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Abstract 

 

Understanding the strength of particles is essential for enhancing the efficiency, 

sustainability, and performance of applications involving their breakage. Despite 

valuable insights gained from extensive laboratory testing, a shared agreement on 

crushing strength estimation has yet to be achieved, as the geometric and material 

anisotropy, combined with inherent heterogeneity, pose significant challenges to the 

standardisation of testing methods. 

    This thesis aims to advance state-of-the-art research by developing a micro-scale 

computational framework to investigate the inelasticity and breakage behaviour of 

sand particles. The framework begins with image acquisition, where the morphology 

of natural sand particles is virtualised using micro-computed tomography. To simulate 

their mechanical response, a combined discrete-finite element method is employed to 

represent them as continuum bodies, while capturing fragment-to-fragment 

interactions during breakage. This integrated framework is referred to as the micro 

finite element (µFE) analysis. 

    Validation of the µFE model yields results that compare well with experimental data 

from the Brazilian tests and the single particle compression tests. The breakage 

behaviour of single particles is further examined through a point-loading test using 

spherical indenters with different radii. The actual contact area between particle and 

indenter normalised by its corresponding Hertzian area is found to be independent of 

indenter size, providing new insights into harmonising variations in crushing strength 

estimated using different indenters. 

One application directly controlled by sand breakage is the adjustment of adhesion 

level at the wheel-rail interface. By reproducing the train operation environment, sand 

breakage under extreme load is studied, and its effect on adhesion enhancement, 

considering surface roughness and plastic deformation of the rail, is explored. It 

reveals the fact that adhesion enhancement is primarily influenced by the number of 

fragments at the wheel-rail interface, which is directly related to the newly generated 

surface area. 
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Chapter 1 Introduction 
 

1.1 Motivation and Background 

The strength of individual particles plays a pivotal role in determining their mechanical 

response to loading and their ability to resist failure. Particle strength, as a fundamental 

property, is governed by intricate interactions between internal structural features and 

external forces. The inherent heterogeneity of particles, including variations in size, 

shape, and material composition, introduces significant variability in their strength. This 

variability makes it essential to establish a deeper understanding of the factors 

influencing particle strength and to develop systematic approaches for studying this 

critical property across different scales. 

    In the case of sand particles, significant advancements have been made in 

understanding particle strength through laboratory testing and numerical simulation 

(McDowell and Bolton, 1998; Nakata et al., 2001; Coop et al., 2004; Tang et al., 2004; 

Russell and Muir Wood, 2009; Cavarretta and O’Sullivan, 2012; Zhao et al., 2015; 

Zhang et al., 2020; Zhou et al., 2020; Wei et al., 2022; Liu et al., 2023). Inspired by the 

Brazilian test (Fairhurst, 1964), traditional compression tests using flat platens have 

been employed to investigate the tensile strength of sand particles. These tests have 

highlighted differences in results when considering particle shape effects in one 

dimension (1D) and two dimensions (2D) (Hiramatsu and Oka, 1966; Lee, 1992; 

Cavarretta et al., 2017). With the advent of micro-computed tomography (μCT), the 

failure modes of sand particles have been explored in greater detail, revealing intricate 

relationships with tensile strength and providing deeper insights into breakage 

mechanisms (Wang and Coop, 2016). Furthermore, a point load apparatus was 

introduced to examine the influence of loading conditions on particle breakage, 

resulting in more consistent tensile strength measurements by reducing the effect of 

particle shape. However, point load tests present practical challenges, including point-

to-particle contact and frequent replacement of loading apparatuses (Wang and Coop, 

2018). 

    Numerical simulations have emerged as a powerful tool to overcome these 

experimental limitations. To achieve a more accurate representation of sand particles, 

micro-finite element (μFE) analysis incorporating μCT-derived morphology has been 

utilised to provide detailed insights into stress transmission within sand particles 

(Nadimi and Fonseca, 2018a). By coupling cohesive interface elements (CIEs), μFE 

models enable the investigation of sand particle breakage under rotational point 
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loading (Wei et al., 2019). This approach demonstrates that traditional compression 

tests with flat platens tend to overestimate tensile strength, though no universally 

recommended test method has yet been established. 

    While progress in understanding the breakage mechanisms of sand particles 

continues, their practical application in the railway industry underscores the 

significance of this research. Sand particles, deployed from onboard devices, are 

widely used to mitigate low adhesion at the wheel-rail interface caused by wet weather, 

surface contamination, and variations in rail and wheel conditions (Broster et al., 1974; 

Beagley et al., 1975; Wang et al., 2011; Tao et al., 2020). Experimental investigations 

at various scales, including twin-disc setups, full-scale rigs, and field tests, have 

explored the role of sand particles in restoring adhesion and removing leaf layers 

(Skipper et al., 2018). Beyond sand particles, factors such as rail surface roughness 

(Wang et al., 2023) and rail plastic deformation (Zhao and Li, 2015) have also been 

studied for their effects on adhesion. However, comprehensive studies integrating the 

combined effects of sand particles, rail surface roughness, and plastic deformation are 

still lacking, leaving a critical gap in understanding their collective impact on adhesion. 

 

1.2 Aim and Objectives 

This thesis aims to advance the understanding of sand particle breakage behaviour, 

with particular attention to the influence of particle morphology, contact curvature, and 

loading conditions. Rather than focusing solely on particle strength, the work 

investigates how different loading configurations, specifically point load and 

compression tests, influence fracture initiation and propagation in granular materials. 

A key objective is to bridge the gap between these testing methods and to provide new 

insights into the estimation of tensile strength, which has long been a challenge in 

laboratory studies of granular systems. 

    To achieve this, a μFE model coupled with CIEs is proposed to investigate the 

breakage behaviour of sand particles under varying contact curvatures. The model is 

carefully calibrated and validated to ensure reliability and accuracy. A comprehensive 

relationship between particle morphology, contact curvature, contact area, and fracture 

load is established across different tested samples. Building on this, a new method is 

proposed to estimate tensile strength, providing more consistent values across 

different contact curvatures. 

To expand the application of the developed μFE model and deepen the 

understanding of particle breakage in real-world scenarios, the breakage mechanism 
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of particles and the distribution of their fragments over the rail during the sanding 

process is investigated using boundary conditions that replicate train traction and 

braking operations. By incorporating rail surface roughness and plastic deformation 

data, the study quantitatively examines the adhesion enhancement caused by sand 

breakage at the wheel-rail interface, an aspect that has not been explored numerically 

before. The insights gained here could help optimise the sanding process and 

contribute to safer train operations, which is difficult to achieve through experimental 

testing alone. 

The main objectives of this thesis are as below: 

 O1: To conduct a state-of-the-art review of μFE analysis in engineering 

mechanics, understand the fundamental steps involved in μFE analysis, and 

identify its advancements, limitations, and the latest techniques to address 

these limitations. 

 O2: To verify the breakage model theoretically against crack extension tests and 

validate the breakage model experimentally against the Brazilian test. To 

explore the breakage mechanisms associated with different contact topologies 

on single particles. 

 O3: To analyse how contact curvatures impact the breakage behaviour of 

individual particles through point load tests. To propose a new method for better 

estimating tensile strength, accounting for variations in particle morphology and 

contact curvature. 

 O4: To examine the breakage mechanisms of sand particles and their fragment 

distribution on the rail surface. To investigate the adhesion enhancement 

caused by particle breakage, considering the effects of rail surface roughness 

and plastic deformation. 

 

1.3 Outline of Thesis 

This thesis consists of six chapters and four appendices in total. The current section is 

part of Chapter 1, which introduces the background and motivation of the research, the 

aims and objectives, the thesis outline, and the research contributions from each 

chapter. Chapters 2 through 5 each focus on a specific aspect of the thesis, beginning 

with a background review relevant to that topic. Drawing on the key findings from these 

chapters, Chapter 6 concludes the thesis and offers suggestions for future studies that 

could extend this research. 

    Below is a brief summary of the content covered in the main chapters and 
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appendices: 

Chapter 2 provides a state-of-the-art review of μFE analysis in engineering 

mechanics, which forms the foundation for developing a framework utilising the μFE 

model to address the research objectives. This chapter begins with the evolution of 

μFE analysis in biomedical research and introduces the fundamental steps involved, 

including image preparation, mesh generation, model setup, calibration and validation. 

Applications in various fields such as orthopaedics, dental research, implant design, 

material science, granular materials, industrial manufacturing, structural engineering, 

and corrosion science are reviewed to provide deeper insights into the progress and 

challenges of μFE analysis, paving the foundation for the framework development in 

subsequent chapters. 

    Chapter 3 develops a μFE model to simulate particle breakage using CIEs. The 

model is refined through a mesh sensitivity study to achieve a balance between 

computational efficiency and accuracy. Crack initiation and propagation are validated 

through crack extension tests and cohesive zone analysis. A parametric study is 

conducted to calibrate the CIE parameters. For further validation, three different 

contact topologies from the Brazilian test, referred to as point-to-point, arch-to-arch, 

and flat-to-flat contacts, are numerically reproduced. Load-strain curves, strain 

distribution, crack initiation and propagation, and tensile strength are compared across 

topologies. Recommendations are made for a contact topology that better estimates 

tensile strength. 

Chapter 4 numerically reproduces the point loading test using rigid indenters of 

varying radii. The influence of contact curvature on particle breakage behaviour is 

analysed. A new equation is proposed to estimate tensile strength independently of 

contact curvature while accounting for particle morphology. This improved estimation 

is verified using the Weibull distribution. A fracture mode analysis is performed based 

on the volume of child fragments. Morphological parameters of child fragments are 

compared to those of parent particles to investigate the impact of contact curvature on 

fragment formation. Additionally, two in-house MATLAB codes are developed: one for 

three-dimensional (3D) CIEs embedment and another for fragment analysis. 

Chapter 5 examines the breakage mechanisms of sand particles and their fragment 

distribution on the rail. To evaluate the effect of particle morphology on adhesion, a 

smooth wheel-rail interface is employed to minimise the influence of surface 

irregularities. This approach isolates the specific impact of particle size and shape on 

adhesion levels before and after fragmentation. The model is subsequently enhanced 



 

5 

by incorporating rail roughness and plastic deformation to create a more realistic 

representation of the wheel-rail interface, providing deeper insights into associated 

adhesion enhancement. Furthermore, this methodology is extended to 3D simulations 

to facilitate future studies. 

Appendix A presents key algorithmic implementations for embedding 3D CIEs, with 

inline comments to enhance understanding. 

Appendix B contains the main function of the fragment analysis code, enabling the 

capture of individual fragments and mass loss. 

Appendix C displays 21 silica sand and 21 crushed glass samples reconstructed 

from μCT images, along with their morphology parameters. 

Appendix D lists 37 representative rail surface profiles with their roughness 

descriptors. 

 

1.4 Contributions 

This section outlines the contributions of the candidate to each chapter and the 

corresponding published or submitted works, where applicable, along with the 

contributions of the main supervisor, Dr. Nadimi, as well as collaborators, Prof. 

Rouainia from Newcastle University and Prof. Lewis from the University of Sheffield. 

In Chapter 2, the candidate critically reviewed μFE applications across various fields, 

summarised the fundamental setup of the μFE model, and discussed its advantages 

and limitations. Dr. Nadimi reviewed this work and provided feedback on potential 

improvements. The corresponding manuscript is currently under review by external co-

authors for submission to the Journal of Engineering Mechanics. 

In Chapter 3, the candidate proposed a μFE model coupled with CIEs to investigate 

particle breakage and calibrated the model using mesh sensitivity analysis, crack 

extension tests, and parametric studies. The candidate also validated the model 

against the Brazilian test by reproducing different contact topologies. Dr. Nadimi and 

Prof. Rouainia provided guidance throughout the process and reviewed the 

accompanying manuscript, which has been published in Construction and Building 

Materials (Zhang et al., 2023). 

In Chapter 4, the candidate developed a MATLAB code for embedding 3D CIEs, 

allowing the proposed μFE model to simulate particle breakage in 3D. To examine the 

effect of contact curvature on tensile strength, the candidate numerically reproduced 

the point loading test using loading balls with varying radii. Additionally, the candidate 

created a MATLAB code for fragment analysis, enabling the capture of individual 
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fragments throughout the simulation. Dr. Nadimi facilitated collaboration with Dr. Zhao 

from University College Dublin, who provided μCT images of Leighton Buzzard Sand 

(LBS) for model validation. Dr. Nadimi also provided feedback during the early stages 

of code development and reviewed the work. The accompanying manuscript is 

currently under Dr. Nadimi’s review for submission to Géotechnique. 

In Chapter 5, the candidate extended the μFE model to investigate the breakage 

mechanisms of sand particles and their fragment distribution on the rail, incorporating 

rail surface roughness and plastic deformation, to better understand adhesion 

enhancement at the wheel-rail interface. Dr. Nadimi and Prof. Lewis provided feedback 

throughout the process and reviewed the accompanying manuscripts. Following a 

presentation at the 12th International Conference on Contact Mechanics and Wear of 

Rail/Wheel Systems (CM 2022) in Melbourne, Australia, a paper (Zhang et al., 2024) 

was published by invitation in the special issue of Wear. Another manuscript, which 

examines the impact of rail roughness and plastic deformation, has been submitted to 

Railway Engineering Science and is under review. 
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Chapter 2 The Evolution of Micro Finite Element Analysis in 
Engineering Mechanics 
 

2.1 Introduction 

The finite element method (FEM) has been a foundational tool in numerical modelling, 

offering solutions to complex problems in engineering and science. Despite its 

versatility, the accurate representation of geometric and material anisotropy, along with 

heterogeneity, remains a significant challenge. To consider these, the µFE analysis 

was developed, integrating high-resolution µCT to investigate engineering behaviour 

at the microscale. 

    Originally introduced in orthopaedic research to study trabecular bone (van 

Rietbergen et al., 1995), µFE analysis has since evolved into a powerful tool applied 

across diverse fields, including dental research, implant design, material science, 

granular materials, industrial manufacturing, structural engineering, and corrosion 

science. By bridging microstructural details and macroscopic behaviours, µFE analysis 

has opened new avenues for understanding and solving engineering and scientific 

problems. 

    The goal of this chapter is to critically review the methodology and applications of 

µFE analysis, with a primary focus on its use in medical research and an exploration 

of its growing role in other fields. This review aims to summarise current advancements, 

identify methodological trends, and evaluate the strengths and limitations of µFE 

analysis. The insights gained from this review will inform the development of a µFE-

based breakage model in the following chapters, where the mechanical behaviour of 

particles under different loading conditions will be investigated. 

 

2.2 Background 

In 1972, about fifteen years after the FEM revolutionised stress analysis in engineering 

mechanics, Brekelmans et al. (1972) employed this method for analysing the 

mechanical behaviour of skeletal parts within the orthopaedic literature. Since then, it 

has facilitated data evaluation and parametric studies across experiments. Additionally, 

it predicts hard-to-measure variables and provides a framework for numerical 

experimentation that closely mirrors lab-based studies in orthopaedic research 

(Huiskes and Chao, 1983; Huiskes and Hollister, 1993). However, these early 

implementations lacked the microstructural detail needed to accurately model 

trabecular bone, missing localized mechanical behaviour and microscale elastic 
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properties, which led to less precise predictions of bone strength and load response 

(Fyhrie, 1992; Hollister et al., 1994; van Rietbergen et al., 1995). 

    The μFE method was first introduced as a solution to address these limitations. Bert 

van Rietbergen and his colleagues (van Rietbergen et al., 1995) were among the 

pioneers in applying the μFE model to trabecular bone analysis. Their landmark studies 

in the 1990s demonstrated how μFE analysis, when combined with high-resolution μCT, 

could accurately capture the microstructural architecture of trabecular bone and 

simulate its mechanical behaviour under load (van Rietbergen et al., 1995; Rietbergen, 

1996; Ulrich et al., 1998; Van Rietbergen, Majumdar, et al., 1998; Van Rietbergen, 

Odgaard, et al., 1998; Van Rietbergen et al., 1999). This approach allowed for more 

accurate predictions of localized stress distributions and mechanical properties, setting 

the foundation for the μFE method as a critical tool in biomechanics and orthopaedic 

research. 

    Since the concepts and frameworks of FEM have been well developed over the past 

several decades, developments of the μFE method mainly laid out two parts regarding 

image-based mesh reconstruction. The first development is the techniques to capture 

high-resolution images. The images used in the early study can only provide a typical 

voxel size of 50μm using μCT (Hollister et al., 1994), but now the resolution can 

achieve up to 0.1μm (Withers et al., 2021), which has tremendously improved the 

quality of images and therefore the mechanical prediction based on the reconstructed 

mesh becomes more accurate. Meanwhile, advancements in imaging technologies 

have enabled a transition from ex vivo imaging, which was previously limited to 

laboratory settings, to capturing high-quality in vivo images. This progress now 

supports clinical monitoring and longitudinal studies, providing non-invasive, real-time 

insights into biological structures within living organisms. (Boutroy et al., 2008; 

Vilayphiou et al., 2010, 2011; Christen et al., 2013; Cheuk et al., 2015). The second 

development is on mesh reconstruction. The voxel conversion approach is one of the 

most commonly used methods in orthopaedic research. It converts voxels representing 

bone tissue into equally sized brick elements, while voxels representing bone marrow 

are ignored. As a result, the generated FE model consists of millions of elements, each 

matching the voxel size in the μCT images. This FE model is therefore referred to as 

the μFE model (van Rietbergen, 2001; van Rietbergen and Ito, 2015). 

    With the advancement of μFE analysis, this method has been increasingly adopted 

to address practical mechanical problems at the microscale, yielding effective solutions 

across various disciplines. In orthopaedic research, the μFE method has been 
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employed to investigate bone strength (Newitt et al., 2002; Pistoia et al., 2002; Verhulp 

et al., 2006, 2008; Hazrati Marangalou et al., 2012; Zhang et al., 2013; Christen et al., 

2014; Tang et al., 2014; Wen et al., 2016; Rieger et al., 2018; Knowles et al., 2019; 

Stipsitz et al., 2021; Guha et al., 2022) and its variations due to diseases (Hansen, 

Brixen, et al., 2012; Stein et al., 2013; Chen et al., 2014; Arias-Moreno et al., 2016; 

Costa et al., 2020), treatments (Burghardt et al., 2010; Macdonald et al., 2011; Hansen, 

Hauge, et al., 2012; Rizzoli et al., 2012; Hansen et al., 2013), physical activity 

(Schipilow et al., 2013; Synek and Pahr, 2018), and growth (Chevalley et al., 2012; 

Farr et al., 2014; Griesbach et al., 2024). In dental research, it has been utilized to 

study tooth conditions (Chen et al., 2012; Chang et al., 2014; Ortún-Terrazas et al., 

2018; Wan et al., 2022), and the effect of disease treatments (Magne, 2007; Della 

Bona et al., 2013; Shahrbaf et al., 2013; Silva et al., 2015; Allen et al., 2018; Cen et 

al., 2018; Chang et al., 2018; Aslan et al., 2021; Smoljan et al., 2021; Mert Eren et al., 

2023; Rahmatian et al., 2023). In implant research, the μFE method has been used to 

explore implant stability (Chevalier et al., 2021; Zupancic Cepic et al., 2022; Epifania 

et al., 2023), mechanical behaviour (Lin et al., 2010; Frisardi et al., 2012; Ren et al., 

2012; Williams and McCullough, 2016; Marcián et al., 2018, 2021; Ovesy et al., 2019; 

Syed et al., 2021), and the effects on surrounding tissues and structures (Limbert et 

al., 2010; Lee et al., 2014; MacGinnis et al., 2014; Moon et al., 2015; Chevalier et al., 

2016; Jin et al., 2020; Su et al., 2021; Akhlaghi et al., 2023). For porous materials, it 

has been applied to examine mechanical performance (Maire et al., 2003; Youssef et 

al., 2005; Aziz et al., 2006; Lacroix et al., 2006; Tsafnat et al., 2008, 2009, 2011; Veyhl 

et al., 2011; Lin et al., 2014; Tagliabue et al., 2017; Boniotti et al., 2019; Lei et al., 2019; 

Farina et al., 2021; Hu et al., 2021; D’Andrea et al., 2022), deformation and breakage 

behaviours (Singh et al., 2010; Basista et al., 2017; Wang et al., 2018; Patel et al., 

2019; Ai et al., 2021), and fluid flow permeability (Gunde et al., 2010; Zhang et al., 

2019). In granular material research, the μFE method has provided insights into the 

effects of particle morphology (Zhao and Wang, 2016; S. Nadimi and Fonseca, 2017; 

Kim and Yun, 2018; Fei et al., 2019), breakage behaviour (Zhao et al., 2015; Ma et al., 

2017; Imseeh and Alshibli, 2018; Wei et al., 2019, 2022b; Zhou et al., 2020; Lin et al., 

2023), and constitutive behaviour (Nadimi et al., 2020; Nadimi and Fonseca, 2019; 

Fonseca et al., 2019, 2012; Nadimi et al., 2015; Chen et al., 2021; Thakur and 

Penumadu, 2020; Nadimi and Fonseca, 2018b, 2018a). Generally, some key features 

and properties of the μFE method identified to date include: 



 

10 

 μFE analysis allows for detailed modelling of complex structures at the 

microscale, incorporating high-resolution imaging data such as μCT scans to 

capture complicated geometries. 

 This method effectively accounts for the heterogeneous nature of materials, 

enabling the accurate simulation of localised mechanical responses within 

structures. 

 It provides robust predictive insights into mechanical performance, such as 

stress-strain relationships, crack initiation and propagation, and failure points 

under various loading conditions. 

 μFE method can couple mechanical, thermal, and fluid interactions, enabling 

the study of complex material behaviours in multidisciplinary applications. 

 It enables precise quantification of material properties, such as stiffness, 

strength, and porosity, directly from microscale structures. 

 While computationally intensive, advancements in software and hardware have 

improved its efficiency, allowing for faster analysis of large datasets. 

 Widely applied in orthopaedics, dental research, material science, and 

engineering, it provides solutions to practical problems like bone strength 

assessment, implant design, and granular material behaviour. 

 μFE models are often validated against experimental results, enhancing their 

reliability and applicability in real-world scenarios. 

    In this chapter, the μFE analysis is comprehensively reviewed, covering both its 

methodology and applications. The structure of the paper is as follows: Section 2.3 

introduces the fundamental steps of the μFE method; Section 2.4 explores its major 

applications across a range of problems; Section 2.5 discusses the primary limitations 

of the μFE model. Finally, Section 2.6 concludes the review with key remarks. 

 

2.3 Fundamental Steps 

Since the key strength of the µFE analysis lies in its ability to computationally represent 

real-world objects with greater accuracy, it creates a seamless pathway from laboratory 

tests to numerical simulations. To ensure the digital object is representative and the 

computational result is reliable, four steps are generally applicable across different 

disciplines: 1) image preparation, 2) mesh generation, 3) model setup, and 4) 

calibration and validation. 
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2.3.1 Image Preparation 

The image preparation is a critical step that involves image acquisition and image 

processing to ensure high-quality data for analysis. Image acquisition focuses on 

capturing visual information using techniques such as μCT, High-resolution peripheral 

quantitative computed tomography (HR-pQCT), or Magnetic Resonance Imaging 

(MRI), according to the specific requirements of the study. Following acquisition, image 

processing techniques are applied to enhance the quality and extract meaningful 

features. This includes steps like noise reduction, contrast adjustment, and 

segmentation to isolate regions of interest. Together, a robust foundation can be 

created for accurate analyses in subsequent stages of the workflow. 

 

Image Acquisition 

The microstructure, especially the internal structure and morphological features, of an 

object plays a critical role in determining its mechanical and physical properties and 

behaviours. However, two-dimensional (2D) imaging methods are limited in providing 

spatial information about the structure being examined. On the other hand, three-

dimensional (3D) imaging offers insights into the volume, shape, and pore distribution. 

Commonly used 3D imaging techniques, including confocal optical microscopy (OM), 

MRI, scanning electron microscopy (SEM), 3D photoacoustic tomography (PAT), μCT, 

electron tomography, and neutron tomography, are listed in Figure 2.1 and compared 

in terms of acquisition cost, operational cost, resolution, measurement time, sample 

size adaptability, and information depth (Vásárhelyi et al., 2020). 

 

 

Figure 2.1. Radar chart of the comparison of 3D imaging techniques (adapted with 
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permission from Vásárhelyi et al. (2020)). 

 
In this review, the majority of studies utilise µCT for ex vivo or material imaging, while 

HR-pQCT (µCT-based) or MRI is commonly employed for in vivo imaging. Here, µCT 

is used to demonstrate the typical image acquisition process and related information. 

    As shown in Figure 2.2, the three basic physical components of a CT scanner are 

the X-ray source, the X-ray detector, and the sample stage. By exploiting the 

penetration power from an X-ray source, a series of 2D radiographs of the object are 

captured from many different directions. Depending on the objective of the study, 

different configurations are used for X-ray imaging. For clinical observations, the X-ray 

source and detector rotate around the stationary patient (see Figure 2.2a). In contrast, 

when imaging centimetre- or millimetre-sized specimens, it is more effective to keep 

the X-ray source and detector stationary while the specimen rotates (see Figure 2.2b). 

Similar to how 2D images consist of pixels, 3D images are composed of cubic volume 

elements known as voxels. To accurately characterise features such as shape and 

volume, the voxel size must be significantly smaller than the expected features or their 

separation. The µCT system can achieve voxel sizes as small as 0.1 μm (Withers et 

al., 2021). However, opting for a smaller voxel size typically requires compromising on 

the size of the object being imaged. This trade-off arises because reducing the effective 

pixel size often results in a smaller field of view on the detector. 

 

  

(a) (b) 

Figure 2.2. Common X-ray computed tomography configurations. (a) gantry system 

where the source and the detector rotate in tandem around the patient, animal or 

specimen. (b) cone beam system typical of laboratory systems (adapted with 

permission from Withers et al. (2021)). 
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Image Processing 

Image processing is an essential step for extracting meaningful information from raw 

image data (Kuruvilla et al., 2016). Image processing techniques, such as noise 

removal, contrast enhancement, and normalization, are applied to enhance image 

quality and ensure consistency. Segmentation methods, including threshold-based, 

region-based, and edge-based techniques, involve dividing an image into distinct 

regions or objects to simplify analysis and highlight areas of interest. For the sake of 

brevity, this section focuses on introducing noise removal, threshold-based 

segmentation, and region-based segmentation. 

Typically, the raw CT image consists of the original image combined with a noise 

component from acquisition hardware, as illustrated in Figure 2.3. The goal of image 

denoising is to suppress the noise from the CT images by preserving interesting details 

so that the filtered image can be used for future analysis. Techniques such as median 

filters or other advanced filtering methods can be employed to achieve this goal 

(Withers et al., 2021). Additionally, the development of machine learning techniques 

can enhance the denoising process by balancing noise reduction with the preservation 

of important features (Diwakar and Kumar, 2018). 

 

 

Figure 2.3. A noisy image is the sum of the clean image and the noise component 

(adapted with permission from Diwakar and Kumar (2018)). 

 

Once the image is clear and cleaned, the next step is to highlight the features of 

interest, which can be achieved using threshold segmentation. This is a simple yet 

powerful technique for segmenting images, particularly those with bright objects 

against a dark background. Threshold segmentation converts a multi-level image into 

a binary image by selecting an appropriate threshold value 𝑇. This value divides image 

pixels into distinct regions, effectively separating objects from the background 

(Kuruvilla et al., 2016). 𝑇 is often determined based on the grayscale histogram, which 

graphically represents the pixel intensity distribution. The most widely used approach 

is the Otsu method (Otsu, 1975), originally developed to binarise images by minimising 
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the weighted sum of variances between two classes. For example, in granular 

materials, it can effectively separate sand particles from other materials (Zhao and 

Wang, 2016).  

    In the presence of multiple phases, such as voids, solids, and liquids, multiple 

threshold values can be applied to effectively segment these regions (see Figure 2.4). 

This technique, known as multi-threshold segmentation (Kaur and Kaur, 2014), 

classifies distinct components within a material by dividing the intensity range into 

discrete intervals, with each interval corresponding to a specific phase or material type. 

By providing a detailed and accurate representation of complex multiphase systems, 

this method enhances analytical capabilities in disciplines such as material science 

and geotechnical engineering. Alternatively, this task can also be achieved using other 

segmentation methods, such as watershed (Ramesh et al., 2021) or level set (Cremers 

et al., 2007) segmentation, which are particularly effective for handling irregular 

boundaries or topological changes in the data. 

 

 

Figure 2.4. Segmentation processes for saturated glass bead sample. (a) linear 

attenuation histograms of the sample. (b) sub-volumes showing void (dark gray), liquid 

(medium gray), and solid (light gray) phases (adapted with permission from Vaz et al. 

(2014)). 

 

2.3.2 Mesh Generation 

Mesh reconstruction based on prepared images involves converting processed data 

into a structured representation, such as a 3D surface or volume, using specific 

reconstruction methods tailored to the application's needs (see Figure 2.5). Among 

widely used methods, voxel-based conversion (van Rietbergen, 2001), marching 
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cubes (Frey, 1994; Müller and Rüegsegger, 1995), Delaunay refinement (Nadimi and 

Fonseca, 2018a), and spherical harmonics (SH) (Shen and Makedon, 2006) are 

prominent in their respective domains. Voxel-based conversion and marching cubes, 

both dependent on the filtered back projection method (Willemink and Noël, 2019), are 

extensively used in medical-related research, offering high accuracy in representing 

continuous objects such as anatomical structures from CT or MRI data. Conversely, 

Delaunay refinement operates on point data, making it ideal for reconstructing surfaces 

from irregularly distributed points, such as those in granular material studies. SH, while 

not point-based, are often employed for analyzing and representing smooth surfaces, 

making them useful for granular particle shape analysis or compact surface modeling. 

While these methods are widely applied, their suitability depends on the specific 

requirements of the data and the application. Below is a brief overview of each method 

mentioned. 

 Voxel-based conversion directly translates the voxels from processed images 

into a structured grid and typically generates a very large number of brick 

elements. For example, representing 1 cm³ of trabecular bone may involve 10⁵ 

to 10⁶ elements (van Rietbergen, 2001). Such complexity requires the 

development of specialized solvers to execute the simulation efficiently (Van 

Rietbergen et al., 1996).  

 The marching cubes algorithm subdivides the voxels into tetrahedron elements 

of varying sizes (Frey, 1994; Müller and Rüegsegger, 1995). It is widely 

recognized for producing smooth, high-quality trabecular surfaces. Drawback 

includes the lower accuracy due to tetrahedral elements and the higher 

computational effort required to solve the model. 

