms of a linear matrix equation as

Yf :Hfo—l—Wf, (2.11&)
v g wl) ... HY, x0 W
v g g g® ) )

A R 2110)
f f f f f f
v, ), my, ... =B, Xy Wy

X; € CV*tand Y; € CV*!in denote the transmitted and received signal
vectors in frequency domain for the f-th sub-carrier, with components Xq(T{ ) and Yn(f ),
respectively. H; € CN"*M i the CFR matrix of the f-th sub-carrier and its element is
H,(Lf,)n W; e CN*lin represents the noise vector of the f-th sub-carrier, where its

component is Wéf ),
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2.4.3 Asymptotic channel model in frequency-domain

Although the OFDM-MMIMO channel model in frequency-domain on (2.11f) can be cho-
sen to demonstrate the channel model on the simulation software, several random variables
are included in the equation, making a complication to the analysis. Therefore, asymp-
totic channel model of the OFDM-MMIMO system in frequency domain is chosen by this
thesis to simplify the derivation. The asymptotic channel model in frequency-domain is
identical to the exact linear matrix equation in . However, H,(ifg@ and W, in (2.11)
are assumed to be the complex-valued, Gaussian random variables. According to the
derivation in , n m exhibits a sum of Gaussian random variables, hn m- Thus, H,(z ,)n
in is assumed to be the complex-valued, Gaussian distribution, CN'(0,203). The

variance per dimension for Hy), is determined by using the expectation in (2.8) 9], i.e.,

[\.’)li—‘

fz (2.12a)

or = 0.5, (2.12b)

where E(.) denotes the expectation operator. Due to the total squared magnitude of the
CIR in is normalized to unity by using , o? becomes 0.5 for this case. Fig.
compares the PDF of in-phase component of HT(L{CT)n, ie. ph(ﬁ}?(HT(Lf?n)), from the simulation
results to that of the Gaussian distribution. /Ny and the maximal delay spread was 1,024
and 50 symbols, respectively. N; = {5,10,20,40}. The results confirmed that the PDF of
%(Hvsf,)n) converged to the Gaussian distribution, especially in the system with a larger N;.
Focusing on the system using N; = 40, the actual ph(%(H( m)) at %(Hﬁf%) =0 was 0.11,
which was only 2.1 x 1073 different from the Gaussian distribution. However, the deviation
between the AV(0,0%) and the exact PDF increased if N; was smaller. The deviation in
pu(R(HI))) for the system with N, = 5 was 1.47 x 102, which was 1.26 x 10~2 higher
than that of N; = 40.

Likewise, W in is a sum of complex-valued, Gaussian random variable, i.e.,

Wyt As the results, W,Ef )~ CN (0,202), and the noise variance per dimension is evaluated

from the expectation in ([2.10]) as

1 f
k=0

o2 = 2. (2.13b)

w w

Q

Eq. proves that the noise variance per dimension for the W,Sf , 02,
to that of the w,; in (2.4)). Fig. shows the simulation results for the PDF of the in-
phase component of Wéf) for a 10 x 100 OFDM-MMIMO system. 16-QAM was chosen as
the modulation scheme for the system and the system operated at E,/Ny = {—10,—5,0}

is identical

dB. The empirical results are also compared to the N(0,02), using the noise variance,
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o2 in (2.13)). Evidently, the exact PDF of §R(W,§f )) matched the Gaussian distribution.

Focusing on the system with E, /Ny = 0 dB, the exact PDF at §R(W,§f)) =0 was 0.11 and

the number

was only 4.63 x 10~* different from the Gaussian distribution. In addition,

the empirical results were compared with the Gaussian distribution, utilizing a 2-sample

Kolmogorov—Smirnov test with the significant level 5%, and the outcome confirmed that

there is no significant difference between the PDFs.
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2.5 Distribution of Gram matrix

The Gram matrix, G; € CN*Ntis a matrix which is generally employed by linear symbol
detectors to evaluate the output. The matrix for the MMIMO channel is written in terms
of the CFR matrix as

G, = HHy, (2.14a)
R N R
H(f)’* H(f)’* H(f)’* H(f) H(f) H(f)
e v S YOl )
f)* f)* f)* f f f
oy HY; H)% L LHY) BY o HYy,

where the Hermitian transpose of Hy is denoted as H} If N, is chosen to be much larger
than Ny, e.g., 10 x 200 system, the diagonal components of G; dominate the matrix. As
Let Dy and E; denote the
diagonal and off-diagonal components of Gy, respectively, G in can be rewritten

a result, G tends to be a diagonal matrix for this case[3].

in terms of the matrices as

G;=D; +E;. (2.15)

An element in Dy and E; is represented as D%fgn

and Eéf%, respectively. The dis-
tribution of the diagonal and off-diagonal components of Gy are discussed in the next

sub-sections.

2.5.1 Diagonal components of G

Gy, in (2.14), is a product of H} and Hy. Therefore, the diagonal components of the
Gram matrix, Dy, in (2.14]) can be expressed as

SN H)P 0 0
0 SN HDP 0
D, = 0 0 S ]HTEQ 2 0 (2.16)
0 0 0 0 SN 1H?

According to (2.16)), the m-th diagonal component Dy(,{)m of Dy is a N, times sum-

mation of the squared magnitude of H,(lf,)n Thus, D

arithmetic operators as

7(7{)

,m

can be rewritten in terms of real

> RHL)? + SHD,)

(2.17)

Evidently, Dq(q{)m in (2.17) is a combination of squared Gaussian random variables.
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Figure 2.7: PDF of DY), from (2.18).

Thus, pd(Dﬁ,{%z) exhibits the Chi-square distribution and the PDF of Dn{)m is given by

24]

DY) Y-t P
DU — (D)™ _Pmm DY <0 9218
pd( m,m) (20’%)NTF<NT) eXp 20_}2L Y m,m Y ( )

where the Gamma function of variable X is represented as I'(X). Moreover, if N, >> Ny,
the PDF of Dﬁr{)m tends to be a N (2N, 0%, 2N,07) [48]. According to the Markov’s theorem
in (7-119) of [49], DY), approaches a constant and the variance for the variable tends to

zero. Therefore, Dﬁ,{)m can be approximated as the mean (2, i.e.,

2 =2N,0}. (2.19)

Fig. demonstrates the PDF of Dﬁ,{)m from , where N; = 10 and N, =
{50,100,200}. The outcome from the equation was also compared to that of the sim-
ulation results. According to the 2-sample Kolmogorov—Smirnov test with a significance
level of 5%, there is no significant different in PDF between the exact and the derived
PDF. Focusing on the simulation results for the 10 x 100 system on Fig. 2.7 the percent-
age of the occurrence of Dﬁ,{)m, ranged from 85 to 115 was 86.76 percent. Furthermore, if
N,. > 100, most of the variation of D,(#f)m was less than 15 percent of its mean. The results
demonstrate that the distribution of Dﬁ,{)m become smaller, compared to its mean in the

system with a larger N,.
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2.5.2 Off-diagonal components of G

According to the Gram matrix in (2.15)), the off-diagonal components, Ey, of the Gram

matrix can be expressed as

i Ny D (S Ny Do (S Ny Do pp(H) 7]
0 o S S B e e B ED,
N * f Ny £ rr(f) N Do rp(
mf{k,)gﬂ,i,(f) 0 T “H,%,Q) H,E,ivt
Ny ) pp(f Ny ) pp(f Ny o pp(f
Ef: Zk:l Hk:,S Hk:,l Zk:l Hk:,3 Hk:,2 0 k=1 Hk:,3 Hk,Nt
Ny (F)* g7 () Ny (D) 77(f) Ny (D) 77(f)
i Zk:l Hk,Nt Hk:,l Zk:l Hk,Nt Hk:,2 Zk:1 Hk,Nt Hk:,3 0 ]
(2.20)

Off-diagonal elements, Eflf ) in (2.20]) are combination of product of CFR, i.e., complex-
valued, Gaussian random variables, CA(0, 202). Therefore, Eﬁf% approaches the CA/(0, 202),
where the noise variance per dimension for ET(Lf ) is derived from the expectation of Ev(f ), [,

and results in

1 x
of = 5D E(|HEPIHEE) . (2.212)
k=1
0? = 2N,o7. (2.21b)

Fig. shows the simulation results for the pe(%(ET(r{%)) of the OFDM-MMIMO sys-
tem. N; was 10 and N, = {50,100,200}. The empirical results are also compared to
the N(0,0?) using the variance o2 in (2.21)). The results confirm that the Gaussian
approximation match the exact PDF. Focusing on the 10 x 200 system, the PDF from
the Gaussian distribution at ER(E,(,{)H) = 0 was 9.97 x 1072, and the number was only

3.22 x 107° different from the exact PDF.

2.6 Linear symbol detections

Focusing on the MMIMO channel model in , the transmitter sends the transmit
symbols X ¢ from all transmit antennas over the same time slot. The symbols are interfered
by the effects of thermal noise W and the CCI. Therefore, a symbol detection is required
by the receiver to estimate the transmit symbols X ¢ from Y. Several MMIMO detection
schemes can be chosen to the receiver, and the detections can be broadly classified into
two groups according to the detection algorithm, i.e., linear and non-linear detections
[25]. The latter employs non-linear algorithm to recover the transmitted symbol from
the received signal. Maximal likelihood (ML) detection is an important algorithm for
non-linear detection, where the received symbols are compared to the referenced signals
corresponding to all possible constellation points. The nearest point is then utilized to

produce the outcome for the detector.
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Figure 2.8: Gaussian approximation of pe(%(ET(Lan))

Although ML detection provides an optimal BEP performance to the MMIMO sys-
tem, the operational complexity of the detection increases exponentially according to the
number of N, and N,. Therefore, linear symbol detection has been recommended for
practical MMIMO system[4]. The detection employs inverse matrix operator to suppress
the CCI from Y;. MRC, ZF, and MMSE detections are important algorithms for linear
symbol detection. MRC detection requires the smallest computational complexity com-
pared to other techniques since the detection directly multiply the Y ¢ with the Hermitian
transpose of the CFR matrix to estimate the transmit symbols. However, the BEP of
the system using the technique is higher that that of other detections since the interfer-
ence from other transmit antennas is still neglected. On the other hand, ZF and MMSE
detections utilize Moore-Penrose inverse of channel matrix to eliminate the interference,
making a higher BEP performance, compared to that of MRC detection. Although the
linear symbol detection cannot provide an optimal BEP performance to the system, the
detector utilizes uncomplicated matrix operators to estimate the transmit symbol Xf
from Y. The detector requires much less arithmetic operators than that of non-linear
detection. In addition, if N, is large enough, the effective channel becomes determinis-
tic and the Gram matrix tends to be a diagonal matrix. This properties is called the
“channel-hardening” and linear symbol detection provides an excellent BEP performance
for this scenario[4]. Moreover, approximate inverse matrix operation and direct methods
can be efficiently utilized to simplify the inverse matrix operation[50].

Fig. 2.9 compares the BER of the OFDM-MMIMO system where MRC, ZF, or MMSE
detection are chosen to the system for estimating the transmitted symbol. N; = 10 and N,
was {50,100,200}. The transmitter employed 16-QAM to produce the transmit symbol
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Figure 2.9: BER for OFDM-MMIMO system using linear symbol detection.

in the frequency domain. The block size utilization and the number of sub-carrier of the
OFDM symbol were 1024 bits and 256 symbols, respectively. The results confirmed that
the system using MRC detection obtained the highest BER, compared to the number
for other detections. Focusing on the 10 x 200 system operating at £,/Ny = 0 dB. The
BER for MRC detection was 1.93 x 1072, which was 1.92 x 1072 higher than that of
ZF detection. In addition, the deviation in BER between ZF and MMSE detection was
marginal, and the difference for the 10 x 200 system at E,/Ny = 0 was only 9.6 x 1077.
Furthermore, the results in Fig. also demonstrated that an extra BER performance
can be significantly achieved by increasing the number of receive antennas, N,. Focusing
on the 10 x 50 system where utilized MMSE detection, the system required the Ej,/Ny of
6.42 dB to maintain the BER at 107%. On the other hand, the Ej/N;, for the 10 x 200
system was —0.57 dB, and this number was 6.99 dB smaller than that of the 10 x 50

system.

2.6.1 MRC detection

According to (2.11)), the MMIMO channel can be expressed as a linear matrix equa-
tion. Thus, linear detection uses the equation to estimate the transmit symbol. MRC or
Matched filter detection is the lowest computational complexity linear symbol detection,

and employs a weight matrix to estimate X ¢ from Yy as

X;=H\Y,. (2.22)
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By substituting Y ¢ from ) into . X ¢ becomes
X =GiX; +H/W,. (2.23)

The first term in (2.23) corresponds to X, and the term is multiplied by the diagonal

(f)

components of the Gram matrix, D). Therefore, X 7 is then normalized as

v (/)

c() — Am
XU D (2.24)

XY in (2.24)) represents the outcome of MRC detection and the receiver employs the

symbol to estimate the transmitted message. It is worth noting that X is still interfered

by the CCI and EN. If X,, in 1) is substituted in || X can be rewritten as

) () (P
o(f) Zk Lkt Lo Xk Zivzl H’l(lfr)n Wi
=X+ @) + 0

Dm,m Dm7m

m m
N J/

-

Zg),MRC

(2.25)

The second and the third terms in ([2.25|), zy )’MRC, represent the effects of the CCI
and the EN of MRC detection. Due to the effects of CCI in MRC detection cannot be
eliminated by utilizing MRC algorithm, the BEP performance of the detection is less than
other linear symbol detections. However, If N, is large enough, the Gram matrix G tends
to be a diagonal matrix and this term becomes smaller. As far as the literature survey
goes, there is no research work derive exact PDF of the CCI and EN in MRC detection.
Thus, the Z,({ ) is assumed to be the complex-valued, Gaussian distribution, CN (0, 202),
where the variance per dimension for the variable is calculated from the mathematical
expression of Z in (2.25)) as[9]

S B (IBDXP) + S0 E (W)

. (|D,,{m|2> (2.26)

The expectation of Dﬁ,{)m was previously derived in (2.19)). HT(,{ ) and W) are complex-
valued, Gaussian random variables, and the expectation for the squared magnitude for the
variable approach the variance for the variable. After solving the equation, the variance
per dimension of 7 becomes

5  Ei(N;—1) o2

_ w_ 2.27
2T T oNZ T aNo? (2.27)

The Gaussian approximation of the PDF of %(Z,(,{ )) in for a 10 x 200 system
was compared to that of the exact PDF, and the empirical results are shown in Fig. [2.10]
16-QAM was chosen to the system, and the system operated at E,/N, = {—15, -5}
dB. Focusing on the results for F,/Ny = —15 dB, the derived PDF at §R(Z,(T{)) =0
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Figure 2.10: PDF of the CCI and the EN of OFDM-MMIMO system, utilizing MRC detection.

was 0.12, exhibiting 6.52 x 1073 different from that of the exact PDF. Furthermore, the
difference between the exact PDF and the Gaussian approximation for E,/Ny = —5 dB
at %(Z,(,{ )) = 0 increased to 5.15 x 1072, Thus, there are deviations between the derived
PDF and the exact results, especially in a higher E,/N, region.

2.6.2 ZF detection

Zero forcing (ZF) detection uses the Moore-Penrose inverse of channel matrix to suppress
the CCI between each transmitted signals. Focusing on the MMIMO channel model in
, the relationship between X and Y is expressed as a linear matrix equation. If the
effects of noise is neglected, the transmitted symbols can be estimated from Y ; utilizing

an inverse matrix operator as[25]
X, = (HIH,)'HY,. (2.28)

X 7 in (2.28)) corresponds to X, generated by the transmitter, and the receiver utilizes
the symbol to estimate the message. However, the symbol still receive the effects of

thermal noise, caused by the MMIMO channel. If Y, in (2.11) is substituted in (2.28)),

X ¢ can be rewritten as

X;=X;+ G HWY, (2.29a)
=Xy + Zy. (2.29b)

The last term, Zjzr = G;IH}Wf, in (2.29)) represents the EN of the detection,
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and its value depends on the CFR and the noise vectors of the MMIMO channel. Let
Uy = G;lH} with elements U,S{%, each element in Z; becomes

Ny
z => v wih. (2.30)
n=1

2.6.3 MMSE detection

In frequency-selective channels with spectral nulls, the ZF detector tends to amplify the
noise around the locations of the nulls. Therefore, if the detector is followed by a soft
error correction decoder it can lead to numerical instability. Thus, MMSE detection be
introduced to design the equalizer weight matrix that limits the noise enhancement due
to channel inversion using information about SNR. The algorithm of MMSE detection

aims to estimate X while avoiding in instability [25], i.e.,
Xf :argnvlgnE||Xf—Wfo||2. (231)
s
By setting partial derivatives for (2.31]) to zero, the weight matrix becomes[27, [51]
. N\t
W; = (H?Hf + FI) HY (2.32)

where Ny = 202 denotes the noise energy density and I € ZM*Nt is an N; x N; identity
matrix. MMSE detection employs W 7 to estimate the transmitted symbols from Y. Let
K, = H;I H;+ %I, the outcome from the detection is generated as

X, =K;'HY,. (2.33)

Although X in (2.33) matches the transmit symbol, the outcome from the equation is
still scaled by the diagonal component of the weigh matrix. If Y, in (2.11) is substituted
in to ([2:33), X; can be rewritten as

X; =K;X; + KWy, (2.34)

where K F= K;lH]{{ and K = K sH;. According to (2.34), each m-th element in X can

be expressed as

Nt Nt
X = KO X0+ S ROXO LS ROWD. 2.3
n=1,n#m n=1

Since X, in the first term of (2.35]) is multiplied by Kﬁ{ LL, X is then divided by the
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variable to normalize the first term in the equation, i.e.,

o XY
XU =" (2.36)
J%t

In general, the EN samples in X exhibits a complex-valued, zero-mean, Gaussian

distribution, and the mathematical expression for the EN can be derived by substituting

X, from (2.35) into (2.36). As a result, X/ becomes

N & (f) 3 (f) .
Zn:l,n;ﬁm Kmv”Xn Zf—:le Km,nW7(lf)

() — xN
h ZT(T{)?IGMSE .
R = XU) 4 gUanise (2.37b)

2.7 Reducing computational complexity of MMSE

detection

MMSE detection employs inverse matrix operation to generate the receive symbol and
the dimension of T in for the MMIMO system is very large, e.g., Z9*2%  Gen-
erally, the inverse matrix operation employs the Cholesky factorization to decompose a
matrix into an upper and a lower diagonal matrix. The matrixes are then utilized to
evaluate the outcome of the inverse matrix operation[52]. The computational complexity
of the Cholesky factorization is low since upper and lower diagonal matrixes require less
arithmetic operators to evaluate the outcomes. However, the requirements in arithmetic
operators to determine the outcome from the operation significantly increase according
to the Gram matrix’s size. Since N, in the MMIMO system is chosen to be much larger
than that of V;, approximate inverse matrix operations and other direct methods can be
efficiently applied for reducing the computational complexity[4, 25]. The approximation
techniques are now summarized in this section. A number of variables are defined in
this section to simplify the explanation. The variable Ky = H}{ H;+ g—:I was previously
defined in section 2.6.3] The diagonal and off-diagonal components of K are denoted as
K, s and K, ¢, respectively. In addition, K; ; denotes the lower triangle components of

K/, and the upper triangle components is represents as KlT 2

2.7.1 Neumann series expansion

The low-complexity MMSE detection using NSE was introduced in [52]. Inverse matrix
operation in the work was approximated as a L-th order Taylor series, making a reduction
in the computational complexity of MMSE detection. K;l in (2.33)) is now approximated
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as
L-1

K '~ ) (K K ) 'K, (2.38)
=0

where the order of Taylor series is denoted as L. The difference between the exact outcome
from the inverse matrix operation and the approximation in depends on the order
L of the Taylor series, and the order should large enough the minimize the difference.
However, if L > 4, the NSE in (2.38]) requires more arithmetic operators than that of the

exact inverse matrix operation [25].

2.7.2 Gauss Seidel method

Gauss Seidel (GS) based MMSE detection was introduced in [51], and the authors em-
ployed an algorithm to evaluate the outcome for the detector without using inverse matrix
operation. An equation to generate the initial solution to the GS method was also pro-
posed in the work for enhancing the convergence rate. To simplify the explaination, Ky

in (2.33)) is separated into three terms as
K; =K +Ki;+ K], (2.39)

Ki; and K; ¢, in (2.39), contain the diagonal components and the lower triangle
components of Ky, respectively. The last term in the equation demonstrates the upper
elements in Ky. GS based MMSE detection utilizes Y to estimate the transmit symbol

iteratively, and the outcome for the k-th iteration is determined from Yy and the outcome
o (k1)

from the previous iteration, X ;s as
X = (Ko + Kip)H(Y, - KXY, (2.40)

Due to the fact that K; of the MMSE detection is a Hermitian positive definite, the
outcome from the algorithm converge to X;[51]. Although inverse matrix operation is
still required by (2.40), the operational complexity for the operation is small since the
combination of Ky ; and K; ¢ is a lower triangle matrix. Focusing on the first iteration,

k = 1, the detector requires an initial solution cho) to estimate the transmitted symbol.

