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Abstract 

ABSTRACT 

The behaviour of the hydrodynamic loading experienced by a circular cylinder 
in the presence of boundaries has been the subject of investigation by various 
investigators in recent years. Amongst other things it is relevant to the design 

of offshore structures and subsea pipelines. It is important to be able to assess 
the behaviour of such components of an offshore structure because it has to be 

designed to withstand loading due to flow interactions which are complicated in 

nature and not yet fully understood. 

To gain a clearer insight into the effects of anodes on the overall loading of 

an offshore structure, for example, the local flow around a cylindrical member in 

the presence of boundaries must be understood. In the present study, a numerical 

model based on the Discrete Vortex Method has been developed as a means of 

analysis of such flows since, in comparison to experimental methods, it is a less 

expensive and less time consuming approach in gaining that knowledge. The algo- 

rithm is developed in such a way as to enable application to a range of cylinder / 

cylinder, cylinder / anode, and cylinder / wall configurations subject to a variety 

of steady and time dependent flows. 

The technique has been applied in a number of case studies which include 

the investigation of the flow interactions occuring when two cylinders are in close 

proximity and also when a cylinder is close to a plane boundary. The engineering 

applications are the interference of structurel members, the loading on structural 

elements due to the presence of anodes, and the loading on free spanning subsea 

pipelines. 

The in-line and transvese force coefficients arising from the case studies and 

also the flow patterns obtained are presented in order to provide a more detail 

description of the flow phenomena and interactions involved. The comparison of 
the results with both experimental and numerical evidence is also presented and 
the range within which the algorithm produces good results is identified. 
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Chapter I 

INTRODUCTION 

The hydrodynamics of the circular cylinder has been the subject of many theo- 

retical and experimental studies, particularly since the development of the offshore 
industry in 1940's. The circular cylinder is the most common shape used in the 
design of the offshore structures due to its simple geometry, ease to manufacture 
and also its good hydrodynamic behaviour. Furthermore, data related to cylin- 
der hydrodynamics and structural characteristics are widely available, which is 

convenient in the design process. 

Offshore platforms have to be designed so as to withstand the environmental 
forces, such as those due to waves, currents and wind, either singly or in combi- 

nation. The fluid loading on the cylindrical members of such structures makes a 

most significant contribution to the overall structural loading. 

When a cylinderical member of one of these structures is located in isolation 

or far from the others, its hydrodynamic characteristics will be similar to those 

of a cylindrical member in a fluid with a free surface but otherwise unbounded. 
However, its characteristics can be significantly different when another member is 

positioned near to it or when it is placed close to an impermiable boundary such as 
the sea bed. Sometimes in such structures two members can be very close together 

such as in the case of a cylindrical member and a sacrificial anode. The change in 

hydrodynamic characteristics can be seen in the change of the wake created around 

or behind the cylinder in terms of the flow pattern, the local velocity or the local 

pressure. 

Some hydrodynamic phenomena related to the flow around one or more cylin- 
drical bodies, are still not fully understood due to their complexity. Examples are 

separation, boundary layer interactions, turbulence interaction, vortex shedding, 

and recirculating flows. On the other hand the investigation of vortex shedding 
is important in aerodynamic drag, structural vibration and turbulent mixing and 

so many experiments have been conducted to get a greater understading of these 
flow phenomena. The earliest recorded observation of the phenomena of vortex 

shedding can be found in the surface pattern of a fluid streaming past an ob- 

stacle, drawn by Leonardo da Vinci in about sixteenth century. In recent years, 
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Introduction 

investigators such as Sarpkaya [84] and Sarpkaya and Isaacson [87] have made 

exhaustive studies of the flow around cylinders in uni-directional and oscillatory 
flows. Such experiments have been performed in wind tunnels and towing tanks 
for the uni-directional flows, and in oscillating water column U-Tubes and wave 
flumes for the oscillatory flows. 

It has been shown that the interaction of fluid and structure can produce 
a vortex-induced oscillation of the structure if its natural frequency is near the 
Strouhal frequency at which vortices are shed from it. This can results in a large 

extra load on the structure and can produce a severe fatigue damage that is not 
only costly but potentially can lead to loss of life. 

The nature of the fluid / structure interaction can be influenced by the presence 
of a boundary such as that of another cylinder or the sea bed, in a manner that 
depends on the distance of the gap between the two, expressed in terms of the 

gap diameter ratio, and on the cylinder configuration, such as whether they are a 

side by side, tandem or staggered arrangement. The flow phenomena around two 

cylinders in interaction is obviously more complex than that around an isolated 

one, especially at the stage when the boundary layer around the two cylinders 
interact with each other. 