 Delaunay refinement is a mesh improvement technique that refines a 

constrained Delaunay triangulation by optimizing triangle quality, specifically by 

maximizing the minimum angle to avoid "skinny" elements and preserve 

boundaries (Shewchuk, 2002; Nadimi and Fonseca, 2018b). This approach is 

particularly important for numerical simulations, as well-shaped elements 

improve solver convergence and computational efficiency. 

 SH is used to characterise and reconstruct the micromorphology of granular 

materials by representing their surface geometry through spherical harmonic 

functions. The SH degree provides a means of controlling mesh resolution, 

while SH descriptors serve as tools for detailed morphological analysis (Shen 

and Makedon, 2006; Zhou et al., 2015). 
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Figure 2.5. The 3D reconstruction process of the plain-woven C/SiC composites. (a) 

virgin CT images, (b) CT image segmentation, (c) reconstructed geometry model, and 

(d) reconstructed FE mesh (adapted with permission from Ai et al. (2021)). 

 

2.3.3 Model Setup 

Once the mesh is prepared, the next step is to establish a numerical framework to 

simulate the behaviour of the reconstructed object under physical or experimental 

loading conditions. This step involves defining boundary conditions, assigning material 

properties, and selecting the appropriate numerical solver based on the objectives. 

    The first step in the framework is to define and apply the boundary conditions, which 

are essential for reproducing physical or experimental loading conditions. For instance, 

to mimic the compression test, a fixed boundary condition is applied to the bottom of 

the reconstructed object, while an axial load is applied to the top. This setup replicates 

experimental conditions, enabling the model to simulate material deformation and 

mechanical response accurately. 

    The second step involves assigning material properties, such as Young's modulus, 

Poisson's ratio, and mass density, which are critical for ensuring accurate simulation 

results. These properties are typically derived from experimental tests and vary 

significantly between studies. For example, Young’s modulus of bone tissue in µFE 

analyses has been reported to range from 6.8 to 20 GPa (van Rietbergen and Ito, 

2015). This variability underscores the importance of tailoring material properties to 

reflect the actual mechanical behaviour. 

The third step is to determine the appropriate solver. In medical and material-related 
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research, the primary focus is often on evaluating either the stiffness (using linear 

analysis) or the strength (using nonlinear analysis) of the reconstructed object. In 

granular material-related research, sand particles are typically assumed to be rigid due 

to their high stiffness compared to contact forces (i.e., hard contact). If internal 

deformation is modelled, it is often approximated using linear elastic behaviour, such 

as Hooke's Law (Hooke, 1678). In contrast, the contact forces between sand particles 

are commonly modeled using Hertzian contact theory (Hertz, 1881), which is inherently 

nonlinear. 

    To simulate fracturing, additional advanced methods can be coupled with the µFE 

model, such as the extended finite element method (XFEM) (Druckrey and Alshibli, 

2016) or CIEs (Wei et al., 2019). These techniques enhance the model’s ability to 

capture crack initiation, propagation, and interfacial failure, providing a more 

comprehensive understanding of the mechanical response and fracture mechanics. 

Once the model is set up, a µFE solver is required to execute the simulation 

accurately and efficiently. Table 2.1 provides a summary of commonly used software 

suites for µFE analysis, categorized by their field of application, highlighting their 

capabilities tailored to specific requirements in medical, material, and granular 

research. 

 

Table 2.1. Summary of commonly used software suites for µFE analysis. 

Software Field of applications References 

Abaqus Orthopaedic research (Sandino et al., 2017; Rieger et al., 2018; 

Knowles et al., 2019) 

Dental research (Chen et al., 2012; Della Bona et al., 2013; 

Allen et al., 2018; Cen et al., 2018; Ortún-

Terrazas et al., 2018; Wan et al., 2022) 

Implant research (Limbert et al., 2010; Williams and 

McCullough, 2016; Ovesy et al., 2019; Jin et 

al., 2020; Su et al., 2021; Zupancic Cepic et 

al., 2022; Akhlaghi et al., 2023) 

Porous materials (Maire et al., 2003; Youssef et al., 2005; Berre 

et al., 2006; Tsafnat et al., 2008, 2009, 2011; 

Singh et al., 2010; Basista et al., 2017; 
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Tagliabue et al., 2017; Wang et al., 2018; 

Boniotti et al., 2019; Lei et al., 2019; Ai et al., 

2021) 

Granular materials (Kim and Yun, 2018; S. Nadimi and Fonseca, 

2017; Imseeh and Alshibli, 2018; Lin et al., 

2023; Wei et al., 2022b; Zhou et al., 2020; Wei 

et al., 2019; Ma et al., 2017; Nadimi et al., 

2020; Nadimi and Fonseca, 2019; Fonseca et 

al., 2019; Nadimi et al., 2015; Thakur and 

Penumadu, 2020; Druckrey and Alshibli, 

2016; Nadimi et al., 2017; Nadimi and 

Fonseca, 2018b, 2018a) 

Ansys Orthopaedic research (Wen et al., 2016, 2017; Chen et al., 2017; 

Costa et al., 2017, 2020; Guha et al., 2022; 

Revel et al., 2022) 

Dental research (Chang et al., 2014, 2018; Aslan et al., 2021; 

Smoljan et al., 2021; Rahmatian et al., 2023) 

Implant research (Lin et al., 2010; MacGinnis et al., 2014; Moon 

et al., 2015; Marcián et al., 2018, 2021; 

Epifania et al., 2023) 

Porous materials (Patel et al., 2019; Zhang et al., 2019) 

COMSOL Implant research (Frisardi et al., 2012) 

Porous materials (Gunde et al., 2010) 

Granular materials (Fei et al., 2019) 

ParOsol Orthopaedic research (Synek and Pahr, 2018; Stipsitz et al., 2021; 

Griesbach et al., 2024) 

Porous materials (Farina et al., 2021; D’Andrea et al., 2022) 

 

2.3.4 Calibration and Validation 

Due to the nature of simulations, results from µFE models must be calibrated and 

validated against experimental data to better represent real-world behaviours and 

ensure reliable predictions. Calibration focuses on fine-tuning model parameters to 
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align the simulation with the experimental data from which these parameters are 

derived. In contrast, validation evaluates the predictive capability of the calibrated 

model by comparing its outputs with independent experimental results, ensuring 

accuracy and robustness. 

 

Calibration 

Ideally, µFE models should accurately reproduce experimental results when the 

sample is properly reconstructed, boundary conditions are appropriately mimicked, 

and actual material parameters are applied. However, in addition to potential human 

errors, simplifications, and assumptions are often made to accommodate the 

challenges of replicating the complexity of real-world conditions, which can lead to 

discrepancies between numerical and experimental results. 

When acceptable numerical results are not achieved, three general steps can be 

taken to revisit and improve the model. The first step is to ensure that the reconstructed 

object accurately represents the sample and that the environmental setup is correctly 

configured. This includes elements such as boundary conditions, contact laws, and 

analysis time, as these factors are often the primary sources of discrepancies between 

simulations and experimental results (Deng et al., 2022). 

    The second step involves reviewing the element type and size used in the model. 

Since the FEM is based on discretising a continuous domain into smaller finite 

elements, where the governing equations are solved locally for each element and 

assembled to approximate the behavior of the entire system, the accuracy of the 

results is highly dependent on the choice of the element (Hughes, 2003; Rao, 2010). 

Larger elements may lose important detail, while excessively small elements can 

increase computational costs without proportional improvements in accuracy. Striking 

an optimal balance is crucial to ensure reliable simulations. 

    The third step is to verify the material parameters and make minor adjustments if 

necessary. Although these parameters are typically derived directly from experimental 

data and are expected to be the most accurate inputs, slight modifications can help 

address differences caused by simplifications or assumptions in the model. However, 

these adjustments should remain within a reasonable range to avoid introducing non-

physiological or unrealistic values (Van Rietbergen and Ito, 2015). 

    To ensure systematic improvement, parametric studies are often employed to 

evaluate the impact of changes in meshing methods and parameter variations 

(Knowles et al., 2019; Wei et al., 2019; Zhang et al., 2023). This enables a more 
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detailed comparison, allowing for the identification of optimal values that enhance 

accuracy while preserving computational efficiency. 

 

Validation 

Once the model has been calibrated, it is necessary to validate it using a range of 

benchmark experiments within the same research area to extend the applicability and 

reliability of the model. Validation is typically achieved through both numerical and 

experimental approaches. 

    In numerical validation, the model can be checked against theoretical values derived 

mathematically (Nadimi and Fonseca, 2018b) or compared with other numerical 

methods addressing the same objective (Van Rietbergen and Ito, 2015; Nadimi et al., 

2020). This ensures consistency across different computational frameworks and 

confirms the robustness of the simulation methodology. In experimental validation, the 

simulation results are compared with replicated experimental data. Key comparisons 

include force-displacement curves, deformation behaviour, failure mechanisms, and 

other measurable parameters that characterise the material's response under specific 

conditions. If agreement is not achieved, the calibration process is iteratively refined to 

adjust the model until the numerical results align with experimental observations. 

    Once the model has been validated, it can be confidently used to provide insights 

beyond those directly validated by experiments. This includes detailed information at 

the micro level, such as stress and strain distributions, crack initiation and propagation, 

and other phenomena that are challenging or impossible to observe experimentally. 

These validated predictions significantly enhance the understanding and analysis of 

material behaviour. 

 

2.4 Applications 

The µFE analysis provides valuable insights into a sample by leveraging information 

captured at the micro level, such as stress and strain distribution, deformation 

behaviour, failure mechanisms, and the effects of microstructural features like porosity, 

grain boundaries, and inclusions. It enables a comprehensive understanding of 

mechanical responses and can be extended to analyse thermal, electrical, and fluid-

structure interactions. Moreover, it establishes a crucial link between micro-level 

features and macro-level behaviours, making it an indispensable tool for investigating 

and optimising material performance. Its applications span a wide range of fields. 

However, the purpose of this section is not to provide an exhaustive overview of all 
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possible applications but rather to highlight the type of information that can be obtained, 

the most suitable numerical models, and the insights that may benefit both readers and 

potential users. 

In each example below, researchers carefully defined the most appropriate 

numerical framework, including image preparation, mesh generation, and solving 

software. Typically, the image resolution is set to be about ten times finer than the 

smallest details of interest within the sample (Withers et al., 2021). Depending on the 

research objective, either surface meshes or volumetric meshes can be generated to 

explore the sample's linear or nonlinear behaviour. Finally, selecting an appropriate 

execution software is essential to ensure that the analysis is both accurate and efficient.  

 

2.4.1 Biomedical Sciences 

As one of the earliest applications of µFE analysis, it has been widely utilised in clinical 

studies to assess the health conditions of patients, particularly in areas such as bones 

(see Figure 2.6a) and teeth (see Figure 2.6b). With advancements in manufacturing 

techniques, there is an emerging trend of using implants to replace damaged or 

diseased organs. The behaviour and performance of implants within the human body 

can also be effectively investigated using µFE analysis (see Figure 2.6c). 

 

 

Figure 2.6. Examples of µFE analysis in biomedical sciences. (a) the proximal femur 

under body weight. (b) loading conditions of the canine tooth. (c) composite resin with 

prosthetic screw (Part (a) adapted with permission from Majcher et al. (2024). Part (b) 

adapted with permission from Ortún-Terrazas et al. (2018). Part (c) adapted with 

permission from Epifania et al. (2023)). 



 

22 

Orthopaedic Research 

The apparent mechanical behaviour of trabecular bone depends on properties at the 

tissue level. To estimate the mechanical properties at the apparent level, two common 

approaches have been developed using FEM. The first approach applies 

homogenization theory, constructing trabecular bone models using unit cells with 

uniform microstructural morphology. However, this method overlooks the 

heterogeneous nature of bone (Hollister et al., 1991). The second approach uses small 

pieces of reconstructed trabecular bone to estimate the apparent properties (Fyhrie, 

1992, 1993; Hollister and Kikuchi, 1992; Hollister et al., 1992; Edidin et al., 1993), but 

these samples are not representative of the entire bone (Harrigan et al., 1988). The 

introduction of µFE models has addressed these limitations, enabling the analysis of 

reasonably large regions of trabecular bone in full detail, thereby providing a more 

accurate estimation of mechanical properties (van Rietbergen et al., 1995).  

In most clinical studies conducted so far, linear-elastic analyses have been 

performed (van Rietbergen and Ito, 2015). Although these analyses cannot simulate 

the actual failure process and, therefore, cannot directly calculate strength, empirical 

relationships have been developed to predict whole bone strength based on their 

results. It is assumed that failure will occur if more than 2% of the tissue material in the 

scanned region is strained beyond 0.7% (Pistoia et al., 2002). Based on this criterion, 

strength can be back-calculated using linear-elastic analysis. Furthermore, regression 

models have been developed to predict strength from stiffness (MacNeil and Boyd, 

2008). With advancements in supercomputing and the development of efficient solvers, 

non-linear analyses have become feasible, allowing for more accurate strength 

estimations (Christen et al., 2014; Wen et al., 2016; Stipsitz et al., 2021; Guha et al., 

2022). 

 

Dental Research 

The µFE analysis in dental research mainly focuses on evaluating stress distribution 

and fracture resistance in teeth and restorations, such as porcelain veneers, all-

ceramic crowns, and root canal-treated teeth (Chen et al., 2012; Della Bona et al., 

2013; Smoljan et al., 2021; Wan et al., 2022; Mert Eren et al., 2023; Rahmatian et al., 

2023). For example, it has been used to analyse the effect of resin cement modulus 

on stress distribution in veneers (Mert Eren et al., 2023) and how access cavity designs 

and canal preparation techniques affect the fracture resistance of mandibular molars 

(Smoljan et al., 2021; Rahmatian et al., 2023). Additionally, it plays a significant role in 
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understanding the porous structure of periodontal ligament (Ortún-Terrazas et al., 

2018) and investigating the protective role of periodontal blood flow during dental 

operation (Cen et al., 2018). 

Besides structural analysis, the µFE analysis aids in assessing the long-term 

performance and failure mechanisms of dental materials. Studies integrate µFE 

analysis with experimental fatigue testing, to understand the damage and retention 

behaviours of fiber posts (Silva et al., 2015; Chang et al., 2018). Furthermore, it has 

been employed to evaluate and optimize dental restoration and crown design (Magne, 

2007; Shahrbaf et al., 2013). 

 

Implant Research 

With the emergence of implants in dental and orthopedic fields, the µFE analysis has 

become a valuable tool for investigating the biomechanical behaviour of implants and 

their interactions with surrounding bone tissues. For example, studies have explored 

the impact of crown stiffness, implant positioning, and neck microthread design on peri-

implant mechanics, revealing critical factors that influence stress concentration and 

bone health (Jin et al., 2020; Su et al., 2021; Epifania et al., 2023). 

    Additionally, the µFE analysis has been used in predicting mechanical outcomes 

such as insertion torque and micromotion. By simulating realistic loading conditions, 

non-linear analysis accurately captures peri-implant bone damage and deformation, 

providing valuable insights into the long-term performance of implants in trabecular 

bone environments (Ovesy et al., 2019; Akhlaghi et al., 2023). Furthermore, it has been 

applied to evaluate the effects of bone density and anisotropy on the mechanical 

behaviour of the implant-bone system, offering a deeper understanding of how patient-

specific factors influence peri-implant bone stability (Chevalier et al., 2016). 

Beyond dental applications, the µFE analysis has demonstrated its value in studying 

orthopedic implants, such as pedicle screws augmented with cement under various 

loading scenarios (Chevalier et al., 2021). Furthermore, it has been used to evaluate 

novel implant materials, such as bioactive ceramics and biodegradable magnesium-

alloy screws, providing a basis for material selection and design improvements (Ren 

et al., 2012; Williams and McCullough, 2016). 

 

2.4.2 Materials Science 

Traditional methods in materials science, such as 2D sections combined with 

stereology (DeHoff and Rhines, 1968), have long been relied upon to study material 
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behaviour. However, these techniques are inherently limited in resolving complex 3D 

phenomena, such as the degree of percolation of a phase in a sample (Asghar et al., 

2011), fluid transport through porous networks (Atwood et al., 2004), or the architecture 

of cellular materials (Maire, 2012). After appropriate segmentation, the µFE analysis 

overcomes these limitations by providing detailed 3D models that account for key 

features such as porosity, number of phases, and their spatial distribution within the 

material. This approach enables a deeper understanding of how these microstructural 

characteristics influence the material's overall behaviour and performance. 

One prominent application of µFE analysis is in the characterisation of porous and 

cellular materials. µFE models have been widely employed to investigate how features 

like porosity, pore connectivity, and morpho-architectural characteristics influence the 

mechanical performance of various materials under loading conditions. Studies on 

scaffolds, including those made of hydroxyapatite (D’Andrea et al., 2024), glass (Farina 

et al., 2021; D’Andrea et al., 2022), titanium dioxide (Zhang et al., 2019), and glass-

ceramic materials (Tagliabue et al., 2017), have demonstrated that defects and 

porosity significantly impact their elastic and strength properties (see Figure 2.7). 

Similarly, cellular materials, including metal foams (Singh et al., 2010), polymer-based 

foams (Youssef et al., 2005), and coke blends (Tsafnat et al., 2008), have been 

modelled to understand their deformation behaviour, stress distributions, and 

anisotropic properties. 

 

 

Figure 2.7. The crack pattern of highly porous scaffold after uniaxial compressive load 

(adapted with permission from D’Andrea et al. (2024)). 
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    In addition, µFE models have been applied to composites. For example, ceramic 

matrix composites (CMC) have been modelled to assess localised stress fields and 

their relation to matrix cracking using advanced meshing techniques derived from 3D 

imaging data (Aziz et al., 2006). Additionally, µFE analysis has been adopted in the 

study of metal-ceramic composites to assess residual stresses and fracture behaviour, 

leveraging µCT images for detailed simulations (Basista et al., 2017). It has also been 

employed to evaluate thermal conductivity in materials like wood, enabling high-

resolution modelling of the effects of grain orientation, porosity, and water content on 

thermal performance (Qiu, 2023). In advanced applications, µFE models generated 

from synchrotron X-ray CT imaging have been used to study carbon fiber-reinforced 

composites, offering high-fidelity insights into their mechanical behaviour and structural 

integrity (Sencu et al., 2016). 

 

2.4.3 Granular Materials 

In granular materials, the discrete element method (DEM) (Cundall and Strack, 1979) 

has been widely used for modeling mechanical behaviour. However, the traditional 

DEM approach, which often relies on spherical particles, simplifies contact detection 

and force calculations but fails to capture the variation in effective stiffness caused by 

particle rotation and inter-particle sliding observed in real sand (Cavarretta and 

O’Sullivan, 2012). Moreover, the rigid body assumptions and associated contact laws 

inherent in the DEM approach limit its ability to model the contact interaction of irregular 

particles (Zheng et al., 2012). Additionally, the diverse grain morphologies found in 

natural sands lead to complex contact topologies that significantly influence stress 

distribution and deformation within granular assemblies (Fonseca et al., 2013; 

Druckrey et al., 2016). 

The adoption of µFE analysis allows for a more precise spatial representation of 

particle shapes and distributions through μCT imaging while enabling a more realistic 

simulation of granular behaviour by integrating deformable bodies into the finite 

element (FE) framework (Nadimi and Fonseca, 2018b). At the micro level, the µFE 

analysis reveals the critical role of morphology in particle interactions, such as contact 

behaviour and force transmission (Nadimi et al., 2015; S. Nadimi and Fonseca, 2017), 

as shown in Figures 2.8a and 2.8b. At the macro level, it has been employed to study 

the stress distribution and deformation of granular assemblies under loading conditions, 

such as triaxial (see Figure 2.8c) and one-dimensional compression tests, uncovering 

the influence of particle morphology and microstructural features on bulk mechanical 



 

26 

responses (Nadimi and Fonseca, 2018b, 2019; Fonseca et al., 2019; Nadimi et al., 

2020). By comparing with DEM simulations, numerical validations of µFE models 

demonstrate their superior ability to accurately capture stress distributions and 

deformation within granular assemblies (Nadimi et al., 2017; Nadimi and Fonseca, 

2018a). 

 

 

Figure 2.8. The µFE model of granular material at micro and macro levels. (a) the 

stress distribution of Carbonate sand, side view. (b) the stress distribution of Carbonate 

sand, cross-section view. (c) Eglin sand under triaxial compression (Part (a) and (b) 

adapted with permission from Nadimi and Fonseca (2019). Part (c) adapted with 

permission from Nadimi (2017)). 

 

Besides analysing the constitutive behaviour of granular materials, the µFE model 

can also be applied to investigate the breakage phenomenon, particularly when 

coupled with CIEs (Zhang et al., 2023). At the micro level, single particle compression 

tests have been used to study the effects of particle morphology and loading directions 

on crack initiation, propagation, and fracture patterns, highlighting the critical influence 

of morphology on breakage strength and failure modes (Wei et al., 2019; Zhou et al., 

2020). At the macro level, beyond particle rearrangement, particle fragmentation during 

triaxial compression can be simulated to provide more realistic bulk mechanical 

responses (Lin et al., 2023). In addition to CIEs, XFEM has also been employed in 

particle breakage studies by coupling with µFE models to simulate particle fracture 



 

27 

mechanics (Druckrey and Alshibli, 2016). See Figure 2.9 for an illustration of the 

simulation results against experimental observations.  

 

Figure 2.9. Crack locations of XFEM results compared to radiographs during 

experiments (adapted with permission from Druckrey and Alshibli (2016)). 

 

2.4.4 Industrial Manufacturing 

The evaluation of structural performance and reliability under mechanical and thermal 

loading conditions can be achieved through the µFE analysis. One major application 

is the analysis of fracture mechanisms in systems subjected to contact fatigue. For 

instance, µFE models generated using electron backscatter diffraction (EBSD) images, 

which provide high-resolution crystallographic information and phase separation, have 

been used to investigate stress states in gears under rolling and sliding fatigue, 

identifying critical stress regions and aiding design optimization (Farhad and Oila, 

2015), as shown in Figure 2.10. Similarly, µFE-based fracture analysis of additive-

manufactured interlocked structures has revealed the impact of manufacturing defects 

on stress evolution and failure modes, enhancing design optimisations and process 

improvements (Ni et al., 2023). 

 

 

Figure 2.10. (a) EBSD images of a gear before fatigue testing. (b) EBSD images of a 

gear exhibiting dark etching regions (DER) resulting from microstructural changes. (c) 

µFE result of crack propagation in gear with DER. Red, yellow, blue, and white colours 
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represent DER, martensite, retained austenite, and cracks respectively. (adapted with 

permission from Farhad and Oila (2015)). 

    Another significant application is the study of lattice structures and metamaterials. 

High-resolution synchrotron X-ray tomography and µFE models have been employed 

to analyse failure modes, such as curved surface buckling and fracture, in gyroid-

based metamaterials under compression (Hu et al., 2021). For selective laser melting 

(SLM) fabricated multi-layer lattice structures, the µFE analysis has revealed the 

effects of defects and layer numbers on compressive strength and failure modes like 

layer-by-layer crushing (Lei et al., 2019). Fatigue resistance in micro-lattices has also 

been evaluated, linking defects and crack propagation to fatigue strength through µFE 

models of as-manufactured geometries (Boniotti et al., 2019). 

    Composite materials and thermal systems have also greatly benefited from the µFE 

analysis. For chemical-vapor-infiltrated C/SiC composite, the µFE model has revealed 

damage initiation at defects and propagation to fiber-matrix interfaces, aligning with in 

situ CT experiment results (Ai et al., 2021). Likewise, the µFE analysis has been 

adopted for carbon fiber composites-Cu monoblocks in fusion reactors and has 

captured manufacturing defects such as debonding, providing high-resolution insights 

into thermal performance and component lifespan (Evans et al., 2015). 

 

2.4.5 Structural Engineering 

By leveraging advanced imaging techniques, µFE models offer precise representations 

of structural geometries, including defects and voids, which are critical for evaluating 

mechanical performance and structural integrity. 

The µFE model has been instrumental in analysing concrete's heterogeneous 

behaviour. Mesoscale µFE models accurately predicted concrete compressive 

strength by capturing the heterogeneity of aggregates, cement paste, and voids 

(Khormani et al., 2020). Similarly, a µFE analysis revealed 3D fracture mechanisms, 

highlighting the impact of aggregate content on crack propagation and load-bearing 

capacity (Huang et al., 2023), illustrated in Figure 2.11. For high strain-rate impacts, 

µFE models coupled with continuum-discrete simulations effectively captured 

fragmentation, discrete fractures, and crushing, providing insights for designing 

impact-resistant structures (Zhang, Z.-J. Yang, et al., 2021). Ex-situ µCT tests 

integrated with µFE models further advanced the understanding of ultra-high-

performance fiber-reinforced concrete, analysing the effects of fiber distribution and 

matrix interactions on fracture processes, with results aligning closely with 
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experimental data (Zhang, Z. Yang, et al., 2021). 

Beyond traditional construction materials, the µFE analysis has extended to bio-

inspired systems such as bamboo and Toucan beaks. Bamboo, a natural composite 

material, exhibits remarkable axial compressive strength due to its parenchyma foam-

like matrix and helically arranged sclerenchyma bundles. The µFE model has been 

used to simulate bamboo’s microstructural performance under compression, providing 

insights into sustainable material design and bionic engineering (Palombini et al., 2016, 

2020). Similarly, the Toucan beak, a sandwich composite structure with a keratinous 

shell and bony foam core, has been analysed using the µFE model. It revealed the 

hierarchical structure-property relationships that contribute to its lightweight yet 

mechanically robust design (Seki et al., 2012). 

 

 

Figure 2.11. Fractured specimens (𝑓௔ = 30%) under (a) 𝑥-tension, (b) 𝑦-tension, and 

(c) 𝑧-tension. The second column extracts the crack surfaces: the grey colour indicates 

the interfacial cracks around aggregates and the blue shows the cracks in the mortar 

(adapted with permission from Huang et al. (2023)). 
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2.4.6 Corrosion Science 

Pitting corrosion presents a significant challenge to material reliability, characterised 

by its localised nature and its role as a precursor to stress corrosion cracking and 

fatigue failure. Traditional techniques are unable to accurately capture the stress 

environment around corrosion pits, which is essential for understanding crack 

nucleation and growth. This gap has been addressed through the µFE analysis, which 

combines high-resolution imaging techniques with advanced simulations to provide 

detailed insights into strain localisation and stress distribution. 

For 316L stainless steel, the µFE model has been used to study corrosion pits under 

cyclic loading. Simulations revealed that crack initiation sites shift from the base of 

shallow pits to the shoulder and mouth in deeper pits, corresponding to localised stress 

concentrations, as demonstrated in Figure 2.12. These findings align with experimental 

observations and demonstrate the capability of the µFE model to predict fatigue life 

and identify critical failure regions (Hashim et al., 2019). 

 

 

Figure 2.12. (a) 3D Profile of the corrosion pit as seen from the inside of the metal and 

(b) stress distribution around the pit. 

 

    Similarly, the µFE model has been applied to aluminum alloys to analyse stress 

distributions caused by pitting corrosion. The analysis revealed a significant increase 

in stress levels with sensitisation time, which eventually plateaued due to material 

deformation and crack formation around the pits. This underscores the value of the 

µFE model in capturing the progression of corrosion damage and providing critical 

insights for designing corrosion-resistant materials and enhancing structural durability 

(Pidaparti et al., 2009). 

 

2.4.7 Other applications 

Although the fields discussed below are not as prominent in µFE analysis as the 
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previously highlighted areas, they have nonetheless benefited significantly from its 

advancements. These applications, while less common, showcase the adaptability of 

µFE in uncovering valuable insights and deepening the understanding of complex 

structures and mechanisms. 

 

Biological Engineering 

In biology, the µFE model can be used to simulate human structures. A validated FE 

model of the human middle ear, developed using µCT images, serves as a valuable 

tool for hearing loss research (Nie et al., 2011). Additionally, the µFE model of 

reconstructed 3D pathways of cochlear neurons aids in the study of cochlear implants 

and advances the understanding of electrical stimulation and neuron responses 

(Potrusil et al., 2020). 

 

Electrical Engineering 

The µFE analysis can be applied to non-destructively evaluate integrated circuit bond 

wiring and electronic packaging. Using µCT data, bond wire geometries can be 

accurately modelled to predict stress concentrations and failure locations (Favata and 

Shahbazmohamadi, 2018). Similarly, the µFE model of Ball Grid Array packages under 

thermal cycling enables precise analysis of stress, strain, and manufacturing variations, 

improving reliability predictions in semiconductor assemblies (Lall and Wei, 2016). 

 

Paleontology 

The mechanical behaviour of dromaeosaurid theropod claws, such as those of 

Velociraptor, can be analysed using the µFE model. It was revealed that the claws 

were well-adapted for climbing, resisting longitudinal forces, and efficiently transferring 

stress through trabecular and cortical bone, supporting a potential scansorial phase in 

the evolution of flight (Manning et al., 2009). 

 

2.5 Limitations 

Despite the significant advancements in the µFE analysis, several limitations exist to 

hinder its broader application and accuracy. One of the primary challenges is the high 

computational demand associated with the processing of high-resolution µCT images 

and detailed FE meshes. This computational complexity not only restricts scalability 

but also results in prohibitively long computational time, particularly for simulations 

involving entire bone investigations or granular assemblies (van Rietbergen and Ito, 
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2015; Nadimi and Fonseca, 2018a). Additionally, the reliance on simplified material 

properties, such as linear elasticity or homogenized assumptions, fails to fully capture 

the inherent anisotropy and heterogeneity observed in real-world materials (Chung et 

al., 2019). 

    Another limitation lies in the challenges associated with applying realistic boundary 

conditions. Many simulations, particularly those involving triaxial or one-dimensional 

compression tests, rely on idealised boundary conditions, such as assuming rigid 

loading platens and fixed or frictionless constraints at the sample edges. These 

simplifications often fail to accurately replicate the complexities of experimental or field 

conditions, potentially leading to discrepancies between simulated and observed 

behaviours (Nadimi and Fonseca, 2019; Nadimi et al., 2020). Moreover, the 

preparation of high-quality µCT data for analysis is time-consuming and prone to errors. 

Image processing and mesh generation often require significant manual effort, and 

inaccuracies in these steps can propagate through the modeling process, 

compromising the reliability of the results (Withers et al., 2021). 

Finally, the validation of the µFE model remains a critical challenge. While 

experimental data is often used for comparison, input parameters such as Young’s 

modulus are often adjusted to achieve accurate results. However, this approach can 

result in inconsistencies when varying boundary conditions or mechanical tests are 

applied, leading to potentially unrealistic parameter adjustments (van Rietbergen and 

Ito, 2015; Nadimi and Fonseca, 2018b). Furthermore, dynamic behaviours, such as 

crack propagation and cyclic loading, are often oversimplified or entirely excluded from 

current models. These limitations highlight the need for further advancements in 

computational techniques, material modelling, and validation frameworks to fully 

realise the potential of the µFE analysis in addressing complex material behaviour. 