The authors, in [51], introduced an equation to evaluate the initial solution X;O) to enhance
the convergence rate as
XY =K iH'Y. (2.41)

Since Ky ¢ is a diagonal matrix, the computational complexity of the operation to
generate KJ} is small. The GS method can be efficiently used to reduce the computational
complexity of the detection from O(N}?) to O(N?), which is lower than that of NSE
algorithm. Moreover, its BEP performance close to the classical MMSE detection with a

small number of iterations [51].
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2.7.3 Jacobi iteration
A joint MMSE detection, utilizing Jacobi iteration (JI) was proposed for the MMIMO
system in [53]. Let Y, = H}Yf, X; in (2.32) can be rewritten as

X;=K;'Y;. (2.42)

The detector estimates Ky and Yf from the received symbols and CFR, and the
outcome of the process is then utilized to evaluate the transmit symbols iteratively. The

outcome from the first iteration XSCO) is generated as
XY =K7Y, (2.43)
The symbol is then utilized to evaluate RSCO) as
RY =v; - K,;X{. (2.44)

For the second iteration, the symbol XE,I) is generated from the outcome from the first
iteration, i.e.,
X - X0 R KR P 289

where PSCO) and u are given by

P = KR, (2.46a)
(0), 1 (0)
u= R, "Ry (2.46b)
P;O)’TRSP) ’ ’

The detection estimates the outcome for the k-th iteration from Y 5 and X;kfl) as

X = K (Kay — KX +Y)). (2.47)

2.8 Coded-OFDM-MMIMO system

Fig. demonstrates a block diagram of coded-OFDM-MMIMO system, using channel
coding technique to reduce the BEP in data communication. The operation of the M-
QAM mapper and the OFDM modulator in the transmitter is identical to that of the
OFDM-MMIMO system, described in section [2.1 However, the information bits, d,
at the transmitter is separated into N; sub-stream, and the information is then row-wise
transformed into the code word ¢ € RNtx1082(M)Ny/E ytilizing channel encoders. R denotes
the coding rate, which is the ratio of data block size to code word size. The value of R
is less than 1 due to the size of ¢ is R times larger than that of d. The codeword is then
delivered through the OFDM-MMIMO system instead of the information bits to enhance

the reliabilities of the data communication. The rest of the operation at the transmitter
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Figure 2.11: Block diagram of coded-OFDM-MMIMO system.

and the receiver is identical to that of the uncoded-OFDM-MMIMO system. If turbo
code, LDPC, or other turbo-like codes are chosen to the system, the receiver uses the
soft-output symbol detection to produce the LLR A € RNexloga(MINs/E ¢orresponding to
Y. This soft-information is evaluated by the iterative decoder to estimate the receive
information bits d. It is worth noting that the MMIMO channel model of the coded-
OFDM-MMIMO system is identical to that of the OFDM-MMIMO system, described in
the section [2.4, However, the size of code word is R times larger than that of the raw

information. Thus, the noise variance for this case is now redefined as

2 NtEs

= — 2.48
w,coded D) 10g2(M)R’yb ( )

g

2.9 Low-density parity-check code

Data communications is generally interfered by the additive white Gaussian noise (AWGN),
resulting in reliability degradation. The BEP for the system dramatically increases ac-
cording to the average noise power and the system requires more transmit energy to
maintain the BEP. Therefore, channel coding technique is recommended to the commu-
nication system for reducing the BEP[6]. In general, the transmitter utilizes a channel
encoder to produce the code word corresponding to the information bits. The raw in-
formation is firstly packed into several K-bits groups. A channel coding algorithm is
then chosen to generate the N-bits of code words, corresponding to the raw information
in each block. Since redundancy bits are added to the information during the encoding
process, size of the code word is larger than that of the original information. Let K and
N denotes the block size of the information bits and the code word size, respectively, the
code rate R = K/N is employed to represent the ratio of the size of the raw information
bits and that of the code word. The outcome from the channel encoder is then employed
by the transmitter instead of the raw information bits. Although, the size of code word
is significantly larger than the number for the original information bits, the redundancy
bits in the code word can be utilized by the receiver for bit error correction or detection.
The receiver uses channel decoder to estimate the transmitted bits from the received code

words. During the operation, the redundancy bits in the code word can be used to detect
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or correct errors in data communications. If Ej,/Nj of the system is large enough, channel
coding techniques can be significantly detect or correct its information bits.

A number of channel coding techniques have been developed during the pass decades,
and they are recommended for communication standards [6]. Turbo code and tail biting
convolutional code are efficient channel coding techniques which provide an excellent BEP
performance to the system. The techniques were recommended for LTE cellular networks
[54]. However, LDPC provides both high coding gain and low-complexity decoder and
polar code is more suitable for short frame transmission. Furthermore, the computational
complexity of LDPC is lower than that of turbo code [55]. As a result, LDPC and polar
codes has been recently applied for data and control channel for the 3GPP 5G NR cellular
networks. The 5G NR LDPC codes are chosen in this research work to evaluate the BER
performance of the coded-OFDM-MMIMO system. The principle of the channel coding
technique and the 5G NR LDPC are then briefly explained in the next sub-sections.

2.9.1 Low-density parity-check code

Low-Density Parity-check (LDPC) code is a linear block code, which was firstly proposed
in 1962 by R.G Gallager[32]. The channel coding technique was reintroduced again by
D. MacKay in 1998[33]. The BEP performance for the channel coding technique signif-
icantly close to the Shannon’s capacity limit[56]. As a result, LDPC has been widely
recommended for data communications. Generally, LDPC employ parity check matrix
H e ZN*N-K to represent the structure of the channel encoder. The construction of
H can be done through random process, rather than uniform operation[33]. The mean
column weight is chosen to be larger than two, whereas each row in the matrix is designed
to obtain a uniform weight as possible. As the results, the parity-check matrix becomes
a sparse matrix, where the number of non-zeros components in each row and column is
less than that of zeros.

In addition, Non-zero components in H and the operation of LDPC encoder are also
demonstrated by using a bipartite graph, named the Tanner graph. Nodes in the Tanner
graph are separated into two groups, i.e., check nodes (CN) N, € ZN~£*1 and variable
nodes (VN) N, € ZN¥*1. The variable nodes in the graph represents all code words,
which are required by the detector to produce the syndrome. The CN'’s size is identical
to the size of the column of H. The vertexes between variable nodes and check nodes
demonstrate the operation of the LDPC’s decoder to estimate syndrome from code words.

Fig. shows an example of a Tanner graph for the following parity check matrix

- (2.49)

S = =
—_ O
— = o
— =
o o -
oS = O
= o O

The number of one in each row and column of H is fixed at w. and w,, respec-
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Variable nodes
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Figure 2.12: Sample of Tanner graph of H in (2.49).

tively. LDPC uses a symbol “(NV,w., w,)” to describe the structure of channel encoder
and decoder. LDPC’s parity check matrix can be created utilizing random and alge-
braic construction[6]. The transmitter employs LDPC encoder to produce the code word.
Let m = {my, my,...,mg} be the information bits at the transmitter, parity check bits
{cj}j-vz_lK are generated by the encoder and they are combined to the information bits
to produce the code word as ¢ = {¢1,¢a,...,cy_g M1, Mo, ..., mg}. The LDPC encoder

uses generator matrix G to produce the code words as [6]
¢ = mG. (2.50)

The value of G corresponds to H, making cH” = 0. Focusing on a systematic code,

where the parity check matrix is constructed as
I:I = [IN—K . PT], (251)

where I is an (k x k) identity matrix. P is an arbitrary matrix, which is defined by the

LDPC code. The parity check matrix can be produced from the parity check matrix as

G=[P:I] (2.52)

It is worth nothing that if a non-systematic code is applied to the system, the parity
check matrix is transformed into a systematic form utilizing Gauss-jordan elimination
on GF(2) domain[6]. Furthermore, the computational complexity for the LDPC encoder
in significantly increases according to the size of G. Thus, a lower-complexity
encoding algorithms can be utilized by the channel encoder for producing the code word
directly from the parity-check matrix[6].

The receiver estimates the LLR from the received symbol and the LDPC decoder
uses the information to recover the transmitted information. A number of decoding
algorithms for LDPC have been developed, including bit-flipping, sum-product, and min-
sum decoding algorithms[6]. These algorithms use parity check matrix to recover the
transmitted information bits. Initially, the receiver estimates the LLR from the received

symbol and stores the information in the VN. Next, the extrinsic information for the
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Figure 2.13: Parity check matrix for 5G NR LDPC.

CN is then evaluated utilizing the LLR from the VN which is connected to the CN. The
LLR on the VN is then updated utilizing the extrinsic information from the linked CN.
The total LLR can be generated by the detector utilizing the LLR on the VN and the
extrinsic information from CN. Then, the decoder continue to pass the LLR to the CN
and continue the decoding operation again in the next iteration. The decoding process is
done iteratively until the number of the iteration is less than the maximal iteration or the
product of the code word and H” becomes zero. If one of the criterion is met, the decoder
employs the LLR from the VN and the extrinsic information at the CN to generate the

total LLR and the information bits as the outcome of the detector.

2.9.2 LDPC standard for 5G NR

5G NR LDPC is a Quasi-cyclic LDPC, where the parity checked matrix is generated from
a base graph (BG) or protograph. The structure of the BG can be separated into five
sub-matrixes as described in Fig[2.13]57]. The sub-matrixes S and D denote the kernel of
the base matrix, and they are utilized for producing the systematic bits and the first set of
parity bits, respectively. The sub-matrixes O, I, and P are the extension, where the zeros
matrix, the identity matrix, and the single parity check rows are contained in the matrix,
respectively. 5G NR LDPC deploys 2 standard BGs for producing the codeword, i.e.,
BG 1 and BG 1. The BGs are chosen from the block size utilization and the coding rate
[57], and the structure of the BG 1 and 2 are introduced in the Table 5.3.2-2 and 5.3.2-3
of the 3GPP TS 38.212 v15.2.0 standard [58]. Let Z be the lifting size, all zero-valued
components in the BG are replaced by a Z x Z zeros matrix, whereas non-zero-valued
components are replaced by and Z x Z cyclic permutation identity matrix. According to
the standard in [58], the BG 2 is recommended for the data communications if K < 292,
or K <3824 and R < 0.67, or R < 0.25. Otherwise, the BG 1 is chosen to the channel
encoder.

BEP performance of data communications using LDPC depends on parameters for
channel coding technique, including block size utilization, coding rate, as well as the
number of iteration for iterative decoder. Fig. shows the bit error rate (BER) of
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single-input, single-output (SISO) data communications over an AWGN channel, using
BPSK modulation and 5G NR LDPC. A 1/2 coding rate uplink 5G NR LDPC was chosen
to the simulation. The revision number and the number of layer were 0 and 1, respectively.
The block size utilization was 1200 bits and the number of iteration I was {1, 10, 20, 30}.
According to the results, the system, using a higher iteration, required less FEj/Ny to
maintain their BER. Focusing on the system with I = 10, the BER at E,/Ny, = 1.8
dB was 3.87 x 1073. On the other hand, the number for the system using I = 30 was
4.23 x 1076,

In addition, the effects on choosing block size and code rate in LDPC are demonstrated
in Fig. 2.14D] The number of iteration, I, was 30, and the block size utilization was 600,
1200, and 2400 bits. The coding rate was 1/2 and 3/4. The results confirm that the
increasing in N makes an improvement in BER performance to the system. The BER for
the system, where K = 600 and R = 1/2 were chosen to the system, at E,/Ny = 1.2 dB
was 1.97 x 1072, and the BER was 1.95 x 1072 higher than that of the number for the
system with K = 2040. Furthermore, the system, using a lower coding rate, obtained a
higher BER performance. The system with R = 1/2 and K = 2400 required FE;,/Ny = 1.35
dB to maintain the BER of 107°, whereas the system using R = 3/4 required 2.81 dB of
E}, /Ny for the operation.

2.10 Classical soft-output linear symbol detection

LDPC decoder employs iterative detection algorithms to estimate the transmitted message
from the received information, and soft-output symbol detector is utilized by the receiver
to produce the LLRs for the operation. Focusing on a coded-OFDM-MMIMO system
where a Gray-coded, M-QAM is chosen to the transmitter, the ¢-th tuple of the LLRs for
the m-th transmit antenna and the f-th sub-carrier, A%,)q, can be evaluated from in-phase

)

or quadrature component of X,S{ employing the symbol-by-symbol maximum a posteriori

(MAP) algorithm as

> PRI, = 1,R(XT) = X,)

AD | St (2.53)
" S PO = 0. R(G) = %) |
Xiordy=0

where X, is the referenced constellation point per dimension, i.e., {—3,—1,1,3} for the
16-QAM. The equation for quadrature component is identical to that of the in-phase
component in (2.53). Thus, the equation is neglected in this section. P(EFE(X}(,{ ))|d$nf,)q =
{0, 1},9%()(}(,{ )) = X) is a posterior probability (APP), which is determined from the
PDF of Z\{. By assuming that the distribution of the received symbol is a N (0, crim),
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the APP becomes
)14 () — X 1 — (R = X2
PR(X;)dr), =10, 11 R(X) = Xp) = (2.54)
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If (2.54) is substituted in (2.53)), the LLRs can be approximated as [30]

min  (RXY) - X)2— min (R(XY) - X;,)?
(f) kadsr{,)q:() Xk:d'(rr{,)qzl
AD) = . (2.55)

& 272,

It is worth noting that the LLR computation in (2.55)) requires the instantaneous
noise variance az’m to estimate the outcome. In general, the distribution of CCI and EN
in linear symbol detections is assumed to be the Gaussian distribution. Due to the fact
that the variation of the outcome from the detection significantly changes according to
the CFR for each sub channel. Thus, instantaneous noise variance ag’m is generally chosen
to for estimating the LLR. The derivation of the instantaneous noise variance for
MRC, ZF, and MMSE detections are summarized in appendix [D]

Fig.[2.15|shows the BER of LDPC-OFDM-MMIMO system, where 16-QAM and linear
symbol detections were chosen to the system. N; was 10 and N, = {50,100,200}. The
results confirm that the system using MMSE detection received the highest BER perfor-
mance, compared with other detections. Focusing on the 10 x 200 system, the MMSE
detection required Fj/Ny = —8.83 dB to achieve the BER at 107*. On the other hand,
the E,/Ny for ZF and MRC detection were —8.78 and —7.87 dB, respectively. Moreover,
the system utilizing a higher N, obtained a lower BER. The 10 x 50 system, where MMSE
detection was chosen to the mapper, required Ej,/Ny of —2.49 dB for maintaining the BER
of 1073, which was 6.59 dB higher than that of the 10 x 200 system. It is worth noting
that the outcome for the system using MRC, ZF, and MMSE detections in a system with
a higher N, was smaller. Focusing on the 10 x 50 system, the deviation in Fj/Ny between
MMSE and ZF detection at BER = 10~* was 0.16 dB. On the contrary, the difference in
Ey /Ny for the 10 x 200 system was smaller at 4.63 x 1072.

2.11 Summary

The operation of coded and uncoded OFDM-MMIMO system and MMIMO channel model
are summarized in section [2.1 and [2.4], respectively. Due to the fact that the size of N, is
chosen to be much larger than the number for N, e.g. 10 x 100 or 10 x 1000, the diagonal
and off-diagonal of the Gram matrix converge to a constant and a Gaussian distribution.
The information regarding the properties of the Gram matrix is summarized in section
2.5 In addition, the block diagram of coded-OFDM-MMIMO system and LDPC are
described in section [2.8 and [2.9] respectively.

It is worth noting that a number of methodologies introduced in this chapter will be
reused by other chapters. The mathematical expressions for Z in and are
chosen to analyze the PDF of in-phase and quadrature components of Zy(r{ ), BEP, PDF
of SINR, and outage probabilities of the OFDM-MMIMO system, using MRC and ZF
detection in chapter [3] and [, respectively. The approximations of the Gram matrix in
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Figure 2.15: BER of coded-OFDM-MMIMO system using linear symbol detection.

section [2.5| and NSE in section are additionally employed to simplify the derivation
in the chapters. Moreover, the simulation results in section motivated this research
work to improve the operation of the soft-output MRC and ZF detection in chapter [5
According to the simulation results in section the PDF of %(Z,(?f )) for ZF detection in
Fig. approached the Gaussian distribution. Thus, the pz(é)%(Z},{ ))) is assumed to be
the Gaussian distribution, and the closed-form expression of the noise variance in chapter
is then employed to simplify the operation of the soft-output ZF detector. On the
other hand, there were deviations between the Gaussian distribution and the exact PDF
of %(ZT(,{)) for MRC detection in Fig. especially at a higher E,/Ny region. As a
result, the derived PDF of ER(ZT({ )) for MRC detection is then chosen to enhance the BER
performance of the soft-output MRC detection.
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Performance analysis of MRC

detection

In chapter , the mathematical expression of the CCI and EN, i.e., 7 for MRC detec-
tion was analyzed in (2.25), where Z,S{ ) was assumed to be the complex-valued, Gaus-

sian distribution, CA/(0,202) and the noise variance per dimension, o2, was given by

(2.27). However, the simulation results in Fig. revealed deviations between the exact
pz(%(Zr(,{ ))) and the Gaussian distribution, especially at a higher FEj,/N, region since the
PDF of X ,gf ) in is a combination of impulse functions. Therefore, higher accurate
PDFs of Zﬁ{) for the OFDM-MMIMO system, utilizing Gray-coded, BPSK, QPSK, and
M-QAM modulation are derived in this chapter. The mathematical expression of CCI
and the EN in and the joint probabilities of the random variables in the equation
are employed to derive the PDFs, BEP, PDF of the SINR, and outage probabilities of the
OFDM-MMIMO system.

Moreover, enhanced performance analysis for MRC detection is discussed in this chap-
ter. D,g{)m and H,(Lf,)n for the mathematical expression of Z$ in (2.25)) are correlated ran-
dom variables, making small deviations between the simulation results and the original
analysis for the pz(%(Zﬁf ))) Therefore, Dﬁ,{)m in the (2.25)) is assumed to be a constant,
and the PDF of Z{ is then enhanced by utilizing a PDF transformation. Since the
outcomes from the improved PDFs are more closer to the exact PDF than that of the
original equations, the improved PDFs are then utilized for analyzing the performance of
the OFDM-MMIMO system.

In addition, the asymptotic performance analysis of OFDM-MMIMO system using
MRC detection is proposed in this chapter. By utilizing additional approximations, the
PDF of ZY for BPSK and QPSK modulation can be approximated as the Gaussian
distribution. Moreover, the PDFs of %(Zg)) and %(Z,(,{)) for M-QAM approaches the
Gaussian mixture model (GMM), i.e., a combination of scaled Gaussian distributions.
As a result, the computational complexity of the performance analysis is significantly
minimized by utilizing the approximation.

The derived PDFs and the performance analysis in this chapter were proposed in [59-
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61], and the remainder of this chapter is organized as follows. The next section summarizes
the methodology of the deriving PDF of the CCI and EN. The random variables in
the equation are additionally defined in the section. The analysis from section to
employs the mathematical expression of Z,(,{ ) to derive the PDF of ZT(#j ), and other
performance metrics for the system. Furthermore, the derived equations are additionally
enhanced and simplified in section and [3.8] respectively.

3.1 Derived PDFs of CCI and EN

In this section, the mathematical expression of Z in and the joint probabilities of
random variables in the equation are utilized to derive the PDF of §R(Z7(T{£ )). The analysis
for S(Zm ) ) is identical to that of 9%( ) since the in-phase and quadrature components
of Z) are symmetrical. As the results, the derivation for the %(Zf,{ ))
section. Since the first and the second terms in are calculated from I—LSQM they are

correlated and joint probabilities of the random variables cannot be applied to derive the

is neglected in this

PDF directly. Therefore, the equation is rewritten to avoid the correlation as

N ) (f) (f)
Déff’m '

A (3.1)

The PDF of Z\ is analyzed by utilizing joint probabilities for the random variables
variables in due to HT(L{?n, xY ), and W) in the numerator of are independent
random variables. Moreover, Dg)m is generated from HT(L% and the variable is assumed to
be an independent random variable if the value of N, is large enough [24]. The analysis
for p.(R(Z{)) is now described in the next sub-sections, and a number of variables is
defined in this section to simplify the explanation. If i), = Zk Lksm Hff,gXlgf ) and

B( nm = Qi f) o+ W) are substituted in (3.1, 2 becomes

S only Hil Bl
VA ID( 7 (3.2)
Let 77m = Z n ,31 fﬁn be the numerator in , Z{) is rewritten as
()
zh = I (3.3)

D).

According to (3.3)), Z{) is a ratio of piY) to DY), and the PDF of §R(Z,(T{)) can be
derived by employing the joint probabilities for the variables. The next sub-sections derive
the PDFs of aﬁ{%l, ﬁflf,)n, 777(,{), and Z of the OFDM-MMIMO system, using M-QAM.
Since the PDFs of the variables for BPSK and QPSK modulation are different from the
equation for M-QAM, the analysis for the modulation schemes is then summarized in

section (|3.1.5]) separately.
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3.1.1 Definition of pm(%(X,gf))) and p:c(%(ngf)))

The PDFs of in-phase and quadrature elements of X,gf ) are discussed in this section.
Squared-shaped, M-QAM constellation points are chosen to the mapper for generating
X,gf ). If the symbol mapper utilizes the constellation points for 16-QAM in Fig.
to generate the transmit symbol, §R(X,(€f )) and %(X,E,f )) are chosen from an element
in {—3,—1,1,3}, and the number of constellation points per dimension is denoted as
M, = log,(M). Since the occurrence of the symbols is uniformly distributed across the
constellation points, the PDF of the in-phase and the quadrature components of X ’gf ) in
is defined as M) times summation of impulse functions, 4(.), i.e.,

PR = 51 38RO - X.), (340
N - _
Pe(S(X)) = A ; 5(S(XV) - X,). (3.4b)

{X, 3! represents one of the constellation points per dimension. Thus, X, for 16-
QAM is chosen from {—3,—1,1, 3}.