Zdravkovich [116] shows that when two cylinders are arranged in a side-by- 

side configuration, the drag of each cylinder can increase significantly for a gap less 

than four times the cylinder diameter. A significant change in the vortex ahedding 
from the cylinders can be detected when the gap reduces to less than two cylinder 
diameters, the wake shed by the two cylinders is attached alternately to one or 

other of the cylinders. In this case, the frequency of oscillation has dual values 

which could be double or half that of an isolated cylinder and this, in turn, can 
lead to a greater potential damage of a structure having such a configuration. This 

phenomenon can be attributed to the boundary layer interaction in the gap region 

as the gap gets closer. Similar effects can also occur in other configurations, even 
though they are generally less pronounced compared to the case of the side-by-side 

arrangement. 

When a structure is arranged in such a way that it is similar to a cylinder 

placed between two walls, the effect of blockage can increase the drag by up to 

200% higher than that of an isolated cylinder if the gap is less than two and half 

cylinder diameters ( Stansby and Slaouti [102] ). This is mainly due to an effect 
in which the fluid flowing between the walls is now 'blocked' by the presence of the 
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Introduction 

cylinder which leads to an increase in the drag caused by the increase in the local 

velocity around the gap region and also the reflected wake around it (Lewis [60]). 

The wall-cylinder boundary layer interaction can make the flow phenomena even 
more complicated and usually results in a more 'noisy' vortex shedding process. 

A practical example of an undesirable effect due to flow about a cylinder in 

close proximity to a plane boundary is the cylinder/sea bed interaction as occurring 
for under water pipelines used by the offshore industry. Due to the development 

of an 'asymetric' wake, a lift force directed away from the sea bed occurs and this 

can cause sea bed instabilities and can be a damaging factor for the pipe line. In 
designing a structure to be capable of withstanding environmental loads of this 

nature, it is necessary to be able to assess its unsteady behaviour in relation to 
fluid/structure interaction, and be able to predict the hydrodynamic loads involved. 

In this modern era, in which computing costs are decreasing year by year, nu- 

merical approaches are increasingly used in simulating the type of complex flow 

described above. In developing any numerical method it is necessary to validate 
the method by detailed comparison with experimental result and other theoretical 

studies where they are available. To this end a wide ranging literature survey has 

been undertaken. Searches have been carried out on topics relating to the under- 
lying physical processes associated with the phenomena modelled in the present 

study, experimental work undertaken by other authors in the same area, and rel- 

evant theoretical and numerical work in the literature. The topics dealt with in 

the present study cover a range subjects which are described in separate chap- 
ters. Each chapter references works relevant to the physical phenomena and the 

theoretical and numerical studies reported in the literature that are relevant to 

the subject under discussion. In this manner the results of the case studies can 
be assessed in the context of the works of other investigators and the model, to a 

greater or lesser degree, validated. 

Generally, time dependent flow problems are solved numerically using either 
the Navier Stokes equations or the more simple potential flow theory. The finite 

difference solution of the Navier-Stokes equations is a grid dependent solution and 
in general is practical only for low Reynolds number regimes. This is because 

in order to obtain good definition of the flow, larger and larger numbers of grid 

points are required in the region close to the body since the vorticity is increasingly 

confined narrower and narrower regions as the Reynolds number is increased. At 

high Reynolds number regimes, the convection terms are much larger than the 
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diffusive one and this results in a tendency for the finite difference scheme to 
become ill-conditioned. 

Solution of time dependent separated flows has been achieved using a potential 
flow approach known as the discrete vortex method which involves the continuous 
representation of vorticity in the flow by discrete point vortices. The founda- 

tions of the study of vortex dynamics were laid down by Helmholtz in 1858 and 
Lord Kelvin in 1869. The concept of vortex dynamics is based on the idea that 
the physical representation of the mechanics of the flow as vortex motion deter- 

mines all the physical characteristics of the flow. The model represents the fluid 

as an irrotational incompressible flow, in which the vorticity takes the form of 
embedded singularties and in which the evolution of the distribution of vorticity 
can be determined in accordance with the Helmholtz and Kelvin theorems. From 

the vortex motion the velocity and pressure fields can be calculated. There are 

advantages in describing fluid flows in terms of their vortex dynamics. The study 

of vortex field structures in real flows leads to a deeper comprehension of the na- 
ture of the physical phenomena involved (see Moore [68]). The method is in 

some ways more convenient and relatively easier to use than its alternatives as it 

is based on a Lagrangian representation of the flow than can be simply translated 
into an algorithm which, although computationally intensive, can be effectively 
implemented on modern computers. 

Another advantage of the basic discrete vortex method is that it is grid indepen- 

dent. In fact, most contemporary methods introduce a grid over the computational 
domain as it increases the computational efficiency and allows the introduction of 

many more discrete vortices. However, in such cases the grid can be chosen to give 
high resolution in those areas in which it is required and the calculations confined 
to active grid nodes. 