 

2.6 Summary 

This chapter has explored the advancement of µFE analysis as a powerful tool for 

understanding the microstructural behaviour of materials across various fields, By 

integrating high-resolution µCT imaging with advanced FE modelling, µFE analysis has 

proven its broad applicability, including the study of mechanical interactions in bone 

and implant systems, the deformation and fracture of granular materials, and the 

thermal and structural performance of composite materials. 

 It is highly effective at modelling complex geometries with exceptional precision, 

allowing for detailed simulations of challenging structures. This capability is 
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particularly valuable in applications involving biological tissues and granular 

assemblies, providing critical insights into their mechanical behaviour. 

 It excels in simulating interfaces between biological and non-biological materials, 

such as bone-implant systems, to reveal mechanical interactions and optimise 

designs. It also supports fracture mechanics by analysing crack initiation, 

propagation, and failure patterns to assess structural integrity. 

 It incorporates microscale variations in material properties, capturing localised 

mechanical responses and accurately representing material anisotropy. It 

further facilitates the study of interactions within granular assemblies or porous 

networks, linking microstructural details to macroscopic performance. 

 A research gap has been identified in the medical field, where µFE is widely 

used to study failure mechanisms, yet no generalised breakage model has been 

adopted. The µFE-based breakage model developed in this thesis addresses 

this limitation and may serve as a reference or foundation for future efforts to 

simulate material fragmentation in biomedical applications. 

Considering the advantages outlined above, this thesis establishes a 

comprehensive framework based on the µFE method to investigate the breakage 

behaviour of sand particles. The following chapter focuses on the development of the 

µFE model, including the implementation of CIEs. It explores their theoretical 

foundation and presents the calibration and validation procedures essential for 

constructing a robust and reliable breakage modelling approach. 
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Chapter 3 The Development of the Micro Finite Element Model for 

Particle Breakage 

 

3.1 Introduction 

In this chapter, a framework incorporating μFE analysis with cohesive interface 

elements (CIEs) is developed to investigate the fracture behaviour of samples under 

various contact topologies. The adoption of CIEs is first verified theoretically using 

crack extension tests and subsequently validated experimentally against Brazilian 

tests. The estimation of tensile strength in brittle materials through the Brazilian test is 

critically influenced by the contact topology between the sample and the loading 

platens. Various contact topologies, including flat-to-point, arch-to-arch, and flat-to-flat, 

have been proposed and examined in the literature. 

    A comprehensive mesh sensitivity analysis and parametric study are conducted to 

calibrate the μFE model. Through simulating Brazilian tests using different contact 

topologies, the numerical results demonstrate the effectiveness of CIEs in capturing 

critical aspects of fracture behaviour, such as stress-strain response, strain distribution, 

crack initiation, and crack propagation. 

 

3.2 Background 

Tensile strength is the critical design parameter that can provide an in-depth 

understanding of the mechanisms of crack initiation and propagation. Due to the 

practical difficulties in performing a direct tensile test, the tensile strength of rock is 

often inferred indirectly. In 1943, the Brazilian disc test was independently proposed 

by Akazawa (1943) and Carneiro (1943) to perform an indirect tensile test. Although 

Fairhurst (1964) doubted the validity of the Brazilian test due to the location of failure 

which may occur away from the disc centre, it has been gradually accepted in the rock 

engineering community. In 1978, The International Society for Rock Mechanics (ISRM) 

established a guideline to perform the test using manufactured loading platens 

(Bieniawski and Hawkes, 1978), and in 1988 the American Society for Testing and 

Materials (ASTM) published a standard for the sample preparation and test procedure 

(ASTM, 1988). Subsequently, Wang and Xing (1999) proposed a flattened Brazilian 

disc to conduct the test. 

    The ISRM guideline suggests using curved loading platens of radius 1.5 times that 

of the disc sample. Thus, manufactured loading platens with different curvatures are 

required based on the sample diameter. The stress distribution and fracture behaviour 



 

35 

of the Brazilian disc under different arc loading angles have been investigated 

experimentally and numerically (Yu et al., 2009; Erarslan and Williams, 2012; Erarslan 

et al., 2012). The results indicated that the Brazilian test with curved loading caused 

the stress concentration to be lower at the loading ends but cannot promise that cracks 

initiate from the disc centre due to the non-uniform stress distribution at curved contact. 

Additionally, different sample size requires different manufactured loading platens.  

    To simplify the experimental preparation, the ASTM standard proposes a simplified 

setup of the Brazilian test where flat platens are used to apply loads to the disc at 

diametrically opposite ends. However, this loading method results in a crushing failure 

of the disc caused by the stress concentration at the loaded area. To minimise this 

failure behaviour, Andreev (1991) and Yu et al. (2009) modified the test by introducing 

cushions between the flat platens and the disc to reduce the stress concentration. They 

performed the test with different cushions that contained various stiffness relative to 

the sample. The results proved that the cushion works for the purpose of reducing 

stress concentration, but it also generates a new variable for the tensile strength 

calculation. 

Inspired by the cushion, Wang and Xing (1999) proposed a flattened Brazilian disc 

sample, where the top and the bottom have been cut parallel to provide better contact 

at the loading ends. The angular distance of 2𝛼, which can guarantee central crack 

initiation in the flattened disc, has been studied theoretically and numerically (Wang et 

al., 2004; Meng et al., 2013; Huang et al., 2015). They found that the optimal angular 

distance is 20° ≤ 2𝛼 ≤ 30° . This conclusion has been verified through the flattened 

Brazilian test in laboratory tests by Wang and Wu (2004). 

 

Besides the existing research on validations and improvements, numerous studies 

have been undertaken to solve the engineering practical problems by utilising the 

Brazilian test with different contact topologies (Sarfarazi et al., 2017; Liu et al., 2018; 

Yang et al., 2019; Haeri et al., 2020). For example, Sarfarazi et al. (2017) used Particle 

Flow Code in Two Dimensions (PFC2d) to study multiple parallel cracks in the ASTM 

setup. By increasing the joint spacing, they found that the crack initiation stress and 

failure stress increased for horizontal distribution and decreased for vertical distribution. 

Their findings, showing that crack initiation and failure stress depend on joint 

orientation and spacing, highlight the sensitivity of fracture patterns due to internal 

structure variability, an insight directly relevant to the role of mesh regularity in this 

study.  
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Liu et al. (2018) found that the fatigue failure modes of flattened Brazilian discs are 

independent of cycling loads by using the DEM. This demonstrates the robustness of 

the flattened geometry and supports its use in simulations where repeated loading is 

not the focus. In the ISRM setup, Yang et al. (2019) used PFC2d to reveal that tensile 

fracture and shear fracture along the bedding plane are the major fracture patterns of 

shale materials. Their study reinforces the importance of contact conditions in 

determining fracture mode, which has been carefully accounted for in the present µFE-

based modelling. Haeri et al. (2020) applied the XFEM to study pre-cracked mortar 

samples in the ASTM setup. While XFEM effectively captures crack propagation, it is 

less suited for modelling progressive fragmentation and interface debonding, which are 

better handled by CIEs used in this study. 

    The ISRM, ASTM, and flattened Brazilian disc contact topologies have been studied 

extensively through theoretical, experimental, and numerical simulations, but 

comparative studies under unified modelling frameworks remain rare. Stirling et al. 

(2013) is one of the few works that examines these loading configurations side-by-side. 

This gap underscores the need for a consistent modelling approach that can directly 

compare contact topologies under equivalent conditions, which is an objective this 

study aims to address. 

Informed by this literature, a μFE model combined with CIEs is developed in this 

chapter to investigate the fracture behaviour between different Brazilian test contact 

topologies. The ability of µFE to represent material heterogeneity and microstructure, 

along with the fracture-tracking capability of CIEs, allows for realistic simulation of 

crack propagation without predefining failure paths (Ma et al., 2017; Chen et al., 2020, 

2022). The fracture angle of the model was validated against the crack extension test 

proposed by Erdogan and Sih (1963). A mesh sensitivity study and parametric 

calibration are conducted to enhance numerical stability and reliability.  

Finally, the ISRM, ASTM, and flattened Brazilian disc contact topologies are 

simulated and compared to the experimental tests (Stirling et al., 2013), in terms of 

load-strain curves, strain distribution, crack initiation and propagation, and tensile 

strength. These comparisons provide critical insights into the strengths and limitations 

of each loading topology and contribute to improving the design of fracture tests in 

granular materials. 

 

3.3 Materials and Methods 

By employing CIEs, the contact detection and interaction of the μFE model is not 
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limited to simulating the continuum behaviour within the object but also has the ability 

to replicate the initiation and propagation of internal cracks. Abaqus/Explicit is adopted 

to perform FEM simulations due to its computational efficiency for the analysis of 

models consisting of numerous elements experiencing large deformation within 

relatively short dynamic response times and for the analysis of discontinuous events 

within the model.  

 

3.3.1 Cohesive Interface Elements 

During the fracture process, the energy dissipation within the cohesive zone, where 

CIEs exist, can be simulated using the cohesive crack model established by Barenblatt 

(1959) and Dugdale (1960) and the frictional crack model proposed by Hillerborg et al. 

(1976). Based on their hypothesis, there is a normal traction 𝑡௡  and a tangential 

traction (shear) 𝑡௦  at the fracture surfaces through mechanical behaviours such as 

material bonding, aggregate interlocking, and surface friction within the cohesive zone. 

Tension or strain-softening occurs once the tractions of crack surfaces drop constantly 

as a function of their relative displacements (crack opening displacement 𝛿௡ and crack 

sliding displacement 𝛿௦). Figure 3.1 illustrates typical linear softening curves where 𝛿௡
௢, 

𝛿௦
௢ and 𝛿௡

௦௘௣, 𝛿௦
௦௘௣ denote the displacements at crack initiation and fracture completion, 

respectively. To capture the pre-crack initiation stage, a linear ascending branch is 

included in each softening curve. The unloading paths are also shown and are 

assumed to be linear and elastic, returning to the origin without any residual 

displacement. This simplification implies that the model does not account for plastic or 

permanent deformation during unloading, which may limit its ability to capture 

irreversible damage mechanisms observed in real materials. Once the material enters 

the softening regime governed by 𝑘௡ and 𝑘௦, it cannot return to the initial stiffness 𝑘௡
௢ 

and 𝑘௦
௢ , indicating that the stiffness degradation is irreversible in this model. The 

regions under the curves represent the mode I fracture energy, 𝐺௡, and the mode II 

fracture energy, 𝐺௦, both treated as material properties in this study. The initial normal 

stiffness 𝑘௡
௢  and shear stiffness 𝑘௦

௢ . are set sufficiently high to approximate the 

undamaged elastic behaviour. However, excessively large values may lead to 

numerical instability or unrealistic stress concentrations. Therefore, a trial-and-error 

approach is adopted to select appropriate values for𝑘௡
௢ and 𝑘௦

௢. 
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(a) (b) 

Figure 3.1. Linear softening laws for the CIEs. (a) the normal direction and (b) the shear 

direction. 

 

    In Abaqus/Explicit, the 4-node two-dimensional cohesive interface element 

(COH2D4) has zero in-plane thickness and is based on the cohesive crack model. The 

softening laws shown in Figure 3.1 are applied to define the constitutive behaviour of 

the cohesive element. Since the progressive damage within the material is irreversible, 

the feature of COH2D4 is that it can make this happen by setting stiffness 𝑘௡ and 𝑘௦ 

degrade while 𝛿௡  and 𝛿௦  increase, during the unloading and reloading process. A 

scalar damage variable 𝐷 is used to describe the material's overall damage caused by 

all active mechanisms. It can be derived from the effective displacement 𝛿௠: 

𝐷 =
𝛿௠

௦௘௣
(𝛿௠

௠௔௫ − 𝛿௠
଴ )

𝛿௠
௠௔௫(𝛿௠

௦௘௣
− 𝛿௠

଴ )
                                                                                                                      (3.1) 

where 𝛿௠
௠௔௫ refers to the maximum effective displacement attained during the loading 

history. 𝛿௠
଴   and 𝛿௠

௦௘௣  are effective relative displacement referring to 𝛿௡
௢ , 𝛿௦

௢  and 𝛿௡
௦௘௣ , 

𝛿௦
௦௘௣. 𝛿௠ can be defined as a combination of 𝛿௡ and 𝛿௦: 

𝛿௠ = ඥ〈𝛿௡〉ଶ + 𝛿௦
ଶ                                                                                                                              (3.2) 

where 〈  〉 is the Macaulay bracket and is defined as: 

〈𝛿௡〉 = ൜
𝛿௡,        𝛿௡ ≥ 0 (tension)           
0,          𝛿௡ < 0 (compression)

                                                                                         (3.3) 

    Based on Equation 3.1, 𝐷 monotonically evolves from 0 to 1 upon further loading 

after the initiation of damage. Then, the 𝑘௡ and 𝑘௦ can be calculated as: 

𝑘௡ = (1 − 𝐷)𝑘௡
௢ , 𝑘௦ = (1 − 𝐷)𝑘௦

௢                                                                                                   (3.4) 

    The nominal traction stresses 𝑡௡ in the normal direction and 𝑡௦ in the shear direction 

are also affected by the scalar damage variable 𝐷, as described by: 
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𝑡௡ = ൜
(1 − 𝐷)𝑡௡ഥ ,        𝑡௡ഥ ≥ 0 (tension)                                                            

𝑡௡ഥ ,                      𝑡௡ഥ < 0 (no damage to compressive stiffness)    
                              (3.5) 

𝑡௦ = (1 − 𝐷)𝑡௦ഥ                                                                                                                                     (3.6) 

where 𝑡௡ഥ  and 𝑡௦ഥ  are the nominal traction stress components predicted by the elastic 

traction-separation behaviour for the current separation without damage. 

    In addition to the damage evolution explained by the scalar damage variable 𝐷, a 

damage evolution definition is needed to specify the energy dissipated due to fracture. 

Since mixed-mode (mode I + mode II) fractures are the dominant failure behaviours of 

brittle materials compared to single-mode fractures, the Benzeggagh-Kenane (B-K) 

fracture criterion (Benzeggagh and Kenane, 1996) is adopted to define the mixed-

mode fracture energy: 

𝐺௖ = 𝐺௡
௖ + (𝐺௦

௖ − 𝐺௡
௖) ൜

𝐺௦

𝐺௡ + 𝐺௦
ൠ

ఎ

                                                                                                  (3.7) 

where 𝐺௖  is critical mixed-mode fracture energy. 𝐺௡
௖  and 𝐺௦

௖  are critical mode I and 

mode II fracture energies, respectively. 𝜂 is a semi-empirical criterion exponent applied 

to delamination initiation and growth. Since there are limited studies on 𝜂  of 

geotechnical materials, the parameter values of resin ranging from 2 (brittle) to 3 

(ductile) are used in this study (Aboura, 1993). 

    Apart from the damage evolution, a damage initiation criterion that refers to the 

beginning of stiffness degradation is required. The maximum nominal stress criterion 

is suggested by da Rocha (2016) to simulate materials with lower tensile strength; i.e., 

the damage is assumed to initiate when the maximum nominal traction ratio reaches a 

value of one, as defined in the following expression. 

max ቊ
〈𝑡௡〉

𝑡௡
଴ ,

𝑡௦

𝑡௦
଴ቋ = 1                                                                                                                             (3.8) 

where 𝑡௡
଴  and 𝑡௦

଴  are the initial nominal traction stresses in the normal and shear 

directions, respectively. 

 

3.3.2 Crack Extension Test 

Erdogan and Sih (1963) examined the crack extension in a large plate subjected to 

general plane loading theoretically and experimentally. They found that crack 

extension starts at its tip and propagates in a direction that is dependent on the existing 

crack angle. This fracture behaviour can be illustrated using the following equation: 
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sin 𝜃 + (3 cos 𝜃 − 1) cot 𝛽 = 0                                                                                                       (3.9) 

where 𝛽 is the crack angle and 𝜃 is the fracture angle. 

    According to Equation 3.9, when 0 < 𝛽 <
గ

ଶ
, 𝜃 is negative and the crack propagates 

in the directions indicated by the black curved lines at the crack tip in Figure 3.2a. 

Figure 3.2b shows the solution of Equation 3.9 in graphical format versus some 

experimental results. 

 

  

(a) (b) 

Figure 3.2. (a) the cracked plate under uniform tension. (b) fracture angle-crack angle 

plot. 

 

3.3.3 Numerical Model of Crack Extension Test 

The cracked plate under uniaxial tension is modelled using the developed method as 

a validation. The simulation is performed in Abaqus/Explicit. A 228.6 mm by 457.2 mm 

rectangular mesh with an existing crack of 50.8 mm by 1 mm is generated using 3-

node linear plane strain triangle element (CPE3) elements to reproduce the sample 

used in the crack extension test (Erdogan and Sih, 1963). COH2D4 elements are 

inserted between CPE3 elements using open-source software developed by Zare-

Rami and Kim (2019). Since the COH2D4 elements have zero in-plane thickness, the 

mesh geometry is not changing. Each element can locally deform depending on the 

current nodal forces and the traction-separation relation allows crack initiation and 

propagation where CIEs exist. A constrained bottom and a uniform displacement over 

the top are assigned to the mesh to reproduce the loading condition. 

The material parameters used in the model are listed in Table 3.1. The properties of 

the solid elements (density, Young’s modulus, and Poisson’s ratio) were adopted from 
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Nadimi and Fonseca (2018b). The fracture energies, the semi-empirical criterion 

exponent, and the friction coefficient were taken from Wei et al. (2019). The remaining 

parameters, including stiffness and strength values for CIEs, were calibrated to best fit 

the experimental results. 

 

Table 3.1. Material parameters of quartz sand particles. 

Solid Elements   

    Density 𝜌 (𝑘𝑔/𝑚ଷ) 2500 

    Young’s modulus 𝐸 (𝐺𝑃𝑎) 63 

    Poisson’s ratio 𝜐 0.22 

CIEs   

    Normal stiffness 𝑘௡ (𝑁/𝑚𝑚ଶ) 63000 

    First shear stiffness 𝑘௦ (𝑁/𝑚𝑚ଶ) 31500 

    Tensile strength 𝑁௠௔௫ (𝑀𝑃𝑎) 25 

    First shear strength 𝑆௠௔௫ (𝑀𝑃𝑎) 12 

    Mode I fracture energy 𝐺௡ (𝑁/𝑚𝑚) 0.1 

    Mode II fracture energy 𝐺௦ (𝑁/𝑚𝑚) 0.2 

    Semi-empirical criterion exponent 𝜂 2 

Contact law   

    Friction coefficient 𝜇 0.5 

 

3.3.4 Brazilian Test 

To investigate the crack propagation, failure load, and strain during the Brazilian test, 

three different contact topologies of the experimental setup are used and illustrated in 

Figure 3.3. Flat-to-point, arch-to-arch, and flat-to-flat contact topologies are following 

the guidance of ASTM (1988), ISRM (Bieniawski and Hawkes, 1978), and Wang and 

Xing (1999), respectively. The loading is indicated by the letter 𝐹 and the loaded area 

is shown by black bold arrows. 
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Figure 3.3. Contact topologies. (a) flat-to-point, (b) arch-to-arch, and (c) flat-to-flat. 

 

    Flat-to-point contact topology suggests the use of flat platens, applying load to the 

sample at diametrically opposite ends (Figure 3.3a), and recommends the thickness 

over diameter (t/d) ratios between 0.2 to 0.75 as being valid. The arch-to-arch and flat-

to-flat contact topologies share a common angular distance 2𝛼 , which defines the 

boundary of the loading area (Figures 3.3b and 3.3c). To maintain the same angular 

distance, the loading platens in arch-to-arch contact topology are manufactured to 

provide a curve contact where the radius is 1.5 times bigger than the radius of the disc, 

and loading ends of the disc in flat-to-flat contact topology are cut to a depth where 2𝛼 

is achieved. The area subject to loading in the arch-to-arch contact topology is 

comparatively greater than that of the flat-to-flat contact topology as it is applied over 

a curved surface. 

 

3.3.5 Numerical Model of Brazilian Test 

Following the same procedure mentioned in the previous section, three models are 

generated in Abaqus/Explicit. CPE3 elements are used to create the mesh sample and 

COH2D4 elements are inserted to simulate crack initiation and propagation. The 

sphere meshes in the first two models, which reproduced the flat-to-point and arch-to-

arch contact topologies, are 74 mm in diameter following the dimension used in the 

experiments (Stirling et al., 2013). Therefore, the radius of the curved platen in the 

arch-to-arch model is 55.5 mm. In the flat-to-flat model, the 74 mm sphere is cut to a 

width of 12.8 mm at the top and the bottom with a depth of 72.9 mm. Two loading 

platens in each model are set to be discrete rigid, without any deformation during the 

loading process. The bottom platen is fully constrained, and a negative displacement 
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is assigned to the top platen to mimic the compression load. The friction coefficient 

between the platens and the sample is set to 0.5, based on values commonly used in 

similar particle breakage simulations. (Ma et al., 2017; Wei et al., 2019; Zhou et al., 

2020). This value was selected to balance realism with numerical stability and to reflect 

the contact conditions typically observed in lab-scale uniaxial compression tests. 

The material parameters assigned to the meshes are identical to those listed in Table 

3.2. The density, Young’s modulus, Poisson’s ratio, and tensile strength were adopted 

from Stirling et al. (2013), while the fracture energies, the semi-empirical criterion 

exponent, and the friction coefficient were taken from Wei et al. (2019). The remaining 

parameters were calibrated to best fit the experimental results. 

 

Table 3.2. Material parameters of Springwell Sandstone. 

Solid Elements   

    Density 𝜌 (𝑘𝑔/𝑚ଷ) 2226 

    Young’s modulus 𝐸 (𝐺𝑃𝑎) 7.527 

    Poisson’s ratio 𝜐 0.261 

CIEs   

    Normal stiffness 𝑘௡ (𝑁/𝑚𝑚ଶ) 10000 

    First shear stiffness 𝑘௦ (𝑁/𝑚𝑚ଶ) 5000 

    Second shear stiffness 𝑘௧ (𝑁/𝑚𝑚ଶ) 5000 

    Tensile strength 𝑁௠௔௫ (𝑀𝑃𝑎) 3.725 

    First shear strength 𝑆௠௔௫ (𝑀𝑃𝑎) 16 

    Second shear strength 𝑇௠௔௫ (𝑀𝑃𝑎) 16 

    Mode I fracture energy 𝐺௡ (𝑁/𝑚𝑚) 0.1 

    Mode II fracture energy 𝐺௦ (𝑁/𝑚𝑚) 0.2 

    Mode III fracture energy 𝐺௧ (𝑁/𝑚𝑚) 0.2 

    Semi-empirical criterion exponent 𝜂 2 

Contact law   

    Friction coefficient 𝜇 0.5 

 

    All simulations were performed using Abaqus/Explicit on a standard office PC 

running Windows 10, equipped with an Intel(R) Core(TM) i5-10310U CPU @ 1.70 GHz 
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and 16 GB of RAM. Each simulation took approximately 5 hours of wall-clock time. 

 

3.4 Results and Discussion 

3.4.1 Mesh Sensitivity Study 

One limitation of using CIEs in breakage simulation is that crack initiation and 

propagation can only occur along predefined element interfaces. As a result, the 

simulated crack path is composed of secant lines connecting element nodes, rather 

than the smooth curved trajectories typically observed in experiments (Erdogan and 

Sih, 1963). The accuracy of the simulated fracture path is therefore strongly influenced 

by mesh regularity and element size.  

    To reduce mesh-induced artefacts and better approximate realistic fracture 

behaviour, it is important to minimise mesh bias and ensure mesh convergence. For 

mesh regularity, default meshing parameters in Abaqus are used to generate a 

randomised mesh pattern across the particle shape, and the same meshing strategy 

is applied to all cases to avoid discrepancies due to mesh orientation or morphology. 

Moreover, by refining the mesh, the influence of mesh regularity diminishes, allowing 

the discrete secant lines to more closely approximate a continuous crack path 

(Tvergaard and Hutchinson, 1992; Bazant and Planas, 2019). 

While the application of a very fine mesh yields more accurate results, it increases 

computational time (Nadimi and Fonseca, 2018b). It is necessary to optimise and find 

a balance between the accuracy of results and simulation time. A mesh size sensitivity 

study is performed to ensure the accurate representation of fracture behaviour, with 

acceptable computation costs. To investigate the effect of mesh size and find the 

optimal mesh size value, three different mesh sizes are examined from coarse to fine, 

as shown in Figure 3.4. All other environment setups are kept the same during the 

simulations. 

    The trends of crack propagation in Figure 3.4 are similar for each different mesh 

tested, while the fracture angles are decreasing from 70° to 60° and then to 58°. Based 

on the theoretical values from Erdogan and Sih (1963), the fracture angle is around 

57° when the crack angle is 40°. It is noteworthy that the fracture angle difference is 

significant when the element size changes from 4 mm to 2 mm, and then becomes 

negligible when the element size changes from 2 mm to 1 mm. Thus, the fracture 

behaviour of the mesh with an element size of 1 mm was selected. 
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Figure 3.4. The fracture angles for test samples were discretised with different element 

sizes. 

 

    The element size of 1 mm, corresponding to 213,164 CPE3 elements and 319,007 

COH2D4 elements, is chosen for simulations of the crack extension test. Several 

studies in the literature also used 1 mm element size in their investigations (Wang et 

al., 2015; Hao and Hao, 2016; Trawiński et al., 2016; Wu et al., 2019). 

 

3.4.2 Fracture Angle-Crack Angle Analysis 

Numerical models with eight different representative crack angles, from 10° to 80°, are 

generated to verify the fracture angle against theoretical values and experimental 

results. A good agreement between numerical and theoretical values is shown in 

Figure 3.5. The fracture angle is measured from the existing crack to a straight line 

which balances the dynamic crack propagating direction caused by multiple secant 

lines, at 4, 6, 8, and 10 nodes away from the crack tip. This straight line behaves as a 

potential direction where a crack propagates through the elements. The numerical 

predictions in Figure 3.5 indicate the average value of every four fracture angle 

measurements and the flat-end bar indicates the standard deviation. 
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Figure 3.5. Numerical prediction of fracture angle-crack angle plot against 

experimental and theoretical results. 

 

3.4.3 Cohesive Zone Analysis 

It is possible to further optimise the model by limiting the number of CIEs. Given this, 

it is important to establish a rational cohesive zone that enables simulation to 

reproduce crack distribution and propagation observed experimentally. Models using 

flat-to-point contact topology with three different cohesive zones are investigated, 

ranging from no cohesive zone to a cohesive zone width that equals the sample width 

(full cohesive zone). Material parameters of Springwell Sandstone are assigned to the 

models. The mesh information of each model is listed in Table 3.3. 

 

Table 3.3. Mesh information of models using different cohesive zones. 

 Mesh size (mm) CPE3 element COH2D4 element 

No cohesive zone 1 9,000 0 

Partial cohesive zone 1 8,832 4,372 

Full cohesive zone 1 9,000 13,384 

 

When no cohesive zone exists, the mesh behaves like a deformable body without 

any cracks during the simulation as expected (Figures 3.6a and 3.6d). A partial 

cohesive zone resulted in fewer CIEs along which cracks can propagate and thus 

simulated fracture patterns in a confined and restricted zone (Figures 3.6b and 3.6e). 
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Such simulations produced crack paths that are controlled by the cohesive zone width. 

Their results are distinct from what was observed during experiments and are 

influenced by boundary conditions. A wider cohesive zone could reduce this issue and 

allow the linear softening laws to be applied over a wider area and develop a crack 

where traction is greatest. Thus, the full cohesive zone allowed randomized crack 

initiation and propagation within the mesh (Figures 3.6c and 3.6f). 

    Since different fracture behaviours caused by sample-apparatus geometries of the 

Brazilian test lead to distinct load-strain curves from test to test, the full cohesive zone 

is selected for simulations in the next section. 

 

 

Figure 3.6. Fracture behaviours of different cohesive zones. (a) no cohesive zone, (b) 

partial cohesive zone, (c) full cohesive zone, (d) no cohesive zone mesh under uniaxial 

compression, (e) partial cohesive zone mesh under uniaxial compression, and (f) full 

cohesive zone mesh under uniaxial compression. 

 

3.4.4 Parametric Study of CIE Parameters 

One major challenge of using CIEs to simulate fracture behaviour is parameter 

calibration. Due to limited experimental information for the targeted materials, a 

parametric study using flat-to-flat contact topology is performed to have an enhanced 

understanding of the parameters of CIEs and how they affect the failure load and strain. 

Except for the semi-empirical exponent 𝜂  which only affects the post-fracture 

behaviour (Xiong and Xiao, 2019), key parameters including stiffness 𝑘௡, 𝑘௦, 𝑘௧, tensile 
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strength 𝑁௠௔௫ , shear strength 𝑆௠௔௫ , 𝑇௠௔௫  and fracture energy 𝐺௡ , 𝐺௦ , 𝐺௧  are 

investigated by varying the target parameter and leaving the rest constant.  

    Figure 3.7a shows that increasing stiffness leads to a steeper load-strain curve such 

that the sample fails at lower strain with a slightly lower load. Since the stiffness 

remains constant for Figures 3.7b, 3.7c, and 3.7d, the slopes of load-strain curves are 

the same before failure. By increasing the tensile strength and shear strength 

simultaneously, the fracture occurs at a higher strain with a higher load (Figure 3.7b). 

Increasing shear strength initially leads to a rise in the failure load, but beyond a certain 

point, further increases in shear strength have a negligible effect (Figure 3.7c) and a 

similar trend happens to the fracture energy (Figure 3.7d). The failure load continues 

to increase till 𝐺௦ = 𝐺௧ = 8𝐺௡. 

 

 

Figure 3.7. Load-strain curves affected by CIEs parameters. (a) stiffness (𝐺𝑃𝑎), (b) 

tensile strength (𝑀𝑃𝑎), (c) shear strength (𝑀𝑃𝑎), and (d) fracture energy (𝑁/𝑚𝑚). 

 

3.4.5 Brazilian Tests 

The flat-to-point, arch-to-arch, and flat-to-flat contact topologies are reproduced 
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numerically for the Brazilian test. For comparison, the same displacement is applied to 

all tests in Abaqus/Explicit to obtain the load-strain curves, strain distribution, crack 

initiation & propagation, and tensile strength of the models using different contact 

topologies. The mesh information of each model is listed in Table 3.4. 