3.1.2 Derived PDF of ozq(f;)n

Since a%{,)n in (3.2) is a combination of product of Héf,)n and X ), the in-phase and

quadrature components of aS{ 7)n are expressed in terms of real arithmetic operators as

Nt
Ry = Y wREDRED) - SHID)SXD), (3.5)
k=1,k#m
N
Sy = > REIDSXD) + SHEHI)RXD). (3.5b)
k=1,k#m

R(al)) and S(a%{ ,)n) in (3.5) are calculated from summation and subtraction of U =
p(HT(Lflz)p(X lgf )), where p(.) represents the in-phase or quadrature operators. Since the
PDFs of p(Hﬁf,z) and p(X,gf)) are symmetric at p(HT(Lf)) =0 and p(X,gf)) = 0, respectively,
additions and subtractions of Urgf,z are identical. Thus, the in-phase and quadrature
elements of a%{ ) in |) can be rewritten as a (2/V; — 2) times summation of products of

in-phase or quadrature components of Uéfk), ie.,

2Ny —2

pla)) =3 Ul (3.6)

k=1

The PDF of Uéfk) can be derived from the PDF of p(Hf@flz) and p(X,Ef)), using the law
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of total probability in (2-41) of [49], and results in
U = D _puUR10(0") = Xopa(p(X) = Xo). (3.7)
v=1

By utilizing PDF transformation in (A.8)), the conditional probability p, (U, ( )|p(X () ) =
X,) in (3.7) is given by

~ 1 (U(f)/X— )2
LU o(XI)y = XY= ———— exp | -2 20 ) 3.8
Pu(Upilo(Xy7) ) TEapaE p 207 (3.8)

If pu(UT(Lfk)|p( f) = X,) from (3.§) and pm(p(Xlgf)) = quf)) = 1/M, are chosen to

- pu(U77) becomes

(3.9)

UY))X,)?
p(UY) = k)

1 A1

Vi /d 2 K] P (‘ 207

pu(UTS ,2) in is then employed to derive the PDF of %(anm) According to ({3.5)),
the variable is a (2Nt — 2) times combination of Uéfk Although the PDF of the variable
can be obtained by utilizing (2NV; — 2) times constitutional integral of pu(Uéflz ), the out-
come from the integration depends on the size of N;, whereas a closed-form expression is
required for the analysis. Therefore, the characteristic function of Uflf k) is chosen to derive
pa(%(a,({ 7)”)) The probability theory for deriving the PDF of random variables is sum-
marized in section [A.2] According to the methodology in the section, the characteristic
function of %(Oznf%l) can be obtained by substituting p, (U, ;) from (3.9) in - After

using (2.338) in [62] to solve the integration, the characteristic function of U becomes

() = — Y exp (_ngng) . (3.10)

Since %(agfzn) in (3.6) is a (2N; — 2) times summation of U(fk), the characteristic

n,

function of a;, ,, is written as
Do (w) = B, (w)* N2 (3.11)

By substituting @, (w) from (3.10)) in (3.11]), and using multinomial theorem in ({A.32))

to expand the equation, the characteristic function is expressed as
(2N, — 2)! 1 S A ko2 X2
Palw) = Hnis 2. T 25 (3.12)
A My = v=1
SN ku=(2N;—2)

where {k,}2 in (3.12) is an integer that range from 0 to (2N, — 2). $u(w) in (3.12)

demonstrates the Characteristic function of %(a%’f T)n), and the equation can be transformed
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Figure 3.1: Derived PDFs of R(a!/,) in (3-13).

into the PDF by using (A.23) and (2.338) in [62]. As a result, pa(%(a%{%)) is given by

( R(all)? >

exp | — AT -

2N; — 2)! 207 32,2 ko R(X0)?

pa(%(a(f) ) = (M;Nt2) Z - _ 1/2° (3.13)
A S0\ ky=2N, -2 (Hf‘)/i\l k1) (2”@2;, Zf;\g kvg%(XvV)

n,m

According to (3.13)), the distribution for the pa(%(a,({ 2,1)) depends on the size of N; and
M. Fig.|3.1|shows the outcomes from the derived PDF of %(oh({ 1)n) in for the system
using 16-QAM. N; = {3,6,9,12} and N, = 200. The system operated at E,/Ny = —10 dB
and the constellation points for 16-QAM are as described in Fig. 2.2l Evidently, the
derived PDF's significantly matched the simulation results, and the difference between the
analytical and the exact PDF was marginal. Focusing on the 12 x 200 system, the derived
pa(%(a;{%@)) at %(a,(zfgn) = —10 was 3.85 x 1072, and the number for the simulation result
was 3.91 x 1072, Thus, the outcome from the derived equation was only 1.67% different
from the simulation result. By employing the 2-sample Kolmogorov—Smirnov test with
the significant level 5% to compare the derived PDFs with that of the exact results, the

comparison demonstrated that the differences between the PDFs were negligible.

3.1.3 PDF of 8{),

6,%),1 in is a combination of a%{ ), and W Therefore, the characteristic function
of %(@é@n) can be derived from the product of characteristic functions of %(ag ,)n) and
RW) as

Dp(w) = Do (W) Py (w). (3.14)
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%(W,,Ef )) is a A(0,02) and the characteristic function for the variable was proved in

(A.25) as @, (w) = exp(—c2w?/2). If &, (w) in (3.12) and P, (w) are substituted in (3.14)),

&s(w) becomes

(2N, —2)! 1 L (R kORI
Qsﬁ(w) - M}%Nt*2 Z HMA k! eXp w Z 2 - 2 )

T2 ke=(2Ne-2) TV o=t

(3.15)
Finally, the PDF of %(ﬂ,&f%) can be obtained by employing the characteristic function
from (3.15) in (A.23)). After using (2.338) in [62] to solve the integration, the pﬁ(%(ﬁéf%))

is given by

( R0 )
EXP\ = 5 . o 2 2

f) _ (2Nt B 2)' 2(Uh Zv:l kv?R(XU) +o—w)
ps(R(BI)) = 57—~ >

IN;—2 _ /2"
M s Dovea (TDA D) (2m(07 0 R(R)? 4 02)
(3.16)
Evidently, pg(R( T%)) in 1) exhibits a combination of scaled Gaussian distribu-

tions, i.e.,

(2N, — 2)! 3 F/(R(BIN), 05,0)

A —
o) = (T k)

: (3.17)

SN by =2N;—2

where the zero-mean, Gaussian distribution with the variance o3 (y is denoted as fg(%(ﬁwn), TB.{k})5

! exp (—W) . (3.18)

fg(%(ﬁéfr)n% O-ﬁv{k}) = 2 202
A /2#057{,6} 98,1k}

According to (3.17)), the value of 027 ) for the Gaussian distribution depends on
{k,}M\ | and is given by

ie.,

My

iy = 0h ) kR(X) + 0p (3.19)
v=1

Fig. compares the derived pg(%(ﬁéfr)n)) from (3.17)) for the system using various
parameters. Ny = {5,10} and N, = 200. The system operated at E,/Ny = {0,—10} dB.

The analytical results are compared to that of the empirical, and the outcome from the
comparison reveal a good matched between the PDFs. Focusing on the 10 x 200 system
with Ej,/Ny = —10dB, the derived PDF at R(8Y%) = 10 was 5.47 x 1072, which was
7.85x 10~ different from the exact PDF. According to the 2-sample Kolmogorov—Smirnov
test with the significant level 5%, the differences between the exact and the derived PDF's

were insignificant.
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. —6—5 % 200,E,/Ny =0 dB
0.09 F ® —8&— 10 x 200,E,/N, =0 dB
—A—5 x 200,E,/Ny = —10 dB
—— 10 x 200,E,/N, = —10 dB
rrrrr e---- Simulation

Figure 3.2: Derived PDFs of R(8Y),) in ([.17).

3.1.4 Derived pn(ﬁﬁ(n%))) and pz(%(ZT(f{>))

R(n/) in (3.3) is a 2N, times summation of products of %(Héfy)n) and %(5%), and
pg(?R(ﬁ,(Lfr)n)) in 1} is a summation of scaled Gaussian distributions. Since the PDF
of sum of product of two zero-means Gaussian random variables was previously derived

in (6.9) of [63], the equation can be employed to derive pn(%(n%))). After substituting

pﬁ(ﬁ)‘ﬁ(ﬁéfr)n)) from (3.17) and pn(RHTL)) = N0, 0?) in the equation, pn(%(n%))) becomes

(2N —2)! 1
RO = = Y.,

FNT M=t - '
( ) ’ Z'L]:/Iz)\l kUZQNt_Q H’U:l kv

< oxp <_|%R<n%>>|> ST rio) (mmwn)M Z
onop iy ) = 2V oo g (1) (N — i)\ 0nos (k)
(3.20)
According to , 7z is a ratio of nﬁ,{) to Dﬁ,{)m Although both of these variables

are a function of CFR, they are assumed to be independent random variables if IV, is

large enough[24]. Therefore, pz(%(ZTS{ ))) can be derived by using the joint probabilities
of the variables in (A.19)), and results in

p(R(ZD)) = / DY), pa(R(Z)DY) pa( DY), YdDY),. (3.21)
0

By substituting the PDFs of %(nﬁ,{)) and DY), from (3.20) and (2.18)), respectively, in
(3.21) and using (3.351.3) in [62] to solve the integration, the PDF of in-phase component
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for Z of the system using M-QAM becomes

Ny
- (2N, — 2)! O, 1k
PR = S 2 T
F(NT) M)\ My 1 _(oN,_9 Hv:l k”'
Lozt ke=(Ni=2) (3.22)
N,

§5 el 2N, R
i=1 221;2F(Z')(Nr — Z)'(Uﬁ,{k} + 20h|§R(Z7(7{))|)2Nr*i+l

Fig. (a) and (b) show the derived pn(%(n%))) and pz(%(ZfT{))), generated from
(3:20) and (3.22)), respectively. N; was 10 and N, = {64,256}. 16-QAM was chosen to
the mapper, and the system operated at E,/Ny = {0, —10} dB. The results confirm that
the outcomes from the proposed PDFs matched the empirical results. Focusing on the
10 x 256 system, operating at Fj,/Ny = —10 dB, the derived pn(%(n,(@f,)n)) at %(néff)n) = 100
was 5.96 x 1072, and the number was 4.37 x 10~* different from the exact PDF. In
addition, the derived pz(éﬁ(Zfr{))) at %(Zr(r{)) = 1 was 5.15 x 1072, whereas the number
for the exact PDF was 5.19 x 1072, Additionally, the 2-sample Kolmogorov—-Smirnov test
at the significant level 5% confirmed that the deviation between the PDFs was small. It
is worth noting that the proposed PDFs is based on §R(Z7(,{ )) in (3.3), where ?R(n%)) and
DT(,{)m are assumed to be uncorrelated. However, both variables are generated from CFR,
making small deviations between the outcome from the derived pz(%(Z,(T{ ))) and the exact

results.

3.1.5 pz(%(ZT(,{))) for BPSK and QPSK modulation

The PDF of §R(Zq(7{)) of the OFDM-MMIMO system with BPSK and QPSK modulation
can be derived from joint probabilities of involving random variables, using the methodol-
ogy in the previous section. If the modulation schemes are chosen to the system, M, = 2,
{X,} = {=1,1}, and p.(R(ZY)) for this case is less complex than that of M-QAM in
(3.22)). The characteristic function of §R(U7(lf )) and E)%(a%f%@) were derived in and
(3.11]), respectively. By substituting M, and {X,} in the equations, the characteristic
function of %(a%{ 7),1) for BPSK and QPSK modulation becomes

2
P (W) = exp (—o7 (N, — 1)w?) . (3.23b)

BBPK (1) — exp (—M) , (3.23a)

It is worth noting that the &,(w) for BPSK modulation in is different from
that of QPSK modulation due to there is no quadrature component in the constellation
points for BPSK modulation. Thus, %(a%) in is a (V; — 1) times combination of
U for this case. The characteristic function of 3?(047(1{ ,)n) in is then transformed to
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Figure 3.3: Derived PDFs of 3?(777(71)) and §R(Z,(7{)) for 16-QAM.
pa(%(ag%l)) by utilizing (A.23)) and (2.338) in [62], and results in
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After substituting the @,(w) from (3.23) in (3.14), the characteristic function of
%(ﬂéf%) is given by

BBPSK (1) = exp (— (U}QL(N'* —D+ 012“) w2> : (3.25a)

@gPSK(w) = exp (—op(Ny — )w?) . (3.25b)

The ps(R(B))) is then derived by using DL (w) from (B.25) in (A.23). By utilizing
(2.338) in [62] to solve the integration, the PDFs become

BESK gy 5U) 1 R(Bn)’
P R(BY))) = exp | — ’ , (3.26a)
’ ’ (2moi(Ny — 1) + 271'0'12”)1/2 205 (Ny — 1) + 203,

1 R(Bm)?
exp | — :
(4roi(N; — 1) + 27r0120)1/2 4o (Ny — 1) + 203,

g (RBI) =

) . (3.26Db)

Evidently, the PDF of R(8/,) for BPSK and QPSK modulation in (3:26) is a N (0, 03),

where the variance is given by

ohmpsk = (Ne — D)oy, + a3, (3.27a)
05 qesk = 2(Ne — 1)aj, + oy, (3.27b)

The PDF of (1Y) is then derived by substituting pg(%(ﬂflfr)n)) from 1) and
p(R(HS))) = N(0,0%) in Eq. (6.9) of [63], and results in

1 RO\ <= Wori-2t (R
pBPSK/QPSK(éR(n(f)» _ exp | — Tim A : Tm '
K m O'hO'BF(Nr) onpog i1 QN’"'H_l(i — 1)'<NT — Z)' onog

(3.28)
The PDF of §R(Zr(,{ )) is finally obtained by employing pn(%(n%))) from and
pa(DY),) from in . After using (3.351.3) in [62] to solve the integration, the
p-(R(ZS)) becomes
JEPSIS/QSK (33 7)) :Faé\’r 2 i U;?VT_,-H.(N,« +i=l(N, - ¢>!|%<Z£{>)|N,._i |
(No)? 4= 222D (i) (N, — i)\ (05 + 203 R(ZS) ) 2N i1
(3.29)

Fig. compares the outcomes from the derived PDF of §R(Z,(,{)) in (3.29)) with that of
the empirical. QPSK modulation was chosen to the system. N, = 10 and N, = {64, 256}.
Ey/Ny was 0 and —10 dB. According to the results, the derived PDFs provided accurate
analytical results compared to the exact PDFs. Focusing on the results for the 10 x 256
system, operating at E,/N, = —10 dB, the derived pz(%(Z,(T{))) at §R(ZT(T{I)) = 1 was
1.32 x 1072, and the deviation between the analysis and the true PDF was 4.73 x 1075.

However, the deviation became larger in a system with a lower /V, since 777(7{ ) and d%)m in
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Figure 3.4: PDF of R(Z) of OFDM-MMIMO system using QPSK modulation.

(3.3) are assumed to be uncorrelated and the approximation is imprecise if the size of N,

is inadquate.

3.2 Derived CDF of R(Z\/)

The output from the symbol detection, Xy ), receives the effects of the CCI and EN in
z4 ), making errors for data transmission. Moreover, the difference between the symbols
dramatically increases according to the number of N; and the noise energy. The pair-
wise error probability (PEP) and bit error probability (BEP) for the system is generally
derived by utilizing the cumulative distribution function (CDF) of §R(Z7(T{ )) [39], and the
CDF is now derived in this section. Let X, be an element in the constellation points
per dimension, which is chosen by the transmitter for generating in-phase and quadrature
components of X, the CDF, P(%()A(T(,{))KR(X,(,{)) = X,, K), demonstrates the probabil-
ity of error event that the value of 3?()2'7(,{ )) is closer to a successive constellation point
than X,. If K represents the distance between X, and the decision boundary for the
constellation points, the CDF can be expressed in terms of the pz(%(Zr(,{))) as

PRXMRXV) = X, K) = / b p-(R(ZDY + K)dRr(ZD). (3.30)

By substituting pz(ﬂ?(Zf,{))) for BPSK and QPSK modulation from (3.29) in (3.30)),
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the CDF becomes

PR(XD)R(XY) = X,, K)ppsk,qpsk

0y (N, i —2)! Nz‘: Kigl (N, +j — 1)1 (3.31)
I'2(N,) pa (i) — N +i=i=15(g5 + 2K o7, ) N3

It is worth noting that the equation requires the binomial expansion to rewrite the
equation in (3.30)), and utilizes (3.351.3) in [62] to solve the integration. Likewise, if the
PDF of R(Z{) in (3.22) is substituted in (3.30), the CDF for M-QAM is given by

N,
> (f) D — % _ (2N —2)! 95,1k}
PR(X;)R(X) = X, K)v-qam TN Z —HMf -
A SMA ky=2N,—2 T UL

N, —i - :
K’} (N, +j—1)!

N :
~ (N, 41— 2)!
SIS N

i=1 I'(4) =0 2NrtimI 1N o gry + 2K 0p) Nt

(3.32)

3.3 Pairwise error probability

This section utilizes the derived CDFs in (3.31)) and (3.32) to derive the PEP of the
OFDM-MMIMO system, using MRC detection. If BPSK or QPSK modulation is cho-
sen to the transmitter, the demapper employ decision boundaries at %(Xf,f )) = 0 and

%(XT(,{ )) = 0 to estimate the transmit message from the in-phase and quadrature elements

of X The distribution of R(XY) can be demonstrated as the A(0,02) in Fig. .
The 02 was 0.5 and the center for the PDF was at {—1,1}, corresponding to the con-
stellation points. Focusing on the px(%(f(g))m()(é{)) = —1), where §R(XT(,{)) = —11is
generated by the transmitter, the PEP, P;, for the symbol can be derived by integrating
the PDF from the decision boundary to oo. Thus, the PEP is expressed in terms of the
CDF as

pPPSARSK — pRXINR(XY) = X, K). (3.33)

K in (3.33) represents the distance between a constellation point and the decision
boundary, i.e., K = 1 for BPSK and QPSK modulation. Since the px(%()%f,ﬁ)m%()(ﬁ{’) =
—1) and px(%(Xﬁf))]%(Xr(,p) = 1) are symmetrical across the 3?()2}(,{)) axis, where the
axis of symmetry is at %(X,S{ )) = 0, the PEP for both constellation points are identical.
Therefore, the analysis in additionally represents the average PEP for the system.
If the CDF from and K = 1 are substituted in the PEP becomes

N, Ny : Ny—i : :
pBPSKQPsK _ 78 Z (N, +1i —2)! Z o) (N, +j—1)! . (3.34)
’ I'*(N,) 4 I'(i) N+ 1j1(g 5 + 207) Nt '

J=0

In addition, if the mapper utilizes a square-shaped, M-QAM with Gray encoding to
generate the transmit symbol, the receiver compares the in-phase and the quadrature

components of the received symbols with that of the constellation points independently,
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Figure 3.5: PDF of R(X{).
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and generates the message as the results. Therefore, the PEP of the OFDM-MMIMO sys-
tem can be determined by averaging the error probabilities for all M, constellation points
per dimension[39]. By assuming that the error events, caused by successive constellation
points, dominate the PEP, error events from other constellation points are neglected for
simplifying the analysis. Focusing on sample of the PDF of %(X,(,{ )) for a system us-
ing 16-QAM in Fig. [3.5bl The pz(R(X4)) exhibited the A'(0,02), using o2 = 0.5, and
ER(XT(,{C)) was chosen from a component in X, = {—3,—1,1,3}. According to the PDFs,
the center for the PDFs was at %(X,(#;)) = {—3,—1,1,3} and the decision boundaries
between any symbol and their neighbor were at %()AQ(,{)) ={-2,0,2}. There are M, — 2
inner constellation points in the diagram, where the number of the successive points for
the symbol is 2. If ER(XT(,{)) = —1 is generated by the transmitter, the neighbors for
the constellation point are at R(XY) = {=3,1}. Therefore, the P; is then obtained by
integrating the PDF of %(ZT(,{)), and the boundary for the integration is from —oco to —2
and from 0 to oco. Therefore, the PEP for the inner points is approximated from the
PRXI)RXT) = Xo, K) as

Pyjumer = 2PR(XIR(XYD) = X, K). (3.35)

Likewise, the neighbor for the 2 outer constellation points is 1, and the PEP can be
evaluated from the CDF as

P, gutter = PR(XI)R(XD) = X, K). (3.36)

The PEP for the OFDM-MMIMO system can be derived by averaging the PEP of the
M, — 2 inner and 2 outer constellation points in (3.35) and (3.36)). As the results, the
PEP becomes[39)

=200 2D pp RO R(XY) = X, K. (3.37)

After substituting My = 4 in (3.37)), the outcome from the operation is

PL6-QAM _ ;P(%(Xg))m()(g)) = X,, K). (3.38)

If K =1, and the CDF from (3.32)) are chosen to (3.38]), Ps; can be expressed as

N,

P | X e

s ~ I'(N,)242N:—2 H4 L

r Zi:l ky=2N;—2 11v=1""7" (3 39)

N, (N, i) J(N, +j — 1)! ‘
X Z r , Z ol (N, + . |

i=1 j=0
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3.4 BEP analysis

This section derives the BEP of the OFDM-MMIMO system, utilizing the derived PDFs
of the CCI and EN. If BPSK or QPSK modulation is chosen to the system, M) = 2

and each constellation points per dimension corresponds to a binary digit. Therefore, the

BEP analysis for this case is identical to that of the PEP in (3.33), i.e.,
PBPSKQPSK — pp( X (D) R(x ) = X, K). (3.40)

By substituting P(%(X,g{))PR(X,(,{)) = X,, K) from (3.31) and K = 1 in (3.40)), the
BEP becomes

Ny Ny . Ny—i . .
pBPSK.QPsK _ _ 78 Z (N, +1i—2)! Z ol (N, +3j—1)! | a1
e I'?(N,) 4 (i) N ti=i=1jl(gg + 207Nt .