    According to the observations made during the simulations, the flat-to-point and 

arch-to-arch models both start with negligible initial contact area. However, their 

contact area evolves differently during loading due to the geometry of the loading 

platens. In the flat-to-point contact, the contact region gradually increases in a localised 

circular shape as the load progresses. In contrast, the arch-to-arch contact rapidly 

forms a wider contact area, developing into a substantial portion of the spherical 

surface. This results in more distributed stress at the early stage of loading. Meanwhile, 

the flat-to-flat model begins with a predefined, finite contact area, which largely remains 

unchanged until failure. These differences in initial and evolving contact conditions 

significantly affect the stress distribution, strain localisation, and crack initiation 

mechanisms across the models. 

 

Load-Strain Relationships 

The load-strain curves of the Brazilian test simulations using different contact 

topologies just before breakage are shown in Figure 3.8. For arch-to-arch and flat-to-

flat contact topologies, the simulated failure loads and strains are comparable to the 

experimental results. However, the breakage in the model using flat-to-point contact 

topology occurred at a higher strain with a lower failure load compared to the 

experiment. Overall, the simulation results illustrate a trend that the failure load is 

increasing when sample-apparatus geometry changes from flat-to-point contact 

topology to arch-to-arch contact topology and then to flat-to-flat contact topology. 

Although this relationship is not the same as the experimental data measured 

externally in Figure 3.8, it is identical to the experimental results observed using the 

digital image correlation (DIC) method, which provides local strain measurements 

(Stirling et al., 2013). Simulation representing the model with flat-to-flat contact 

topology shows the stiffest response to loading, failing at higher loads while 

experiencing less vertical strain than the other two contact topologies.  

 

Table 3.4. Mesh information of models using different contact topologies. 

Test Mesh size (mm) CPE3 element COH2D4 element 
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Flat-to-point 1 9,000 13,384 

Arch-to-arch 1 9,000 13,384 

Flat-to-flat 1 8,853 13,164 

 

 

Figure 3.8. Simulated load-strain curves of different sample-apparatus geometries. 

 

Strain Distribution Analysis 

Since strain concentration induces crack initiation, the horizontal and vertical strain 

distribution of models using different contact topologies were generated in 

Abaqus/Explicit. Contour plots represent the captured state immediately prior to failure 

are shown in Figure 3.9. The dark red area indicates the strain concentration due to 

tension and the dark blue area indicates the strain concentration due to compression. 

    For the model using flat-to-point contact topology, Figure 3.9a highlights the two 

areas of dominant horizontal extension located at the top and bottom of the sample. 

The greatest vertical compressive strain occurs at the loading ends and can be clearly 

seen in Figure 3.9d. Therefore, the highest horizontal strain and largest vertical strain 

share the same region. This supports the observation of crushing occurring at the 

loading ends during the experiment (Stirling et al., 2013). 
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Figure 3.9. Simulated strain distributions of different contact topologies. (a), (d) flat-to-

point contact topology. (b), (e) arch-to-arch contact topology. (c), (f) flat-to-flat contact 

topology. 

 

    For the model using arch-to-arch contact topology, the strain concentration in both 

horizontal (Figure 3.9b) and vertical (Figure 3.9e) plots are similar to the ones using 

flat-to-point contact topology. Additionally, the higher horizontal strains due to 

extension are well spread along the vertical axis (Figure 3.9b). It is noteworthy that the 

DIC results from the experiment indicated that the strain distribution is not perfectly, 

diametrically opposed within the disc (Stirling et al., 2013). This eccentric behaviour 

has also been reported by several authors (Hondros, 1959; Wang and Xing, 1999; 

Wang et al., 2004; Jianhong et al., 2009) and is due to the imperfect contact between 

the sample and curved loading platens. The eccentric strain distribution is not observed 

in the contour plots and is not a problem in numerical simulation. 

    For the model using flat-to-flat contact topology, compared to the first two contact 

topologies, the strain is distributed broadly along the vertical axis in both horizontal 

(Figure 3.9c) and vertical (Figure 3.9f) plots, without any strain concentration at the 

loading ends. This reveals the reason why the crack initiated at the centre of the disc 

and propagated to the loading ends (Stirling et al., 2013). Such behaviour represents 

the greatest compliance with the idealized theoretical failure criteria. 
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Crack Initiation and Propagation Study 

Since the tensile strength is estimated according to the assumptions that failure occurs 

at the point of maximum tensile stress (i.e., at the disc centre) and that the radial 

compressive stress has no influence on failure (Fairhurst, 1964), the study of crack 

initiation and propagation is necessary for the purpose of validating a Brazilian test. 

Post-fracture behaviours of different contact topologies have been captured 

photographically in Abaqus/Explicit, as shown in Figure 3.10. 

    For flat-to-point contact topology, the crack occurs at one loading end caused by the 

greatest compressive strain and propagates to the other loading end (Figure 3.10a). 

For arch-to-arch contact topology, the crack also starts from the disc top and grows 

towards the bottom due to the strain concentration at the loading ends (Figure 3.10b). 

Notably, since the higher strains are well distributed along the diameter, there are some 

secondary cracks at the disc centre. For flat-to-flat contact topology, the strain is 

distributed broadly across the diameter and the strain concentration is negligible owing 

to the flattened disc geometry. The crack begins from the disc centre and propagates 

to the loading ends. This fracture behaviour is identical to the assumptions used for 

tensile strength estimation.  

 

 

Figure 3.10. Crack initiation and propagation. (a) flat-to-point contact topology, (b) 

arch-to-arch contact topology, and (c) flat-to-flat contact topology. 
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Tensile Strength Comparison 

According to the guidance of flat-to-point and arch-to-arch contact topologies, the 

tensile strength 𝜎௧ of the discs were calculated based on Equation 3.10, where 𝐹௙ is 

the fracture force, 𝑑 is the diameter, and 𝑡 is the thickness. It assumes the materials 

maintain linear elasticity until failure and the maximum tensile stresses are induced 

normally to the loaded diameter. The tensile strength of the disc using flat-to-flat 

contact topology was calculated using Equation 3.11, which introduces a coefficient 𝑘 

that is related to the angular distance 2𝛼 . When 2𝛼 = 20° , as it was applied in the 

flattened Brazilian disc within this paper, 𝑘 = 0.9644 (Wang et al., 2004). 

𝜎௧ =
2𝐹௙

𝜋𝑑𝑡
                                                                                                                                            (3.10) 

𝜎௧ = 𝑘 ×
2𝐹௙

𝜋𝑑𝑡
                                                                                                                                    (3.11) 

    Tensile strengths calculated by Stirling et al. (2013) using experimental results were 

used and averaged in Table 3.5, to compare with tensile strengths calculated from the 

simulations. 

 

Table 3.5. Tensile strengths calculated for experiments (average) and simulations. 

Test 

Experimental results  

(Stirling et al., 2013) 
Simulation results 

Failure load 

𝐹௙ (𝑘𝑁) 

Tensile strength 

𝜎௧  (𝑀𝑃𝑎) 

Failure load 

𝐹௙ (𝑘𝑁) 

Tensile strength 

𝜎௧  (𝑀𝑃𝑎) 

Flat-to-point 14.35 3.34 12.24 2.85 

Arch-to-arch 14.32 3.33 16.14 3.75 

Flat-to-flat 17.53 3.93 19.46 4.37 

 

    In Table 3.5, the observed failure loads and calculated tensile strengths from both 

experimental results and numerical simulations are comparable. Notably, the failure 

load and tensile strength from experimental results using arch-to-arch contact topology 

are slightly less than those using flat-to-point contact topology, whereas the failure load 

and tensile strength from simulation results increase gradually when switching from 

flat-to-point to arch-to-arch and then to flat-to-flat contact topology. One possible 

reason is the eccentric loading behaviour of arch-to-arch contact topology during the 
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experiment. 

 

3.5 Summary 

This chapter presented a computational modelling approach to simulate crack initiation 

and propagation in brittle materials with homogeneous, isotropic, and linear elastic 

properties. The key feature of this method is the application of CIEs, which enable the 

μFE model to effectively simulate fracturing behaviour. The feasibility of this approach 

was verified theoretically through crack extension tests and validated experimentally 

using Brazilian tests under different contact topologies. The main remarks from this 

chapter are as follows: 

 The fracture angles obtained from the simulations show good agreement with 

theoretical predictions and experimental results of the crack extension test. 

 The load-strain curves, strain distributions, crack initiation and propagation, and 

tensile strength obtained in simulations using different contact topologies align 

closely with those from Brazilian tests with equivalent experimental setups. 

 The flat-to-flat contact topology is preferred for the Brazilian test, as it produces 

fracture behaviour where cracks initiate at the disc’s centre and propagate 

toward the loading ends, consistent with assumptions used for tensile strength 

estimation. 

The results and findings in this chapter provide a numerical framework for fracture 

simulation and offer a promising approach to identifying the optimal contact topology 

for the Brazilian test. The next chapter will build on this framework by exploring the 

breakage behaviour of sand particles, incorporating real particle morphology and 

different contact curvatures. 
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Chapter 4 Insights on Particle Breakage Variability 

 

4.1 Introduction 

The strength of individual particles is a crucial factor influencing their mechanical 

behaviour under loading and their ability to resist failure. As a fundamental property, 

particle strength arises from complex interactions between their internal structural 

characteristics and external forces. Variability in particle strength is driven by inherent 

heterogeneity, including differences in size, shape, and material composition. This 

diversity underscores the need for a comprehensive understanding of the factors 

affecting particle strength. 

    To address these challenges, this chapter proposes the use of point load tests with 

varying indenter sizes to investigate the effect of contact curvature on particle breakage 

behaviour, focusing on silica sand and crushed glass. The developed µFE model is 

utilised to accurately capture particle morphology while incorporating CIEs to simulate 

particle breakage. 

 

4.2 Background 

Accurate measurement of particle strength is critical for understanding and predicting 

breakage under various loading conditions. However, measuring the strength of 

individual irregular particles presents a challenge. The variability in particle size and 

shape makes sample preparation for laboratory testing challenging. Additionally, even 

when using the ideal morphology, the internal structure and mineralogy of each particle 

differ, requiring a significant number of tests to quantify particle strength (Zhang et al., 

2020). This further exacerbates the already challenging situation, adding to the 

complexity. 

Fairhurst (1964) used the Brazilian test to indirectly estimate the tensile strength 𝜎௧ 

of disc-shaped rock samples: 

𝜎௧ =
2𝐹௙

𝜋𝑑𝑡
                                                                                                                                               (4.1) 

where 𝐹௙  is the fracture force; 𝑑  and 𝑡  are the diameter and thickness of the disc 

sample, respectively. Later, Hiramatsu and Oka (1966) advanced this approach for 

irregular rock samples by considering the loading distance 𝑑ଷ  between two loading 

platens: 
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𝜎௧ = 0.9
𝐹௙

𝑑ଷ
ଶ                                                                                                                                         (4.2) 

Note that 𝑑ଷ is also the shortest dimension of the sample, accounting for the size effect 

in irregular materials.  

    Lee (1992) performed diametrical compression of particles using two flat platens. 

He defined the 𝐹௙ of a particle and calculated the corresponding tensile strength 𝜎௧ as 

follows: 

𝜎௧ =
𝐹௙

𝑑̅ଶ
                                                                                                                                                 (4.3) 

where 𝑑̅  is the average diameter of the particle. Furthermore, using Christensen's 

multiaxial failure criterion (Christensen, 2000), Russell and Muir Wood (2009) 

proposed an approximate expression for the compressive and tensile strength of an 

elastic sphere under compression: 

𝜎௖ =
𝑎𝐹௙

𝜋𝑅ଶ sin2 𝜃ଵ
, 𝜎௧ =

−𝑎𝐹௙

𝜒𝜋𝑅ଶ sin2 𝜃ଵ
                                                                                              (4.4) 

where 𝜎௖ is the compressive strength, 𝑅 is the radius of the sphere, 𝜃 is the contact 

area in degrees, and 𝜒  is an empirical parameter to consider heterogeneity. The 

parameter 𝑎 can be defined, and the 𝜃ଵ can be derived by using the Hertzian contact 

theory as follows: 

𝑎 =

3 ቆ
3

32
+

√2
24

+ ቆ
√2
12

−
1
4ቇ 𝜇 + ቆ

1
2

−
√2
3 ቇ 𝜇ଶቇ

(2 − √2)(1 + 𝜇)
, 𝜃ଵ = 2 cosିଵ ൭1 − ቆ

3𝐹(1 − 𝜐ଶ)

4𝐸𝑅
ቇ

ଶ/ଷ

൱     (4.5) 

where 𝜇 is the coefficient of friction, 𝐹 is the normal force, 𝐸 is Young's modulus, and 

𝜐 is the Poisson’s ratio. A few more recent studies improve the estimation of tensile 

strength by considering the shape effect. Cavarretta et al. (2017) mathematically 

examined Equation 4.3 by replacing 𝑑 and 𝑡 in Equation 4.1 with 𝑑̅, finding that Lee 

(1992) overestimated the maximum tensile stress by 60% and suggesting that their 

calculated result represents a nominal strength. To address this, they proposed 

incorporating the intermediate dimension 𝑑ଶ  in Equation 4.2 to better capture the 

shape effect: 

𝜎௧ = 0.9
𝐹௙

𝑑ଶ𝑑ଷ
                                                                                                                                      (4.6) 

indicating that the maximum tensile stress should act on the smallest vertical cross-
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section of the particle, represented by 𝑑ଶ  and 𝑑ଷ . More recently, Liu et al. (2023) 

critiqued Equations 4.2 and 4.6, arguing that considering only one or two principal 

dimensions is insufficient to account for the irregular particles. They proposed an 

equivalent diameter 𝑑௔  as an improvement on Equation 4.3 to represent overall 

particle morphology: 

𝜎௧ =
𝐹௙

𝑑௔
ଶ                                                                                                                                                (4.7) 

where 𝑑௔ is the diameter of a circle with an area equivalent to the particle’s projected 

area, averaged from 10-20 perspectives. These perspectives were captured as the 

particle fell freely by gravity and rotated. This method shows expected correlations 

between fracture forces and nominal tensile strengths across particles of various 

morphologies within a similar size range. 

However, the contact between the particle and loading platens is complex and may 

lead to varied mechanical behaviours, resulting in different fracture forces and 

breakage patterns, which complicates the estimation of tensile strength. By analysing 

the silica sand after the oedometer test, Nakata et al. (2001) defined the particle 

breakage behaviours in five classes: (1) no visible damage, (2) single abrasion, (3) 

multi-abrasion, (4) major splitting, and (5) further fragmentation of sub-particles. Later, 

Cavarretta and O’Sullivan (2012) investigated the breakage of irregular single particles 

subject to uniaxial compression and found that it involves four main stages to crush 

the sample: (1) initial rotation, (2) damage, (3) elastic response, (4) fragmentation, and 

(5) crushing. With the advancement of technology, Wang and Coop (2016) successfully 

captured real-time images of crack initiation and propagation on a single particle using 

a high-speed microscope camera. Based on the rapidity of failure and associated 

fragments, they categorised the particle failure mode into four types: (1) splitting, (2) 

explosive, (3) explosive-splitting, and (4) chipping. They proposed a local roundness 

parameter to evaluate the contact between the particle and loading platens. They 

suggested that high local roundness (i.e., flatter contact area with flat platens) tends to 

cause explosive breakage with higher strength, whereas low local roundness triggers 

splitting breakage. Following this conclusion, they replaced the flat platens with rigid 

balls to minimise the effect of the loading apparatus (Wang and Coop, 2018). They 

found that the point loading test provides slightly more consistent strength 

measurements by minimising the effects of contact topology. However, they also noted 

that the point loading test is more difficult to perform and requires frequent replacement 

of the loading balls. 



 

58 

    Alternatively, numerical simulation has been proven to be a reliable approach to 

overcome the difficulties faced in experiments. Tang et al. (2004) numerically 

investigated the particle breakage under point-to-point, multipoint, point-to-plane, and 

plane-to-plane loading in 2D. They found that the particle strength increases 

sequentially from point-to-point to plane-to-plane loading. Later, Zhu and Zhao (2019) 

extended the breakage analysis in 3D by using a spherical particle. They concluded 

that the number of fragments generated from a crushed particle does not exhibit any 

significant correlation with the coordination number (i.e., the number of contact points 

between particles). By considering particle morphology, Liu et al. (2020) conducted a 

point load test using the DEM. They observed two crack zones developed from the 

compressive contact points and propagated toward each other until complete 

breakage occurred, resulting in the particle splitting into several pieces. However, the 

use of spherical particles in DEM fails to replicate the variety of particle morphologies, 

which plays a significant role in creating complex contact topologies that directly 

influence stress distribution and particle deformation (Fonseca et al., 2013; Druckrey 

et al., 2016). With the emergence of the μCT approach, Nadimi and Fonseca (2017, 

2018a, 2019) adopted the µFE model from biomedical applications to investigate 

particle-to-particle interactions under loading. They highlighted its ability to compute 

the map of stress distribution inside each grain. Furthermore, Wei et al. (2019) applied 

the µFE model, coupling it with CIEs for numerically reproducing the point loading test. 

They compressed particles from different directions and observed that particles 

generally break along the smaller dimensions without experiencing chipping. They also 

concluded that traditional compression tests using platens tend to overestimate the 

breakage stresses. 

While tensile strength measured from traditional compression tests is often 

overestimated, no universally accepted criterion has been established for conducting 

particle strength tests to achieve consistent results. According to observations of 

particle breakage, before major breakage, the particle cracks during point loading and 

crushes under platen loading (Tang et al., 2004). Thus, a transition likely exists 

between these two behaviours, which can be linked by altering the contact topologies. 

Additionally, according to fracture mechanics, the crack should initiate at the sample 

centre and propagate towards the loading ends to best estimate the tensile strength 

(Fairhurst, 1964), whereas point loading induces crush at the loading ends and platen 

loading triggers off-centre breakage due to chipping and local roughness. Therefore, 

altering the radius of the indenters during the compression test enables this study to 
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observe variations in the breakage behaviour of particles. By utilising the µFE model 

enriched with CIEs, the same particle is compressed under various indenters, a 

scenario that cannot be studied experimentally, to uncover the relationship between 

contact curvature and fracture behaviour. Forty-two particles are tested using seven 

different indenters, resulting in 294 simulations. A novel equation is developed to 

estimate the particle tensile strength, an inherent property independent of both particle 

morphology and contact curvature. Furthermore, morphology analyses are carried out 

both before and after particle breakage to provide deeper insights into the influence of 

particle shape on its breakage behaviour.  

 

4.3 Model Setup 

The µFE model captures particle morphology with high fidelity while providing a more 

realistic representation of granular behaviour through a finite-element formulation that 

accounts for deformable bodies (Nadimi and Fonseca, 2018a). The breakage of 

particles under external loading can happen at the element-to-element interface where 

CIEs are incorporated. The interactions between fragments occur following Newton’s 

second law, hard contact in normal and frictional contact in tangential directions. 

 

4.3.1 Image Acquisition and Processing 

In this study, two samples were prepared for image scanning. The first is silica sand 

(British rail sand) obtained from Network Rail, United Kingdom. The second is recycled 

crushed glass, produced by washing and crushing various types of glass bottles, then 

sieved using a mesh size of 1.18 mm. The µCT system, SkyScan 1176, located at the 

Preclinical in-Vivo Imaging Facility at Newcastle University Medical School was 

employed to capture the particle morphology. Scans were performed with a source 

current of 357 μA and a voltage of 70 kV. The 3D shape of the particles was obtained 

by reconstructing the μCT images into greyscale cross-sectional slices, achieving a 

voxel resolution of 8.81 μm. This resulted in 3D images with dimensions of 

approximately 7444 × 7444 × 7117 voxels. To improve computational efficiency during 

image processing, the μCT images were resized to reduce the 3D matrix dimensions 

while preserving the particles' size and shape characteristics (Maramizonouz, Nadimi, 

W. Skipper, et al., 2023). 

    To accurately represent the complex and irregular shapes of particles while 

maintaining repeatability, an advanced surface reconstruction algorithm is employed, 

utilising the open-source Computational Geometry Algorithms Library (Rineau and 



 

60 

Yvinec, 2012) through a Matlab (The MathWorks Inc., 2020) based workflow 

comprising two stages. The first stage focuses on surface mesh extraction, where 

triangular iso-surfaces are generated from 3D segmented images using a refinement 

of the constrained Delaunay triangulation (Shewchuk, 2002). Pre-set values for density 

and the smallest angle are applied to control the size and number of triangles, allowing 

fine meshes to detail angular features while larger triangles to approximate flat 

surfaces. In the second stage, the sub-volumes bounded by these iso-surfaces are 

filled with tetrahedral elements to create a volumetric mesh. This integrated approach 

ensures that the volumetric mesh preserves the original boundaries of the particles 

while optimising the element size according to geometric constraints. It overcomes the 

limitations of voxel-based meshes, such as stepped boundaries, and produces high-

quality elements that enhance computational efficiency and solver performance, even 

for complex topologies. 

 

4.3.2 3D Cohesive Interface Elements Embedment 

CIEs are embedded between adjacent elements without altering the overall mesh 

morphology due to their geometric zero-thickness. However, as no existing code was 

available for embedding CIEs in 3D, an in-house code is developed based on the 

framework proposed by Zhang et al. (2023) to implement CIEs in a volumetric mesh. 

The general process includes three main steps as illustrated in Figure 4.1. To begin 

with, every pair of tetrahedral elements in the targeted region is identified. Each pair, 

by definition, shares a common face consisting of three nodes. To ensure that no faces 

share the same nodes, the nodes of the shared face are duplicated, and the element 

connectivity matrix is updated accordingly (Figure 4.1b). The CIE is then inserted 

between the adjacent tetrahedral elements, using the nodes of the duplicated face, as 

shown in Figure 4.1c. Due to the definition used in Abaqus, a correction algorithm is 

applied to check the connectivity of CIE as described below: 

1) Compute the normal of CIE based on current connectivity. For example, in 

Figure 4.1c: 𝑛 = 𝐸𝑑𝑔𝑒ଽ,ଵ଴ × 𝐸𝑑𝑔𝑒ଽ,ଵଵ 

2) Compute the centre of each element in the pair (e.g., 𝐶ଵ and 𝐶ଶ). 

3) Compute 𝑛 ∙ 𝐶ଵ𝐶ଶ (scalar product): 

𝑛 ∙ 𝐶ଵ𝐶ଶ > 0, the current connectivity is consistent with the definition in Abaqus. 

𝑛 ∙ 𝐶ଵ𝐶ଶ < 0, the current connectivity is incorrect, switch the position of the 2nd 

and 5th nodes with the 3rd and 6th nodes, receptively. For example, the new 

connectivity of CIE would be {9 11 10 6 8 7}. 
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Figure 4.1. Embedding CIE between each pair of tetrahedral elements. 

 

4.3.3 Model Validation 

Using the proposed particle reconstruction framework outlined in Section 4.3.1, the 

mesh for the LBS particle was generated from the original data obtained by Zhao et al. 

(2015) through µCT imaging during a single particle crushing test. Two loading platens 

were created in the numerical domain to simulate the uniaxial compression. The 

bottom platen was assigned fixed boundary conditions in all directions, while the top 

platen was allowed to move only in the vertical direction. According to the experimental 

observation, no plastic deformation occurred in the loading platens during the test. 

Therefore, to avoid the significant heavy computational burden that would be obtained, 

the loading platen was considered as a rigid body during the simulation. The material 

properties of LBS particles were determined using the calibrated parameters of quartz 

sand from Table 3.1 in Chapter 3, with consideration of breakage in the tangential 

direction, as shown in Table 4.1. 

 

Table 4.1. Material parameters of LBS particles 

Solid Elements   

    Density 𝜌 (𝑘𝑔/𝑚ଷ) 2500 

    Young’s modulus 𝐸 (𝐺𝑃𝑎) 63 

    Poisson’s ratio 𝜐 0.22 

CIEs   

    Normal stiffness 𝑘௡ (𝑁/𝑚𝑚ଶ) 63000 
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    First shear stiffness 𝑘௦ (𝑁/𝑚𝑚ଶ) 31500 

    Second shear stiffness 𝑘௧ (𝑁/𝑚𝑚ଶ) 31500 

    Tensile strength 𝑁௠௔௫ (𝑀𝑃𝑎) 25 

    First shear strength 𝑆௠௔௫ (𝑀𝑃𝑎) 12 

    Second shear strength 𝑇௠௔௫ (𝑀𝑃𝑎) 12 

    Mode I fracture energy 𝐺௡ (𝑁/𝑚𝑚) 0.1 

    Mode II fracture energy 𝐺௦ (𝑁/𝑚𝑚) 0.2 

    Mode III fracture energy 𝐺௧ (𝑁/𝑚𝑚) 0.2 

    Semi-empirical criterion exponent 𝜂 2 

Contact law   

    Friction coefficient 𝜇 0.5 

 

    The simulation results, including the fracture pattern and force-displacement curve, 

are presented in Figure 4.2 for comparison with the lab tests. The simulated force-

displacement curve and particle fracture pattern show a good agreement with the 

experimental results. This confirms that the selected physical parameters are 

reasonable and that the µFE model is reliable for subsequent simulations examining 

the effect of contact curvature on breakage behaviour. 

 

 

Figure 4.2. Validation of µFE model against experimental data. 
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4.3.4 Modified Point Load Tests 

Tensile strength estimated from traditional compression tests with flat platens is often 

higher than that obtained from point load tests, as demonstrated both experimentally 

and numerically. In the following study, the breakage behaviour of single particles 

under different contact curvatures is investigated, bridging the gap between point 

loading and platen loading. As illustrated in Figure 4.3, the radius of indenters is 

increasing from 0.1 mm to 0.2 mm, 0.4 mm, and up to 6.4 mm The curvature of 0.2 

mm matches the point ends used by Wang and Coop (2018), while the curvature of 

6.4 mm approximates a flat contact, given the relatively small size of the tested particle. 

For comparison, all tested particles were rotated around their geometric center to 

achieve the most stable contact with the smallest indenter. This orientation was then 

preserved for subsequent tests using larger indenters. 

 

 

Figure 4.3. Modified point loading test using different indenters. 

 

Two types of material are used in this study: silica sand and crushed glass. Given 

that tensile strength is significantly influenced by particle size (Nakata, Kato, et al., 

2001), the size of each particle was adjusted during reconstruction to match the surface 

area of a reference sphere with a 0.5 mm radius. This normalisation ensures a more 

consistent contact area across particles and minimises the influence of size-related 

effects. To further isolate the influence of particle morphology and contact curvature on 

breakage behaviour, differences in material microstructure and intrinsic mechanical 

properties between silica sand and crushed glass are deliberately disregarded. Instead, 

both materials were assigned identical material properties, as listed in Table 4.1. This 

simplification is justified by the study’s objective: to understand how morphological 
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characteristics govern the breakage mechanisms, independent of material 

composition. By controlling for size and material, the observed differences in breakage 

behaviour can be more confidently attributed to variations in particle morphology and 

contact curvature. 

    In order to quantify the particle morphology, four characteristics listed in Table 4.2 

have been measured via an open source software SHAPE (Angelidakis et al., 2021). 

The results are plotted in Figure 4.4 using the empirical cumulative distribution function 

(eCDF). It highlights the distinct differences in shape characteristics between the two 

groups, with crushed glass generally exhibiting more elongated shapes compared to 

the more spherical and convex silica sand. 

 

Table 4.2. Four key characteristics of particle morphology. 

 Formula Range Parameters 

Flatness 
𝑑ଶ

ଶ

𝑑ଵ ∙ 𝑑ଷ + 𝑑ଶ
ଶ −

𝑑ଷ

𝑑ଵ + 𝑑ଷ
 (0,1] 𝑑ଵ: Longest dimension 

𝑑ଶ: Intermediate dimension 

𝑑ଷ: Shortest dimension Elongation 
𝑑ଵ ∙ 𝑑ଷ

𝑑ଵ ∙ 𝑑ଷ + 𝑑ଶ
ଶ −

𝑑ଷ

𝑑ଵ + 𝑑ଷ
 (0,1] 

Sphericity √36𝜋𝑉ଶయ

𝐴
 (0,1] 𝑉: Volume; 𝐴: Surface area 

Convexity 
𝑉

𝑉஼ு
 (0,1] 𝑉஼ு: Volume of convex hull 
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Figure 4.4. eCDF of the morphological characteristics of silica sand and crushed glass. 

 

4.4 Results and Discussion 

This section focuses on the statistical analysis and discussion of the results, exploring 

how contact curvature correlates with breakage behaviour by considering particle 

morphology.  

 

4.4.1 Fracture Force 

Figures 4.5a and 4.5b present the typical force-strain curves from particle breakage 

simulations for silica sand and crushed glass, respectively. The simulations show 

convergence when the indenter radius exceeds 1.6 mm for both materials, indicating 

that an indenter radius of 6.4 mm sufficiently represents a flat contact area, and larger 

radii are unnecessary. For both materials, a clear trend can be observed that as the 

indenter size increases, the peak force also increases, while its occurrence shifts to a 

smaller strain range. 

    In the case of silica sand in Figure 4.5a, the peak force corresponds to the fracture 

force, as indicated by a substantial drop in load following the peak. This behaviour 

suggests that fragments lose contact with the indenter after crushing occurs. However, 

for crushed glass in Figure 4.5b, this abrupt load drop is only observed with smaller 

indenters. For larger indenters, the load exhibits a gradual increase until the end of the 

simulation. The inset in Figure 4.5b provides insights into the contact behaviour during 

breakage: although significant fragmentation occurs, the elongated shape of the 

fragments maintains contact with the larger indenters, resulting in a smoother load 
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transition. 

 

 

Figure 4.5. Typical load-strain curves of silica sand and crushed glass. 

 

Figure 4.6 summarises the fracture forces experienced by particles at the time of 

major breakage. For both silica sand and crushed glass, the fracture force increases 

with indenter size. The data distribution is more concentrated with smaller indenters, 

while it becomes more dispersed as the indenter radius increases. This is due to more 

complex interactions between particles and larger indenters as the local roundness 

plays a more significant role. Comparing the two materials, silica sand exhibits higher 

fracture forces than crushed glass, which is attributed to its particle shape contributing 

to a greater loading distance. In conclusion, contact area and loading distance have a 

more pronounced effect on fracture force compared to particle roundness. 
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Figure 4.6. The fracture force of silica sand and crushed glass. 

 

4.4.2 Contact Area 

The contact area between the tested particles and the indenters was recorded 

throughout the simulations. To investigate its effect on the mechanical behaviour of the 

particle, its relationships with fracture force, particle morphology, and indenter size are 

examined. 

 

Effect of Fracture Force on Contact Area  

When the particle experiences major breakage, the associated contact area is 

captured and plotted against its fracture force, as shown in Figure 4.7. When the tested 

particle is exposed to the same contact area, silica sand usually requires a higher force 

to trigger the breakage process compared to crushed glass. This is because the stress 

in silica sand, owing to its compacted shape, could be distributed more evenly across 

the contact area, whereas the crushed glass tends to experience higher stress 

concentrations at the points of contact due to its irregular geometry. Thus, for the same 

contact area, crushed glass breaks at lower forces compared to silica sand. 
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Figure 4.7. Relationship between contact area and fracture force. 

 

Effect of Indenter Size on Contact Area 

The contact area between the particle and indenter throughout the simulation has been 

visualised for silica sand in Figure 4.8a and crushed glass in Figure 4.8b. The solid 

lines represent the mean contact area values across simulations using the same 

indenter size, while the shaded regions indicate the standard deviation. As expected, 

larger indenters generate a larger contact area for both materials. However, the trends 

differ between the two materials. 

For silica sand in Figure 4.8a, as the indenter size increases, the slope of the contact 

area curve increases, peaking at a later strain stage. Convergence is observed for 

larger indenters (i.e., 3.2 mm and 6.4 mm), confirming that no larger radii are required. 

In contrast, crushed glass in Figure 4.8b shows no peak in the contact area curve, with 

the slope gradually increasing as the indenter size grows. This trend is attributed to the 

elongated shape of the crushed glass, allowing larger indenters to create a more 

extensive contact area. 
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Figure 4.8. Relationship between contact area and indenter size. (a), (c) silica sand 

and (b), (d) crushed glass. 

 

To better understand the relationship between indenter size and contact area, the 

extracted contact area values are normalised based on the theoretical contact area, 

𝐴ு, derived from Hertzian contact theory below: 

𝐴ு = 𝜋𝑑௜ ൬
𝑅ଵ𝑅ଶ

𝑅ଵ + 𝑅ଶ
൰                                                                                                                          (4.8) 

where 𝑑௜ is the indentation depth, 𝑅ଵ is the radius of each indenter, and 𝑅ଶ is half of 

the 𝑑ଵ  of the tested particle. After normalisation, the contact areas from different 

indenters begin to converge, as shown in Figure 4.8c for silica sand and Figure 4.8d 

for crushed glass. The normalised contact area for smaller indenters becomes more 

pronounced compared to larger indenters, with a decreasing trend as the radius 

increases. Throughout the simulation, most data exhibit an increasing trend, except for 

the peaks observed with smaller indenters, particularly in Figure 4.8c. This is due to 

the smaller indenter surfaces not being large enough to maintain contact with the 
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fragments during particle breakage, causing significant drops in the plots. 

    Despite these fluctuations, the overall converging trend remains consistent for all 

tested particles before breakage. This suggests a potential method for estimating 

tensile strength, independent of the specific loading methods used, which will be 

further discussed in the following section. 

 

4.4.3 Tensile Strength 

Determination of Tensile Strength 

The tensile strength of the silica sand and crushed glass under different indenters is 

first calculated using the method of Hiramatsu and Oka (1966), with the corresponding 

results displayed in Figure 4.9a. The white dots represent the estimated tensile 

strength, while the flat-end bars indicate the minimum and maximum values. The box 

shows the upper and lower quartiles of the data, with the horizontal line representing 

the median value.  

 

 
Figure 4.9. Estimated tensile strength using different methods: (a) Hiramatsu and 

Oka (1966), (b) Cavarretta et al. (2017), (c) cross-sectional area, and (d) present 

study. 
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In Figure 4.9a, the estimated tensile strength for silica sand across different 

indenters shows a consistent median value and a similar range of variation. However, 

the data for crushed glass display a wider distribution, with median values increasing 

as the indenter size grows. This indicates that the loading distance 𝑑ଷ used in Equation 

4.2 by Hiramatsu and Oka (1966) can capture the size effect but has limited capability 

to account for the shape effect. 

𝜎௧ = 0.9
𝐹௙

𝑑ଷ
ଶ                                                                                                                                         (4.2) 

To better quantify the shape effect, the Equation 4.6 provided by Cavarretta et al. 

(2017) incorporating the measurements of the two principal axes of the particle is used 

and the results are shown in Figure 4.9b. By considering the shape effect in two 

dimensions, the variation range of the data and the differences between median values 

for crushed glass are reduced. This result is further validated in Figure 4.9c, where the 

tensile strength is calculated directly using the cross-sectional area where the crack 

initiated and propagated. 

𝜎௧ = 0.9
𝐹௙

𝑑ଶ𝑑ଷ
                                                                                                                                      (4.6) 

Both Figures 4.9b and 4.9c show an increase in data variation and median values 

as the indenter size increases. This agrees with experimental observations, where 

traditional compression tests using flat platens (with a radius approaching infinity) tend 

to overestimate the tensile strength, while point load tests with smaller indenters 

provide more consistent strength measurements (Wang and Coop, 2018). However, 

because tensile strength is an inherent material property, the estimated values for the 

same particle should be independent of indenter size.  

Using the normalised contact area, which is independent of loading curvatures, the 

fracture force is normalised to estimate the tensile strength. A new equation is 

proposed: 

𝜎௧ = 𝐹௙ ×
𝐴௖

𝐴ு
×

1

𝐴௖௦
 ×

2𝑟

𝑑ଵ
                                                                                                                 (4.9) 

where 𝐴௖ denotes the contact area measured at the moment of breakage, while 𝐴௖௦ 

represents the cross-sectional area subjected to tension (see Figure 4.10). The factor 

2𝑟/𝑑ଵ accounts for the shape effect, in which 𝑟 is the radius of the equivalent volume 

sphere of the particle. 

    Based on Equation 4.9, the corresponding results are shown in Figure 4.9d. It is 
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evident that when the fracture force is normalised by the contact area, the estimated 

tensile strength from different indenters becomes more consistent, offering a more 

reliable method for estimating tensile strength independently of the loading method. 

While this approach provides higher accuracy by accounting for the actual contact area 

at failure, it requires μCT imaging during the test to capture precise geometric details. 

This results in increased processing time and may not be practical for large-scale 

testing involving many particles. In contrast, methods proposed by Hiramatsu and Oka 

(1966) and Cavarretta et al. (2017) offer simpler and faster estimations using basic 

geometric measurements, making them more suitable for high-throughput experiments, 

although with reduced accuracy. 

 

 

Figure 4.10. Schematic diagram of the moment when particle breakage occurs. 

 

Distribution of Tensile Strength 

The survival probability 𝑃௦ is used to analyse the estimated tensile strength according 

to the equation below proposed by Nakata et al. (1999): 

𝑃௦ =
𝑛(𝜎௧ ≥ 𝜎)

𝑁
                                                                                                                                (4.10) 

where 𝑛 is the number of particles with 𝜎௧ equal or greater than a given 𝜎, and 𝑁 is the 

total number of particles. The results shown in Figure 4.11a indicate that silica sand 

behaves similarly to crushed glass, with a slightly higher survival probability at higher 

tensile strength. Most of the computed tensile strength values fall within the range of 

0~20 𝑀𝑃𝑎 . These high values have been retained to reflect the full output of 
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simulations, but they are not representative of the overall distribution. In practice, such 

extreme values may be due to rare contact configurations or localised mesh artefacts. 

    Compared to experimental values commonly reported in the literature (i.e., 30~40 

𝑀𝑃𝑎), the simulated strength values are generally lower. This discrepancy may stem 

from differences in material parameters, such as stiffness, tensile/shear strength, and 

fracture energy, used in the numerical model. Additionally, assumptions made in the 

simulation setup, including friction coefficient and boundary conditions, can influence 

the results. It's also important to note that the tensile strength in this study is based on 

Equation 4.9, which provides a more precise estimate by accounting for the contact 

area. In contrast, experimental values reported in the literature are typically derived 

from tests involving rapid manual measurements, which can lead to higher but less 

accurate apparent strengths. 

 

 
Figure 4.11. (a) Particle survival probability. (b) Weibull distribution of tensile strength. 

Furthermore, the Weibull function (Weibull, 1951) is used to characterise the 

relationship between 𝑃௦ and 𝜎௧: 

𝑃௦ = 𝑒𝑥𝑝 ൤− ൬
𝜎௧

𝜎଴
൰

௠

൨                                                                                                                        (4.11) 

where 𝜎଴ is the characteristic tensile strength and corresponds to 𝜎௧ at 𝑃௦ = 37%. The 

Weibull modulus 𝑚 is a shape parameter that describes the distribution, with a higher 

value indicating less variation in tensile strength. By taking the natural logarithm twice 

on both sides of Equation 4.11, the Weibull function transforms into a linear relationship: 

𝑙𝑛 ൤𝑙𝑛 ൬
1

𝑃௦
൰൨ = 𝑚 𝑙𝑛

𝜎௧

𝜎଴
                                                                                                                    (4.12) 

According to Equation 4.12, the Weibull distribution is plotted in Figure 4.11b. Linear 
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relationships are established for both silica sand and crushed glass, indicating that the 

estimated tensile strength for both materials follows the Weibull distribution. The 

smaller 𝑚 of crushed glass suggests a wider dispersion in tensile strength compared 

to silica sand. 

 

4.4.4 Particle Fracture Pattern 

In this study, three fracture modes—local crushing, major splitting, and chipping—were 

commonly observed during particle breakage with different indenters, as illustrated in 

Figure 4.12. The local crushing mode occurs when the indenter penetrates the particle, 

causing localised breakage and generating small fragments (see Figure 4.12a). The 

major splitting mode is characterised by the particle breaking into two nearly equal 

major fragments (see Figure 4.12b). The chipping mode is defined when the particle 

produces two or more fragments, with at least one major fragment and one or more 

minor fragments (see Figure 4.12c). 

 

 

Figure 4.12. Different fracture modes: (a) local crushing, (b) major splitting, and (c) 

chipping. 

    According to the observations, when the indenter size is small, particle breakage 

often initiates with local crushing and then progresses to major splitting. However, 

when the indenter is larger, the increased contact area minimises local stress 

concentration and leads to the chipping mode of fracture. 

To quantify the fracture modes of major splitting and chipping across all simulations, 

an in-house code is developed to capture the fragments generated during particle 

breakage. Through trial and error, the volume ratio between the major and minor 

fragments is set at 0.7 to better reflect the transition from major splitting to chipping. 

Using this threshold, the fracture modes for all particles are summarised in Figure 4.13. 

The results align with the mentioned observations: the dominant fracture mode is major 

splitting with smaller indenters, transitioning to chipping as the indenter size increases. 
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This transition is more pronounced in silica sand compared to crushed glass, likely due 

to its more compact shape. 

 

 

Figure 4.13. Percentage histogram of fracture mode using different indenters. 

 

4.4.5 Characterisation of Fragment Morphology 

Furthermore, the morphological characteristics of fragments are plotted in Figure 4.14 

to compare with their parent particles. Based on the results, the fragmentation patterns 

of silica sand and crushed glass differ significantly. The fragments of silica sand tend 

to become more angular after breakage, showing lower convexity and sphericity values, 

indicating more irregular breakage. In contrast, the fragments of crushed glass 

maintain more self-similar shapes, displaying a more uniform fragmentation pattern, 

particularly with reduced elongation. 

    The radius of indenters plays a key role in influencing convexity and sphericity: larger 

indenters generally produce fragments with smaller convexity and sphericity values, 

leading to more irregular fragmentation. This trend is particularly pronounced in silica 

sand. However, an exception is observed in crushed glass, where sphericity actually 

increases after breakage, suggesting a more uniform fragmentation process. Overall, 

crushed glass, with its isotropic nature, retains more consistent fragment shapes 

across different indenter sizes, making its fragmentation more predictable. 
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Figure 4.14. eCDF of the morphological characteristics of parent and child particles. 

 

4.5 Summary 

In this chapter, silica sand with compact shapes and crushed glass with elongated 

shapes were tested through a point loading test using different indenters, with radius 

sizing from 0.1 mm to 6.4 mm, to investigate the effect of contact curvature on particle 

breakage behaviour. The key findings are summarised as follows. 

 The µFE approach coupled with CIEs is able to simulate particle breakage 

behaviour effectively.  
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 The load-strain curves from silica sand and crushed glass behave differently. 

 A new method has been proposed to estimate particle tensile strength, 

independent of contact curvatures. 

 The fracture mode of single particles loaded by a small indenter is major splitting 

and the fracture mode shifts to chipping when a larger indenter is involved. 

 Silica sand tends to generate irregular fragments with lower convexity and 

sphericity values. In contrast, the fragments of crushed glass maintain more 

self-similar shapes with reduced elongation. 

    The results and findings in this chapter demonstrate the ability of the developed µFE 

approach to model particle breakage in 3D effectively. The study highlights how contact 

curvature influences fracture modes and particle strength, providing a deeper 

understanding of breakage mechanisms. 
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Chapter 5 The Impact of Sand Particle Breakage on Adhesion at the 

Wheel-Rail Interface 

 

5.1 Introduction 

In the railway industry, the term “adhesion” is defined as the amount of traction present 

in the wheel-rail interface. It plays a vital role in providing controlled slip and slide during 

acceleration and braking, respectively. This makes adhesion a critical factor in train 

performance, enabling efficient acceleration and responsive braking to ensure safe 

operation. However, insufficient adhesion can lead to prolonged acceleration and 

braking distances, significantly increasing the risk of accidents. To address these 

challenges, sand particles are often applied at the wheel-rail interface from an on-

board device to enhance adhesion levels, particularly under adverse conditions such 

as contamination. 

    This chapter explores the mechanisms behind adhesion enhancement at the wheel-

rail interface through the developed µFE model. To isolate the effects of sand particles, 

the wheel and rail are modelled with smooth surfaces. Then, the mechanical behaviour 

of sand particles during wheel-rail interaction is investigated in 2D. Particular attention 

is given to how particle morphology, including size and aspect ratio, influences 

adhesion levels during traction and braking (pure sliding) operations. To provide a more 

realistic simulation of the rail, the model is refined through the introduction of additional 

parameters. Rail roughness is first introduced to quantify its effect on adhesion level, 

followed by the inclusion of rail plastic deformation. By incorporating these parameters, 

the model provides a comprehensive framework for evaluating the complex 

mechanisms influencing the adhesion level at the wheel-rail interface. Furthermore, 

the methodology is extended to 3D for future investigation. 

By addressing existing knowledge gaps, this integrated framework provides 

valuable guidance for optimising railway maintenance strategies and improving 

operational safety and efficiency. 

 

5.2 Background 

Efficient and safe train operation relies on the adhesion coefficient in the wheel-rail 

interface. The level of adhesion coefficient in the wheel-rail interface significantly 

influences the performance and reliability of railway transportation systems (Zhu et al., 

2012; Chen, 2024). However, challenges such as wet weather, surface contamination, 

and variations in rail and wheel conditions can lead to reduced adhesion, posing 
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significant operational risks (Broster et al., 1974; Beagley et al., 1975; Wang et al., 

2011; Tao et al., 2020). In particular, low adhesion during traction operation leads to 

delays and general disruption due to a longer acceleration time. During braking 

operation, insufficient adhesion results in extended braking distances and may lead to 

signals passed at danger or collisions in extreme cases (Ishizaka et al., 2017; Buckley-

Johnstone et al., 2020). When low adhesion is detected, rail sanding from an on-board 

device is utilised to increase the adhesion level during the wheel-rail contact (Skipper 

et al., 2018, 2020). 

    Rail grinding, employed as a maintenance measure to restore the worn rail surface 

(Magel and Kalousek, 2002; Uhlmann et al., 2016; Wang et al., 2024), results in a very 

rough rail contact surface which can affect the adhesion coefficient and the influence 

of contamination. In order to evaluate the restored rail, roughness parameters have 

been adopted from metrology to characterise the rail surface after grinding. Mesaritis 

et al. (2020) used a laboratory grinding process to investigate the effect of grinding 

parameters on the post-grinding roughness of the rail. Later, they utilised a full-scale 

testing facility to evaluate the performance of three rail grades after the grinding 

process (Mesaritis et al., 2023). Besides the quality control of the grinding process, 

Lundmark et al. (2009) used surface roughness to quantify the tribological performance 

of the wheel/rail interface in the laboratory by using a two-disc rolling/sliding machine. 

They found that rougher wheel specimens resulted in lower wear compared to 

smoother specimens, particularly reducing the wear on the rail disc. Furthermore, 

Wang et al. (2023) investigated the effect of surface roughness on friction and wear of 

the rail by adding different lubrications at the nanoscale. Their results indicate that 

reducing surface roughness, up to a critical point, can effectively reduce friction and 

wear under mixed lubrication conditions. 

    However, a roughness parameter by itself is not enough to monitor the adhesion 

level during train operation. Although the rail is made of steel, it is subjected to cyclic 

loading that leads to permanent deformation, which also affects the adhesion level 

during the wheel-rail contact. Tomlinson et al. (2021) used twin disc tests to simulate 

cyclic loading experienced by rail steel in service, from which a shear yield stress–

plastic shear strain relationship can be generated for the tested sample. Later, Zhao 

and Li (2015) used a 3D transient FE approach considering elasto-plasticity to explore 

the frictional rolling contact between the wheel and rail. They found the contact patch 

increased in size, shifted forward in the rolling direction, and changed from an ellipse 

into an asymmetric oval. Recently, Meyer et al. (2021) developed a new methodology 
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for FE simulations of elasto-plastic rolling contact loading. It could provide higher 

accuracy for a given rolling length due to periodic boundary conditions. 

    Since the wear and plastic deformation of the rail occurs simultaneously during train 

operation, it is not adequate to investigate the adhesion level at the wheel-rail interface 

by considering only one of them. As a result, Pletz et al. (2014) developed a 3D FE 

model of the full-scale test rig. Its result can be transferred to different 2D models to 

calculate crack tip loading and cyclic deformations of rough surfaces. Following this, 

they introduced a quasistatic FE model to calculate the plastic deformations of rails 

caused by rolling/sliding wheels (Pletz et al., 2019). By employing a 3D dynamic model, 

Vo et al. (2014) found that higher adhesion levels enlarge slip regions and surface 

damage, while worn profiles increase contact pressure and alter the contact patch 

geometry. Recently, Spiryagin et al. (2023) developed an algorithm to calculate the 

contact stresses with different surface roughness considering elastic and plastic 

deformations at the wheel-rail interface. 

    Besides wear and plastic deformation of the rail, the presence of a third body at the 

wheel-rail interface also affects the adhesion level, particularly during sanding 

operations. Over the past few years, research has focused on investigating the effects 

of sand particles entrained into the wheel-rail contact. Experiments have been 

established across a range of scales (e.g., twin-disc setup, linear full-scale rig, and 

field tests) to investigate the adhesion restoration and leaf layer removal induced by 

sand particles, as well as the traction enhancers (Skipper et al., 2018). In order to 

optimise the railway sanding system, sand entrainment has been investigated for 

different hose types, hose positions, and crosswinds using an experimental approach 

(Lewis et al., 2018). Furthermore, numerical simulations have been conducted to 

investigate the sander efficiency affected by the coefficient of restitution, coefficient of 

friction, particle size, particle shape, and crosswinds (Maramizonouz, Nadimi, W. A. 

Skipper, et al., 2023; Maramizonouz et al., 2025). Recently, alternative materials have 

been tested and compared for the purpose of replacing the original sand (C. Zhang, 

Maramizonouz, et al., 2024). All these studies explain the advantages and limitations 

of sanding application in railway operation well. 

    When it comes to the morphological effect of sand particles, the size distribution and 

shape features are specifically described in the Rail Safety and Standards Board 

(RSSB) standard GMRT2461 for traction and braking operations (RSSB, 2018). 

According to operational experience, fine-particle sand is better for acceleration, while 

coarse-particle sand is better for braking (RSSB, 2018). Additionally, particle size is 
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proportional to the degree of adhesion increase (Cooper, 1972; Skipper et al., 2019). 

Fine and medium-sized sand particles (0.06-0.3 mm and 0.3-0.6 mm, respectively) are 

more likely to result in isolation (good electrical contact between wheel and rail is 

essential for train detection in signal systems), according to research on the 

relationship between particle size and risk of isolation (Arias-Cuevas et al., 2010). They 

suggested that this might be due to smaller particles not breaking up and being ejected 

upon entering the contact, thus allowing a layer of sand to build up. The particle-size 

effects based on standard sand and its micro-fragments were examined by Shi et al. 

(2020) using a twin-disc set-up. They discovered that the micro-fragments enhance 

adhesion at a smaller cost of wheel-rail wear and damage. Skipper et al. (2023) 

performed particle characterization followed by high-pressure torsion (HPT) testing. 

Based on the outcomes, a less circular particle is preferable for low adhesion 

conditions, and an optimum particle size exists when mitigating against leaf layers. 

Although it is well established that roughness, plastic deformation, and third body 

layers influence adhesion level at the wheel-rail interface, existing studies have 

primarily focused on the effects of individual factors or pairwise combinations. However, 

there is a notable lack of research that integrates all three aspects—rail surface 

roughness, rail plastic deformation, and third body layers—to examine their combined 

impact, which would offer a more realistic understanding of the breakage mechanism 

of sand and how fragments distribute over the rail. 

In this chapter, by introducing the wheel-rail contact with boundary conditions 

assigned to reproduce actual traction and braking operations, the developed µFE 

model for particle breakage analysis is utlised to study the influence of third body layers, 

specifically sand particles, on adhesion level at wheel-rail interface in 2D. To examine 

the effect of particle morphology on adhesion, a smooth wheel-rail interface is utilised 

to minimise the influence of surface irregularities. This method isolates the specific 

impact of particle size and shape on adhesion levels before and after fragmentation. 

Then, the roughness is introduced to the rail surface to quantify its effect on adhesion 

level. Finally, the plastic deformation due to cyclic loading is assigned to the rail for an 

integrated analysis of the adhesion level during the sanding process. Furthermore, a 

3D version of the enhanced µFE model is established with some preliminary findings. 

 

5.3 Methodology 

5.3.1 Breakage Modelling 

The breakage of sand particles is modelled through CIEs, which are treated as the 
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zero thickness intermediate glue elements that follow the traction-separation laws. For 

detailed information, please refer to Chapter 3.3.1 for CIEs in 2D. 

 

5.3.2 Elastic and Plastic Behaviours 

Elasticity indicates the capacity of a material to undergo deformation when subjected 

to a load and subsequently regain its initial shape upon load removal. For example, 

during the wheel-rail contact, the rail deforms elastically to a certain degree, allowing 

for better contact and adherence. The occurrence of excessive permanent deformation 

(plastic deformation) in rail materials is undesirable. Plastic deformation can lead to 

wear and surface irregularities on the rail, negatively affecting adhesion and overall 

performance. Therefore, it is critical to utilise a constitutive model that accurately 

represents how the material responds to loading. In this study, the rail is modelled with 

an elastic/plastic material description that uses a combination of isotropic and 

kinematic hardening. 

    The equivalent stress 𝜎௩  established by Von Mises is employed to check the 

behaviour of a material in the principal plane stress case. Therefore, the yield stress 

𝜎௬ can be expressed as follows to predict the plastic deformation. 

𝜎௬ = 𝜎௩ = ට𝜎ଵ
ଶ − 𝜎ଵ𝜎ଶ + 𝜎ଶ

ଶ                                                                                                           (5.1) 

where the 𝜎ଵ  and 𝜎ଶ  are the two principal stresses. When 𝜎௩ ≤ 𝜎௬ , the material is 

dominated by the elastic deformation. As soon as the 𝜎௩ becomes bigger than 𝜎௬, the 

mechanical behaviour of material transmits from elastic to plastic. 

    The flow rule is another fundamental concept of plastic deformation that defines how 

the material behaves after the yielding point. It not only describes the relationship 

between stress and strain but also specifies the direction and rate of plastic 

deformation. 

    Two flow rules are adopted in this study: a) isotropic hardening, where the 𝜎௬ 

increases uniformly in all directions with the accumulation of plastic strain. It increases 

uniformly through the entire plastic deformation process; b) kinematic hardening, 

where the shape of the yield surface remains constant but its centre shifts. It is 

influenced by the accumulated plastic strain and past loading history. Figure 5.1 shows 

the changes in yield surface when the plastic deformation follows different flow rules. 
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Figure 5.1. Two adopted flow rules: (a) isotropic hardening and (b) kinematic 

hardening. 

 

5.3.3 Roughness 

Surface roughness is characterised by the variances in the orientation of a real 

surface's normal vector from its idealized shape. In railway engineering, the roughness 

with a broad spectrum of wavelengths is present on the running surface of the rail. This 

rail roughness, in turn, triggers the generation of vibrations and rolling noise. When the 

rails are worn beyond the specific allowable limits, their profiles must be restored to 

avoid undesired contact conditions in the wheel-rail interface. According to BS 

EN13231-3-2012 (BS EN 13231-3, 2012), the arithmetic mean surface roughness 𝑅௔ 

of the rail should not exceed 10 𝜇𝑚 along more than 16% of the measure length after 

grinding. 

 

Data Acquisition 

Surface roughness data for rail profiles following grinding were provided by colleagues 

at the University of Sheffield. These data were obtained using 3D surface replication 

and optical profilometry methods, as described by Mesaritis et al. (2020). Two 

representative surface areas measuring 24𝑚𝑚 × 2𝑚𝑚   were extracted from the 
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scanned data and classified based on their average roughness (𝑅௔): 

 Case A: a surface with medium roughness (𝑅௔ < 10 𝜇𝑚); 

 Case B: a surface with very high roughness (𝑅௔ ≈ 20 𝜇𝑚), as shown in Figure 

5.2. 

 

 

Figure 5.2. Representative 3D surface profile of the rail from Case B (high roughness, 

𝑅௔ ≈ 20 𝜇𝑚). 

 

Data Analysis 

Each 24𝑚𝑚 × 2𝑚𝑚  surface region was sampled at a lateral resolution of 4 𝜇𝑚 , 

yielding five hundred 2D roughness profiles per case. To reduce computational cost 

while preserving key surface features, the number of profiles was reduced to 100 per 

case through uniform sub-sampling. 

Roughness descriptors used for quantitative analysis are listed in Table 5.1, 

including 𝑅௔, 𝑅௤, 𝑅ௗ௤, 𝑅௦௞, and 𝑅௞௨. In Case B, as shown in Figure 5.3, the descriptors 

𝑅௔, 𝑅௤, 𝑅௦௞, and 𝑅௞௨ showed consistent trends across the profiles, whereas 𝑅ௗ௤, which 

captures local slope variation, exhibited notable fluctuations. To identify representative 

profiles, a turning point analysis was performed on the 𝑅ௗ௤ data. Based on this, 35 

profiles from Case B. 

The limited number of Case A profiles were selected, specifically two, reflects both 

the lower variability in surface characteristics and the supporting role of this case within 

the study. The selection strategy was aligned with the study’s aim to address industry 

concerns by focusing on the worst-case grinding outcomes (Case B). Nevertheless, 

including a few profiles that met the grinding standard (𝑅௔ < 10 𝜇𝑚) ensured a basis 

for comparison with compliant surface conditions. 

The roughness descriptors corresponding to all selected profiles are provided in 

Appendix D. 
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Table 5.1. Supported rail roughness descriptors. 

Descriptor Formula Range Comments 

Arithmetical mean 

height 𝑅௔ 
𝑅௔ =

1

ℓ
න |𝑍(𝑥)|

ℓ

଴

𝑑𝑥 [0, +∞) Units of length 

Root mean square 

height 𝑅௤ 
𝑅௤ = ඨ

1

ℓ
න 𝑍ଶ(𝑥)

ℓ

଴

𝑑𝑥 [0, +∞) Units of length 

Root mean square 

gradient 𝑅ௗ௤ 
𝑅ௗ௤ = ඨ

1

ℓ
න ൤

𝑑

𝑑𝑥
𝑍(𝑥)൨

ଶℓ

଴

𝑑𝑥 [0, +∞) Unitless 

Skewness 𝑅௦௞ 𝑅௦௞ =
1

𝑅௤
ଷ ቈ

1

ℓ
න 𝑍ଷ(𝑥)

ℓ

଴

𝑑𝑥቉ (−∞, +∞) Unitless 

Kurtosis 𝑅௞௨ 𝑅௞௨ =
1

𝑅௤
ସ ቈ

1

ℓ
න 𝑍ସ(𝑥)

ℓ

଴

𝑑𝑥቉ [0, +∞) Unitless 

 

 

Figure 5.3. The roughness descriptors of 100 profiles from Case B. (a) 𝑅௔ and 𝑅௤. (b) 

𝑅ௗ௤. (c) 𝑅௦௞ and 𝑅௞௨. 

 

Profile Regeneration 

The next step is to generate the rail roughness in the numerical software. Each 

representative profile consists of over six thousand points. Therefore, a progressive 

data reduction has been conducted on each profile to reduce the geometrical 

complexity while still maintaining accuracy. The procedure is down sampling the data 

iteratively by selecting every 𝑛th point, where 𝑛 starts from 2. For each downsampled 

dataset, 𝑅௔ of the simplified profile has been calculated to compare with the original 

one. This downsampling process will continue until the relative difference between the 

current and previous 𝑅௔  exceeds 1%, at which point the previous downsampled 

dataset will be adopted. Now, the representative profiles have been simplified while 
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retaining the essential roughness characteristics within a certain error threshold. A 

Python script has been developed to create rail parts reflecting the extended 

roughness profiles in Abaqus. 

 

5.4 Model Setup and Materials 

The objective of this numerical study is twofold: 1) to investigate the effect of particle 

size and shape on adhesion level, and 2) to analyse the impact of sand fragmentation 

on adhesion level by incorporating rail conditions such as surface roughness and 

plastic deformation. To achieve these objectives, the developed model incorporates 

two types of rail surfaces: one featuring a flat surface that undergoes elastic 

deformation, and another characterised by a rough surface that initially undergoes 

elastic deformation, followed by elastic-plastic deformation. 

In this section, a simplified 2D model is reintroduced for two main reasons. First, 

setting up and refining a new model is considerably more efficient in 2D, particularly 

during the early stages of development. Second, 2D simulations offer significantly 

lower computational demands, enabling results to be obtained within a practical time 

frame. As this is a preliminary study, the aim is to explore the general behaviour of 

sand particles at the wheel–rail interface rather than to produce precise quantitative 

predictions. Therefore, a 2D model is more appropriate for capturing qualitative trends, 

testing modelling assumptions, and guiding the development of more advanced 3D 

models in future work. 