1= _]:0

Furthermore, if Gray encoding, M-QAM is chosen to the mapper, the difference in
binary code between any successive constellation points is one. Therefore, the BEP for
the system can be approximated from the PEP in (3.37) as Ps/log,(M)), and results in

_ 2(My —1) . _
pM-eaM 22 pR(XI)RXD) = X, K). 3.42
G PRED D) ) (3.42)

It is worth noting that the analysis in (3.32)) requires the CDF for M-QAM in (3.32)) for
deriving the BEP. If the transmitter utilizes 16-QAM modulation with the constellation
points {—3,—1,1,3}, K =1, M) =4, and the BER analysis in (3.42)) becomes

PL6-QAM _ ZP(%(Xg))m(Xg)) =X, K=1). (3.43)

After using the CDF from (3.32) in (3.43)), the BEP is given by

Ny
pl6—QAM _ 3(2N; — 2)! Z 78,{k}
¢ F(NT)242Nt_2 4 k1|k2']€3'k34|
4 ky=2N;—2
X%(NTJrz'—z)!NzT:i ol (N, +j—1)!
i—1 F(Z) 2NT+Z’*J’+1]‘!(057{1€} + QO'h)NT+j‘

=0

(3.44)

Fig. (3.6) compares the BEP analysis from (3.41)) and (3.44]) with that of the simu-
lation. The mapper employed QPSK and 16-QAM to generate X,,. N; was 10 and N,

was {64, 128,256}. The block size utilization was 1024 bits. The results confirmed that
the derived equations produced an accurate BEP. The analysis for the 10 x 256 using
QPSK at E,/Ny = 0 dB was 1.96 x 107°, which was 8.11 x 1076 different from the exact
BEP. Moreover, the BEP at a higher Ej,/Ny region tend to a constant since the effects
of EN became smaller and the CCI dominated the pz(éﬁ(ZqS{ ))) The analysis for the
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Figure 3.6: BEP analysis from (3.41)) and (3.44).

10 x 256 system using 16-QAM at a higher F,/N, approached an error floor at 7 x 1073.
In addition, the results confirmed that the BEP performance for the system can be en-
hanced by the increasing N,. Focusing on the system, utilizing 16-QAM and operating
at Ey/Ny = 0 dB, the derived BEP for the 10 x 64 was 0.11. If N, = 256 is chosen to the
system, the BEP become smaller at 1.4 x 1072, It is worth noting that the results reveal
small deviations between the exact BEP and the analytical results. The derived BEP in
and assumed that 3?(775,{)) and Dfn,{)m are uncorrelated. However, both of the
variables are generated from the CFR, and the outcome from the joint probabilities is

still inaccurate if NV, is not large enough.

3.5 Derived PDF of SINR

If a Gray-coded, M-QAM is chosen to the OFDM-MMIMO system, the transmit symbols
can be estimated from in-phase or quadrature component of X individually. Moreover,
the symbol is uniformly distributed across the constellation points. Therefore, signal-
to-interference-plus-noise ratio (SINR) per dimension, ~,, of 5}?()2'7% )) can be expressed

as
Ey

VAL

where F), represents the average transmit energy per dimension, i.e., F\ = E,/2 for QPSK

IYS = 9 (345)

and M-QAM. It is worth noting that there is no quadrature component in the constellation
points for BPSK modulation, making £ = E; for this case. Since 75 in (3.45) is a ratio
of a constant and %(Zr(,{)), p+(7s) can be derived from pz(éR(Zg))), utilizing the PDF
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Figure 3.7: Derived PDF of SINR in (3.47) and (3.48)).

transformation in (A.12), and results in

p’Y(Ws) = \/%]%( V E)\/'Ys)- (346)

Substituting pz(%(ZT(#f))) of 1} into 1) P~ (7s) for BPSK and QPSK modulation

is given by

N, — N, Np—i+1 - o [ mNe—it1
BPsK,Qpsk _ 98 Vs” 2 Oh (N, +i—2)I(2N, — i)/ Ey

Py (7s) ‘ ; ; —.
y I'(N,)? p 22=2"({)(N, —z)!(aﬁ\/%—l— 207, /_EA)QNT—’L-i-l

(3.47)

In addition, if pz(%(Z,(,{))) for M-QAM modulation in 1} is used by 1) Dy (7s)

becomes

N
)MfQAM _V YN =2(2N; — 2)! Z 95,{k}

o1 72N, —2 M
A S ka=(2Ni-2) [Tk

i o YN, 40— 2)1(2N, — Z)'\/W

X - - : '
i=1 221*2]—1(7/) (Nr - Z)'(Uﬁ’{k}\/% + 20‘h\/E>2NT71,+1

Y2 (75
(3.48)

Fig. shows the empirical results of p,(y) for the OFDM-MMIMO system utilizing
QPSK and 16-QAM modulation. The results are compared to that of the derived PDF
in and (3.48). N, = 10 and N, was {64,128}. The system operated at E,/Ny =
—10dB. The results reveal a good match between the exact and the derived PDFs.
Focusing on the 10 x 128 system, using 16-QAM, the outcome from the derived PDF
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and the empirical at v, = 0.5 was 1.56 x 1072 and 1.44 x 1072, respectively. Thus, the
analysis from the derived equation was only 1.21 x 1072 different from the exact PDF.
According to the 2-sample Kolmogorov—Smirnov test with the significant level 5%, there
was no significant difference between the exact and the derived PDFs. It is worth noting
that the results revealed small deviations between the PDF since the analysis employ an
approximation in for the analysis. Furthermore, the derived equation is complex
and is still unable to calculate the PDF for a system, using N, > 172 and N; > 10.

3.6 Outage probability of MRC detection

Outage probability Py (vsn) is a performance metric, demonstrating the probability that
the value of the v, is less than a threshold, v,. The outage probability can be expressed

in terms of the p,(v,) as

Yth
Pou(7e) — / P (7). (3.49)
0

Although the analysis in (3.49)) can be calculated by using the derived p,(y;) from
(3.47)) and (3.48]), the arithmetic operators in the derived PDFs complicate the integration

in 1_. Thus, the pv(%) in the equation is now rewritten in terms of %(nﬁ,{ )) and DY),

by using and (| , and results in

E
Pane(718) / T / DY, (DD N/ BrJro)pa( DD, )dydD), . (3.50)

After substituting the PDF of %(ng)) and Dg)m from (3.28) and (2.18), respectively
in (3.50]), the outage probability for BPSK and QPSK modulation can be expressed as

Nr N r .
PBPSK,QPSK(,}/ ) = 98 \/ in i (N, +1i—2)!
out th F(NT)Q F(Z)

=1
Nt g ’“, JEY"TR2N, —i— k— 1)
X Z 92i+k— 2

-7 — )'(O’/gm + 20h\/ E)\)QNTfifk '

(3.51)

It is worth noting that (3.51]) utilizes (3.351.3) in [62] to solve the integration. Fur-

thermore, if the PDF of %(ng)) for M-QAM modulation in 1} is used by 1) the
Pout(7tn) 1s given by

M—QAM (2N; = 2)! V Yo U/ZBV,T{k}
Pout (’Yth) = F(N )2M2Nt—2 Z HM/\
T M k=N AL
—i Ny—i Np—i— .
X ENT:(NT—H'—Q)!NZ’" op BTNy —i—p—1)!
=1

F@) o 202N — i =)o + 20V B )i

(3.52)
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Figure 3.8: Derived outage probabilities in (3.51)) and (3.52]).

The analytical results for the P,y (7) in (3.52) are compared to that of the empirical
in Fig. 3.8 QPSK and 16-QAM modulation were chosen to the simulation, and the
system operated at E,/Ny = —10 dB. vy = 3 dB, N; = 10 and N, = {100,200}.
According to the results, the derived equation provided an accurate data, compared to
that of the empirical. The derived outage probability for the 10 x 200 system, where
QPSK modulation was chosen to the mapper, at E,/Ny = 0 dB was 8.7 x 1073. The
number for the empirical was 7.77 x 1073, and there was 9.28 x 10~* difference between
the analytical and empirical results. Furthermore, focusing on a higher Ej, /Ny region, the
effects of the EN in become smaller, and the CCI dominates the E)‘E(Zf,{ )). Thus,
the Poy(vn) tend to a constant in the region. The P,y (y) for the 10 x 100 system
approached a floor around 2 x 1072, whereas the floor for the 10 x 200 system was around
1 x1073.

3.7 Improved performance analysis

From section m to the mathematical expression of Z,({ ) in was employed to
analyze the pz(ﬁfﬁ(ZT(,{ ))) as well as the performance metrics. However, the empirical results
revealed small deviations between the exact results and the outcome from the derived
equations since 77,(7{) and D,g{)m in 1' were generated from H,(LQL, making a correlation
between the variables. Thus, this section improves the accuracy for the pz(%(Zg ))), and
utilizes the PDF to analyze the performance of the OFDM-MMIMO system. According to
the analysis for D,(f:)m in section m, the variable is the diagonal component of the Gram
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matrix and the pd(D,,(q{,)m) tends to be a constant, 2, in (2.19) if N, >> N,. Therefore,
Dﬁ,{)m ~ 2 and Z in (3.3)) is approximated as

(f)

7(f) ~ I 3.53
W~ (3.53)

Zz) in (3.53) is a ratio of 14 to the constant, £2. Thus, the pz(éR(Zy(,{))) can be derived
from the PDF transformation in (A.10]), and results in

p=(R(ZD)) = Qpy(OR(Z))). (3.54)

The PDFs of %(nﬁr{ )) for BPSK, QPSK, and M-QAM were previously derived in ({3.28])
and (3.20). By substituting the PDF's into l} pz(%(Z,(,f))) becomes

pBPSK/QPSK (3 7)) — 1 (R(Z)Y, 05), (3.55a)
B 2N, — 2)! AREZE, 05.00)
premmzp) = Che Y MESDm s
by v=1"v"

M k=28 —2

where the function fl(%(Zr(r{ )), op) is defined as

Op r(r{)
HREZD), 05) = — eXp(_zM [R(Z )\)

I'(N,) op

Ny

N, +i—2)|R(zY)
P e

Np—1

i=1

Theoretically, the accuracy of the improved PDFs of %(Z,(,{ )) in (3.55)) is higher than
that of the original PDFs in (3.29) and (3.22)) due to the variables in the equation are
uncorrelated. However, the analysis employ {2 to approximate Df,{)m in (3.53)), and the

assumption is precise if N, >> N;.

3.7.1 Improved BEP analysis

In this section, the refined pz(%(Zg))) in is employed to evaluate the BEP of
the OFDM-MMIMO system. The improved CDFs, P(R(X{)R(XY)) = X,, K) are
analyzed by substituting the derived PDFs in . After solving the integration with
(3.351.3) from [62], the CDF is given by

PRXIRXY) = X, K)ppskgrsk = falos, K), (3.57a)
> S 2N—2' fg(O’ng,K)
PREEDYRXD) = Ko, K)ar o = <M;T‘2) o P
A M)y, . Hvzl kv~
M k=2, 2
(3.57)
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where the function fy(0s, K) is expressed as

N, . No—i ,
1 2N, o, K S(N 41 —2) & K" N,o},
K) = _ . .
ot = pagyer (ST ) L L w5
(3.58)
The BEP for the OFDM-MMIMO system is then evaluated from the CDFs. Focusing
on the system, where BPSK and QPSK modulation is chosen to the mapper, the BEP
: : T _ o (f) Yy _ v :
is derived by substituting M, = 2 and P(R(XY)|R(XY)) = X,, K) from (3.57a) into
(3.42), and the outcome from this operation is

PPPSKIQPSK — f) (05, K). (3.59)

If the constellation points per dimension X, = {—1,1} is chosen to the mapper, K
in (3.59) becomes 1 for this case. Likewise, the BEP for the system using M-QAM is
obtained by substituting the CDF from (3.57b]) into (3.42), and the results from the

operation is

pir-qam _ 2(My — (2N, — 2)! Z fa(05,41y, K)
‘ M) log,(My) MM~ 1'% k! (3.60)

S ke=2N—2 U

If the system utilizes 16-QAM with the constellation points {—3,—1, 1,3}, the BEP
analysis for the system is then evaluated by substituting M, = 4, K = 1, and the CDF
from (3.57b)) into (3.42)). As a result, the BEP is given by

_ 3(2Nt - 2)' fg(O‘ﬂ {k}> 1)
16—QAM __ )
Pe - 94Ny —2 Z Hi:l k,! ’ (3'61)

S ky=2N;—2

3.7.2 Improved PDF of SINR and outage probabilities

This sub-section utilizes the improved pz(%(Zr(,{ ))) in to analyze the PDF of SINR
and outage probabilities for the OFDM-MMIMO system. According to (3.46), the p,(vs)
can be derived from the PDF of %(ZT(,{)). If the PDF from (3.55al) is chosen to the
equation, the improved p, (7s) of BPSK and QPSK modulation is given by

exp (——2]\;;% %)
pEPSK/QPSK(’YS) — F(N )

(3.62)

i (N, +i—2) By (N, \
222 (4)(N, — i)l \| v=i+3 \ o ‘

=1

In addition, the enhanced p, (7s) for M-QAM can be obtained by substituting pZ(ER(ZTSf )))
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from ([3.55b)) in (3.46)), and results in

exp (_ 2N,.0), &)

o Vs

M— QAM(,YS) _ (2Nt_2)' Z

Py 2N, 2 M
[(N,) M2 > kel
R (3.63)
y Z N + i — 2) EN = Ny, \ M
22i—2 Z)‘ fyéVrfiJriS 08 (k) ’

Furthermore, the improved PDF of SINR in and are then employed to
derive the refined outage probabilities of the OFDM-MMIMO system. According to the
theoretical analysis in section , the P,ui(7m) can be derived from the PDF using the
integral operation in (3.49)). By substituting the p,(ys) from in the equation and
using (3.351.2) in [62] to solve the integration, the outage probabilities of the OFDM-
MMIMO system using BPSK and QPSK modulation is given by

_2Nr¢7h &
BPSK/QPSK o eXp ( a3 \/ ’Ym)
P (in) =

out F(NT)

(3.64)

Ny Ny—i

p
(Nr +1— 2)‘ 1 Nrgh E)\
> I%0) pz; oN+i-r=2p] \ "oy '

i—1 “th

Moreover, if the PDF of SINR from (3.63)) is used by (3.49), Pout(7sn) for the system,

where M-QAM is chosen to the transmitter, becomes

_ 2Nyop [ Ex
PM QAM(’Yth) _ (2Nt - 2)' Z eXp ( o3 'Yth>

out 2Ny —2 M
(N, MY D k!
N (3.65)
YN, +i— 2D 1 N, (B
D TR BE el R o

3.8 Approximate performance analysis using GMM

The derived pz(é]%(Zy(,{ ))), BEP, p,(7s), and Py (tn) were improved in section . Al-
though the outcomes from the analysis matched the exact results, the equations requires
several arithmetic operators to calculate the analytical results. Moreover, the computa-
tional complexity of the equations dramatically increases according to the value of N,
and M,. As the results, the equations are still impractical for analyzing the performance
of the system, using a larger number of antennas. Thus, asymptotic PDFs of the CCI
and the EN of MRC detection are derived in this section. The approximations are addi-
tionally employed to simplify the analysis for the BEPs, PDF's of SINR, and the outage
probabilities.

Focusing on the system where BPSK or QPSK modulation are chosen for bit-to-symbol
mapping, the PDF of %(6,(,{)) in exhibits a zero-mean Gaussian distribution with
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variance o3, i.e., N'(0,03). Moreover, %(nf,{)) is a 2N, summations of the product of
RHLY) and R(BY), and R(HI)) is a M(0,02). Therefore, the PDF of R(p${) can

be approximated as the zero-mean, Gaussian distribution function, i.e.,

BPSK/QPSK (§R<

Py 1)) = fo(R(D), o), (3.66)

where the function fg(%(nfr{ )), oy) represents the A'(0,07) , and is defined as

(f) \2
BRI 00 =~ exp (—W) . (3.67)

The variance o] in is given by 2N,0303 due to R(nY) in is a 2N,-times
combination of the product of %(Hﬁf%*) and %(ﬂfﬁn) According to the methodology
presented in section , the p.(R(Z)) can be derived from the pn(é)?(n,g{))) by utilizing
the PDF transformation in . If the approximation in is chosen to the equa-
tion, the asymptotic pz(%(Zf,{))) for BPSK and QPSK modulations becomes a Gaussian

distribution too, i.e.,
eSS (R(ZI)) = fy(R(Z)), 02), (3.68)

where o2 = 07 /£2%. By substituting o7, 03 and (2 from (3.66)), (3.27), and (2.19), respec-

tively, in the equation, the variance per dimension becomes

UQ(Nt — 1) + 0'120
02 ppsk = — 2N, 02 ; (3.69a)
202 (N, — 1) + o2
2 h\L VT w
0.,QPSK = 2N, 02 (3.69b)

Likewise, the PDF of :( o )) for M-QAM in (3.17)) exhibits a summation of the scaled
Gaussian distribution. Thus, the PDF of %(n%)) for this case is approximated as

py T M(R(

(1)) ~ (2N, —2)! Z fg(?R(na(v’f)% (k) (3.70)

M N, —2 u

M oY

’ 211;\2\1 ky=2N¢—2 HU:I kl}

P 03]7%} in (3.70) corresponds to {kv}%la and is given by 2Nr020?ﬁ,{k}- If

the approximation in (3.70)) is substituted in (3.54)), the PDF of %(Z,,(,{)) for AL
given by

(f)
M-QAM My o 2N —2)! foR(Zw), 0. (1)
P (R(Zy)) ~ eade > T (3.71)

M
S kv=2N;—2

where the variance per dimension, 02 1, in (3.71) is calculated from o7 .\ /2% If 07 oy,
027 () and 2 from (13-70), (3.19), and (2.19)), respectively, are chosen to the equation, the
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Figure 3.9: Derived P.(R(ZY)) of OFDM-MMIMO system.

variance per dimension becomes

s O Zi\g kX2 + 02
Tz fky = QNTU]%

(3.72)

The approximations in and confirm that the pz(%(Zﬁf ))) for BPSK and
QPSK modulation approach the Gaussian distribution. Moreover, if M-QAM is chosen
to the mapper, the PDF of %(Zq(q{ )) approaches the combination of Gaussian distribution,
i.e., the GMM. According to the experiment, the approximations provide accurate PDF's
if N, > 10N, and N, > 100. Fig. compares the outcome from the original derived
PDFs ( and (3.29)), the improved PDFs in (3.55)), and the approximations ((3.68)
and (3.71)) with that of the empirical. A 10 x 256 system was chosen to the simulation.
The system operated at E,/Ny = —10 dB, and the mapper employed QPSK and 16-QAM
modulation for generating the transmit symbols. The results confirmed that the PDF
from the derived equations significantly matched the exact PDFs. The analysis from the
original equation for 16-QAM at R(ZY)) = —1 was 5.22 x 102, exhibiting 2.79 x 104
different from the empirical. The deviation between the analysis from the enhanced
equation and the exact PDF at %(ZT(,{ )) = —1 was 2.03 x 107°. Therefore, the enhanced
equations provided more accurate PDF than that of the original equations. In addition,
the PDF from the approximation matched the exact equations, and the deviation between
the PDF from the enhanced equation and the approximation at 3%(275{ )) = —1 was only
9.06 x 107°. Tt is worth noting that the deviation between the analysis was marginal. The
2-sample Kolmogorov—Smirnov test with the significant level 5% was utilized to compare
the derived equations with that of the exact PDFs, and the results confirmed that the
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difference between the outcomes from the analysis and the exact PDFs was insignificant.