 

5.4.1 Numerical Model 

A revised version of the developed µFE model is used to simulate the wheel-rail contact, 

as shown in Figure 5.4. The inset provides a magnified view of the sand particle and 

rail surface for detailed visualisation. Ideally, the wheel should be considered as a 

deformable body with horizontal displacement and rotation to reproduce actual 

operation. However, in modelling, all the motions will be located at every single element 

after the wheel has been meshed, which is expensive to simulate numerically and 

needs tremendous computational power. Therefore, the wheel is simplified as a rigid 

body to avoid complex elastic deformations due to multiple motions. It is assigned with 

a displacement in the 𝑥 direction (ca. 110 mm, which is an adequate length for the 

wheel to break particles in element-size fragments and pass them entirely) and with a 

60 kN concentrated force at the centre, which is a typical load for a passenger train 

(Skipper et al., 2021). For traction operation, the wheel is subjected to an angle of 
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rotation equal to 0.242 radians to simulate the 10% slip used in experiments (Arias-

Cuevas et al., 2011). For braking operation, no rotation is provided to the wheel in 

order to simulate pure sliding, which is an extreme case of this operation. The rail is 

modelled as a deformable body to allow the sand particle and fragments to enter the 

wheel-rail contact. It has a fixed boundary condition at the bottom to limit the motion of 

the rail from all directions. From some preliminary simulation results, the stress 

distribution and associated deformations only occur within the rail sub-surface area, 

therefore the rail depth has been reduced from the actual size to 50 mm to expedite 

the simulation. The sand particles are deformable bodies as well but have been 

enriched with CIEs to simulate the fracture behaviour. Table 5.2 provides a summary 

of the components and their corresponding boundary conditions. 

 

 

Figure 5.4. Schematic diagram of the numerical model. 

 

Table 5.2. Summary of the model. 

 Wheel Rail Sand particles 
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Part type Discrete rigid Deformable Deformable 

(CIEs added) 

Geometry Circle Rectangle Circle/Ellipse 

Boundary 

conditions 

Horizontal displacement Encastre Free 

Concentrated force   

Traction operation (0.242 radians)   

Braking operation (0 radians)   

 

 

    All deformable bodies are created using CPE3 elements, which can undergo local 

deformation based on the current nodal forces. In the case of sand particles, COH2D4 

elements are positioned at the interface of CPE3 elements. Since CIEs are of zero 

thickness, the overall mesh geometry remains unaltered, but every element is now 

connected by the CIEs. When the normal stress or shear stress at the CIEs reaches a 

predefined threshold, the CIEs initiate a process of cracking, resulting in debonding 

between elements. 

    During the simulation, the 60 kN concentrated force is considered the normal force. 

The tangential force along the moving direction is recorded throughout the entire 

simulation. The overall traction can be quantified using the equation below: 

𝜇௔ =
𝐹்

𝐹ே
                                                                                                                                                 (5.2) 

where 𝜇
𝑎
  is the adhesion coefficient, 𝐹𝑇  is the tangential force and 𝐹𝑁  is the normal 

force.  

The wheel-rail contact is assumed to be frictionless, the coefficient of friction 

between fragment-to-wheel, fragment-to-rail, and fragment-to-fragment is set to 0.5, 

which is the value for dry contact observed from experiments (Shi et al., 2020) and 

applied in numerical simulations (Zhao and Li, 2011). As a result, the calculated 𝜇 from 

this model only considers the traction force that comes from these micro frictional 

contacts and interlocking of the fragments. To separate this value from the common 

adhesion coefficient 𝜇, a parameter termed adhesion enhancement ∆𝜇 is defined in 

this chapter to represent the calculated results. 

 

5.4.2 Mesh Forms 
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The variation of sand morphology alters their mechanical properties, such as the 

ultimate strength, friction, fracture behaviour, fragment distribution, etc., which could 

influence the adhesion level at the wheel-rail interface. In this study, it is assumed that 

all sand particles are regular shapes (i.e., circles and ellipses). Circular meshes are 

generated to investigate the size effect and ellipsoidal meshes are created to explore 

the shape effect. The diameters of circular meshes vary from 0.71 mm to 2.80 mm 

according to the RSSB standard GMRT2461 (RSSB, 2018; Skipper et al., 2021). The 

aspect ratios of ellipsoidal meshes are increasing from 1:1 to 4:1. The generated sand 

particle meshes in different sizes and aspect ratios are illustrated in Figure 5.5. 

 

 

Figure 5.5. Particles mesh in different sizes and shapes. 

 

To determine the size of fragments, Zhang et al. (2024) reported that the particle 

size distribution of crushed sand collected from the railhead shows 𝐷ଽ଴ < 100 𝜇𝑚 . 

Considering that the computational cost of FEM simulations is highly dependent on 

element size, a constant element size of 100 𝜇𝑚 is assigned to all particle meshes to 

ensure the simulations can be completed within a reasonable time frame. This element 

size has a good representation of the real fragmentation process of sand particles at 

the wheel-rail interface, as it allows all particle meshes to break into element-size 

fragments during the simulation. The data reported by Zhang et al. (2024) were 

obtained from a field test conducted at Wensleydale, North Yorkshire, which is 

described later in this chapter, thereby ensuring consistency between the experimental 

observations and the numerical model inputs. 

Additionally, based on the mesh sensitivity study from Chapter 3, the element size 

to mesh size ratio used here is in the acceptable range. The composition of all the sand 

particle meshes used in this chapter is listed in Table 5.3. 
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Table 5.3. Mesh composition of sand particles based on size and shape. 

 Mesh dimension (mm) Element size (mm) CPE3 elements 

Size 

0.71 0.10 92 

1.00 0.10 179 

2.00 0.10 733 

2.80 0.10 1388 

Shape 

1:1 (1.00 / 1.00) 0.10 179 

2:1 (1.36 / 0.68) 0.10 170 

3:1 (1.80 / 0.60) 0.10 186 

4:1 (2.00 / 0.50) 0.10 174 

 

 

5.4.3 Material Properties 

Since the wheel is modelled as a rigid body and does not require material properties, 

only two materials need to be defined: a) the sand particle, which uses the parameters 

specified in Table 3.1 of Chapter 3, and b) the rail, which incorporates both elastic and 

plastic deformation and will be discussed in detail here. 

    When the rail is only deformed elasticly (i.e., flat surface), Young’s modulus and 

Poisson’s ratio of 210 𝐺𝑃𝑎 and 0.3 are used, respectively. The density of the rail is 

7800 𝑘𝑔/𝑚ଷ. When the rail involves plastic deformation, besides the parameters used 

for elastic deformation, the combined isotropic/kinematic model in Abaqus/Explicit 

package has been adopted. It provides a more accurate approximation to the stress-

strain relation and therefore a better prediction of the adhesion enhancement. 

 

Isotropic parameters 

According to the work of Chaboche (1989), the isotropic hardening can be described 

by a change in the yield stress 𝜎௬ shifting from its initial value 𝜎௬଴, corresponding to the 

equivalent plastic strain 𝜀௣̅௟ in the following manner: 

𝜎௬ = 𝜎௬଴ + 𝑄ஶ൫1 − 𝑒ି௕ఌത೛೗൯                                                                                                            (5.3) 

where, according to Pletz et al. (2014), the saturation stress 𝑄ஶ  and hardening 

parameter 𝑏  were established at −40 𝑀𝑃𝑎  and 0.04, respectively. The initial yield 

stress 𝜎௬଴ was measured as 320 𝑀𝑃𝑎 from the same study.  
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Kinematic parameters 

The kinematic component of the hardening is represented through the yield function 𝑌. 

In this function, the backstress tensor 𝛼  is deducted from the stress tensor 𝜎  to 

simulate the kinematic hardening 𝑌(𝜎 − 𝛼). The 𝛼 is calculated as the sum of each 

backstress 𝛼௜. The increment of 𝛼௜ during plastic deformation is computed using the 

backstress rate 𝛼̇௜, which is derived from 𝜎 and the equivalent plastic strain rate 𝜀̅௣̇௟ 

according to: 

𝛼̇௜ = 𝐶௜

1

𝜎௬

(𝜎 − 𝛼)𝜀̅௣̇௟ − 𝛾௜𝛼௜𝜀̅௣̇௟                                                                                                      (5.4) 

where the values of backstress modulus 𝐶௜ and dissipation rate parameter 𝛾௜ are listed 

in Table 5.4. A final hardening curve is generated by combining the listed six backstress 

curves to provide a better capture of the shape of the plastic behaviour. 

Table 5.4. Backstress parameters of the railhead part (Pletz et al., 2014). 

𝑖 𝐶௜ (𝐺𝑃𝑎) 𝛾௜ (1) 

1 350 5000 

2 80 1000 

3 15 150 

4 10 50 

5 8 20 

6 0.19 0.01 

 

By incorporating these two parameters, the model can simulate the hardened layer 

that forms on the rail surface due to cyclic loading. However, since the primary 

objective of this study is to investigate the effect of surface roughness on adhesion at 

the wheel-rail interface, the analysis focuses exclusively on the critical case of the first 

loading cycle after grinding, where the yield strength of the rail is lower than that of the 

hardened rail. Nevertheless, this setup establishes the numerical foundation for future 

investigations involving cyclic loading. 

Simulations were run in Abaqus/Explicit on a Windows 10 office PC equipped with 

an Intel i5-10310U CPU (1.70 GHz) and 16 GB RAM. The execution time of the 

simulations, using a 1 mm sand particle as an example, ranged from 2 to 4 hours of 

wall-clock time, depending on the complexity of the rough rail surface. 

5.5 Results and Discussion 



 

92 

The analysis and discussion focus on four key factors influencing adhesion at the 

wheel-rail interface. First, the effect of particle morphology and quantity is examined 

on a flat rail surface under elastic deformation, as detailed in Sections 5.5.1 to 5.5.4. 

Second, a parametric study investigates the influence of particle size on a rough rail 

surface under elastic deformation, followed by validation using a single particle size 

across 37 rough surfaces (see Appendix D), covered in Sections 5.5.5 and 5.5.6. Third, 

the effect of single particle size on 37 rough surfaces is analysed, considering both 

elastic and plastic deformation, as discussed in Section 5.5.7. Finally, a 3D version of 

the model is developed with some preliminary results. 

 

5.5.1 Particle Fracture Behaviour 

According to the particle state, the whole simulation process can be classified into three 

stages, as shown in Figure 5.6. The first stage is the prior-to-fracture stage, where the 

wheel is approaching the particle. The second stage is the fracture stage, where the 

first contact between the wheel and particle is happening, followed by multiple contacts 

with particle fragments. The first contact (Figures 5.6a and 5.6d) of each particle occurs 

slightly differently due to the size difference, as all particles are located 55 mm away 

from the wheel. For traction operation, the fragments are intended to remain at the 

original position or move towards the wheel-rail contact, as shown in Figure 5.6b. On 

the contrary, during the braking operation, fragments have been spread further away 

from their original place as a consequence of the chopping force induced by the sliding 

wheel, as illustrated in Figure 5.6e. 

The third stage is the post-fracture stage, where the particle is fully fractured and 

the wheel is only interacting with element-size fragments. For traction operation, all 

fragments are fed into the wheel-rail interface with the help of the rolling wheel and the 

deformable rail (Figure 5.6c). However, in the braking case, the majority of fragments 

have been held and pushed away by the sliding wheel till the end of the simulation and 

limited fragments are able to pass through the wheel-rail contact (Figure 5.6f). 

As shown in Figure 5.6, triangular elements were used to discretise the particle. This 

element type was chosen because it is well suited for capturing detailed mesh features 

and allows for finer meshing, which improves the resolution of contact detection 

between fragments and between fragments and the wheel or rail. Moreover, the CIE 

subroutines (Zare-Rami and Kim, 2019) employed in this study are compatible only 

with triangular elements, further justifying their selection. 
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Figure 5.6. Fracture process of a single particle: (a) – (c) traction operation and (d) – 

(f) braking operation. 

 

5.5.2 Particle Size Analysis 

The results of adhesion enhancement for particle sizes from 0.71 mm to 2 mm are 

given in Figure 5.7a for traction operation. The adhesion enhancement calculated at 

the fracture stage is negligible for all particles compared with the values from the post-

fracture stage. The adhesion enhancement starts to increase sharply due to the wheel 

rolling on fragments. When all fragments break into element sizes, the adhesion 

enhancement achieves its peak value and then begins to decline as the wheel passes 



 

94 

the enhanced area. The variation trend of adhesion enhancement observed from 

different particles is similar, but the magnitude grows when particle size increases. 

 

 

Figure 5.7. Size effect during traction operation. (a) adhesion enhancement of single 

particles and (b) normalised adhesion enhancement. 

 

    Since an element size of 0.1 mm was assigned to all the particle meshes, the 

number of element-sized fragments generated during the fracture stage varies 

depending on the size of the mesh. To account for this, the total adhesion enhancement 

generated in each case has been divided by the corresponding number of fragments, 

and the normalised results are plotted in Figure 5.7b to evaluate the contribution of 

fragment number to adhesion behaviour. Although fragment count can be influenced 

by the element type, the same type was used consistently across all simulations to 

ensure fair comparison. Moreover, fragment count offers a more direct representation 

of material degradation than the number of frictional contacts, particularly in cases 

where multiple fragments interact simultaneously with the wheel or rail surfaces. After 

the normalisation, the variation trends are similar to the non-normalised ones, but the 

magnitude is now converging. This can be related to the mass of fragments considering 

the fact that they are assumed to be homogenous with constant density. In more 

scientific terms, the new surface area generated as the third body in the contact is 

similar after the normalisation. 

    For braking operation, particle sizes ranging from 0.71 mm to 2.8 mm are used and 

the results are plotted in Figure 5.8. A clear increase for all particles is observed at a 

bigger displacement owing to chopping fragmentation as fragments further spread 

along the rail. Due to the different amount of fragments generated, the increment slope 
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is steep for bigger particles and is gentle for smaller particles, as shown in Figure 5.8a. 

The smaller particles (i.e., 0.71 mm and 1 mm) achieved a lower plateau quickly. The 

bigger particles (i.e., 2 mm and 2.8 mm), on the other hand, keep increasing till the end 

due to the simulation length. This indicates that it takes a larger displacement for a 

large amount of fragments to achieve a plateau. Normalisation is conducted on the 

data and the results are indicated in Figure 5.8b. All the increasing trends are 

overlapping now. The peak value for a single fragment (ca. 0.00025) is smaller than 

the one (ca. 0.0010) in the traction operation (Figure 5.7b). 

 

 

Figure 5.8. Size effect during braking operation. (a) adhesion enhancement of single 

particles and (b) normalised adhesion enhancement. 

 

The results before and after normalisation reveal the fact that the adhesion 

enhancement is induced by the fragments generated, not the particle size. Additionally, 

sand particles during traction operation tend to provide a higher adhesion 

enhancement than the braking operation. On the other hand, the enhancement lasts 

longer during braking operation owing to the fragments carryover event. 

 

5.5.3 Particle Shape Analysis 

The particle shape is another important morphological parameter affecting mechanical 

behaviour. Therefore, a set of ellipsoidal meshes with a different aspect ratio ranging 

from 1:1 to 4:1 are used to study the shape effect on adhesion enhancement. As it was 

revealed in particle size analysis that different amounts of fragments could lead to 

different traction enhancement results, certain dimensions were selected to generate 

meshes to not only meet the different aspect ratios but also to consist of a similar 
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amount of fragment elements. 

    During traction operation, four different particle meshes were tested and the results 

of adhesion enhancement are shown in Figure 5.9a. Overall, the plot of adhesion 

enhancement from different particle meshes shows the same variation trend with a 

similar peak value. This indicates that changing the aspect ratio does not affect the 

adhesion enhancement significantly. Figure 5.9b illustrates the results after 

normalisation. As fragments generated from different particle meshes are comparable, 

the plots are similar to the non-normalised ones, however, the values are now for the 

single fragment. These values are identical to the normalised data in particle size 

analysis. 

 

 

Figure 5.9. Shape effect during traction operation. (a) adhesion enhancement of single 

particles and (b) normalised adhesion enhancement. 

 

    For braking operation, the same particle meshes are used and the results of 

adhesion enhancement are given in Figure 5.10a. Overall, all plots of adhesion 

enhancement start to increase at the same location with a similar slope. However, the 

plots of particle mesh with a smaller aspect ratio (i.e., 1:1 and 2:1) reach a lower peak 

value earlier and maintain it till the end of the simulation. On the other hand, the plots 

of particle mesh with a larger aspect ratio (i.e., 3:1 and 4:1) achieve a higher peak 

value at a later stage. This is owing to the fragments of elongated shape spreading 

widely along the rail after breakage and thus generating a larger fragment-to-wheel 

contact area. After the normalisation, the plots are identical to the non-normalised ones 

due to the similar amount of fragments, however, the separation between each plateau 

becomes more obvious that the single fragment from the elongated shape tends to 
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provide a higher adhesion enhancement (Figure 5.10b). 

 

 

Figure 5.10. Shape effect during braking operation. (a) adhesion enhancement of 

single particles and (b) normalised adhesion enhancement. 

 

    The observed results in particle shape analysis also indicate that the adhesion 

enhancement during traction operation is higher than the braking operation. Moreover, 

during the braking operation, the elongated shape is able to generate a higher 

adhesion enhancement compared to the circular shape. 

    Notably, some trial simulations have been conducted by assigning the rail with an 

equivalent Young’s Modulus to accommodate less deformation due to the wheel as a 

rigid body. Similar particle breakage behaviours and plots of adhesion enhancement 

have been observed, except for the actual values. As preliminary research for studying 

the sand breakage at the wheel-rail interface, it is more interesting to find the breakage 

behaviour of sand particles and the variation in adhesion enhancement trends with 

particle size, aspect ratio, numbers, etc., rather than the actual values. 

 

5.5.4 Multi-Particle Analysis 

In addition to the size and shape analysis, the effect of particle number on adhesion 

enhancement is investigated. Similarly, in order to minimize the influence of fragment 

number on the adhesion enhancement, different combinations of particles, consisting 

of a similar amount of CPE3 elements, are used. Thus, a 2 mm circular mesh with 733 

elements, four 1 mm circular meshes with a total amount of 716 elements, and eight 

0.71 mm circular meshes with a total amount of 736 elements have been adopted in 

Cases 1, 2, and 3, respectively, as shown in Figure 5.11. Additionally, the fracture 
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process of Case 2-2 has been illustrated in Figure 5.12 to demonstrate the breakage 

behaviour of multi-particles. 

 

 

Figure 5.11. Particle combinations during (a) traction operation and (b) braking 

operation. 

 

 

Figure 5.12. Fracture process of Case 2-2. 

 

    The results of adhesion enhancement for three cases during traction operation are 

shown in Figure 5.13a. Despite the differences in particle numbers between the cases, 
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the adhesion enhancement plots overlap. This is because the rolling movement of the 

wheel ensures a consistent and steady supply of fragments to the wheel-rail interface, 

leading to similar total fragment contributions across all cases. In contrast, the braking 

operation reveals a different trend, as illustrated in Figure 5.13b. While all cases show 

a similar increasing slope, the case involving a single particle achieves a higher 

adhesion enhancement. This can be attributed to the fracture behaviour of multi-

particle systems. During braking, the sliding motion of the wheel pushes the particles 

away, causing them to break sequentially. This sequential fragmentation, accompanied 

by more pronounced rolling movements in the later particles (Figures 5.12b and 5.12c), 

results in a steady but limited supply of fragments to the wheel-rail interface before all 

particles are fully fragmented. In comparison, a single larger particle fractures all at 

once, releasing its full quantity of fragments in a shorter time, thereby creating a greater 

accumulation of fragments at the wheel-rail interface. 

    Considering the results from particle size, shape, and number analysis, the traction 

operation is a fragment-based process as the adhesion enhancement is mainly 

influenced by the number of fragments at the wheel-rail contact. On the contrary, 

adhesion enhancement during the braking operation shows all the effects of particle 

size, shape, and number simultaneously. Based on these simulations, a larger size 

particle with an elongated shape is preferred for the braking operation. 

 

 

Figure 5.13. Effect of number on adhesion enhancement during (a) traction operation 

and (b) braking operation. 

 

As part of the PhD study, the candidate participated in field experiments for the rail 

sanding project funded by the Engineering and Physical Sciences Research Council. 

These included trials in Great Central Test Track, Loughborough, in 2021 to investigate 
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different sanding materials, and in Wensleydale, North Yorkshire, in 2024 to test the 

efficiency of sanding on leaf contamination. In the latest experiment, sand fragments 

on the rail were observed after each operation. Fragments were passed over by the 

wheel and left on the rail during traction operation as shown in Figure 5.14a and have 

been pushed to the end of braking operation as shown in Figure 5.14b. These 

experimental observations demonstrate a good agreement with the simulation results. 

It is recommended to record the traction force and normal force from the wheel during 

a sanding process to establish a link between the field test and the mentioned 

simulation method. 

 

 

Figure 5.14. Sand fragments on the rail during (a) traction operation and (b) braking 

operation. 

 

5.5.5 Parametric study 

Three particles with diameters of 0.71 mm, 1 mm, and 2 mm are used to investigate 

the adhesion level on a selected rough surface, with results compared to those on a 

flat surface discussed previously. 

 

Traction Operation 

The change of adhesion during traction operation is plotted in Figure 5.15. Using Figure 

5.15a as an example, displacement smaller than 45 (40 for the flat surface) is defined 

as the prior-to-fracture stage, and bigger than 70 (65 for the flat surface) is defined as 

the post-fracture stage. For these two stages, the wheel is only interacting with the rail. 

From the displacement of 45 to 70 (40 to 65 for the flat surface), the wheel is rolling on 

top of the sand fragments, which is considered the fracture stage. By comparing the 

two profiles using the same particle size, although the rough case takes a longer time 

to achieve the fracture stage due to the uneven surface contact, the durations of the 
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fracture stage are the same for both flat and rough surfaces. However, when comparing 

fracture stages for simulations using different particle sizes, the duration becomes 

longer as a result of particle size increment. 

It is noteworthy that the adhesion enhancement on rough surfaces during prior-to-

fracture and post-fracture stages are identical for all simulations as no particle is 

involved. However, the peak value during the fracture stage varies from particle size to 

particle size. In order to reveal the effect of particle size on adhesion enhancement, 

the data are normalised based on their respective fragment counts, as shown in Figure 

5.15d. During the prior-to-fracture and post-fracture stages, since no fragments are 

involved, the plots from small particles show higher values than the large particles due 

to the normalisation. However, the participation of fragments during the fracture stage 

harmonizes this difference, as the plots from different particle sizes converge. This 

indicates the new surface area generated in the contact due to fragmentation is similar 

after the normalisation. 

 

 

Figure 5.15. Size effect during traction operation: (a) 0.71 mm, (b) 1 mm, (c) 2 mm and 

(d) normalisation. 
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Since the same roughness profile is used to investigate adhesion enhancement due 

to the changing of particle size, the agreements found here also validate the numerical 

model in terms of repeatability and reliability. 

 

Braking Operation 

When the train is approaching a station or designated stop, the wheel is sliding (worst 

case scenario) to decelerate the train from its current speed to a complete halt. Figure 

5.16 shows the observed adhesion enhancements within this operation. Depending on 

the participation of sand fragments, the braking operation can also be separated into 

three stages: the prior-to-fracture stage, the fracture stage, and the post-fracture stage. 

The adhesion enhancement during the prior-to-fracture stage is comparable for 

particles of different sizes. Compared to traction operation, for the rough surface, the 

duration of the fracture stage increases tremendously for bigger particles during the 

braking operation, and therefore the post-fracture stage is not well observed due to the 

predefined run-length of the model. However, based on the plots from small particles 

and the stage definition, the post-fracture stage for bigger particles will be similar to its 

prior-to-fracture stage and only require a longer time to be achieved. This observation 

introduces a significant difference from the result using the flat surface where the 

adhesion enhancement increases sharply to its peak value during the fracture stage 

and then carries the value over into the post-fracture stage till the end of the simulation. 

    Similarly, a normalisation is conducted on the data and plotted in Figure 5.16d. The 

initial difference in plots during the prior-to-fracture stage has been discussed in the 

previous section. Although the fracture stage still lasts longer for bigger particles, its 

peak value now is comparable to results from small particles. 
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Figure 5.16. Size effect during braking operation: (a) 0.71 mm, (b) 1 mm, (c) 2 mm and 

(d) normalisation. 

 

Fragment Distribution 

During the braking operation, the adhesion enhancement behaves differently on flat 

and rough surfaces. This requires a further investigation of the fragment distribution 

during the wheel-rail contact to reveal the underlying facts. The observation has been 

plotted in Figure 5.17. In the flat case, the sand fragments have been held and pushed 

away by the sliding wheel till the end of the simulation. Thus, the number of fragments 

entering the wheel-rail interface starts to increase till a certain value and then this value 

will be maintained. This explains the reason why adhesion enhancement increases 

sharply at the beginning and then becomes stable later on. In contrast, the interlocks 

between the fragments and the uneven surface generate reaction forces which causes 

the deformation of the rail. Hence, instead of being pushed away, this deformation 

enables the sand fragments to be passed by the rolling wheel. Consequently, the plots 

in Figure 5.16 illustrating initial increases in adhesion enhancement, followed by a 

subsequent decline, have been generated. 
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Figure 5.17. Fragment distribution during braking operation: (a) flat surface and (b) 

rough surface. 

 

    In summary, the magnitude of adhesion enhancement in the rough case depends 

on the number of fragments entering the wheel-rail interface rather than the particle 

size. This aligns with the previous findings using a flat surface. Furthermore, the rough 

surface permits the wheel to roll over the fragments during braking operation, a feature 

distinct from the flat surface. 

 

5.5.6 Roughness Effect 

A total of 37 representative roughness profiles from cases A and B are analysed to 

examine the effect of surface roughness on adhesion enhancement. To ensure 

consistency and comparability, particles with a 1 mm diameter are selected for further 

investigation. 

 

Traction Operation 

The results from 37 simulations using rough surfaces under traction operation have 

been plotted in Figure 5.18 to compare with the results using the flat surface. The red 

solid line indicates the average value of the 37 simulations and the pink shade 

demonstrates its standard deviation. The black line shows the result of adhesion 

enhancement from the flat surface. 
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Figure 5.18. Roughness effect during traction operation. 

 

    By comparing the two solid lines, the observation from the previous section using 

the single roughness profile has been confirmed. Furthermore, the smooth portion of 

the red line during the prior-to-fracture stage indicates a stable improvement of 

adhesion due to rough surfaces. It begins to rise shortly when the fracture stage occurs. 

After a sharp curve, the adhesion begins to decrease in a pattern similar to how it had 

previously increased. It ends with an adhesion enhancement level comparable to that 

of the prior-to-fracture stage. This variation trend is identical to the black line from the 

flat surface. The difference in peak values between the two solid lines can be correlated 

to the initial improvement due to roughness. 

 

Braking Operation 

The simulations are repeated for the braking operation. Similarly, as illustrated in 

Figure 5.19, the average value of adhesion enhancements from 37 simulations is 

represented by the red solid line, with the pink-shaded area indicating its standard 

deviation. The adhesion enhancement obtained from the flat surface is depicted by the 

black line. The hill-shaped plot of average value proves the observation of fragment 

distribution in the previous section that the mechanical interaction of sand fragments 

gets changed when switching from the flat surface to the rough surface. Rather than 

being repelled, the fragments can pass through the wheel-rail interface. 



 

106 

 

 

Figure 5.19. Roughness effect during braking operation. 

 

    During the prior-to-fracture stage, the plot of the red line indicates the adhesion can 

be improved during braking operation as well. Although its value is comparable to the 

enhancement during traction operation, the zigzag shape shows the unstable reaction 

between the sliding wheel and uneven rail. This phenomenon persists throughout the 

entire operation, even when sand fragments are present, leading to significant noise 

in the hill-shaped plot during the fracture stage. Due to the horizontal force from the 

sliding wheel, it takes longer to complete the fracture stage compared to traction 

operation. The peak value generated from rough surfaces is about three times higher 

than the one from the flat surface. This is owing to the total normal force has been 

reduced by the reaction force generated from the fragments entering the wheel-rail 

interface, leading to a higher adhesion level compared to the result from the flat surface 

where no normal force reduction exists, as illustrated by the inset of Figure 5.19. 

However, this peak value is still lower than the one from the rough surface during 

traction operation as the rolling wheel contributes to a higher total tangential force. 

 

 

Roughness Parameter 

Based on the earlier discussions, it is evident that rough surface significantly influences 
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the adhesion in both traction and braking operations. Hence, the widely used descriptor, 

𝑅௔ , is employed here to examine the contribution of roughness to adhesion 

enhancement. It is a general indicator of surface finish by specifying the average height 

deviations. Since adhesion enhancement during the post-fracture stage in both traction 

and braking operations behaves similarly to the prior-to-fracture stage, only the first 

two stages (i.e., prior-to-fracture stage and fracture stage) are considered here. 

    As shown in Figure 5.20, the black square indicates the average value of adhesion 

enhancements during the stage affected by different 𝑅௔ and the flat end bars represent 

its standard deviation. By comparing Figures 5.20a and 5.20c, although the adhesion 

enhancement does not show a significant rise, it is clear that the standard deviation 

increases with the rise of 𝑅௔, suggesting that a rougher surface tends to induce greater 

fluctuations in adhesion. Additionally, the values exhibit comparability between traction 

operation and braking operation during the prior-to-fracture stage. It signifies the 

adhesion level is not affected by the mode of operation when sand fragments are not 

involved. However, this relationship is changed when the fracture stage begins, as 

illustrated in Figures 5.20b and 5.20d. While the adhesion enhancement is stable 

during both operations, the average value and standard deviation of adhesion 

enhancement are bigger during traction operation than the ones during braking 

operation. This indicates that adhesion experiences a tremendous fluctuation at the 

fracture stage during traction operation. In addition, the values of adhesion 

enhancement are levelled up during the fracture stage compared to the prior-to-

fracture stage, as the same amount of fragments were generated during particle 

breakage. This observation suggests a bigger 𝑅௔  contributes to a higher adhesion 

enhancement during the prior-to-fracture stage where no sand particles are involved, 

and its influence becomes less pronounced compared to the effect of sand fragments 

during the fracture stage. 

 

5.5.7 Plasticity Effect 

The interlocking between sand fragments and the rough surface generates forces that 

deform the rail profile, allowing more fragments to enter the wheel-rail interface. When 

only elastic deformation is considered, the recovery of rail deformation introduces 

reaction forces that increase the adhesion level. However, in practice, plastic 

deformation, such as wear, typically results in a lower adhesion level. Therefore, it is 

crucial to use a numerical model that accounts for plastic deformation to further 

investigate the effects of roughness. Therefore, after defining the plastic parameters of 
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the rail, the previous model now can be used to further investigate the adhesion level 

in a more realistic way. 

 

 

Figure 5.20. Adhesion enhancements influenced by 𝑅௔. (a) prior-to-fracture stage and 

(b) fracture stage during traction operation. (c) prior-to-fracture stage and (d) fracture 

stage during braking operation. 

 

Traction Operation 

As shown in Figure 5.21, the blue shaded area represents the standard deviation of 

results considering both elastic and plastic deformation, while their mean value is 

depicted as a continuous blue line. Although the trends of variation are similar, the 

values from roughness cases that account for plasticity are significantly smaller than 

those considering only elasticity, with a reduction of approximately 60%. This causes 

the values to be even smaller than those observed in the flat case. The reduction is 

attributed to the permanent deformation in the rail caused by its plastic properties, 
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which diminishes the reaction force generated by the recovery of elastic deformation, 

thereby reducing the adhesion enhancement. Moreover, compared to the red plots, the 

width of the blue shaded area becomes narrower, and the noise in the blue solid line 

appears smoother, with a plateau forming at the peak during the fracture stage. All 

these observations suggest that the enhanced model, which considers plasticity, 

results in a more stable adhesion level. 

 

 

Figure 5.21. Plasticity effect during traction operation. 

 

Braking Operation 

The plasticity also affects the adhesion level during braking operation, as shown in 

Figure 5.22. Due to the sliding wheel during braking operation, the plots from all cases 

exhibit a persistent vibration throughout the entire simulation. However, their variation 

trends behave differently. 

    Divergence starts during the fracture stage. Although all the plots begin to increase 

at the same time, the slope and peak values vary between cases. For the flat case, the 

plot starts with a gentle slope and transitions into a plateau that continues until the end. 

For the roughness case, which only considers elasticity, the plot rises rapidly and falls 

sharply, reaching a higher peak value compared to the flat case. When plasticity is 

included in the rough case, the plot ascends with a gentle slope, transitions into a 

prolonged plateau at half the peak value of the flat case, and then descends with an 
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even more gradual slope. 

 

 

Figure 5.22. Plasticity effect during braking operation. 

 

    Overall, this enhanced model reveals the significant impact of plastic deformation 

on adhesion enhancement during both traction and braking operations. While 

roughness without plasticity produces higher peak adhesion, it exhibits greater 

variability and instability, as indicated by the wider shaded regions and sharper 

transitions. In contrast, the inclusion of plastic deformation in the model leads to a more 

stable adhesion response, with smoother transitions and prolonged plateaus at lower 

adhesion levels. However, the reduction in peak adhesion due to plasticity highlights 

the importance of routine rail grinding to mitigate the effects of wear and maintain the 

desired surface roughness for optimal adhesion during sanding. These findings 

emphasize the need for numerical models that incorporate both elastic and plastic 

behaviours to accurately predict adhesion performance and the importance of 

consistent rail maintenance to ensure safe and efficient traction and braking in railway 

operations. 

 

5.5.8 3D Model 

Extending the model from 2D to 3D is required to capture the full complexity of the 

physical processes at the wheel-rail interface. While 2D models provide valuable 
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insights and serve as a computationally efficient tool for understanding particle 

fragmentation and adhesion enhancement, they inherently simplify the system by 

neglecting the third dimension. In real-world scenarios, particle fragmentation and 

interactions occur in three dimensions, where contact mechanics involve surface areas 

rather than lines, making 2D representations insufficient for fully describing the system. 

Transitioning to 3D allows the model to account for volumetric effects and spatial 

distributions, both of which are essential for accurately simulating adhesion behaviour. 

Consequently, the existing model has been extended to 3D while maintaining the same 

boundary conditions and material properties, as illustrated in Figure 5.23. 

 

 

Figure 5.23. The 3D version of the model. 

 

    An important consideration is that extending the model to 3D significantly increases 

the number of elements, leading to a substantial rise in both computational complexity 

and cost. For example, as shown in Table 5.5, the number of elements needed to mesh 

a particle with a size of 0.71 mm is much higher in 3D compared to 2D. This highlights 

the trade-off between model accuracy and computational efficiency when transitioning 

from 2D to 3D simulations. 
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Table 5.5. Mesh composition of sand particles in 2D and 3D models. 

 Mesh dimension (mm) Element size (mm) Element number 

2D 0.71 0.10 92 CPE3 elements 

3D 0.71 0.10 1978 C3D4 elements 

 

Figure 5.24 presents a preliminary comparison of adhesion enhancement during 

traction operation using a single particle, modelled in both 2D and 3D conditions. Both 

curves exhibit a similar trend: a sharp rise, a peak around 500 mm displacement, and 

a subsequent decline as the fragments pass through the wheel-rail interface. However, 

the absolute adhesion enhancement values differ significantly, with the 3D simulation 

showing much higher values than the 2D case. This disparity highlights the limitations 

of the 2D simulation, where the results are less realistic and serve primarily for trend 

analysis rather than for representing accurate physical behaviour. In contrast, the 3D 

simulation captures more complex interactions and incorporates the larger surface 

contact area resulting from particle fragmentation, providing a more accurate 

representation of adhesion behaviour. 

 

 

Figure 5.24. Dimensional effect during traction operation. 

 

It is important to note that these results are not normalised by the number of 
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fragments, due to the fundamental differences in contact mechanics between 2D and 

3D simulations. In 2D, contact between fragments and the wheel–rail interface occurs 

along edges (i.e., lines), and a simplified normalisation could be attempted using the 

number of fragments directly contributing to contact edges. However, in 3D, for the 

same initial sand particle size, the number of fragments increases dramatically (e.g., 

from 92 in 2D to 1,978 in 3D), and the contact conditions become more complex, 

involving both edge and surface contact. As a result, directly using fragment count for 

normalisation in 3D is not meaningful or representative of the actual physical 

interaction. A more appropriate future approach may involve quantifying the actual 

contact surface area to enable consistent normalisation between 2D and 3D cases. 

    Furthermore, the advantage of the 3D simulation lies in its ability to visualise the 

distribution of fragments and the corresponding contact patch on the rail surface as the 

wheel bypasses through the fragments, as shown in Figure 5.25. The top row of Figure 

5.25 illustrates the progressive fragmentation of the particle, transitioning from an intact 

sphere to a fully fragmented state. The bottom row shows the evolution of contact 

patches during traction operation. Initially, a small contact area is observed, 

corresponding to a single point of interaction. As the operation progresses, the contact 

patch expands, indicating an increase in the effective contact area due to 

fragmentation and redistribution of particles. This detailed visualisation underscores 

the complexity of 3D interactions and provides crucial insights into the mechanics of 

fragment-induced adhesion behaviour at the wheel-rail interface. 

    The 3D simulation offers a clear advantage over 2D by capturing the complex 

interactions between fragments and the wheel & rail, including detailed surface contact, 

stress distribution patterns, and out-of-plane effects. While 2D simulations are valuable 

for preliminary analysis, they inherently assume plane strain or plane stress conditions 

and cannot represent true particle geometries, rotational dynamics, or the three-

dimensional nature of fragmentation. These limitations reduce their ability to fully 

replicate the physical response of particles under realistic loading conditions. In 

contrast, the 3D model offers a more realistic representation of particle fragmentation 

and inter-particle contact forces, enabling a more comprehensive assessment of their 

cumulative effect on adhesion behaviour. Future studies will extend this 3D approach 

to investigate the effects of cyclic loading, surface roughness, and spatial variability in 

material properties, offering deeper insights into the mechanics of wheel–rail 

interactions. 
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Figure 5.25. Distributions of fragments (top) and contact patches (bottom) during 

traction operation. 

 

5.6 Summary 

This chapter investigated the adhesion enhancement at the wheel-rail interface caused 

by sand particle breakage using the developed µFE model. The fracture behaviour of 

sand particles during traction and braking operations was analysed, and the effects of 

particle size, shape, and number on adhesion improvement were compared. 

Additionally, the model incorporated surface roughness and plastic deformation of the 

rail to provide a more realistic representation of wheel-rail interactions. The 

methodology was extended to 3D modelling to explore the impact of dimensionality on 

adhesion enhancement. The main conclusions drawn from this chapter are as follows: 

 Adhesion enhancement triggered by sand particles is correlated to the number 

of generated fragments, which can be directly linked to the newly created 

surface area of the third body. 
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 Sand particles provide higher adhesion enhancement during traction operations 

compared to braking operations. 

 Surface roughness significantly influences adhesion levels during the pre-

fracture stage but becomes less announced in the fracture stage, where the 

presence of fragments dominates adhesion enhancement. 

 Plastic deformation in the rail reduces the reaction forces from fragments during 

wheel-rail contact, resulting in a lower overall adhesion level. 

 Preliminary 3D results demonstrate that dimensionality significantly influences 

adhesion behaviour, with 3D simulations revealing higher adhesion 

enhancement due to greater surface contact and more realistic stress 

distributions compared to 2D.  

    This chapter demonstrates the critical role of particle fragments in influencing 

adhesion level at the wheel-rail interface and highlights the importance of 

dimensionality, surface roughness, and plastic deformation in understanding and 

optimising adhesion mechanisms for railway systems.   



 

116 

Chapter 6 Conclusions and Future Work 

 

6.1 Summary 

This thesis aims to advance the understanding of particle strength, particularly in 

natural sands with a focus on the influence of particle morphology and contact 

curvature. The research builds on the limitations of traditional experimental methods, 

such as flat platen and point-load tests, by employing advanced numerical simulations 

through μFE analysis. By incorporating CIEs and μCT derived morphology, the 

research provides a more accurate representation of sand particle breakage behaviour 

to better estimate the tensile strength, addressing critical gaps in the experimental 

testing. 

    The motivation for this work stems from the significant challenges in standardising 

methods to estimate particle strength, largely due to its geometric and material 

anisotropy, combined with inherent heterogeneity. While laboratory tests have offered 

valuable insights, their outcomes are often influenced by experimental constraints, 

including particle morphology and loading conditions. The introduction of μFE analysis 

in granular materials has facilitated in-depth investigations of material behaviour, 

offering valuable insights into failure mechanisms and deformation processes at the 

microscale. This thesis employs such modelling to investigate both the theoretical and 

practical aspects of sand particle breakage, including single particle analysis and its 

application to railway sanding. 

    Through the review of μFE analysis in engineering mechanics, its transformative 

capability has been established as a precise tool for linking microstructural features to 

macroscopic behaviours. By integrating μCT imaging, μFE analysis excels in modelling 

complex geometries and localised behaviours. Its application across diverse fields, 

such as biomedical sciences, granular materials, and structural engineering, highlights 

its broad applicability and effectiveness in addressing challenges that traditional FEM 

could not resolve. The method’s ability to capture microstructural heterogeneity, 

simulate complex fracture mechanisms, and provide detailed stress-strain analyses 

has laid the foundation for this thesis, guiding the investigation into sand particle 

breakage with μFE modelling as the central tool. 

    Building on this foundation, a robust computational framework using the μFE model 

enriched with CIEs to simulate crack initiation and propagation has been established. 

The model was theoretically verified through crack extension tests and experimentally 

validated using Brazilian tests with different contact topologies such as flat-to-point, 



 

117 

arch-to-arch, and flat-to-flat contacts. A mesh sensitivity analysis was conducted to 

achieve a balance between computational efficiency and accuracy. The accurate 

representation of crack initiation and propagation was validated through crack 

extension tests and cohesive zone analysis. In terms of the calibration of CIEs 

parameters, a parametric study has been performed to explore their influence on 

fracture behaviour. Additionally, the study examined load-strain curves, strain 

distribution, crack initiation and propagation, and tensile strength across different 

contact topologies, providing a comprehensive understanding of fracture mechanisms. 

This comprehensive framework not only provides a detailed understanding of fracture 

mechanisms across diverse contact topologies but also sets the stage for extending 

the analysis to more complex scenarios, such as the breakage of natural sand particles. 

    Following the exploration of the fracture behaviour of regular shapes in 2D, the 

subsequent investigation centered on the breakage behaviour of sand particles under 

different contact curvatures in 3D, filling the gap between the point-load test and the 

traditional compression test using flat platens. A modified point-load test was 

implemented using the developed μFE model, enabling the simulation of particle 

breakage under varying indenter radii, ranging from 0.1 mm to 6.4 mm. Two samples, 

silica sand with compact geometries and crushed glass with elongated forms, were 

numerically tested to analyse how particle morphology and contact curvature influence 

breakage behaviour. The μCT imaging was employed to reconstruct realistic particle 

geometries, followed by volumetric mesh generation using an advanced surface 

reconstruction algorithm. In terms of particle breakage, an in-house code was 

developed for embedding 3D CIEs into reconstructed meshes. Through 294 

simulations of 42 particles with seven different indenters, this study investigated 

relationships between fracture force, contact area, particle morphology, and indenter 

size, proposing a novel method to estimate tensile strength independent of contact 

curvature. Additionally, an in-house code was developed to capture individual 

fragments for post-breakage analysis. Three distinct fracture modes were identified: 

local crushing, major splitting, and chipping. By quantifying the morphological changes 

between parent and child particles under varying contact curvatures, the study 

provides insights into the factors governing shape evolution during breakage. This 

enriched μFE model not only bridges the gap between experimental testing and 

numerical analysis but also establishes a robust framework for investigating complex 

fracture behaviors and their impact on real-world applications. 

    One important application directly influenced by sand breakage is the regulation of 
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adhesion levels at the wheel-rail interface. To investigate this, the developed µFE 

model for particle breakage analysis was applied to study the role of third-body layers, 

specifically sand particles, in adhesion enhancement. The numerical environment of 

the wheel-rail contact was introduced with boundary conditions carefully assigned to 

replicate realistic traction and braking operations. To isolate the specific effects of 

particle morphology on adhesion, the initial analysis employed a smooth wheel-rail 

interface, minimising the influence of surface irregularities and focusing on the impact 

of particle size and shape before and after fragmentation. Subsequently, rail surface 

roughness was integrated into the model to quantify its effect on adhesion levels, 

followed by the inclusion of plastic deformation resulting from cyclic loading to enable 

a comprehensive analysis of adhesion behaviour during the sanding process. 

Furthermore, The study expanded into a 3D numerical framework, providing a detailed 

examination of fragment interactions and contact stress distributions under realistic 

dimensional conditions.  

    This research demonstrates the potential of advanced numerical simulations to 

overcome experimental limitations and provide a comprehensive understanding of 

particle breakage behaviour. It highlights the importance of integrating particle 

morphology, contact curvature, and environmental factors to achieve accurate and 

reliable results. The outcomes are expected to have a significant impact on the design 

and optimisation of materials and processes in industries ranging from transportation 

to construction. 

 

6.2 Key Remarks 

Specific conclusions are drawn from Chapters 3 through 5, highlighting the key impacts 

and contributions, which are presented as tangible outcomes. 

 

Chapter 3 The Development of the Micro Finite Element Model for Particle 

Breakage 

 The CIEs can effectively simulate crack initiation and propagation, particularly 

in measuring the fracture angle, which has been verified through crack 

extension tests. 

 A full cohesive zone approach was identified as optimal for allowing cracks to 

propagate freely and realistically. 

 For flat-to-point contact, the failure occurred at the loading ends due to strain 

concentration, leading to crushing failure. 
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 For arch-to-arch contact, the failure also occurred at the loading ends with some 

secondary cracks at the disc centre, and the eccentric strain distribution caused 

by practical difficulty is not a problem in the numerical model.  

 For flat-to-flat contact, it produces the most ideal fracture behaviour, with crack 

initiation at the centre and propagation toward the loading ends, aligning with 

theoretical assumptions. 

 Comparisons between different contact topologies highlighted the importance 

of strain distribution which determines the location of crack initiation and 

propagation patterns.  

 Flat-to-flat contact was identified as the optimal setup, providing the most 

accurate tensile strength estimation. 

 

Chapter 4 Insights on Particle Breakage Variability 

 Silica sand and crushed glass exhibit distinct load-strain behaviours, with silica 

sand showing abrupt force drops and crushed glass demonstrating smoother 

transitions due to its elongated fragments. 

 Larger indenters lead to higher crushing forces and larger contact areas, 

highlighting the role of contact curvature in breakage behaviour. The 

normalization of contact areas shows a consistent converging trend across all 

tested particles prior to breakage, regardless of indenter size. 

 A novel method for estimating tensile strength is proposed, offering consistency 

across different loading balls. The outcomes for both materials align well with 

the Weibull distribution. 

 Fracture modes shift from major splitting, driven by high local stress 

concentrations from small indenters, to chipping under larger indenters, which 

diminish the impact of local stress concentrations. 

 Silica sand tends to generate irregular fragments with lower convexity and 

sphericity values. In contrast, the fragments of crushed glass maintain more 

self-similar shapes with reduced elongation.  

 Two in-house codes were developed: one for embedding 3D CIEs into 

volumetric meshes to effectively simulate crack initiation and propagation during 

particle breakage, and another for capturing and analysing individual fragments 

to perform detailed post-breakage assessments. 
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Chapter 5 The Impact of Sand Particle Breakage on Adhesion at the Wheel-Rail 

Interface 

 Sand particles enhance the adhesion level at the wheel-rail interface by forming 

a third-body layer composed of fragments during both braking and acceleration 

operations. 

 Fragmentation during particle breakage is the key contributor to adhesion 

enhancement, with the number of fragments and their associated newly 

generated surface area governing the level of improvement. 

 Larger and elongated particles produce more fragments and spread widely 

along the rail, resulting in higher adhesion enhancement during braking 

operations, while no significant shape effect is observed during traction 

operations. 

 Rail roughness plays a crucial role in adhesion enhancement during the pre-

fracture stage by increasing friction but becomes less influential during the 

fracture stage as sand fragments dominate. 

 Plastic deformation in the rail reduces adhesion by limiting reaction forces 

generated by sand fragments, creating more stable adhesion levels but with 

lower overall peaks compared to purely elastic rails. 

 Fragment distribution varies between flat and rough rail surfaces, with rough 

surfaces facilitating more effective interlocking of fragments, particularly during 

braking operations, where higher adhesion enhancement is achieved compared 

to flat surfaces. 

 Sand particles are more effective in traction operations, where rolling wheels 

maintain consistent fragment contact, compared to braking, where sliding 

wheels spread fragments over a larger area, weakening their contribution. 

 3D modelling reveals significantly higher adhesion enhancement compared to 

2D simulations, capturing the increased surface contact and realistic stress 

distribution caused by particle fragmentation. 

 Field experiments validate the simulation results, demonstrating that sand 

fragments pass through the wheel-rail interface and spread along the rail, while 

the majority of fragments during braking operations are pushed away by the 

sliding wheel. 
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6.3 Suggestions for Future Work 

This section highlights prospective research directions beyond the scope of this thesis. 

While the developed µFE model has demonstrated its effectiveness in simulating 

particle breakage behaviour, further advancements in theoretical investigation, 

numerical modeling, experimental validation, and practical application could deepen 

the understanding of particle breakage mechanisms and widen the model's 

applicability. 

 

Theoretical Investigation 

The analysis of fracture force in silica sand and crushed glass revealed that data 

distribution is more concentrated with smaller indenters but becomes increasingly 

dispersed as the indenter radius increases. This can be attributed to the more intricate 

interactions between particles and larger indenters, where local roundness exerts a 

greater influence on fracture behaviour. 

    Experimental findings by Wang and Coop (2016) aligned with this conclusion, 

demonstrating that variations in local roundness result in distinct failure modes, which, 

in turn, influence the estimation of particle tensile strength. Building on this, Zhou et al. 

(2020) further validated this relationship through numerical simulations, confirming a 

positive correlation between local roundness and particle tensile strength. 

    Given these findings, it is recommended to incorporate local roundness into 

investigations of how contact curvature influences particle breakage. The local 

roundness of sand particles can be effectively captured using µCT-based mesh 

reconstruction. Subsequently, either an existing open-source code or a custom-

developed in-house code could be employed to quantify local roundness values at the 

loading ends, enabling a deeper understanding of its role in refining the proposed 

method for estimating tensile strength. 

 

Numerical Simulation 

In the point load test reproduced in this research, the tested sand particles were rotated 

to rest in their most stable position, aligning their minimum principal dimension 

vertically with the compressive force transmitted by the loading apparatus (Cavarretta 

et al., 2017). This setup represents the natural resting position of individual particles in 

a stable state. However, within granular assemblies, particle orientations are 

continuously rearranged, resulting in a complex and dynamic contact force network 

that differs significantly from the controlled conditions of isolated particle tests. 
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    A study conducted by Wei et al. (2019) on particle breakage under rotational point 

loading highlighted the significant influence of loading direction on particle fracture 

behaviour. Fractures vary based on the alignment of the loading direction with the 

particle's principal dimensions. When loading occurs along the maximum dimension, 

lower stress and energy lead to minor fractures, such as chipping. Conversely, loading 

along the minimum dimension requires higher stress and energy, resulting in severe 

breakage patterns, including the formation of two or three main fragments. 

    With these conclusions in mind, a further investigation of how contact curvature 

affects particle breakage is suggested, particularly under varying loading directions 

that better represent the conditions within granular assemblies. This would allow for a 

more accurate representation of fracture mechanisms under the realistic force 

interactions found in granular assemblies. 

 

Experimental Validation 

Since the proposed method for estimating particle tensile strength is based solely on 

simulation results, it is recommended to conduct experimental tests for validation. 

However, a significant challenge arises from the fact that no two identical sand particles 

can be found in nature, making it difficult to compress the same particle using loading 

balls with different radii. 

    With advancements in 3D printing technology, it is now possible to validate 

reconstructed objects from numerical models. While pursuing a master’s degree, the 

candidate and his colleagues successfully reconstructed a natural sand particle in a 

numerical domain and 3D-printed a simplified sand mesh for a triaxial test. The results 

showed good agreement when compared with natural sand. The material properties of 

the 3D-printed particles in that study were comparable to those of typical limestone 

particles, highlighting the potential of 3D printing for advancing geomechanical studies 

(Su et al., 2017). 

Building on this approach, the particle meshes of silica sand and crushed glass from 

this research could also be physically reproduced using 3D printing for experimental 

validation. While there may be differences between the material properties of the 3D-

printed particles and natural sand, the material parameters in the µFE model can be 

adjusted to match those of the printing material for validation purposes. This strategy 

bridges the gap between numerical modelling and experimental study, enhancing the 

reliability of simulation results. 
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Practical Application 

During a conversation with guest speaker Dr. Masahide Otsubo from the Port and 

Airport Research Institute, Japan, the potential application of the developed µFE model 

in coastal protection was discussed, particularly for assessing the strength of natural 

boulders used in shoreline defense. Natural boulders are widely utilised for their wave-

dissipating properties. However, their effectiveness depends on their mechanical 

strength and resistance to fracturing under harsh marine conditions. Accurately 

evaluating their crushing strength and failure behaviour is essential for ensuring long-

term durability in coastal environments. 

    The developed µFE model can be utilised to assess the mechanical properties of 

natural boulders, providing insights into their durability under repeated wave impacts. 

Furthermore, this approach can be extended to evaluate alternative materials that may 

replace natural boulders, such as recycled aggregates or engineered composites. 
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Appendix A 

 

This appendix provides key scripts detailing the functions and classes of the in-house 

code for embedding 3D CIEs, as utilised in Chapter 4. 
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%% 
clc; 
clear; 
 
%% Select the input file 
[FileName, FilePath] = uigetfile('*.inp', 'Select the mesh data'); 
FilePathFileName = append(FilePath, FileName); 
 
% The main while, read the file line by line. 
FileID = fopen( FilePathFileName , 'r');  
MeshDataInput = textscan(FileID, '%s', 'delimiter', '\n'); 
MeshDataInput = MeshDataInput{1,1}; % Get correct size of this matrix. 
 
% Remove empty lines 
MeshDataInput=MeshDataInput(~cellfun('isempty',MeshDataInput)); 
 
% Reading 
LineIndex = {};  
LineIndexCounter = 1; 
for LL = 1 : size(MeshDataInput,1) % size(,1) return rows 
    if ~isempty( strfind( MeshDataInput{LL,1},'*' ) )  % find *, if true(1), 
then... 
        LineIndex(LineIndexCounter,1:2) = {LL, MeshDataInput{LL,1}}; % 
assign lineIndex(1,1) and (1,2) 
        LineIndexCounter = LineIndexCounter + 1; 
    end 
end 
LineIndex(LineIndexCounter,1:2) = {size(MeshDataInput,1)+1, []}; 
 
% 
========================================================================= 
% find mesh information 
 
Coo_O = []; 
Con_O = []; 
El_Phase1 = []; 
El_Phase2 = []; 
El_CZ = []; 
 
for II = 1 : size(LineIndex,1) 
     
    % find Node information 
    if ~isempty( strfind( LineIndex{II,2},'*Node' ) )   
        for LL = LineIndex{II,1}+1 : LineIndex{II+1,1}-1 
            OneNodeCoo_O = textscan(MeshDataInput{LL,1}, '%f', 
'delimiter', ',');    
            Coo_O = vertcat(Coo_O, OneNodeCoo_O{1,1}');  % transpose 
        end 
    end 
 
    % find Element information 
    if ~isempty( strfind( LineIndex{II,2},'*Element' ) ) 
        for LL = LineIndex{II,1}+1 : LineIndex{II+1,1}-1 
            OneElCon_O = textscan(MeshDataInput{LL,1}, '%f','delimiter', 
','); 
            Con_O = vertcat(Con_O, OneElCon_O{1,1}'); 
        end 
    end 
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    % find Phase1 information 
    if ~isempty( strfind( LineIndex{II,2},'Phase1' ) ) 
        for LL = LineIndex{II,1}+1 : LineIndex{II+1,1}-1 
            OneLineEl_Phase1 = textscan(MeshDataInput{LL,1}, 
'%f','delimiter', ','); 
            El_Phase1 = vertcat(El_Phase1, OneLineEl_Phase1{1,1}); 
        end 
    end   
     
    if ~isempty( strfind( LineIndex{II,2},'CZ' ) ) 
        for LL = LineIndex{II,1}+1 : LineIndex{II+1,1}-1 
            OneLineEl_CZ = textscan(MeshDataInput{LL,1}, '%f','delimiter', 
','); 
            El_CZ = vertcat(El_CZ, OneLineEl_CZ{1,1}); 
        end 
    end 
end 
 
% 
========================================================================= 
 
NumRegEl = size(Con_O,1);              % count the rows of Con_O 
Con_O = [Con_O zeros(NumRegEl,2)];     % add two columns of 0 to Con_O 
 
El_Phase1(find(isnan(El_Phase1)))=0; 
El_Phase1 = setdiff(El_Phase1,0); 
 
El_Phase2(find(isnan(El_Phase2)))=0; 
El_Phase2 = setdiff(El_Phase2,0); 
 
El_CZ(find(isnan(El_CZ)))=0; 
El_CZ = setdiff(El_CZ,0); 
 
 
%% 
 
Con=Con_O(:,:); 
Coo=Coo_O(:,:); 
 
Coor = [];  
Conn = []; 
% 
========================================================================= 
% Finding Neighbering Elements 
T = Con(:,2:5); 
P = Coo(:,2:4); 
 
TR = triangulation(T,P); 
 
N = neighbors(TR);    
% i row is the current element, column j is the element that element i 
sharing face with.  
% By convention, N(i,j) is the neighbor opposite the jth vertex of ti(i). 
% If a triangle or tetrahedron has one or more boundary facets,  
% the nonexistent neighbors are represented as NaN values in TN. 
%       2D                                     3D 
%  V1    V2    V3                     V1     V2     V3     V4 
% Edge2 Edge3 Edge1                  Face1  Face2  Face3  Face4 
% -----------------------------------------------------------------------



 

156 

-- 
% Make the NeiberEl 
%    2D                                      3D 
% 1      2                             1      2      3 
% El1  El2                            E11    E12    E13 
 
NeiberEl = []; 
for EE = 1:size(N,1) 
    for VV = 1:size(N,2) 
        if ~isnan(N(EE,VV))  && ... % find the shared faces 
            EE < N(EE,VV)    && ... % aviod count shared face two times 
            (ismember(EE,El_CZ) || ismember(N(EE,VV),El_CZ)) 
             
            NeiberEl = [NeiberEl; 
                        EE, N(EE,VV)]; 
  
        end 
    end 
end   
% 
========================================================================= 
% Duplicating Nodes 
 
% Find "inner" CZ Nodes (not nodes shared with elements outside CZ) 
Node_CZ=[1:size(Coo,1)]'; 
for EE = 1:NumRegEl 
    if ~ismember(EE,El_CZ)    % ~ if EE belongs to El_CZ, yes=1, no=0 
        Node_CZ = setdiff(Node_CZ,Con(EE,2:5)); 
    end 
end 
 
% Total Number of required nodes 
TotNumReqNode = numel(El_CZ)*4;   % return the number of elements in El_CZ 
*4 
% -----------------------------------------------------------------------
-- 
% Making Conn which is connectivity matrix after duplicating new nodes 
NewNodeStrorage = [Node_CZ; ... 
                   [size(Coo,1)+1 : size(Coo,1)+(TotNumReqNode-
size(Node_CZ,1))]']; 
 
Conn = Con; 
Bin=1; 
for AA = 1:numel(El_CZ) 
    EE = El_CZ(AA); 
    Conn(EE,2:5) = NewNodeStrorage(Bin:Bin+3); 
    Bin = Bin+4; 
end  
% -----------------------------------------------------------------------
--   
% Making Coor which inculdes duplicated new nodes 
Coor = Coo; 
for AA = 1:numel(El_CZ) 
    EE = El_CZ(AA); 
    for NN = 2:5 
        Coor(Conn(EE,NN),1:4)= [Conn(EE,NN)  Coo(Con(EE,NN),2:4)]; 
         
    
    end 
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end  
% 
========================================================================= 
 
CohEl_Phase1       =[]; 
CohEl_Phase2       =[]; 
CohEl_InterPhase12 =[]; 
 
CohElCounter = NumRegEl; 
 
% tic 
for CE = 1:size(NeiberEl,1) 
     
    % disp(CE/size(NeiberEl,1)); 
     
    EE = NeiberEl(CE,1); 
    EEE = NeiberEl(CE,2); 
 
    [ El_Cen_A, El_Edge_A, El_EdgeCen_A ] = El_Specs( EE, Coor, Conn ); 
    [ El_Cen_B, El_Edge_B, El_EdgeCen_B ] = El_Specs( EEE, Coor, Conn ); 
 
    [CC,iA,iB] = intersect(El_EdgeCen_A, El_EdgeCen_B, 'rows');  
    