3.8.1 Asymptotic BEP analysis

The asymptotic PDFs of §R(Z7(,{ )) in (3.68) and are now employed in this section
to simplify the analysis for the CDF's of §R(Zr(,{ )) and BEP. Focusing on the system using
BPSK and QPSK modulation, the PDF of R(Z{) is assumed to be the A'(0, 52) in (3-68).
Thus, the CDF of %(Zf,{)) can be obtained by substituting the pz(%(Zfrf))) in (3.30), and

results in

PRXMNRXD) = X, K) = exp ( (R(Zit)) + K)2> dR(ZP)). (3.73)

\/2mo? 202

Let Q(z) = \/L?? [ exp(—%)dt be the Q-function, (3.73) is then written in terms of

the function as

5 _ K
PRXINIRXD) = X,, K)ppsk/qpsk ~ Q (—) . (3.74)
The BEP analysis for BPSK and QPSK modulations is obtained by using (3.42)). By
substituting the approximate CDF from (3.74) and M), = 2 to the equation, the BEP

becomes
PBPSK/QPSK () <5> . (3.75)

0,
It is worth noting that the BEP for M-QAM can be simplified by employing the

approximate pz(ﬂ?(ZT(T{c ))) from (3.71). If the PDF is chosen to (3.30]), the asymptotic
PREXNRXY) = X,, K) is given by

5 _ (2N, — 2)! 1 K
PORAGROGD = Xo o = Sz 20 Qo0 )
A ZJVI/\ ko —2N;—2 H z,{k}

(3.76)
By substituting the CDF from (3.76)) in (3.42), the BEP for M-QAM is then approx-

imated as

PM-QAM 2(My —1)(2N; — 2)! Z 1 Q ( K >
‘ M(QNt )log2(M,\) 0. (k)

(3.77)

Focusing on the system with 16-QAM, the BEP is obtained by using M, = 4 in (3.77)),

and the outcome from this operation is

_ 3(2N, — 2)! 1 K
16—QAM t
Fe — " 9(N,2) Z H4:1 k:v!Q ( ) : (3.78)

Oz {k
4 ky=2N; -2 (k)

Evidently, the approximate BEP for OFDM-MMIMO system in (3.75)), (3.77)), and
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Figure 3.10: Comparison of the BEP analysis.

are less complex that that of the exact analysis in section m However, the
deviation in BEP between the outcomes from the equations and the exact BEP is higher
than that of the exact equation. In Fig.[3.10] the BEP analysis from the original equations
in and are compared to that of the modified equations in and ,
as well as the approximation in and . The outcomes from the empirical
are included in the results. The analytical results from the proposed equations are also
compared to that of (28) and (35) from [9]. QPSK and 16-QAM were chosen to the system
and the block size utilization was 1024 bits. N; = 5 and N, = {100,200}. Focusing on
the BEP for 16-QAM, the enhanced equations outperformed its BEP analysis, compared
to other equations. The outcome from the enhanced equation and the empirical results
at E,/Ny = 0 dB were 2.68 x 1072 and 2.74 x 1073. Thus, the deviation BEP was 1.94%
different from the exact BEP. On the other hand, the BEP from the derived equation
in [9], the original equation, and the approximation were, 3.82 x 1073, 3.03 x 1073, and
2.63 x 1073, In addition, the outcome from the asymptotic equation was only 1.89%
different from the enhanced equation. However, the BEP from the enhanced equation for
QPSK was slightly less accurate than that of the derived equation in [9]. The outcomes
from the improved BEP and the derived equation in [9] at E},/Ny = —5 dB were 2.41x107°
and 2.52 x 107°, respectively. The deviation between the BEPs and the empirical results
were 1.32 x 1075 and 1.82 x 1077, respectively.

3.8.2 Asymptotic PDF of SINR and outage probabilities

The methodology to simplify the derived PDF of SINR and the outage probabilities is
discussed in this section. According to the analysis in section the approximate PDF
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Figure 3.11: PDF of SINR in OFDM-MMIMO systems with MRC detection.

of SINR can be analyzed from pz(%(Zfrf))) by using (3.46). If the approximate PDF
of %(Zﬁ{ )) from ([3.68) is chosen to (3.46]), the asymptotic p,(v;) for BPSK and QPSK

modulation is given by

E E
pEPSK/QPSK(PYs) ~ A exp ( A > ' (379)

2oy 29,07

Moreover, by using the pz(%(Zf,{))) from (3.71)) in (3.46]), the PDF of SINR for M-
QAM becomes

M—-QAM
py e

(2N, — 2)! 5 1

2Ny —2 M
MY 1.2 k!
S kv=2N;—2 -

y B B
——exp| ——5—|.
2107 173 2902 1

In Fig. the original analysis for p,(7s) in (3.47) and (3.48) are compared with
that of the enhanced equations in (3.62)) and (3.63)), as well as the asymptotic equations in

(13.79) and (3.80]). The mapper employed QPSK and 16-QAM for generating the transmit
symbols for a 10 x 150 system. The number of sub-carriers was 512 symbols, and the
system operated at E,/Ny = —10 dB. The results confirm that the p,(7,) from the

enhanced equations was more accurate than that of the original analysis as well as the

(7s) =~
(3.80)

approximation. Moreover, the outcome from the approximation significantly matched
the enhanced equation. Focusing on the system with 16-QAM, the exact PDF at v, =
3 was 2.83 x 1072, The analytical result from the enhanced equation at v, = 3 was

2.18 x 107° different from the simulation result, whereas the number from the original
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Figure 3.12: Derived Pyyi(7s) of OFDM-MMIMO system.

and the approximate equations were 2.60 x 104 and 4.63 x 107°, respectively.
The approximate outage probabilities for BPSK and QPSK modulation is then derived
by substituting the asymptotic p,(7s) from - in , and results in

E)\ E)\
Py — drys. 81
o) =[5 [ e ( ) (38)

After using the substitution method in [64] to solve the integration in , P,

becomes

BPSK/QPSK E/\
Pout /9 (’Yth) ~ I (20’2’%5]1’ 1/2 ’ (382)

where I'(z,a) = (1/I'(a)) [° t* ! exp(—t)dt denotes an upper incomplete Gamma func-

tion. Furthermore, if the p,(v,) from (3.80) is chosen to (3.49), the Pou(mn) for the
system using M-QAM is given by

vooan, (2N, —2)! 1 Ey
Fou™ Ow) = =y > T 2oz 2 (3.83)

SMN ky=2N,—2 =L

Fig. shows the outcomes from the analysis from the original equations in (3.51])
and , the improved equations in and , and the approximations in (|3.82))
and . The outcomes from the empirical are additionally included in the results. A
10 x 200 system was chosen to the simulation, where v, and the number of sub-carriers
were 3 dB and 512 symbols, respectively. The results reveal a good match between the
analytical results and that of the simulation, and the enhanced equations outperformed

their outage probabilities. If 16-QAM was chosen to the system, the Py (vn) from the
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enhanced equation at F,/Ny = 0 dB was 3.72 x 1073 and the number was only 1.10 x
10~* different from the empirical. The deviation between the original equation and the
simulation was larger at 5.78 x 10~%. In addition, the accuracy for the asymptotic P, (7s)
was slightly less than that of the enhanced equation, and the deviation between the
approximation and the exact Py (Vi) at Ey/No = 0 dB was 2.18 x 1074

3.9 Summary

This chapter discussed the performance analysis of MRC detection for the OFDM-MMIMO
system. The PDFs of the CCI and EN, the BEP, the PDF of SINR, as well the outage
probabilities were derived in this chapter. Monte-Carlo simulation was chosen to evalu-
ate the proposed analysis, and the results confirmed that the outcomes from the derived
equations matched the exact results. However, there were small deviations between the
analysis and the exact results due to a number of random variables in the mathematical
expression of ?R(ZT(,{ )) are correlated. Thus, the diagonal components of the Gram matrix
was assumed to be a constant, and the approximation is then employed to enhance the
accuracy for the analysis. Furthermore, the analysis in this chapter confirmed that the
pz(%(Zf(,{))) for BPSK and QPSK modulation tends to be the Gaussian distribution if N,
is large enough. On the other hand, the PDF for M-QAM can be approximated as the
GMM. Thus, the asymptotic equations can be utilized to simplify the analysis. The sim-
ulation results showed that the deviation between the outcome from the approximation
and the exact result was slightly higher than that of the exact equations, whereas the
asymptotic equations require much less arithmetic operators for producing the output.
Thus they are efficient techniques for analyzing the performance of the OFDM-MMIMO
system. However, the analysis in this chapter assumed that the diagonal components of
the Gram matrix approaches a constant, and the approximation is accurate if N, > 10N,
and N, > 100. Thus, the proposed equations in this chapter are still inaccurate if N, is

too small.
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Chapter 4
Performance analysis of ZF detection

This chapter discusses the performance of ZF detection in OFDM-MMIMO system. The
mathematical expression of the EN, ZY). for the detection in is now simplified
by utilizing the 2-nd order NSE [24], and the p.(R(ZY)), BEP, PDF of the SNR, and
the outage probabilities are then derived from the equation. Moreover, if the Gaussian
approximation is chosen for the analysis, the pz(é)‘E(Zy(,{ ))) tends to follow the complex-
value, zero-mean, Gaussian distribution if N, >> N;, and a closed-form expression for
the noise variance is then derived in this chapter. Due to the fact that the asymptotic
equation requires significantly less arithmetic operations than that of the exact equation,
the Gaussian approximation is then employed to simplify the performance analysis for
the OFDM-MMIMO system.

It is worth highlighting that the methodology presented in this chapter was published
in [65]. The remainder of the chapter is organized as follows. The procedure to derive the
PDF of Z{" and the approximation are discussed in section . The derived pz(é)?(Zg )))
and the approximation are then utilized to analyze the BEP, the PDF of SNR, and the
outage probabilities of the system, and the methodology is summarized in section [£.2]
4.4 and respectively. Monte-Carlo simulation is chosen by this work to evaluate
the outcomes from the derived equations, and the comparisons between analytical and

empirical results are additionally summarized in the sections.

4.1 Derived PDF of Zg)

According to the analysis in , mathematical expression for the EN can be expressed
as Zy = G;IH}Wf. Although, the equation can be utilized to analyze the performance
for the system, the inverse matrix operator in the equation complicates the analysis. Thus,
the NSE is chosen to derive the equation for the m-th elements of Zy, i.e., {Z,(,{ ) a1 B
The background of the NSE was briefly summarized in section 2.7.1], where the technique
employs the L-th order Taylor series in to approximate the G;l. If the 2-nd order
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NSE is chosen to (2.29), L = 2 and Z; is then rewritten as
Z;=(1-D;'E;)D;'H/W,. (4.1)

It is worth noting that there are still a small deviation between the outcomes from the
approximation in and the exact Z; in (2.29). However, the number of N, for the
OFDM-MMIMO system is chosen to be much larger than that of N;, and the diagonal
components of Gy dominate the matrix. Therefore, the differences between the results is
marginal if the order of NSE, L, in is large enough. It is worth noting that the NSE
with L > 3 is still unable to be applied for this work since the mathematical expression is
complex. Due to the fact that Dy in is a diagonal matrix, with the elements Dﬁ,{,)m,
D;l can be simplified as

[ 1/DY) 0 0
o 1D o ..
D;! = 0 o 1Dy ... o0 . (4.2)
0 0 0o 0 1/DY,,

If Ay = HiW,, with elements o) = 307 H{ WA, each element of Z; in (1)) is

given by

Ni ) ()

1 Enna

720 =~ [ad - Emnan” ) (4.3)
D ( 2 DY)

n=1n#m

E,(,{)n in denotes an off-diagonal component of the Gram matrix in (2.20). Accord-
ing to the mathematical expression of the EN in (4.3)), Z) is a function of uncorrelated
random variables. Therefore, joint probabilities of the variables and the probability the-
ory can be utilized to derive the PDF of Zfr{ ), However, several arithmetic operators are
included in the equation, making complications to the analysis. Thus, approximations
are still required for simplifying the equation. According to the methodology in section
2.5.1) Dﬁ,{)m can be approximated as a constant {2 in (2.19) if N, >> N,. By substituting
the constant in D%)m of , Zr(,{ ) becomes

)

oz% ) 1 N

Zil =g T 2 Bl 44

Evidently, the mathematical expression for Z in is less complex than that of
(4.3). Therefore, the equation is employed to derive the PDF of §R(Z,(,{ )). A number
of variables is additionally defined in this section in order to simplify the explanation.
If &) = oz,(,{)/_Q, 5,(7{) = Zi\il’n#m E,(,{,)na%f), and B,(,{) = @(7{)/(22, Z in is then

rewritten as
z0 =alh) — gion, (4.5)

m
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4.1.1 Deriving PDF of oz%) and ﬁﬁ,{)

The PDFs of ol and 67(,{ ) are discussed in this sub-section. According to (4.3), Ay is
(f)

a product of H} and Wy. Thus, the in-phase and quadrature elements of o’ can be
written in terms of real arithmetic operators as
N, N,
R(alD) = > REDDIRWD) =D SHDHSWD), (4.6a)
n=1 n=1
N, N,
S(alD) =D RHEDISWID) + > SHDIRWD). (4.6b)
n=1 n=1

Due to H,,ngl and W' are the Gaussian random variables, o) in is identical to
the 2N, times combination of product of in-phase or quadrature elements of H,, (f )* and
WD, (6.9) in [63] can be employed to derive the PDF of a combination of products of
two Gaussian random variables. By substituting N'(0,07) and N(0,02) in the equation,
the po(R(a ,(7{))) is given by

Ny—k

(4.7)

! R (Ve k= 2[R0
= T(N,) €xp OhOw p 2Nr k=1 (g o, ) Nr =K+ (N, — k)![’(k)'

Likewise, (6.9) in [63] can be employed to derive the PDF of 3?(5,(,{)) in (4.5). The
variable is a 2(N; — 1) times summation of the product of p(E,(q{)n) and p(a%)), where @(.)
represents in-phase or quadrature component operator. The PDF of both variables tends

to be the Gaussian distribution, using the variance per dimension in ) and (4.9)),

respectively. By using 02 and o2 from the equations in (6.9) in [63], pg(?R( 7(7{ ))) becomes
! R(5)|
(HY)) = —
pe(R(B’)) = 5ax—5 exp ( 2N, 070
N (4.8)
t (Ne+ k= 3) [ R(BS) N+
X :
— (N30, Ne=k(Ny — 2)I(N, — k — 1)1 (k)

4.1.2 Approximation of pa(%(a%))) and pg(%(ﬁﬁ,{)))

According to (4.6)), oY is calculated from multiple Gaussian random variables, using

addition, subtraction, and multiplication operators. Therefore, pa(%(a%))) can be ap-

proximated as the N'(0,02), if N, is large enough. Since o) in (4.6) is a 2N, times

combination of in-phase or quadrature components of HY);" and W\, o2 is given as

= 2N, E|H PEIWDP, (4.9a)
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Likewise, 5,,2{ ) in (4.5) is a 2N, — 2 times summation of products of Ef;{)n and o).

According to the analysis in (2.21)) and (4.9)), both Eg)n and of approaches Gaussian
distribution if N, >> N,. Thus, ps(R(8)) can be approximated as the A (0, 03). The
variance per dimension for ﬁy(,f ) is derived by using the definition for the variable in (4.5),

and results in

2N, - DE|EY,PE P, (4.10a)

oh =
05 =2(N, — 1)ola?. (4.10b)

4.1.3 PDF of 645,{) and qu{)

D and B(f ) n (4.5)) are the ratio of a%) and 67(,{ ) to the constant, {2 and (22, respectively.
Therefore, the PDF transformation in (A.10) is chosen to derive the PDFs of ay) and

B,(,{ ), and the results from the operation are

pa(R(GD)) = 2pa(QR(&))), (4.11a)
pa(R(B)) = 22ps(*R(BT)). (4.11b)

If po (R( (f))) pp(R( (f))) and (2 from (4.7 , and ([2.19)), respectively, are chosen
to (4.11)), the PDFs of R(& (f)) and 3%(5m ) become

(f)
Zfa A ex p( 2o R )'>, (1120)
a(f)
Z f )| R( 5(f) |Nt =1 oxp (_2Nr0h(|j%(/6m )|> 7 (4.12D)

where the function fs(k) and f;(k) are defined as

(Nyop)Nr=F (N, + k — 2)!
~ 222Nk (N (k) (N, — k)!’
B (Nyop) V= (N, + k — 3)!
o 222Nk P(E) (N, — 2)/(N; — k — 1)1

(4.13a)

(4.13Db)

4.1.4 Asymptotic PDF of d%) and 37(7{)

According to the analysis in section m, pa(R(af))) and ps(R R(BY))) approach the
N(0,02) and N'(0,03), respectively. If the Gaussian approximation of p, (R(a (f ))) 5(R (8¥)
are substituted in (4.11]), the asymptotic PDFs of %(d%)) and R( 3 )) become

pa(R(@Y)) ~ N(0,02/12°), (4.14a)
ps(R(BY))) = N(0,03/02%). (4.14b)
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The approximations in (I.14) confirm that ps(R(&%)) and pg(é)?(@(,{ ")) approach the

Gaussian distribution, where the variance per dimension are o7/2* and ¢3/2*, respec-

tively. If 02, 03, and 2 in ([4.9), (£.10), and ([2.19) are substituted in [4.14), the o3 and

o2 becomes

3
2
2 Uw
2 __"w 4.15
76 T ON,o2 (4.152)
2 (Nt - 1)03)

Fig. compares the outcomes from the derived pa(%(a%))) and pd(%(d%))) in (4.7)
and (4.124), respectively, with that of the empirical. The asymptotic PDFs of %(a%))
and %(d%)) from the approximations in (4.9 and are additionally included in the
results. N; was 10, and N, was {50,100,200}. The system operated at E,/Ny = —10
dB. The results confirm that the proposed equations produced accurate analytical results,
compared to the exact PDFs. Focusing on the 10 x 50 system, the exact pa(%(a%))) at
3%(047(7{)) = 100 was 4.32 x 1072, The outcome from the derived PDF was 1.13 x 1074
different from the exact result, whereas the number for the approximate PDF was slightly
less accurate at 5.41 x 107%. In addition, the results show that the variation in 3%(047(7{))
dramatically increases according to the size of NV,.. By changing the value of N, from 50 to
200, the exact pa(%(a%))) at %(a%)) = 100 increased from 4.32 x 1072 to 8.0 x 1072, On
the contrary, the variation of %(&%)) for the system using a smaller N, becomes larger.
If N, increased from 50 to 200, the PDF at %(&%)) = 1 decreased from 7.62 x 1072 to
4.57 x 1072. The 2-sample Kolmogorov—Smirnov test with the significant level 5% was
chosen to compare the outcome from the derived PDFs and the simulation results. The

comparisons confirmed that the deviation between the PDF's was negligible.
In addition, Fig. shows the derived pg(%(ﬁ,(,{))) and pg(%(ﬁqg{))) from (4.8)) and

(4.12b)), the approximations from (4.10) and (4.15bf), and the simulation results. N; =
{5,10,20} and N, = 200. The system operated at Fj,/Ny = —10 dB. Evidently, the output

from the derived PDFs matched the empirical results. The derived PDF pg(R( 4 ))) and
the simulation result for the 5 x 200 system at %(67(,{)) = 0.5 were 5.21 x 1072 and
5.23 x 1072, respectively. Thus, the analytical was only 1.92 x 10~* different from the
exact PDF. However, there were deviations between the outcome from the approximate
pﬁ(%(ﬁg))) and pz(R( NT(,{))) with that of the exact PDFs, especially for the system using
a smaller N;. The asymptotic PDF of %(B,S{’) for the 5 x 200 system at %(Bﬁ{)) = 0.1 was
5.87 x 1072, and the number was 6.49 x 102 different from the exact PDF. According to
the 2-sample Kolmogorov—Smirnov test at the significant level 5%, the differences between

the derived PDF's, the approximations and the empirical results were insignificant.
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Figure 4.1: Derived PDF's of %(a%)) and %(d%)).

4.1.5 Derived PDF of EN

The PDF of %(Z,g{ )) and the asymptotic equation are derived in this section. Although
z4 in (4.5) is calculated from a subtraction of &y and BY, both pd(%(&%))) and

pﬂ(%(ﬁ,(?{ ))) are even functions. As a result, Z\/ is identical to a summation of &4’ and
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Figure 4.2: Derived PDFs of R() and R(3).
Zr(,{ ))) is then derived by using convolution integral operation[4§], i.e.,

(R(BS (4.16)

By substituting the pd(%(&%))) and pﬁ(%(é,g{))) from (4.12) in (4.16)), and using bi-
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nomial expansion to decompose the equation, the outcome from the integration becomes

2N, 01| R(Z N R Nep ot 1
_(R(ZU))) = ex h 2 (k,
p-(R(Z;")) p( o ;;f p) ; (N,—p—q—1lg!