    % find the index of these three nodes of element A and B   
     
    Bin_A = El_Edge_A(iA(1),1); 
    Bin_B = El_Edge_B(iB(1),1);    
     
    for i=1:size(iA,1) 
         
        for j=1:size(El_Edge_A,2) 
         
            if ~ismember(El_Edge_A(iA(i),j), Bin_A) 
             
               Bin_A = [Bin_A; El_Edge_A(iA(i),j)];     % find three nodes 
of element A 
             
            end 
        end 
    end 
     
    for i=1:size(iB,1) 
         
        for j=1:size(El_Edge_B,2) 
         
            if ~ismember(El_Edge_B(iB(i),j), Bin_B) 
             
               Bin_B = [Bin_B; El_Edge_B(iB(i),j)];     % find three nodes 
of element B 
             
            end 
        end 
    end 
     
    
%======================================================================    
 
    % Defining Coh Elements 
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    A1 = Bin_A(1);        % EdgeA(NodeA) EdgeB(NodeB) （3D） 
                                          
    A2 = Bin_A(2);             %   A_1    0-----0   B_1  
                               %         /|    /| 
    A3 = Bin_A(3);             %        / |   / | 
                               %       /  |  /  | 
                               % A_2  0-----0   |   B_2 
    n=1;                       %       \  |  \  | 
                               %        \ |   \ | 
                               %         \|    \| 
                               %   A_3    0-----0   B_3                    
    while n<=3 
        m=1; 
        while m<=3 
            if Coor(Bin_B(m),2:4) == Coor(Bin_A(n),2:4) 
               B(n) = Bin_B(m); 
            end 
            m=m+1; 
        end 
        n=n+1; 
    end 
     
    B1 = B(1); 
    B2 = B(2); 
    B3 = B(3); 
     
    %========================================================== 
    % Correct Numbering     
    % A1 A2 A3 B1 B2 B3 
     
    A1_A2 = Coor(A2,2:4) - Coor(A1,2:4); 
    A1_A3 = Coor(A3,2:4) - Coor(A1,2:4); 
    Bin_normal = cross(A1_A2, A1_A3); 
     
    CACB = El_Cen_B - El_Cen_A; 
    Bin_dot = dot(Bin_normal, CACB); 
 
    if Bin_dot>0 
       NewCohEl=[A1 A2 A3 B1 B2 B3];       
    end 
    if Bin_dot<0 
       NewCohEl=[A1 A3 A2 B1 B3 B2]; 
    end 
     
    CohElCounter = CohElCounter + 1; 
    Conn(CohElCounter, 1:7) = [CohElCounter,  NewCohEl]; 
 
    if     ismember(EE,El_Phase1) && ismember(EEE,El_Phase1) 
        CohEl_Phase1= [CohEl_Phase1;    CohElCounter]; 
 
    elseif ismember(EE,El_Phase2) && ismember(EEE,El_Phase2) 
        CohEl_Phase2= [CohEl_Phase2;    CohElCounter]; 
 
    elseif (ismember(EE,El_Phase1) && ismember(EEE,El_Phase2)) ||... 
           (ismember(EE,El_Phase2) && ismember(EEE,El_Phase1)) 
        CohEl_InterPhase12= [CohEl_InterPhase12;    CohElCounter]; 
    end 
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end 
 
% Write output file 
MeshData2AbaqusInp(Coor, Conn, FileName, El_Phase1, CohEl_Phase1, 
NumRegEl) 
 
disp('Done!') 
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Appendix B 

 

This appendix includes key scripts showcasing the functions and classes of the in-

house code used for fragment analysis in Chapter 4. 
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clc; 
clear; 
 
%% Get COH3D6 Node's Information 
 
% Select the input file 
[FileName, FilePath] = uigetfile('*.*', 'Select the INP including CIEs 
file'); 
FilePathFileName = append(FilePath, FileName); 
 
% Open the file for reading 
fileID = fopen( FilePathFileName , 'r'); 
 
% Define the search pattern 
search_pattern_1 = '*Element, type=C3D4'; 
search_pattern_2 = '*Element, type=COH3D6'; 
 
% Initialize variables 
matching_lines_1 = {}; 
matching_lines_2 = {}; 
i=0; 
l=0; 
C3D4_total = []; 
COH3D6_total = []; 
A_values = []; 
B_values = []; 
C_values = []; 
 
% Read the file line by line 
 
while ~feof(fileID) 
    % Read the current line 
    current_line = fgetl(fileID); 
     
    % Check if the line contains the search pattern 
    if contains(current_line, search_pattern_1) 
        matching_lines_1{end+1} = current_line; 
         
        % Read the next line to get values for A, B, and C 
        next_line = fgetl(fileID); 
         
        % Continue reading lines until a line containing '*' is 
encountered 
        while ~contains(next_line, '*') 
            % Split values using commas 
            values_str = strsplit(next_line, ','); 
             
            % Convert string values to numerical values 
            i=i+1; 
            C3D4_total(i,1) = str2double(values_str{1}); 
            C3D4_total(i,2) = str2double(values_str{2}); 
            C3D4_total(i,3) = str2double(values_str{3}); 
            C3D4_total(i,4) = str2double(values_str{4}); 
            C3D4_total(i,5) = str2double(values_str{5}); 
             
            % Read the next line 
            next_line = fgetl(fileID); 
        end 
    end 



 

162 

end 
 
frewind(fileID);  % move to the beginning of the file 
 
while ~feof(fileID) 
    % Read the current line 
    current_line = fgetl(fileID); 
     
    % Check if the line contains the search pattern 
    if contains(current_line, search_pattern_2) 
        matching_lines_2{end+1} = current_line; 
         
        % Read the next line to get values for A, B, and C 
        next_line = fgetl(fileID); 
         
        % Continue reading lines until a line containing '*' is 
encountered 
        while ~contains(next_line, '*') 
            % Split values using commas 
            values_str = strsplit(next_line, ','); 
             
            % Convert string values to numerical values 
            l=l+1; 
            COH3D6_total(l,:) = str2double(values_str); 
             
            A_values(l,1) = str2double(values_str{2}); 
            A_values(l,2) = str2double(values_str{5}); 
             
            B_values(l,1) = str2double(values_str{3}); 
            B_values(l,2) = str2double(values_str{6}); 
             
            C_values(l,1) = str2double(values_str{4}); 
            C_values(l,2) = str2double(values_str{7}); 
             
            % Read the next line 
            next_line = fgetl(fileID); 
        end 
    end 
end 
 
 
% Close the file 
fclose(fileID); 
 
%% Get COH3D6 Coordinate's Information 
 
% Select the input file 
[FileName, FilePath] = uigetfile('*.*', 'Select the data at certain 
strain'); 
FilePathFileName = append(FilePath, FileName); 
 
% Open the file for reading 
fileID = fopen( FilePathFileName , 'r'); 
 
% Read the entire file as a cell array of strings 
lines = textscan(fileID, '%s', 'Delimiter', '\n'); 
lines = lines{1};  % Extract the cell array from the result 
 
% Close the file 
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fclose(fileID); 
 
% Separate lines into elements based on spaces 
all_elements = cellfun(@(line) strsplit(line, ' '), lines, 
'UniformOutput', false); 
 
% Count the number of rows 
num_rows = numel(all_elements); 
 
% Initialize a matrix with zeros 
Node_coordinates_new = zeros(num_rows, 4); 
 
% Assign columns 2, 6, 7, and 8 to the new matrix 
for j = 1:num_rows 
    % Convert the strings to numbers using str2double 
    Node_coordinates_new(j, 1) = str2double(all_elements{j}{2});     % 
node 
    Node_coordinates_new(j, 2) = str2double(all_elements{j}{6});     % x 
    Node_coordinates_new(j, 3) = str2double(all_elements{j}{7});     % y 
    Node_coordinates_new(j, 4) = str2double(all_elements{j}{8});     % z 
end 
 
% Count the number of rows for A, B and C 
[numRows, numCols] = size(A_values); 
 
D = 0; 
uD = 0; 
COH3D6_Damage = []; 
 
% Check the nodes in A_values; 
for k = 1:numRows 
     
    % Calculate the distance between A(k,1) and A(k,2) 
    Distance = sqrt((Node_coordinates_new(A_values(k,2), 2) - 
Node_coordinates_new(A_values(k,1), 2))^2 + ... 
         (Node_coordinates_new(A_values(k,2), 3) - 
Node_coordinates_new(A_values(k,1), 3))^2 + ... 
         (Node_coordinates_new(A_values(k,2), 4) - 
Node_coordinates_new(A_values(k,1), 4))^2); 
     
     % Check the distance > ?, breakage occurs <------------------- 
      
     % 0.001 when can see breakage,  
     % 0.0004 when ST=1000 and can't see full breakage GB: P11 0D1 
     % 0.0002 when ST=1000 and can't see full breakage GB: P37 0D1 
      
    if Distance > 0.001; 
        D = D+1; 
        COH3D6_Damage = [COH3D6_Damage; COH3D6_total(k,:)]; 
    else 
        uD = uD+1; 
    end 
end 
 
% Check the nodes in B_values; 
for k = 1:numRows 
     
    % Calculate the distance between A(k,1) and A(k,2) 
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    Distance = sqrt((Node_coordinates_new(B_values(k,2), 2) - 
Node_coordinates_new(B_values(k,1), 2))^2 + ... 
         (Node_coordinates_new(B_values(k,2), 3) - 
Node_coordinates_new(B_values(k,1), 3))^2 + ... 
         (Node_coordinates_new(B_values(k,2), 4) - 
Node_coordinates_new(B_values(k,1), 4))^2); 
     
     % Check the distance > 0.005, breakage occurs 
    if Distance > 0.005; 
        D = D+1; 
         
        % Check if the first row of A belongs to B 
        if ~ismember(COH3D6_total(k,:), COH3D6_Damage, 'rows') 
     
            % If not, append the COH3D6(k,:) to COH3D6_D 
            COH3D6_Damage = [COH3D6_Damage; COH3D6_total(k,:)]; 
 
        end 
         
    else 
        uD = uD+1; 
    end 
end 
 
% Check the nodes in C_values; 
for k = 1:numRows 
     
    % Calculate the distance between A(k,1) and A(k,2) 
    Distance = sqrt((Node_coordinates_new(C_values(k,2), 2) - 
Node_coordinates_new(C_values(k,1), 2))^2 + ... 
         (Node_coordinates_new(C_values(k,2), 3) - 
Node_coordinates_new(C_values(k,1), 3))^2 + ... 
         (Node_coordinates_new(C_values(k,2), 4) - 
Node_coordinates_new(C_values(k,1), 4))^2); 
     
     % Check the distance > 0.005, breakage occurs 
    if Distance > 0.005; 
        D = D+1; 
         
        % Check if the first row of A belongs to B 
        if ~ismember(COH3D6_total(k,:), COH3D6_Damage, 'rows') 
     
            % If not, append the COH3D6(k,:) to COH3D6_D 
            COH3D6_Damage = [COH3D6_Damage; COH3D6_total(k,:)]; 
 
        end 
         
    else 
        uD = uD+1; 
    end 
end 
 
% Identify rows in COH3D6_Damage that are present in COH3D6_total 
rows_to_remove = ismember(COH3D6_total, COH3D6_Damage, 'rows'); 
 
% Remove rows from COH3D6_total 
COH3D6_connected = COH3D6_total(~rows_to_remove, :); 
 
%% Find the connections between C3D4 elements 
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% Initialize the connections 
New_C3D4_connections = zeros(size(COH3D6_connected, 1), 2); 
 
% Loop through each row in COH3D6_connected to find 1st C3D4 element 
for m = 1:size(COH3D6_connected, 1) 
    % Extract the values from columns 2 to 4 in the current row of 
COH3D6_connected 
    values_to_match = COH3D6_connected(m, 2:4); 
 
    % Loop through each row in C3D4_total 
    for n = 1:size(C3D4_total, 1) 
        % Extract the values from columns 2 to 5 in the current row of 
C3D4_total 
        values_to_compare = C3D4_total(n, 2:5); 
 
        % Check if there is an overlap 
        if any(ismember(values_to_match, values_to_compare)) 
            % If there is an overlap, store the value from the first 
column of C3D4_total 
            New_C3D4_connections(m,1) = C3D4_total(n, 1); 
            break;  % Exit the inner loop since a match is found 
        end 
    end 
end 
 
% Loop through each row in COH3D6_connected to find 2nd C3D4 element 
for m = 1:size(COH3D6_connected, 1) 
    % Extract the values from columns 5 to 7 in the current row of 
COH3D6_connected 
    values_to_match = COH3D6_connected(m, 5:7); 
 
    % Loop through each row in C3D4_total 
    for n = 1:size(C3D4_total, 1) 
        % Extract the values from columns 2 to 5 in the current row of 
C3D4_total 
        values_to_compare = C3D4_total(n, 2:5); 
 
        % Check if there is an overlap 
        if any(ismember(values_to_match, values_to_compare)) 
            % If there is an overlap, store the value from the first 
column of C3D4_total 
            New_C3D4_connections(m,2) = C3D4_total(n, 1); 
            break;  % Exit the inner loop since a match is found 
        end 
    end 
end 
 
% Create a matrix to save all fragments bigger than ?% 
Fragments = {}; 
a = 1; 
 
% Create a graph from the matrix 
G = graph(New_C3D4_connections(:,1), New_C3D4_connections(:,2)); 
 
% Find connected components 
connectedComponents = conncomp(G); 
 
% Count elements in each connected component 



 

166 

componentCounts = histcounts(connectedComponents, 
1:max(connectedComponents)+1); 
 
% Calculate percentages and sum them up 
totalPercentage = 0; 
 
% Append "_DamageIndex" to the original FileName 
%newFileName = strcat(FileName(1:end-4), '_DamageIndex.txt');  % Assuming 
the file extension is always '.txt' 
newFileName = strcat(FileName, '_DamageIndex.txt');  % Assuming the file 
extension is always '.txt' 
 
% Open the file for writing 
fileID = fopen(newFileName, 'w'); 
 
fprintf(fileID, 'PARTICLE BREAKAGE INDEX\n\n'); 
 
fprintf(fileID, 'Damaged COH3D6 Nodes: %d\n', D); 
fprintf(fileID, 'Undamaged COH3D6 Nodes: %d\n', uD); 
fprintf(fileID, 'Damage Index based on COH3D6 Nodes: %.2f%%\n\n', D / (D 
+ uD) * 100); 
 
fprintf(fileID, 'Damaged COH3D6 Elements: %d\n', size(COH3D6_Damage,1)); 
fprintf(fileID, 'Undamaged COH3D6 Elements: %d\n', 
size(COH3D6_connected,1)); 
fprintf(fileID, 'Damage Index based on COH3D6 Elements: %.2f%%\n\n', 
size(COH3D6_Damage,1) / size(COH3D6_total,1) * 100); 
 
fprintf(fileID, 'Connected Components and Percentages:\n\n'); 
 
for i = 1:max(connectedComponents) 
    indices = find(connectedComponents == i); 
    count = componentCounts(i); 
     
    if count > 1 
        percentage = count / (size(C3D4_total, 1)) * 100; 
        totalPercentage = totalPercentage + percentage; 
        fprintf(fileID, '%s connected components (%d elements): %.2f%%\n 
(%s)\n\n', num2str(i), count, percentage, num2str(indices)); 
        
    else 
        fprintf(fileID, '%s connected components (%d elements): %s\n\n', 
num2str(i), count, num2str(indices)); 
    end 
     
    % set the limit of minimum fragment size to 10% <------------------- 
    if percentage >= 10 
         
        Fragments{a} = indices; 
        a = a+1; 
    end 
     
    percentage = 0; 
     
end 
 
% Display the total percentage 
fprintf(fileID, '\nTotal Percentage of Break Elements: %.2f%%\n', 
totalPercentage); 
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fprintf(fileID, '\nTotal Percentage of Smashed Elements: %.2f%%\n', 100 - 
totalPercentage); 
 
% Close the file 
fclose(fileID); 
 
disp(['Generate the ' newFileName]); 
 
%% Create input files for selected fragments 
Fragments_Nodes = {}; 
Fragments_C3D4 = {}; 
Fragments_COH3D6 = {}; 
 
 
% Find all C3D4 for each fragment 
for x = 1:size(Fragments,2) 
     
    C3D4_temp = []; 
     
    for y = 1:size(Fragments{x},2)  
        C3D4_temp(y,:)= C3D4_total(Fragments{x}(1,y),:); 
    end 
 
    Fragments_C3D4{x} = C3D4_temp; 
     
end 
 
% Find all Node's coordinates for each fragment 
for x = 1:size(Fragments_C3D4,2) 
     
    Nodes_temp = []; 
    b = 1; 
     
    for y = 1:size(Fragments_C3D4{x},1) 
        for z = 2:5  
        Nodes_temp(b,:)= Node_coordinates_new(Fragments_C3D4{x}(y,z),:); 
        b = b+1; 
        end 
    end 
 
    Fragments_Nodes{x} = Nodes_temp; 
     
end 
 
% Find all COH3D6_Connected with C3D4 infor 
COH3D6_C3D4 = [COH3D6_connected,New_C3D4_connections]; 
 
% Find all COH3D6 for each fragment 
for x = 1:size(Fragments,2) 
     
    COH3D6_temp = []; 
    c = 1; 
     
    for y = 1:size(COH3D6_C3D4,2) 
         
        % Find rows where both C3D4 in columns 8 and 9 of COH3D6_C3D4 are 
members of Fragments 
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        COH3D6_temp = ismember(COH3D6_C3D4(:, 8), Fragments{x}) & 
ismember(COH3D6_C3D4(:, 9), Fragments{x}); 
    end 
     
    Fragments_COH3D6{x} = COH3D6_C3D4(COH3D6_temp,1:7); 
 
end 
 
 
% Read orignal input file to find nodes & C3D4 (where no CIEs involved) 
 
% Select the input file 
[FileName, FilePath] = uigetfile('*.*', 'Select the orignal INP before 
adding CIEs file'); 
FilePathFileName = append(FilePath, FileName); 
 
% Open the file for reading 
fileID = fopen( FilePathFileName , 'r'); 
 
% Define the search pattern 
search_pattern_3 = '*Node'; 
search_pattern_4 = '*Element, type=C3D4'; 
 
% Initialize variables 
matching_lines_3 = {}; 
matching_lines_4 = {}; 
i=0; 
Nodes_orignal = []; 
C3D4_orignal = []; 
 
% Get orignal Nodes 
while ~feof(fileID) 
    % Read the current line 
    current_line = fgetl(fileID); 
     
    % Check if the line contains the search pattern 
    if contains(current_line, search_pattern_3) 
        matching_lines_3{end+1} = current_line; 
         
        next_line = fgetl(fileID); 
         
        % Continue reading lines until a line containing '*' is 
encountered 
        while ~contains(next_line, '*') 
            % Split values using commas 
            values_str = strsplit(next_line, ','); 
             
            % Convert string values to numerical values 
            i=i+1; 
            Nodes_orignal(i,1) = str2double(values_str{1}); 
            Nodes_orignal(i,2) = str2double(values_str{2}); 
            Nodes_orignal(i,3) = str2double(values_str{3}); 
            Nodes_orignal(i,4) = str2double(values_str{4}); 
             
            % Read the next line 
            next_line = fgetl(fileID); 
        end 
    end 
end 
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frewind(fileID);  % move to the beginning of the file 
 
i=0; 
% Get orignal C3D4 
while ~feof(fileID) 
    % Read the current line 
    current_line = fgetl(fileID); 
     
    % Check if the line contains the search pattern 
    if contains(current_line, search_pattern_4) 
        matching_lines_4{end+1} = current_line; 
         
        next_line = fgetl(fileID); 
         
        % Continue reading lines until a line containing '*' is 
encountered 
        while ~contains(next_line, '*') 
            % Split values using commas 
            values_str = strsplit(next_line, ','); 
             
            % Convert string values to numerical values 
            i=i+1; 
            C3D4_orignal(i,1) = str2double(values_str{1}); 
            C3D4_orignal(i,2) = str2double(values_str{2}); 
            C3D4_orignal(i,3) = str2double(values_str{3}); 
            C3D4_orignal(i,4) = str2double(values_str{4}); 
            C3D4_orignal(i,5) = str2double(values_str{5}); 
             
            % Read the next line 
            next_line = fgetl(fileID); 
        end 
    end 
end 
 
 
Fragments_Nodes_orignal = {}; 
Fragments_C3D4_orignal = {}; 
 
% Use the Fragments_C3D4 to find Fragments_C3D4_orignal 
for x = 1:size(Fragments,2) 
     
    d = 0; 
     
    for y = 1:size(Fragments_C3D4{x},1) 
         
        d = d+1; 
        Fragments_C3D4_orignal{x}(d,1) = 
C3D4_orignal(Fragments_C3D4{x}(y,1),1); 
        Fragments_C3D4_orignal{x}(d,2) = 
C3D4_orignal(Fragments_C3D4{x}(y,1),2); 
        Fragments_C3D4_orignal{x}(d,3) = 
C3D4_orignal(Fragments_C3D4{x}(y,1),3); 
        Fragments_C3D4_orignal{x}(d,4) = 
C3D4_orignal(Fragments_C3D4{x}(y,1),4); 
        Fragments_C3D4_orignal{x}(d,5) = 
C3D4_orignal(Fragments_C3D4{x}(y,1),5); 
         
    end 
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end 
 
 
% Use the Fragments_C3D4_orignal to find Fragments_Nodes_orignal  
for x = 1:size(Fragments_C3D4_orignal,2) 
     
    e = 0; 
     
    Nodes_orignal_temp = []; 
    Nodes_orignal_temp = Fragments_C3D4_orignal{x}(:,2:5); 
    Nodes_orignal_temp = Nodes_orignal_temp(:); 
    Nodes_orignal_temp = unique(Nodes_orignal_temp); 
    Nodes_orignal_temp = sort(Nodes_orignal_temp); 
     
    for y = 1:size(Nodes_orignal_temp,1) 
         
        e = e+1; 
         
        Fragments_Nodes_orignal{x}(e,1) = 
Nodes_orignal(Nodes_orignal_temp(y,1),1); 
        Fragments_Nodes_orignal{x}(e,2) = 
Nodes_orignal(Nodes_orignal_temp(y,1),2); 
        Fragments_Nodes_orignal{x}(e,3) = 
Nodes_orignal(Nodes_orignal_temp(y,1),3); 
        Fragments_Nodes_orignal{x}(e,4) = 
Nodes_orignal(Nodes_orignal_temp(y,1),4); 
         
         
    end 
         
end 
 
 
% Write INP for each Fragment 
for x = 1:size(Fragments,2) 
     
    % Assign "Fragment_x.inp" to the FileName 
    newFileName = strcat('Fragment_', num2str(x), '.inp');  % Assuming 
the file extension is always '.inp' 
     
    % Open the file for writing 
    fileID = fopen(newFileName, 'w'); 
     
    fprintf(fileID, '%s\n', '*Heading'); 
    fprintf(fileID, '%s\n%s\n', '**Generated by B.Zhang','**This is for 
fragment analysis'); 
    fprintf(fileID, '%s\n', '**PARTS'); 
    fprintf(fileID, '%s%d\n', '*Part, name=Fragment_', x); 
     
    % Print Nodes info 
    fprintf(fileID, '%s\n', '*Node'); 
     
    for y1 = 1:size(Fragments_Nodes_orignal{x},1) 
        fprintf(fileID, '%10d, %10.8f, %10.8f, %10.8f\n', 
Fragments_Nodes_orignal{x}(y1,:));    
    end 
     
    % Print C3D4 info 
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    fprintf(fileID, '%s\n', '*Element, type=C3D4'); 
     
    for y2 = 1:size(Fragments_C3D4_orignal{x},1) 
        fprintf(fileID, '%10d, %10d, %10d, %10d, %10d\n', 
Fragments_C3D4_orignal{x}(y2,:));    
    end 
     
     
    fprintf(fileID, '%s\n', '*End Part'); 
    fclose(fileID); 
     
    disp(['Generate the Fragment_' num2str(x) '.inp']); 
     
end 
 
 
disp('Done!'); 
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Appendix C 

 

This appendix presents the 21 silica sand particles and 21 crushed glass particles 

reconstructed from μCT images, which were analysed in Chapter 4, along with their 

morphological characteristics such as flatness (FL), elongation (EL), convexity (C), and 

sphericity (S). 
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Appendix C.1. Silica sand particles – mesh representation. 

 

   

FL: 0.212 C: 0.958 FL: 0.046 C: 0.953 FL: 0.178 C: 0.917 

EL: 0.091 S: 0.892 EL: 0.216 S: 0.888 EL: 0.137 S: 0.815 

 
 

 

FL: 0.009 C: 0.945 FL: 0.084 C: 0.916 FL: 0.198 C: 0.911 

EL: 0.238 S: 0.793 EL: 0.197 S: 0.874 EL: 0.244 S: 0.799 

 
 

 

FL: 0.069 C: 0.918 FL: 0.247 C: 0.899 FL: 0.343 C: 0.908 

EL: 0.012 S: 0.875 EL: 0.043 S: 0.834 EL: 0.018 S: 0.763 
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Appendix C.2. Silica sand particles – mesh representation. 

 

 
  

FL: 0.154 C: 0.936 FL: 0.197 C: 0.829 FL: 0.005 C: 0.889 

EL: 0.130 S: 0.867 EL: 0.045 S: 0.797 EL: 0.317 S: 0.824 

 
  

FL: 0.017 C: 0.900 FL: 0.050 C: 0.919 FL: 0.030 C: 0.958 

EL: 0.287 S: 0.832 EL: 0.098 S: 0.880 EL: 0.227 S: 0.910 

 
  

FL: 0.032 C: 0.991 FL: 0.045 C: 0.983 FL: 0.162 C: 0.910 

EL: 0.005 S: 0.957 EL: 0.038 S: 0.947 EL: 0.168 S: 0.810 
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Appendix C.3. Silica sand particles – mesh representation. 

 

 
  

FL: 0.098 C: 0.879 FL: 0.262 C: 0.937 FL: 0.082 C: 0.877 

EL: 0.226 S: 0.825 EL: 0.101 S: 0.844 EL: 0.008 S: 0.830 
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Appendix C.4. Crushed glass particles – mesh representation. 

 

  

FL: 0.162 C: 0.812 FL: 0.122 C: 0.865 

EL: 0.601 S: 0.558 EL: 0.490 S: 0.657 

 

FL: 0.113 C: 0.860 FL: 0.082 C: 0.784 

EL: 0.718 S: 0.543 EL: 0.695 S: 0.548 

 

FL: 0.218 C: 0.771 FL: 0.200 C: 0.809 

EL: 0.582 S: 0.536 EL: 0.547 S: 0.577 
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Appendix C.5. Crushed glass particles – mesh representation. 

 

FL: 0.215 C: 0.878 FL: 0.062 C: 0.817 

EL: 0.559 S: 0.602 EL: 0.669 S: 0.579 

 

FL: 0.053 C: 0.846 FL: 0.277 C: 0.869 

EL: 0.654 S: 0.593 EL: 0.526 S: 0.582 

  

FL: 0.008 C: 0.856 FL: 0.258 C: 0.812 

EL: 0.569 S: 0.673 EL: 0.506 S: 0.543 
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Appendix C.6. Crushed glass particles – mesh representation. 

 

 

FL: 0.055 C: 0.855 FL: 0.069 C: 0.833 

EL: 0.669 S: 0.609 EL: 0.714 S: 0.558 

 

FL: 0.149 C: 0.860 FL: 0.045 C: 0.813 

EL: 0.587 S: 0.593 EL: 0.701 S: 0.582 

 
 

FL: 0.196 C: 0.871 FL: 0.007 C: 0.864 

EL: 0.457 S: 0.629 EL: 0.584 S: 0.653 
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Appendix C.7. Crushed glass particles – mesh representation. 

 

 
 

FL: 0.173 C: 0.843 FL: 0.341 C: 0.854 

EL: 0.469 S: 0.662 EL: 0.322 S: 0.670 

 

 

FL: 0.200 C: 0.841   

EL: 0.510 S: 0.619   
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Appendix D 

 

This appendix provides a list of 37 representative rail surface profiles along with their 

corresponding roughness descriptors, as referenced in Chapter 5. 
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Profile ID 𝑅௔ (𝜇𝑚) 𝑅௤ (𝜇𝑚) 𝑅ௗ௤  (−) 𝑅௦௞ (−) 𝑅௞௨ (−) 

A-1 3.384 4.314 0.004 -0.119 3.662 

A-2 9.037 12.092 0.011 -1.103 -1.103 

B-1 20.228 25.399 0.019 -0.554 3.107 

B-2 20.438 25.328 0.022 -0.563 3.058 

B-3 20.279 25.595 0.019 -0.571 3.128 

B-4 20.286 25.682 0.014 -0.584 3.181 

B-5 20.229 25.267 0.019 -0.568 3.054 

B-6 20.105 25.052 0.007 -0.554 2.998 

B-7 19.858 24.672 0.013 -0.514 2.971 

B-8 19.939 24.977 0.027 -0.606 3.025 

B-9 19.758 24.804 0.018 -0.627 3.266 

B-10 19.437 24.466 0.029 -0.742 3.688 

B-11 19.795 24.765 0.018 -0.636 3.224 

B-12 19.489 24.449 0.013 -0.626 3.247 

B-13 19.406 24.243 0.018 -0.636 3.142 

B-14 19.576 24.637 0.013 -0.623 3.220 

B-15 19.510 24.260 0.018 -0.622 3.095 

B-16 19.394 24.206 0.022 -0.699 3.220 

B-17 19.224 24.113 0.013 -0.680 3.222 

B-18 19.391 24.565 0.018 -0.659 3.235 

B-19 19.557 24.488 0.013 -0.674 3.168 

B-20 19.723 24.743 0.019 -0.612 3.067 

B-21 19.592 24.569 0.013 -0.649 3.052 

B-22 19.479 24.466 0.022 -0.617 2.971 

B-23 19.470 24.397 0.018 -0.683 3.072 

B-24 19.095 24.044 0.022 -0.620 2.972 

B-25 19.314 24.064 0.018 -0.700 3.082 

B-26 19.269 24.047 0.022 -0.668 3.016 

B-27 19.073 23.836 0.017 -0.662 3.084 

B-28 19.154 23.752 0.021 -0.675 3.065 

B-29 19.011 23.797 0.017 -0.636 3.040 

B-30 19.372 24.366 0.022 -0.741 3.156 

B-31 19.340 24.307 0.017 -0.652 3.060 

B-32 19.225 24.374 0.024 -0.735 3.046 

B-33 19.075 23.889 0.021 -0.712 3.054 

B-34 19.188 23.947 0.012 -0.664 3.041 

B-35 19.008 23.763 0.018 -0.631 3.073 

 