Ow

4Nrgh

) Nt"l‘Nr_k_p_q

(Not N — = p— g — DR (

[(CDRED ey
N, —k+qg+1

Nt+Nr_k_p q 1

T DUN + Ny — ke —p — g — DIR(ZE) NNkt g\ T
S (=D)7(Ne + p—q=DIR(Zn)| (0) ,

— (Ny+N.—k—p—q—1r—1)! 4N, oy,
(4.17)
where the function f,(k,p) in (4.17)) is defined as
J(kp) = (N, + k — 2)(N, 4+ p — 3)! N, \ VAot (4.18)
P) = Sak2=4(N, — 2)I(N, — H)IT(N)T(R)T(p) \ 0w S

4.1.6 Asymptotic pz(éR(ng{)))

Although the analysis for the pz(é)?(Zf,{ ))) in provided accurate results, several
arithmetic operators are still required by the equation for computing the outcomes. As
a result, the derived equation is still inconvenient for deriving the performance of the
OFDM-MMIMO system. Therefore, an asymptotic PDF of ?R(Zr(yf )) is derived in this
section. According to (4.5)), Z{) is a subtraction of a4 to 8% Moreover, the p&(%(~(f)))
and pg(%( 3 ))) approach the Gaussmn distribution, using the variance per dimension in
(4.15)). Therefore, the PDF of 9%( st ) can be approximated as the A (0, 0?) too, i.e.,

(f)\2
p-(R(Z)) = \/%eXp <—%> : (4.19)

02 in (4.19)) can be obtained from the combination of o2 and aé in (4.15)), and results

2
9 O_w 1 Nt -1
= v . 4.20
7T 52 (QNT TN ) (420)

n

Fig.|4.3|compares the outcomes from the derived pz(%(Z,g{ ))) and the Gaussian approx-
imation in (4.17) and (4.20]), respectively, with that of the empirical. 10 x 64, 10 x 128,

and 10 x 256 systems were chosen to the simulation, where the systems operated at

Ey/Ny = —10 dB and the number of sub-carriers was 512 symbols. Overall, the outcomes
from the derived PDFs matched the empirical results. The derived PDF for the 10 x 256
system at %(ZTS{)) = 1 was 3.38 x 1072, and the analytical result was only 1.47 x 107
different from the exact PDF. However, the deviation between the analysis and the exact
PDF became larger in the system, using a smaller N,. Focusing on the 10 x 64 system,
the deviation between the derived PDF and the exact result at §R(Z,S{ )) = 1 increased
from 1.47 x 107 to 8.32 x 10™%. Due to Dﬁ,{)m was assumed to be the constant, (2, and

the approximation is inaccurate if NV, is too small. In addition, the asymptotic equation
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Figure 4.3: Derived PDFs of R(Z).
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Figure 4.4: Derived effective noise variance for the OFDM-MMIMO system.

generated an accurate results, compared to the exact PDFs. If N, = 256 was chosen to
the system, the Gaussian approximation at §R(Z7(r{ )) = 1 was only 7.77 x 107° different
from the derived p,(R(ZY ))) According to the 2-sample Kolmogorov-Smirnov test with
the significant level 5%, there was no significant difference between the analytical and the

simulation results.

In addition, Fig. |4.4| evaluates the outcomes from the derived noise variance in (4.20)).

The analytical results are compared to that of the empirical and the NSE in (C.1)). 16-
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QAM was chosen to the mapper and the system operated at E,/Ny = —10 dB. N, =
{64,128,256}, and N, was varied from 2 to 20. The results show that the derived noise
variance generated accurate outcomes, especially for the system with a larger N,. The
analysis for a 20 x 256 system was 1.049, exhibiting 1.17 x 10~2 difference from the exact
variance. Moreover, the derived noise variance was more accurate than that of the NSE,
and the deviation between the NSE and the exact variance was larger at 8.03 x 1072,
However, there was a accuracy reduction in the analysis for a system using a smaller N,
due to the approximation for D,(ﬂf)m in was imprecise for this case. The deviation
between the analytical and the exact results for a 20 x 64 system increased to 0.62.
Furthermore, the results reveal a reduction in the distribution of §R(Z,(7{ )) on the system
using a larger N,. The derived noise variance for a 20 x 64 system was 5.07, whereas
the number of a 20 x 256 system decreased to 1.05. These results confirm that the
distribution of &E(ZT(,{ )) can be efficiently reduced by increasing the number of N, in the
OFDM-MMIMO system.

4.2 BEP analysis

The BEP for the OFDM-MMIMO system is now analyzed in this section by using the
derived PDF of the EN and the approximation in (4.17) and (4.20)), respectively. The
analysis for BEP was previously derived in (3.42)) of chapter , and the analysis for M-
QAMs was written in forms of the CDF of Z) as

2(M, — 1)

pM-Qa — A T pR(XUYIRXY)) = X, K). 4.21
e My Togy (M) (R(X5)IR(X) ) (4.21)

P(%(Xﬁ{))m()(ﬁ{)) = X,, K) in (4.21)) denotes the CDF of 7 which is derived by
utilizing the integration of the pz(%(ZT(,{))) in (3.30)). By substituting the PDF from (4.17))
in (3.30)), and using the binomial expansion to expand the polynomial, the CDF is given
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by

PRXD)IRXD) = X, K) =

Nr Ne—1 Ni—p—1
2Nr0'hK) 1
e J2(k,p
( )X e 3
L (DU + N, — k= p)! Nﬁ%“ Ko [ g, \NetNeokopestl
Ny —k+q+1 sl \ 2N,0y

q Ks o Ni+Np—k—p—s+1
+ (N + N, —k—p—q—1)g ) w
( r p q ) q — 22Nt+2Nr—2k—2p—q—s+18! Nro-h
Ni+Ny—k—p—q—1 Ne+Np—k—p—r—1

(~ (N, 4 N,k —p—g 1)

+ ; ; 2Nt+Nr—k_p+T‘—8+2(Nt + Nr — k= p—q—1— 1)'8'
o Ni+Np—k—p—s+1
N+ N, —k—p—r—1) [ —2 .
x (N + p—r ) (NTO'h) )
(4.22)

Focusing on a system, using BPSK or QPSK modulation, the BEP is obtained by
substituting M, = 2 in (4.21]), and results in

PBPSKQPSK _ p(p(X(N)|R(X D) = X, K). (4.23)

Likewise, if 16-QAM modulation is chosen to the mapper, M, = 4, and the BEP for
the system is then derived by using the variable in (4.21)). As a result, the P, becomes

P616—QAM _ ZP(%()AQ{))W(XT(?{)) = X,, K). (4.24)

4.3 Approximation of BEP analysis

It is worth noting that the BEP analysis in and requires the derived CDF in
to calculate the outcome, and the computational complexity for the CDF dramat-
ically increases according to the size of N; and N,. As a result, the analysis still requires
several arithmetic operators to calculate the outcome. Thus, an asymptotic BEP for the
system is additionally derived in this section. As previously stated, the p.(R(Z4)) for
the OFDM-MMIMO system tends to be the A'(0,02) in (4.19). If the approximation is
chosen to , the CDF can be simplified as

PRIXDR(XYD) = X, K) =~ Q (5) | (4.25)

Oz

By substituting the CDF from (4.25)) in (4.21)), the BEP becomes

M—QAM 2(My —1) (5)
P! ~ 3 Ton. 00 (MA)Q ) (4.26)
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The value of M, for BPSK and QPSK modulation is 2, and the number for 16-QAM
is 4. Therefore, the asymptotic BEP for the system can be obtained by using M, = {2,4}

in (4.26)), and results in

K
PBPSK.QPSK () <0_> , (4.27a)
K
PLE—QAM 2@ (_) , (4.27b)
Oz

Evidently, the approximations in (4.27) require less arithmetic operators than that of
the exat analysis in and . On the contrary, the outcomes from the asymptotic
equations are less accurate than that of the exact BEP. However, the pz(%(Zy(,{ ))) converges
to the Gaussian distribution if N, > 10/N; and N, > 100. Therefore, the deviation between
the exact and the approximate equations becomes smaller for this case. Fig. compares
the BEP analysis for 16-QAM from (4.24) and the approximations in (4.27)) with the
empirical results. The BEP analysis from (29) in [24] is additionally included in the
results. The 16-QAM constellation points in Fig. 2.2] with K = 1 were employed by
the transmitter to generate the transmit symbols. The block size utilization was 1024
bits. According to the results, the deviation between the analysis and the exact BEP
was marginal. The exact BEP for the 10 x 200 system, operating at E,/Ny = 0 dB,
was 4.14 x 107°. The analysis from the derived equation and the approximation were
3.83 x 107° and 3.42 x 107°, respectively, exhibiting a difference of 3.17 x 107% and
7.25 x 1075 from the exact result, respectively. Moreover, the deviation between the
analysis from [24] and the simulation result was 6.39 x 1075 Therefore, the outcome
from the exact BEP analysis was more accurate than that of [24]. However, there was
a accuracy reduction in the analysis for the system using a lower NV, due to the analysis
assumed that D,(,{)m approach the constant. The outcome from the exact BEP for the
10 x 50 system at E,/Ny = 6 dB was 1.91 x 104, which was 7.62 x 107> smaller than the
simulation result.

In addition, Fig. compares the BEP analysis for QPSK modulation from ,
the asymptotic BEP from (4.27a]), with those obtained from the empirical. The BEP
analysis for QPSK modulation (Eq. (27) in [24]) and BPSK modulation (Eq. (39) in [16])
are included in the results. NV, and N, was {5, 10,15} and 100, respectively. K and the
block size utilization were 1 and 1024, respectively. Focusing on the results for the 5 x 100
system at Fj,/Ny = —4 dB, the outcomes from the exact analysis and the approximation
were 5.68 x 1075 and 4.56 x 10~°, which were 5.89 x 10~% and 1.71 x 107°. Thus, the
exact equation generates accurate BEP analysis for the system, whereas the accuracy for
the asymptotic equation was slightly less than that of the exact equation. In addition,
the analysis for the 5 x 100 system from [16] and [24] at E,/Ny = —4 dB were 1.25 x 10~¢
and 4.96 x 1075, The results confirm that the proposed BEP analysis was more accurate
than the analysis from [24]. However, the deviation in BEP between the analytical result

from the proposed equation and the exact BEP was still higher than that of the BEP in
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Figure 4.5: BEP analysis for 16-QAM.
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Figure 4.6: Comparison of BEP analysis for QPSK modulation.

[16].

4.4 Derived PDF of SNR

The PDF of the output SNR, p.(75), and the asymptotic PDF are derived in this section.
According to the methodology in section vs is a function of Z4) in (3.45) and the
PDF of 7, can be expressed in terms of pz(%(Z,(,{))) in (3.46). If the PDF of Z in
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(4.17)) is substituted in (3.46)), the derived p,(y;) for the OFDM-MMIMO system, using

ZF detection, becomes
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s) = €X - “ - E E z ka
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4.5 Asymptotic p,(7s)

+

It is worth noting that the derived PDF in involves several arithmetic operators,
making a high computational complexity to the analysis. Therefore, the approximate
P~ (7s) is additionally derived to simplify the analysis. According to the analysis in ,
the pz(%(Zf,{))) approaches the N (0, 02). If the approximate PDF is chosen to (3.46)), the
asymptotic p,(7s) is given by

Py = 4| 2 exp( = ) (4.29)

2mo2y3 27,02

The analysis from the derived PDF of v, and the approximation in and ,
respectively, were evaluated through Monte-Carlo simulation and the results are shown
in Fig. [£.7. The system employed 16-QAM to generate the transmit symbol and operated
at Ep/Ny =5 dB. N, = 10 and N, = {50,100,200}. The results reveal a good match
between the derived p,(7,) and the empirical results. Moreover, the outcome from the
approximation was slightly less accurate than the exact analysis. The true p,(ys) for a
10 x 200 system at v, = 18 was 9.84 x 1073. The analysis from the derived and the
asymptotic equations were 1.23 x 10* and 9.79 x 1075 different from the true PDF,
respectively. In addition, according to the 2-sample Kolmogorov—Smirnov test with a
significance level of 5%, the difference between the outcomes from the derived PDFs and
those from the empirical was negligible. It is worth noting that the deviation between
simulation and analytical results became larger for the system using a smaller N, due
to the underlying assumptions made in the derivations. Focusing on a 10 x 50 system,
the deviation between the derived PDF and the empirical results at s = 10 increased to
3.02 x 1073,
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Figure 4.7: Derived PDF of ~;.

4.6 Derived outage probabilities

According to the methodology in section [3.6] the outage probabilities for the OFDM-
MMIMO system can be determined by the integration of p.(7,), where the integral bound-
ary of 7, is from zero to vy, i.e., . If the PDF from is chosen to the equation,
the Puu(7tn) becomes

Ny Ni—1 Ni—p—1 1

Pout(’yth) - fz(kap)
,;pz:; — Ni—p—q—1)¢!

(—=1)1 (Ne+No—k—pt1y/2 [
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s
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X /0 NNk i2)]2 drys

(4.30)
After employing (3.351.2) in [62] and the substitution method in [64] to solve the
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integration in (4.30]), the Py (y4n) becomes
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4.7 Approximation of derived outage probabilities

The analysis for Pyy(7n) can be simplified by using the asymptotic PDF of ~, in (4.29)).
If the approximation is chosen to - the asymptotic Pou(Vih) is given by

| B\ B\
Poy d 4.32
o(7n) 9702 / NG ——= ex p( 2%02) s- (4.32)

If the substitution method in [64] is chosen to solve the integration in - the

Pout (i) becomes

Pout(yen) 2= I’ ( 20]‘;7 1/2> (4.33)

As previously stated, the proposed equations in this chapter utilize a number of ap-
proximations to simplify the analysis. Therefore, the outcomes from the equations are
still inaccurate if N, is too small compared to the size of N;. Fig. shows the Pyt (Ven)
from the derived equation in , the asymptotic outage probabilities from and
the empirical results. The number of transmit antennas was {6,9, 12} and N, varied from
20 to 200 in steps of 20. The Gray-coded 16-QAM was chosen to the system. FEj/Ny and
v were —5 and 3 dB, respectively. According to the findings, the deviations between
the analytical and the empirical results were marginal if N, >> N;. The exact Pyu(7in)
for a 6 x 200 system was 7.78 x 107%. The difference between the result and the derived
outage probabilities was only 7.79 x 1077, whereas the deviation for the approximation
was slightly larger at 2.17 x 107%. However, the accuracy of the analysis for the system,
using a lower N, significantly decreased since the approximation of the value of D, ,,
utilizing the constant (2 was imprecise.

Fig. compares the analysis for the P,y (v,) from and the approximation
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10°

—6— 10 x 50 Derived Eq.,(4.31)
—H8— 10 x 100 Derived Eq.,(4.31)
—/— 10 x 200 Derived Eq.,(4.31)

——4— 10 x 50 Approx.,(4.33)
—>—10 x 100 Approx.,(4.33)

: —%— 10 x 200 Approx.,(4.33)
2L Q. e--- Simulation
10 R
a0}
104 3
107 3
L ."o.
10 ' -~
-10 -8 -6 -4 -2 0 2 4 6
Ey /N, (dB)

Figure 4.9: Outage probabilities of OFDM-MMIMO system.

in to that of the empirical. The mapper employed 16-QAM with Gray encoding
to generate the transmit symbols. 10 x 50, 10 x 100, and 10 x 200 systems were chosen
to the simulation. The number of sub-carrier and vy, were 512 and 3 dB, respectively.
According to the results, the deviations between the analysis and the exact Pyu(7Vin)
were small, especially for the system with a larger N,. Focusing the 10 x 200 system,
the analysis from the derived equation and the approximation at E,/Ny = —1 dB were
5.31 x 107* and 4.93 x 1074, exhibiting a difference of 2.53 x 1075 and 6.06 x 10~ from the
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exact result, respectively. However, the analysis for the system using a lower N, became
smaller, and the difference between the outcome from the derived equation for the 10 x 50
system at Ej,/Ny = 0 dB increased to 1.33 x 1073,

4.8 Summary

The performance of ZF detection in the OFDM-MMIMO system was discussed in this
chapter. The analysis utilize a simplified mathematical expression of Z) to derive the
PDF of E]‘E(Z,(,{c )), BEP, PDF of SNR, and the outage probabilities. Moreover, the analysis
confirmed that the pz(%(Zﬁ,{ ))) approaches the Gaussian distribution if N, >> N;, and
the approximation can be utilized for simplifying the analysis. Monte-Carlo simulation
results confirmed that the outcome from the proposed equations significantly matched
the exact results, and the deviation between the analysis from the asymptotic and the
exact equation was marginal. Therefore, the proposed equations can be efficiently used
to evaluate performance of OFDM-MMIMO system.

Furthermore, the 2-nd order NSE is chosen by this work to approximate the inverse
matrix operation, which was found to be precise if N, >> N; is assumed. According
to the numerical simulations, the derived equations generate accurate analytical results
if N, > 10N, and N, > 100. Thus, a more accurate approximation is still required to
enhance the performance analysis. Furthermore, in this chapter, the CFR is assumed to
follow a Gaussian distribution and the OFDM-MMIMO channel model is then expressed
as a linear matrix equation. However, there are still deviations between the exact PDF
of the CFR and the classical distribution. Therefore, more accurate channel model for
the system using OFDM waveform should be included in the analysis for improving the

performance analysis.
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Soft-output linear symbol detections
utilizing derived PDF

The derived PDF of the CCI and EN, %(Zfr{ )), for MRC and ZF detections from chapter
and {4| are now employed in this chapter to enhance the performance of the coded-OFDM-
MMIMO system. If the non-line-of-sight propagation between transmitter and receiver
is neglected, the pz(Zf?{ )) is generally assumed to be the Gaussian distribution[39] and
the LLR is then estimated from the received symbol X,(,{ ) using the approximate symbol-
by-symbol MAP algorithm in . However, the analysis in chapter [3| confirmed that
the exact PDF of the CCI and the EN for MRC detection is different from the Gaussian
distribution, especially in a higher E}/Ny region. Therefore, the derived PDFs are now
utilized to estimate more accurate LLR for the soft-output MRC detector. Due to the
derived PDF's require several arithmetic operators to calculate the outcomes, the equations
are unable to be applied for the MRC detector directly. Thus, polynomial is chosen to
approximate the LLR calculation, where the coefficients in the polynomial are generated
from a sample of exact LLRs by utilizing the Newton’s method[40][24].

In addition, the approximate PDF of EN in chapter [4]is chosen to reduce the compu-
tational complexity of soft-output ZF detection. In general, the PDF of the EN in the
detection is assumed to be the CN(0,202), and the asymptotic symbol-by-symbol MAP
algorithm in is then chosen to estimate the LLR, corresponding to the received
symbol. However, as far as the literature survey goes, there is no research work derives a
closed-form expression for the PDF and the noise variance for the EN of the detection. As
a result, the detection requires additional operators in to calculate the noise variance
for every estimated symbol. It is worth noting that the 1-st order NSE can be chosen to
reduce the computational complexity for the calculation and the methodology was briefly
explained in appendix . Although the NSE noise variance in requires much less
arithmetic operators than the conventional equation in [ the computational complexity
for the operation still dramatically increases according to the Ny and N,.. Moreover, there
are still small deviations between the outcomes from the asymptotic nose variance and the
exact result. Therefore, the derived noise variance in is now utilized to generate the
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LLR instead of the classical equation, making a reduction in computational complexity
to the detector.

The improved soft-output MRC and ZF detections are explained in section and
b.2] respectively. The simulation results and the complexity analysis are additionally
discussed in the sections. It is worth pointing out that the improved soft-output MRC
and ZF detections were proposed in [66] and [65].

5.1 Enhanced soft-output MRC detection

This section introduces the technique to enhance the BER performance of soft-output
MRC detection in the OFDM-MMIMO system, using the derived PDF of the CCI and
EN. In general, the soft-output MRC detector estimates the LLRs from in-phase and
quadrature components of X by utilizing symbol-by-symbol MAP algorithm in .
The PDFs of R(Z) and S(Zr(,{)) are assumed to be the (0,02, ), and the instantaneous

Y zm
2

(D.3)). However, the numerical results in chapter [2f revealed deviations between the exact
PDF of %(Zﬁ{ )) and the Gaussian distribution, especially in a higher £, /Ny region. Thus,
the derived p,(R(Z)) from (3.55) is now chosen instead of the A/(0, 02 ,,) to generate the

LLR in (2.53). As a result, the LLR for the m-th transmit symbol, the f-th sub-carrier,
and the ¢-th tuple becomes

noise variance per dimension for each transmit antenna oZ, is estimated from CFR in

> p(RXW) - X)

Xk'vdm,q:l

> PR - X))

Xk’d%,)qzo

f —
AP =1n

5.1.1 LLR Approximation utilizing Newton interpolation

Theoretically, the LLR from (5.1]) is more accurate than that of the general detection in
(2.53)) due to the outcome from the derived pz(ﬂ?(Z,gf ))) is closer to the exact result than
that of the Gaussian distribution. However, the arithmetic operators of the p.(R(Z4))

from (3.55)) complicate the computation in (5.1)). Thus, the MAP algorithm in (5.1]) is

still impractical for generating LLR for the receiver directly. Therefore, a function in
forms of N,-th order polynomial fpoly(%(f(ﬁ,{ ))) is chosen to approximate outcomes of
the MAP algorithm in (5.1)). The methodology of Newton interpolation is chosen to
this research work for computing coefficients for fpoly(%()zr(,{ ))), and the methodology
was briefly summarized in appendix . An Nj,-th order polynomial in is chosen
to approximate outcome of mathematical functions, and the algorithm requires N, + 1
samples of input and output from the exact equation in (5.1)), i.e., {8?()27({ )),A%?q}, to
compute the coefficients for the polynomial[67].

Focusing on a system, utilizing BPSK or QPSK modulation, the number of constel-

lation points per dimension is 2 and the decision boundary between the points is at
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RXS) =0 and S(X) = 0. The range of exact A%, is from —oco to co, and the value
of the variable gradually changes according to the in-phase and quadrature element of
X, As a result, the detector directly utilizes the polynomial in to estimate the
LLR, corresponding to ER()AQ(,{)) as

AD = fooy (R(XD)). (5.2)

It is worth noting that the polynomial produces an incorrect LLR if the value of
%(XT(,{ )) is larger or smaller than than the largest and the smallest sample in X,,. Accord-
ing to the experiment, the probability of the occurrence of |§R()A(7(7{ ))|, which is larger than
40, is marginal, where the value of 07 is evaluated from the average o7, in (D-3). There-
fore, the value of A%?q from is additionally forced to be a constant if |§R(X7(,{ ) )| > 4o,.

Likewise, if 16-QAM constellation points in Fig. is chosen to the mapper, M, = 4,
and the MAP algorithm in employs a decision boundary at %(X}(,{ )) = 0 to estimate
/1771;1 and A(f ), from R(XH o ) Thus, the detector requires odd functions to approximate
the LLR. On the other hand, Am 5 and /1 4 are calculated from even functions since the
MAP algorithm utilizes the decision boundary at R(X d ) = {—2,2} to estimate the LLR.
Therefore, A%?q for 16-QAM is calculated from the polynomial as

ALY = Foay (IS(XD))), (5.3a)
Jroly (| ¢\ SXH) >0
Air]:)Q - { fP013(1|(| <(X7(n2|))| ( ) - } ’ (53b)

),  otherwise
A%) fPoly(|§)‘E(X(f))|), (5.3¢)
_ fPOly(‘é}fE(Xm )D, %(X}r{)) >0
e _fPoly(|§R(X7(7{))|), otherwise [

Since partial LLRs for 16-QAM in (5.3)) exhibits the even function, the coefficients of

the polynomial in the equation are generated from the sampled LLRs, where the range

(5.3d)

of X,, is from 0 to 40,. It is worth noting that the coefficients a, 4 are still required for
generating the outcome for the polynomial, fpoy (|R( X f ) , in . and . According
to the methodology in appendix B} the Newton 1nterpolat10n requires N,+1 data points of
input X,, and output A(f ). of the MAP algorithm in ) to generate the coefficients a4
for the N,-th order polynomial fpoly(|%(X¢(nf ))|) and (6-3). Thus, the coefficients
for the polynomial in and are calculated from NV, + 1 data points of the input
and output of the MAP algorithm in (5.1), i.e., {Xn, AD Y. X, and AY), are uniformly
sampled from the LLR, generated by .

Fig. compares /11(5’)1 and /15,{’)2 from the enhanced detection for 16-QAM in (/5.3
with that of the symbol-by-symbol MAP algorithm from (5.1). The improved derived
PDF of %(Z,(,{ )) in (3.55) was chosen to generate the LLR for the enhanced detection
and the MAP algorithm. The outcomes from the detectors are additionally compared to
that of the the conventional detection in (2.55)), where the pz(%(Z,g{ ))) was assumed to
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Figure 5.1: LLR for a 10 x 50 system utilizing 16-QAM.

be the N(0,02,,) and the noise variance was given by (D.3). The enhanced detection
utilized the 3-rd order polynomial to calculate the LLR, where sample of 4 LLRs from
the MAP algorithm in was chosen for generating the coefficients in the polynomial.
The sample of the LLRs is additionally included in the results. A 10 x 100 system was
chosen to the simulation, where the system operated at E,/Ny = {—10,10} dB. Evidently,
the outcomes from the enhanced detection significantly matched the exact LLR from the
MAP algorithm. If E,/Ny = —10 dB, the Aﬁf;)l from the polynomial at S(X,S{)) = 6 was
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Figure 5.2: BER of enhanced soft-output MRC detection.

—2.65, and the number for MAP algorithm was —2.683. Thus, the LLR from the proposed
detection was only 1.15% different from that of the MAP algorithm. It is worth noting
that there were deviations between the LLR from the classical detection and that of the
enhanced detection since both schemes utilizes a different equation to estimate the PDF
of the CCI and EN, and the deviation became larger in a higher Ej,/Ny region. Focusing
on the A%’)l for E,/Ny = —10 dB, the deviation at %(Xy(r{)) = 6 was 0.31, whereas the
number for the system with Ej,/Ny = 10 dB at %(X,S{)) = 3 increased to 1.93.

5.1.2 BER performance

BER performance of the coded-OFDM-MMIMO system, utilizing the enhanced soft-
output MRC detection for 16-QAM in was evaluated through Monte-Carlo sim-
ulation. The channel model in was chosen to the simulation. 7, the number of tap
coefficients, and the maximum delay spread for the channel model were 1.2, 8, and 50,
respectively. The effects of channel estimation errors were neglected by the simulation.
the number of CP symbols was 55. A 5G new radio LDPC for uplink data communication
was chosen to the simulation[6§]. The base matrix and the revision number were 1 and 0,
respectively. The coding rate, block size utilization, and the number of iterations were 0.5,
1024 bits, and 25, respectively. The enhanced detector utilized the 3-rd order polynomial
in to estimate the LLR. The number of loop for the simulation was 5 x 10*. As a
result, the number of samples of information bits for computing BER was 5.12 x 107 bits,
which is large enough to generate empirical results if the BER is greater than 1076.

Fig. .2 compares the BER of LDPC-OFDM-MMIMO system, utilizing the enhanced
detection for 16-QAM in (5.3) with that of the classical detection in (2.55). The BER
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Figure 5.3: Effects of IV, in BER performance.

for the system with the MAP detection in , utilizing the Gaussian approximation of
the EN PDF, is additionally included in the results. N; was 10 and N, = {64,128, 256}.
According to the results, the proposed detection outperforms its BER compared to the
conventional detections, especially on a higher FEj, /Ny region. Focusing on a 10x 64 system,
the system with the enhanced detection required E,/Ny = 1.78 dB to maintain the BER
of 10~*, whereas the number for the general MAP and the approximate MAP detections
were 2.39 dB and 3.79 dB, respectively. However, the deviations in BER between the
detections became smaller in a lower Ej/Ny region since the effects of the EN dominate
the PDF of %(ZT(,{ )), making the PDF approaches the Gaussian distribution for this case.
The BER for a 10 x 128 system, employing the enhanced detection, at Ey,/Ny = —9.5 dB
was 7.75x 10~%, and the number was only 4.24 x 10~ lower than the number for the MAP
detection. However, the BER of the enhanced detection in a lower Ej, /Ny region was still
higher than that of the MAP detection since the polynomial was chosen to approximate
the LLR from MAP algorithm. For a 10 x 256 system, the Ej,/N, at the BER of 1075 for
the enhanced detection was —8.85 dB, exhibiting 9.94 x 1072 dB higher than that of the
MAP detection.

In addition, the effects of N, in BER of the enhanced detection for 16-QAM in
are shown in Fig. [5.3] The value of IV, for the detection was varied from 1 to 4. Evidently,
the system with a higher N, required a lower E,/N; to maintain the BER. If V, = 1, the
BER at E,/Ny = 2 dB was 1.32 x 107*, and the number was 6.07 x 1075 higher than that
of system with N, = 2. However, the differences in BER for the system with a higher
N, became smaller, and the differences in BER between the system with N, = {3,4} was
only 1.33 x 1076,
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Table 5.1: Computational complexity of soft-output detections for 16-QAM.

Real arithmetic General detection Enhanced detection
operators
Addition (ZlNrNt2 + 18Nt)Nf 8NN, Ny

and Subtraction
Multiplication (2NZ(2N, + 1) + 10N,) N; AN;N¢(2N, — 1)
Division SN Ny 0
Comparison 8NNy 2N, Ny

5.1.3 Complexity analysis

Table compares the computational complexity the enhanced soft-output detections
for 16-QAM in (5.3) with that of the asymptotic MAP detection from (2.55)), utilizing
the noise variance in . The equations in the table represents the number of real
arithmetic operators, required for computing the LLRs of %(X,(,{ )) from all Ny sub-carriers.
The analysis assumed that X comparators are required to determine the minimum value
of X + 1 random variables, and a summation of X random variables employed X — 1
additions. The computation of the coefficients of the polynomial in (??) and was
neglected in the analysis since the coefficients can be pre-determined and stored into the
memory at the receiver. According to the analysis, the computational complexity for the
classical soft-output detection was O(N,), whereas the result for the enhanced detection
was O(NN,). Since N, >> N, the equations confirm that the enhanced detection required
less arithmetic operators than that of the conventional detection.

In addition, Fig. compares the number of additions, subtractions, multiplications,
and comparisons for generating the LLRs of the enhanced and conventional detections.
The analytical results are calculated from the equations on Table[5.1 16-QAM was chosen
to the analysis. Ny and IV, were 512 and 10, respectively. N, was varied from 20 to 200.
Evidently, the computational complexity for the classical detection dramatically increased
according to N,.. On the contrary, the number for the enhanced detection depended on
N,, and the number exhibited a constant. If IV, = 200, the number of multiplications in
the general detection was 4.11 x 10%. The number for the enhanced detection was only
1.02 x 10°. Thus, the enhanced detection required 99.97% less multiplications than that

of the conventional detection.

5.2 Low-complexity soft-output ZF detection

This section discusses a technique for minimizing the computational complexity of the
soft-output ZF detector in the OFDM-MMIMO system by employing the derived PDF
of the EN for ZF detection. Generally, the conventional soft-output ZF detection utilizes

92



Chapter 5. Soft-output linear symbol detections utilizing derived PDF

108
107 - : :
F —F— Additions and subtractions, General detection
2 i ——k— Multiplications, General detection
S —O&— Comparisons, General detection
] 6L —— Additions and subtractions, Enhanced detection
& 107 ¢ —7/— Multiplications, Enhanced detection
LS —A— Comparisons, Enhanced detection
=}
g
@ 10°% X X X X A X X A ¥
2 ® o O O O O O O O O
/\ /\ /\ A\ A\ /\ /\ /\
10 £ £ £ £ £ £ £ £ A
103 1 1 1 1 1 1 1 1 1
20 40 60 80 100 120 140 160 180 200

N,

Figure 5.4: Number of real arithmetic operators.

the asymptotic symbol-by-symbol MAP algorithm in to estimate the LLR from
X;. The noise variance o2, in is required by the MAP algorithm to estimate the
LLR for all ?R(XT(,{ )), and the computational complexity for the calculation significantly
increases according to the size of antennas. Thus, the 1-order NSE is additionally chosen
to simplify the operation in , and the approximation was summarized in appendix
. Although the requirement in arithmetic operators for the NSE approximation in (C.1)
is less than that of the conventional equation in , the operation still requires a large
number of the arithmetic operators for generating the outcome. Furthermore, there are
still small deviations between the asymptotic and exact noise variance, making a reduction
in BER performance. According to the methodology in chapter , the pz(%(Zﬁ{ ))) for the
OFDM-MMIMO system approached the N'(0, %), where the noise variance o2 was given
by . If the derived noise variance from is chosen to the asymptotic symbol-
by-symbol MAP algorithm in , the LLR estimation can be simplified as

“min (RXY) = X)2— min (RXY) - X;,)?
A(f) _ Xk,dm,q=0 Xk,dm,q=1 ' (54)

™ 207

Theoretically, the computational complexity for the detection can be significantly
reduced by utilizing the derived noise variance since the derived PDF requires much less

arithmetic operators than that of the general equation in (D.4)) to generate the outcome.
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Table 5.2: Comparison of real-arithmetic operations in soft-output ZF detection.

Real arithmetic ZF detection using NSE ZF detection using
operators noise variance derived noise variance

Addition and subtraction | NyNy(logy(M) +2My + 2N, — 1) | NyNy(logy(M) +2M)) + 2

Multiplication Ny Ny (2My + 2N, + 3) NiNy(2My+1)+3
Division NiN¢(logy(M) + 1) NyNylogy (M) +3
Comparison Ny Nylogy(M)(My —2) Ny Nylogy(M)(My —2)

5.2.1 BER comparison

The BER of the coded-OFDM-MMIMO system, utilizing the low-complexity ZF detection
from ([5.4) was evaluated through Monte-Carlo simulation, and the results are shown in
Fig. The detector utilized the derived o2 from (4.20), the classical noise variance in
, and the NSE noise variance in to estimate the LLR. The 3-rd order NSE was
chosen to the ZF detector to simplify the inverse matrix operator in (2.28)). The mapper
utilized 16-QAM constellation points to generate the transmit symbol, and the block size
utilization was 1024 bits. N; was 10 and N, = {50,100,200}. An uplink 5G NR LDPC
was chosen to the simulation, where the coding rate, base matrix and revision number
were 1/2, 1 and 0, respectively. The receiver utilized iterative decoders and the Belief
propagation to estimate the transmitted information from the LLR, where number of
iteration was 25. A pseudo-random interleaver was chosen for the simulation for converting
burst errors to random error events. The parameters for the OFDM-MMIMO channel
model were as described in section [5.1.2] Focusing on a system where N, >> N, the
deviations in BER between the detections were marginal, since the pz(%(Zf(,{ ))) approached
the Gaussian distribution for this case. For a 10 x 256 system, the BER for the system
with general, NSE, and derived noise variances at F,/Ny = —9 dB were 8.74 x 1074,
9.97 x 1074, and 9.26 x 10~* respectively. Therefore, BER for the derived noise variance
was only 5.11 x 1075 higher than that of the conventional noise variance, and 7.13 x 10~°
lower than the number for the NSE noise variance. However, the deviation in BER
between the detections tended to increase for a system using a smaller N,. The BER for
a 10 x 50 system using the derived noise variance at Ej,/Ny = —2 dB was 1.02 x 1073,
exhibiting 2.48 x 10~* higher than that of the classical noise variance, and 1.47 x 1073

smaller than that of the NSE noise variance.
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Figure 5.5: BER of low-complexity soft-output ZF detection.

5.2.2 Complexity analysis

Table compares the number of real arithmetic operators for the soft-output ZF de-
tection to calculate the LLR, corresponding to %(X},{ )) from all Ny sub-carriers. The
detectors utilized the asymptotic MAP algorithm in to estimate the LLR, where
the derived noise variance in and the NSE noise variance in were utilized
by the operation. Due to The derived noise variance was a constant, the variable was
estimated by the detector only one time for all sub-carriers. In addition, the number of
arithmetic operations, required for producing D for the NSE noise variance was neglected
by the analysis since the diagonal components of the Gram matrix were previously gener-
ated by detection for producing %(Xr(,f )). According to the analytical results, the number
of comparisons in both detections was identical. Likewise, the number of the divisions for
both schemes was a function of M, thus, the deviation between the number was small.
On the other hand, the number of the additions, subtractions, and multiplications for the
NSE noise variance was O(N,), whereas the number for the derived noise variance was
O(M,). Since N, >> M,, the proposed detection required less additions, subtractions,
multiplications, and divisions than that of the general detection.

In addition to the complexity analysis, the number of real arithmetic operators, ob-
tained by the equations in Table is shown in Fig. 5.6l The number of additions, sub-
tractions, multiplications, and divisions for the 16-QAM OFDM-MMIMO system, where
the detector utilized the derived noise variance in (4.20)) and the NSE noise variance in
to estimate the LLR. N, and Ny were 10 and 512 symbols, respectively. The size
of N, was varied from 20 to 200. The numerical results confirm that the derived noise

variance required less arithmetic operators than that of the conventional detection. If
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Figure 5.6: Computational complexity of soft-output ZF detection.

N, = 200, the number of additions and subtractions for the NSE noise variance and the
derived noise variance was 2.1 x 10% and 6.14 x 104, respectively. Therefore, 97.08% of
additions and subtractions can be reduced by utilizing the derived noise variance. Fur-
thermore, the number of multiplications in the system with the derived noise variance
at N, = 200 was only 4.61 x 10%, exhibiting 97.81% smaller than that of the NSE noise

variance.

5.3 Summary

The derived PDF's of the CCI and EN for MRC detection were chosen to enhance the BER
performance of the soft-output MRC detection in section [5.1, and the numerical results
confirmed that the BER performance of the system with the enhanced soft-output MRC
detection was higher than that of the classical detection, especially at a higher E,/N
region. In addition, a low-complexity soft-output ZF detection was introduced in section
[5.2] where the detector utilized the derived noise variance to estimate the LLR, making a
significantly reduction in computational complexity. According to the numerical results,
the number of arithmetic operators in the proposed detection was significantly less than
that of the conventional detection, whereas the deviations in BER performance between
the detections were small. Furthermore, the BER for the system, utilizing the derived
noise variance, was lower than that of the NSE noise variance due to the derived equation
generates more accurate noise variance than that of the NSE approximation.

Although, the derived PDF's of EFB(ZTSJ; )) can be efficiently applied to enhance the per-
formance of the OFDM-MMIMO system, approximations were employed to the analysis
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in chapter [3] and {4, and the approximation is precise if N, >> N;. Therefore, the pro-
posed soft-output detections in this chapter are still impractical for a system, employing a
smaller N,. In addition, the enhanced soft-output MRC detection utilized the polynomial
to approximate the LLR from MAP algorithm, making a performance degradation in a
lower Ej,/Ny region. Therefore, more accurate calculation is still required to enhance the

BER performance.
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Conclusion and future works

The BEP, the PDF of SINR, and outage probability of the OFDM-MMIMO system,
utilizing MRC and ZF detections were essentially derived in chapter [3|and 4l The analysis
in the chapters utilized the mathematical expression of the CCI and EN to analyze the
performance metrics. Furthermore, the analytical results proved that the PDF of the
CCI and EN of MRC detection for M-QAM approached the summation of Gaussian
distribution, i.e., GMM, if N, >> N;. On the other hand, the PDF of the EN for
ZF detection tended to the zero-mean, Gaussian distribution. The noise variances for
the distributions were firstly derived in this thesis. By utilizing the asymptotic PDF of
§R(Z7(7{ )), The analysis for the BEP, the PDF of SINR, and outage probability for MRC and
ZF detections were then simplified in forms of the Q, exponential, and upper incomplete
Gamma functions, respectively. Numerical results confirmed that the outcomes from the
derived equations significantly matched the exact results. The derived equations provided
an accurate analytical results if Nr > 10Nt and Nr > 100. Moreover, the deviation
between the outcomes from the exact and asymptotic equations were marginal. Thus, the
derived equations in chapter 3| and [4| can be efficiently utilized to analyze the performance
of the OFDM-MMIMO system.

Moreover, the derived PDFs for MRC and ZF detection were additionally chosen
to enhance the performance of the coded-OFDM-MMIMO system in chapter The
enhanced soft-output MRC detection utilized the derived PDF of the CCI and EN with
Newton’s method to estimate the LLRs instead of the Gaussian distribution. According
to the numerical results, the enhanced soft-output MRC detection outperformed its BER
performance compared to the conventional detection, especially in a higher E,/Ny region
since the outcomes from the derived PDF were more accurate than that of the Gaussian
distribution. In addition, the analysis for ZF detection confirmed that the PDF of the EN
for the detection approached the Gaussian distribution. Thus, the derived noise variance
was employed to reduce the computational complexity in the soft-output ZF detection.
The arithmetic operators for computing the derived noise variance was smaller than that
of the conventional equation, and the parameters in the equation were constants. As

a result, the computational complexity of the proposed soft-output ZF detector can be
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significantly minimized by utilizing the derived noise variance.

6.1 Future works

It is worth pointing out that a number of approximations was chosen to simplify the
analysis in this thesis, resulting in the limitation of the derived equations and the enhanced
soft-output detection. The imperfection is now summarized in this section. Moreover, the
author received constructive suggestions for the reviewer during the peer review process,

and the recommendation is additionally included in this section.

6.1.1 Improving performance analysis

Due to several approximations were chosen to simplify the analysis in chapter [3] and [4]
the outcomes from the derived equations MRC and ZF detections were slightly different
from the exact results. The analysis assumed that the diagonal components of the Gram
matrix approached a constant, and the off-diagonal components tended to the Gaussian
distribution. Furthermore, the 2-nd order NSE was chosen to derive the performance met-
rics for ZF detection. Since the assumptions are still imprecise if NV, was too small, more
accurate calculation is still required to enhance the accuracy for the analysis. However,
the BEP analysis for the MIMO system, utilizing ZF detection and BPSK modulation,
over uncorrelated frequency-flat Rayleigh fading channel at high SNR region was previ-
ously proposed in [16]. Although the BEP for M-QAM and other type of modulation
schemes was neglected in the work, the readers can employ the PDF of the derive SNR
to derive the BEP using the equations in [45]. Thus, the analysis in the work should be

taken into account for the comparison.

6.1.2 Limitation on enhanced soft-output MRC detection

Although the enhanced soft-output MRC detection in chapter [5| outperformed its BER
performance, compared to the conventional detection, the BER of the proposed detection
was slightly higher than that of the general detection in a lower BER region. The proposed
detector utilized the polynomial to estimate the LLRs, and there were still deviations
between the outcomes from the approximation and the exact LLR from MAP algorithm.
Thus, more accurate approximation could be utilized to enhance the BER performance of
the OFDM-MMIMO system. Furthermore, the analysis in chapter |3| confirmed that the
PDF of the CCI and EN of MRC detection approached the GMM. Therefore, machine
learning and other computation techniques could be utilized to simplify the mathematical
model of the CCI and EN and the detection.
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6.1.3 Exact OFDM-MMIMO channel model

This thesis employed the linear matrix equation in to simplify the analysis for the
OFDM-MMIMO channel model and the CFR was assumed to be the Gaussian distri-
bution. However, numerical results revealed small deviations between the exact PDF of
the CFR and the Gaussian distribution. Therefore, more accurate mathematical expres-
sions of the received symbol is still required to enhance the performance analysis. It is
worth pointing out that the exact channel model for data communication links, utilizing
OFDM waveforms, and the performance analysis were essentially proposed by a number
of research work[69-72].

6.1.4 BEP analysis for coded-OFDM-MMIMO system

The BEP analysis in this thesis is derived for the uncoded-OFDM-MMIMO system. How-
ever, LDPC, polar codes, and other channel coding techniques are widely applied to the
5G and other communication standards for enhancing the reliability of data communi-
cation. Therefore, the BEP analysis for the coded-OFDM-MMIMO system would be
more relevant in practice. Although the BEP analysis for the coded-OFDM-MMIMO
system is complex, the BEP for convolution code can be derived by utilizing error weight
list[23] (73], [74]. Furthermore, the BEP analysis for turbo codes can be approximated by

utilizing conditional weight enumerating function[75].

6.1.5 Performance analysis for MMSE detection

According to the literature survey in chapter [I, MRC and MMSE detections are focused
by a number of research works. MRC detection requires only a matrix multiplication to
produce an estimated symbol, thus, becomes an attractive technique to detect transmit-
ted information symbols in practical MMIMO systems. On the other hand, the MMSE
detection outperforms its BER performance, compared to other linear symbol detections.
Therefore, the performance analysis for the MMSE detection in the OFDM-MMIMO

system would be of interest.

6.1.6 Novel waveforms for 5G and 6G

Although the OFDM waveform is suitable for the practical transceiver, and the technique
has been widely chosen to the communication standards, the waveform is still receive
the effects of inter-carrier interference (ICI), caused by Doppler and phase noise. As the
results, orthogonal time frequency space modulation (OTFS), non-orthogonal multiple
access (NOMA), and other number of new waveform has been currently focused for the
next generation cellular network[76l [2]. Thus, the performance analysis for the waveforms
in the MMIMO system would be required.
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Appendix A

Mathematics tools

The analysis in chapter [3| and {] involves with the probability theory and mathematics. A
number of formulas was chosen to simplify the analysis in this thesis, and the methodology
is now summarized in this appendix. Section discusses the techniques to transform
the equation from linear to logarithm domain for reducing the range of outcome from
function of random variables. Then, the methodology to derive PDF of output of function
of random variables is then described in section[A.2] Joint probability and characteristic
function of random variables are included in the section. Furthermore, binomial and
multinomial expansion are chosen by this research work to rewrite equations in chapter

and [l The expansions are finally summarized in section [A.3]

A.1 Calculation in logarithm domain

The derived equations in this thesis involves with several mathematics operators in linear
domain. The range of the outcome of the equations dramatically increases according to
the input variables, making complication to prepare the simulation software. Therefore,
a number of derived equations in this thesis is transformed into the logarithm domain
to minimize the range of the outcome. Focusing on an equation, where a variable y is

calculated from z as
y=(z+1)" (A1)

According to the experimental, the value of y in (A.1)) dramatically increases according
to the value of x, and the number is too large for the numerical software if x > 150. By
using logarithm to the both sides of (A.1]), the equation becomes

g=1In(y) =xzln(z+1). (A.2)

g in (A.2)) represents y in the logarithm domain, and the range of 3 is much smaller
that of y from (A.1). If z = 100, § = 461.51, whereas the number for y is 2.7 x 102%.
It is worth noting that derived equations in this thesis involve with factorial operator,

N! = Hivzl n, where the outcome from the operator dramatically increases according to
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the input, N. Therefore, the factorial operator is then rewritten in logarithm domain as

n(N), N <100, (A.3a)
N

<)
I
—

<)
I

In(n), N <100. (A.3Db)
1

n—

Although the range of g in (A.3)) is much smaller than that of N!, the equation is still
unable to calculate the outcome if N is too large. Therefore, the Sterling’s approximation

is chosen by this thesis to approximate the outcome of V! in the logarithm domain as
1
g~ NIn(N)— N+ 3 In(27N), N > 100. (A.4)

However, there is still deviations between the outcome from the approximation in
and the exact factorial operator, and the difference becomes larger if N is smaller.
Therefore, the Sterling’s approximation in (A.4)) is chosen by this thesis to approximate
the factorial operator if N > 100. In addition, g in logarithm domain can be transformed

to linear domain by utilizing an exponential function, i.e.,

y = exp(y). (A.5)

A.2 PDF transformation

Generally, random variables are chosen to demonstrate parameters in the OFDM-MMIMO
system and the channel model, e.g., thermal noise, CIR, and CFR. Moreover, the opera-
tion of the OFDM-MMIMO system can be expressed as function of the variables. If the
random variables are uncorrelated, probability theory can be efficiently applied to analyze
the performance of the system. PDF transformation, joint probabilities and characteristic
functions of random variables are chosen by this research work to derive the PDF of the
output of the function of random variables. The methodology to derived the PDF is now

summarized in this section.

A.2.1 PDF of function of a random variable

Let X be a random variable with a PDF p,(X), and Y = ¢(X) is calculated from a
function of X. If X = h(Y) = ¢ !(Y) represents the inverse function of g(.) with N
solutions {xy, za,...,xzx}, the PDF of Y can be derived from p,(X) as [4§]

p(v) =3 Lot (A.6)
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where the derivative of g(X}) is denoted as ¢'(X}). Focusing on a linear equation, where

the outcome, Y, is generated from a random variable, X, as
Yinear = AX + B. (A.7)

If Aand B in (A.7)) are constants, the PDF of Y in ({A.9) is derived by utilizing (A.9))
in ((A.6)), and results in[48]

1 Y - B
py(ﬁinear) - pr (T) . (AS)

The PDF transformation in (A.6) can be chosen to analyze the PDF of a ratio of a

random variable X to a positive constant A, i.e.,
X
YX/A =—, A>0. (A9)
A
The PDF of Y in (A.9) is derived by substituting (A.9) in (A.6), and results in
Py(Yx/a) = Ap.(AX). (A.10)

Likewise, if Y is the outcome from a function of X, which is given by

A

X =hY) = £\/A/Y and ¢'(X}) = —2A4/X3. By utilizing ¢'(X}) in 1) py(Y)

becomes
A A
py(Yasx2) =\ 33P0 ( ?> . (A.12)

A.2.2 PDF of function of two random variables

Let Z = f(X,Y) be a function of two independent random variables X and Y, The CDF

of Z can be derived from the joint probabilities of the random variables as [48], [49]
d b
P(a<X<b,c<Y<d):/ / f(X,Y)dXdY, (A.13)

where {a,b}, and {c, d} are the integral bounds of X and Y, respectively. Focusing on a

variable Z, which is calculated from a product of X and Y, .i.e.,

Zxy = XY, —00 < X <o00,—00 <Y < o0. (A.14)
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If f(X,Y) in (A.14)) is substituted in (A.13), the CDF of Z becomes

oo rzly 0 00
P.(Z) = /0 /_ pa(X)py (V)XY + /_ // pe(X)p, (V)X dY. (A.15)

The p,(Z) is the derivative from the CDF in (A.15)). By utilizing the Leibniz integral
rule[49], the PDF becomes

p-(Zxy) = /_Z épz (é) p,(Y)dY. (A.16)

In addition, If Z is a ratio of two random variables X and Y, i.e.,

X

v —o< X <oo,Y >0. (A.17)

Zx)y =

After substituting f(X,Y) from (A.17) in (A.13]), the CDF of Z is given by

P(Zxy) = /0 h / Y (X)py (V)X Y. (A.18)

The PDF of Z is then derived from the CDF in (A.18)), and results in

p-Zep) = [ YpA2Y a0y, (A.19)
0
Furthermore, if Z is a summation of X and Y, i.e.,
Ixiy =X +Y, —00 < X < 00,—00 <Y < o0. (A.20)

The PDF of Z in (|A.20) is derived by utilizing the joint probabilities of X and Y in
(A.13). As a result, the p.(Z) is calculated from the convolutional integral as

p-(Zxyy) = /_OO Pe(Z = Y)py,(Y)dY, (A.21a)
P:(Zx1y) = pao(X) *py (V). (A.21Db)

A.2.3 Characteristic function of random variable

Characteristic function of random variable is additionally chosen by this research work
to derive the PDF of outcome from function of random variables. Let X be a random

variable, the characteristic function of X is derived from p,(X) as [4§]

&, (w) = /OO exp(jwz)p,(X)dX. (A.22)

—00

On the contrary, the characteristic function can be transformed into the PDF by using
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the following equation

pe(X) = — /OO exp(—jwz) P, (w)dX. (A.23)

—00

For example, let X = A(0,02) with the variance o2, the characteristic function of X
is determined by substituting p,(X) in (A.23), i.e.,

1 o X2
D, (w) = / exp (ij - ﬁ) dX. (A.24)
. o

2702 z

After solving the integration in (A.24)), the &,(w) becomes

2,,2

D, (w) = exp (—"m; ) . (A.25)

In addition, characteristic function can be utilized to derive the PDF of outcome of a
variable, which is calculated by a combination of random variable. Focusing on a variable

Y, which is calculated from the random variables {X,,}_ as

Y =) X, (A.26)

Oy (w) = [ [ ®a, (). (A.27)

The p,(Y) can be then obtained by substituting ®,(w) from (A.27)) in (A.23)). It is
worth noting that the analysis in can be utilized to derive the PDF of combination
of multiple Gaussian random variables. If {X,})_, in denote the zero-mean,
Gaussian random variables with variance o2 , Y is a summation of the variables and the
characteristic function of Y can be derived by substituting (A.25)) in (A.27). As a result,

the characteristic function becomes

D, (w) = exp (—%2 Za§n> . (A.28)

After substituting @,(w) from (A.28) in (A.28]), the PDF of YV is given by

1 Y?
py(Y) = xp| =y |- (A.29)
V2r SN a2 23 o1 03,

The analysis in (A.29)) confirms that the PDF of a combination of zero-mean, Gaussian

random variables exhibits the Gaussian distribution.
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A.3 Binomial and multinomial expansions

Research on performance analysis of digital communications involves with integration of
complicated equations, and a number of theorem is required to simplify the analysis.
Focusing on an equation, which is a power of a binomial, the binomial expansion can be
employed to decompose the equation as[77]
N N
N N
N N—k, k k, N—k
x4+ = x = x , A.30
=3 () =30 () (A.30)

k=0

where the binomial coefficients (]Z ) are calculated from N and k as

() = wv (A31)

In addition, if 3 or more variables are chosen to the equation, the equation can be

expanded by utilizing the multinomial expansion as[77]
N N m
N _ ky
($1+$2+'.‘+xm) - Z (k17k27-.-7km)H$U ’ <A32)
kitko+-+km=N

where

N N!
(kl, ko, ..., k;m) L., k! (4.33)

{k,})_, in (A.33) is the integer, and the range of the variables is from 0 to N. The

binomial and multinomial expansions in (A.30) and (A.32) were chosen by this research

work to simplify the integration in chapter [3] and [4]
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Newton interpolation

Interpolation is a technique to construct a curve from a set of data points from a mathe-
matical function. The technique can be chosen to generate a smooth curve from Monte-
Carlo simulation, where random variables scatter the data set[67]. This chapter discusses
the Newton interpolation, which was utilized by this thesis to approximate outcomes of
complex equations. Focusing on an example of function f(Z), where the outcome g is

calculated from a function of 7, i.e.,

§= (@) (B.1)

Newton interpolation utilizes a polynomial to estimate the outcome from (B.1)), and the

technique requires N,+1-points of data points of input and output in (B.1)), {(zx, yx) fcvﬁfl,

to calculate coefficients for the Np-th order polynomial. The methodology to generate
coefficients for linear equation and N,-th order polynomial is now described in the next

sub-sections.

B.1 Linear interpolation

Linear equation can be chosen to approximate the outcome from f(z) in (B.1)), where ¢

is generated from 7 as

J=ai+ ax(® — x1). (B.2)

a; and a; in (B.2)) represent coefficients, and (B.2)) requires two samples of & and §
from (B.1)) to calculate coefficients {ax}7_,. Let (z1,y;) and (z2,y2) denote samples of
input and output of f(z) in (B.1)), coefficients in linear equation are determined as

ar = Y, (B3a)
[ Vyl, (ng)
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where V. in (B.3a)) represents the divided difference, which is defined as

Vi = Yk+1 — Yi ' (B.4)
Tr+1 — Tk

B.2 Non-linear interpolation

Although the outcomes from the linear equation in approach the exact results,
there are still deviations between the exact y from (B.1)) and the approximation in (B.2)),
especially if f(Z) is a non-linear equation. Thus, N,-th order non-linear equation is utilized
to enhance the approximation, where ¢ is estimated from & by using a polynomial, fpoly(Z),

as

g = fPoly(i.)a (B5)

where the polynomial, fpoly(Z), is given by

fPoly(‘%) =a1 + CLQ(.% — (L’1> -+ a3<i’ — .T1)<g% — .Z‘Q) + ... (B6)

+ (le_l(Zi' — ZL‘l)(Zi' — IL‘Q) c. (Zﬁ — INP).

Coeflicients {ak}i\zl—l in (B.6)) are calculated from N, + 1 samples of & and g of f(Z)

in (BI) as

aiqg = T1, (B?&)

CL27q == Vyg, (B?b)

azq = Vys, (B.7¢)

aN,,q = VNp_lpr. (B?d)

V"™ in (B.7a)) is computed from the data points as

Vi = 290 =93, N, (B.8a)
Tm — L1

Vi = m %2 3.4, N, (B.8h)
Ly — T

Vi = 2% =45, N, (B.8c)
Ty — X3

vy, = Ym — YNy (B.8d)

Tm — pr

B.3 Numerical results

Fig. compare the approximations from linear equation in (B.2) and polynomial in

(B.5) with that of the exact outcomes from the following equation
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Appendix B. Newton interpolation

Table B.1: Linear and non-linear interpolation.

Sampled data of (zy, yx) k=1
) [ (10,0.90) - -
)
)

Linear eq. in (B.2) (0,0
The 2-nd order polynomial in (B.5) | (0,0
The 3-rd order polynomial in (B.5) | (0,0

(5,1.42) | (10,0.90) -
(3,1.02) | (7,1.48) | (10,0.90)

2 —
LS r /k’ﬁ ' """ T
1 g \A‘
0.5 '
0
-0.5
)
-1
-15 F
Linear Eq.
2 Polynomial, N, = 2
Polynomial, N, = 3
-2.5 O Sample (N, =1)
3 X Sample (N, = 2)
Sample (N, = 3)
_35 | | |
-5 0 10 15

|
5
z

Figure B.1: Linear and non-linear interpolation.

j = 1.5sin (%) . (B.9)

Linear equation requires 2 data points for computing coefficients in (B.2)), whereas the
number of data points for the 2-nd and the 3-rd polynomial are 3 and 4, respectively. The
data points are uniformly sampled from the exact (z,9) in (B.9), and the information is
summarized in Table. (B.1). The numerical results in Fig. confirms that the outcomes
from the approximations in (B.2]) and matched the exact results from (B.9)). The
asymptotic ¢ from linear equation at & = 4 was 0.36, and the number was 0.9 different
from the exact result. Furthermore, a higher order polynomial produced more accurate 7,
and the approximation for 3-rd polynomial at & = 4 was only 1.54 x 1072 different from

the exact result.
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Appendix C

Approximate noise variance for ZF

detection using NSE

According to the methodology in chapter [, the soft-output ZF detector utilizes the
symbol-by-symbol MAP algorithm in and the approximation in to estimate
the LLR, corresponding to X, The noise variance O’i
calculate the outcome, and the ZF detector utilizes to determine the variance from

CFR. However, the equation requires G;l to produce the outcome and the size of the

., 1s required by the equations to

Gram matrix is very large, and several arithmetic operators are required by the detec-
tor to generate the noise variance. Therefore, the authors in [52] utilized the 1-st order
NSE to simplify the calculation for the noise variance. Although the methodology was
proposed for the soft-output MMSE detection, the operation of ZF detection is slightly
different from the MMSE detection, and the NSE can be applied for this case. If the 1-st
order NSE from is chosen to (D.4), the o2, is simplified as

2 Nr
2 _ Oy Z (£)*|2
(D)2 5

It is worth noting that the NSE approximation in (C.1]) requires less arithmetic op-
erators than that of the general equation in (D.4)), however, the size of N, should larger
than the number for /V; to minimize the difference between the exact and the approximate

equations.
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Appendix D

Derivation of instantaneous noise

variance for linear symbol detections

Soft-output detection is generally chosen to estimate LLR for iterative decoder in coded-
OFDM-MMIMO sytem. Focusing on soft-output linear symbol detection, the detector
compares receive symbol with the Gaussian distribution for computing the LLR. Instan-
taneous noise variance is required for the LLR computation, and the value of the noise
variance dramatically change according to the CFR for each sub-channel. Thus, the soft-
output detector estimate the instantaneous noise variance from the CFR. In general, the

outcome for the detection is generally modeled as[52]

(/)

X = xn (D.1)
~~

A

where %) denotes the effective channel gain and e%) represents post equalization CCI
% g p p q

and EN. The value of u%) corresponds to CFR for each sub-channel. If el is assumed
to be the Gaussian distribution, the second term in (D.1)), Z%’, becomes the CA/(0, 202).
The instantaneous noise variance is estimated from CFR for each sub-channel, and the

variance for soft-output MRC, ZF, and MMSE detections are now summarized in section
[D.1] [D.2] and [D.3] respectively.

D.1 MRC detection

The principle of MRC detection was previously explained in section [2.6.1, where the
mathematical expression of the outcome for the detection, xy ), was derived in (2.25)).

A

X receives the effects of CCI and EN, i.e. Z{ in (2.25). If XD and W) are assumed

2

m for

to be the Gaussian distribution, the instantaneous noise variance per dimension o

the m-th transmit antenna is estimated from CFR as[52]
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Appendix D. Derivation of instantaneous noise variance for linear symbol detections
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Figure D.1: PDF of the CCI and the EN of OFDM-MMIMO system, utilizing MRC detection.

S oo [ESLPE (1672) + 20 1 P E (W)

2
o (D.2)
| 2(Dlim)?
By substituting E <|X,gf)|2> = F, and E (|W7(Lf)|2> = 207, the 02, becomes
Ey SN oim [ESD 2 4 02 SN |2
o_im _ Zk—l,k;ém | m,k| w Zn—l ’ ) | ‘ (D3)

(D)2

Fig. compares the PDF of §R(Z,(T{)) in a 10 x 200 OFDM-MMIMO system from the
simulation results with that of the A'(0,02,,) using the average o2, in (D.3). 16-QAM
was chosen to the system and E,/Ny = {—15,15} dB. The simulation employed (2.11]),
(2.22), and , respectively, to generate X corresponding to X 79 is then
calculated from a subtraction of X and XY. The Héfr)n in (2.11)) was assumed to be a
CN(0,203). According to the results, the exact PDF of Z! at a lower Ej,/Ny region tends
to be the Gaussian distribution since the effects of the EN in dominated the PDF.
The exact pz(%(Z,(T{))) for the system operating at E,/Ny = —15 dB at %(Z,g{)) =0 was
0.11, which was only 4.13 x 1073 higher than that of the A(0, 02). However, the deviation
for the system operating at E,/Ny = 15 dB at %(ZT(,{)) = 0 increased to 3.19 x 1072
Therefore, there is still a deviation between the Gaussian distribution and the exact PDF
of R(ZY)), especially at a higher E, /Ny region.
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Appendix D. Derivation of instantaneous noise variance for linear symbol detections

D.2 ZF detection

According to the methodology in section [2.6.2 The outcome from ZF detection receive
the effects of EN, and the EN was given by z¥ = ij;l Ué{%W,&f) in . Since
W, = CN(0,207), Z) in (2.30) approaches the CN(0,20%,,), and the instantaneous
noise variance per dimension for the m-th transmit antenna can be determined from the
UT(Lf,)n as

N,
1 s
2 2 (f) |2 ()2
O-Z,m - D) nz; |Un,m| E (|Wn | ) ) (D4a‘)
Ny
02, = 02 S UL, (D.4D)
n=1

D.3 MMSE detection

The derivation for the instantaneous noise variance for MMSE detection is now discussed
in this section. In general, the CCI and the EN in MMSE detection are given by z0)
in (2.37). If X ,gf ) and W) in (2.37)) are assumed to be the complex-valued, Gaussian

distribution, the instantaneous noise variance per dimension of Z) is expressed as [7§]

N, /, Nr 7
SN [KDPE (X)) + 2 B (W)
Oym = - s (DE)&)
| 2 K2
N, () A
2 E; Zkil,j7éNt ’[(m,k‘2 on ZnN:1 Kf(f{)nlz
’ 2(Kmm)? (Km )?

Fig. |D.2(a) and (b) show the pz(éR(ZfT{))) of the OFDM-MMIMO system, using ZF
and MMSE detection from the simulation results. The empirical results are additionally
compared to that of the A(0,02), where the noise variance per dimension of §R(Z,(T{ )) for
the detections is employed by averaging Ug,m from and , respectively. N; = 10
and N, = {50,100,200}. 16-QAM was chosen to the system and the number of sub-
carrier was 512 symbols. The system operated at Ej,/Ny = —10 dB. Evidently, the exact
PDFs of %(Zr(r{ )) matched the Gaussian distribution. According to the 2-sample Kol-
mogorov—Smirnov test at a significance level of 5%, there is no major difference between
the exact PDF and the Gaussian distribution.
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Derivation of instantaneous noise variance for linear symbol detections
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Figure D.2: PDF of R(ZY) of ZF and MMSE detections.
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