The present study is concerned with modelling interaction flows between cylin- 
ders in close proximity to one another, and between cylinders and plane surfaces. 
The approach is a numerical one using the discrete vortex based method mentioned 

above. Highly sophisticated models of this type have been developed for the flow 

about single cylinders, but their very sophistication can make them difficult to 

adapt for more complex flows. In this case a simple basic model has been adopted 

and the study has concentrated on developing techniques for dealing with cylinder 
/ cylinder and cylinder / wall interactions. The model has been used to simulate 
the flows described in detail in the later sections. The numerical strategies will 
be presented in chapter Il' after the next two chapters which introduce the fluid 
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phenomena and the basic theory involved. A number of case studies have been 

undertaken for various types of cylinder configuration and also for the case of flow 

about a cylinder in close proximity to one or two plane surfaces. The computed 

results have been compared with experiment and the numerical results of other 
investigators where possible. An account of these studies and the results obtained 
is presented in the following chapters. In the final chapter the model is assessed 
in the context of the case study results and suggestions are made for further work 

and other implementations that may be undertaken in the future. 
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Chapter II 

THE FLOW PHENOMENA 

2.1 The Flow Around A Cylinder 

2.1.1 Uni-Directional Flow 

Experimental results show that there are several flow phenomena that can be 

observed when a body is placed in a flowing stream. One of the important aspects 
of the flow is the behaviour of the fluid as it passes over the body surface in the 

regions defined as the boundary layers. Two boundary layers are developed, each 

starting at the forward stagnation point and extending backwards until it reaches 
the backward stagnation point. The stagnation points represent two points of zero 
flux on the upstream and downstream faces of the body. 

When the Reynolds number is around three, the boundary layers experience 

an adverse pressure gradient on the rear face of the body which forces them to 

separate from its surface before reaching the downstream stagnation point. The 

location at the surface where the boundary layers start to separate is called the 

separation point and the angle between the downstream stagnation point and these 

separation points is termed the separation angle. 

An increase of the Reynolds number beyond three causes the boundary layers 

to extend out from the surface to develop the shear layers. These layers represent 

regions where the fluid velocity just outside and inside the layers are different in 

magnitude. Eventually they roll-up to form regular, symmetric vortices immedi- 

ately behind, and attached to the body. These vortices continue to grow until 
the Reynolds number reaches around 40, at which point the separation angle has 

reduced to about 130°. 

At this point asymmetry begins to appear and when the Reynolds number 

reaches around 80 or 90, one of the vortices breaks away from the body and is 

convected downstream. During the formation of a new vortex in its place, the 

second vortex breaks away also and a regular pattern of skew-symmetric vortices 
begins. 
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Figure 2.1. - Flow Rcgirmc of a Cylinder in UPi-Diitctiou ni Flow. 

Downie[26] produced the flow regime diagram in figure (2.1), which shows 
that at the Reynolds number between 100 and 300 the vortex street remains 

laminar for up to about. 100 dianneters downstream of' the body. with the Strouhal 

number ('j)) betýýeen 0.1 and 0.1(ý and the separation angle decreasing to around 

1100. a shoe n in figure (2.2). F or Reynolds numbers closer to 300. turbulence 

starts to develop ald this behaviour continues to spread along the street towards 

the body as the Reynolds number reaches above 300. Street, vortices. as close as 

50 diameters to the body, begin to lose their skew-symmetric structure and the 

turbulence effects begin to move closer to the body along the shear layer. 

At about the end of this sub-critical region (RE = : 300 - :3x 10J) the flow 

around the stagnation point is now becoming turbulent. At this stage the Strouhal 

number increases to around 0..? and the separation angle decreases to as low as S'0°. 

At Reynolds number of about 4x 10'5. the separation angle suddenly increases to 
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Figure 2.2. - , 
S'( paralron :1 iigii 1 .. Reynolds 

. '1''untbEr. 

140° as the boundary 1a. ye it', elf becomes turbulent because turbulent boundary 
layers are more resistant to an adverse pressure gradient than the laminar boundary 

lavers, and so separation occurs further downstream just after transition than it 

did just before transition. 

The flow condition at. Reynolds number above this and up to 15 x 105 is 

characterised by increasing turbulence in the boundary layer and a decrease in 

the separation angle. The St rouhal number reach a. value as high as 0.46. At 

Reynolds nurnber above 25 x 105. the boundary layer becomes fully turbulent and 
the separation angle decreases to about 110°. 

The forces experienced by the body are directly related to the cycle of the 

vortex shedding. The pressure (list rihut ion around the body changes continously 

as vortices are shed and travel downstream and this leads to periodic changes in 

the force experienced. The component of force in line with the direction of the 

ambient flow is termed the drag forct. while the other orthogonal component to 

this force is called the lift forct. 

The influence of the above flow phenomena on the separation angle and the 

Stroulhal number as described above. and on the force coefficients is illustrated in 
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figures (2-2). (2.3). and (2.4). 1 S1)ect i\'c1y. 'kille drab force consistent lkk clecrea. ses 
as the He ]]Olds Iluniher Increases from laminar to sub-critical flow regimes. It 

reaches a relat. ivelti, constant, value of around 1.2 at t lie Reynolds number between 

lx 103 - '? xI OO. As mentiouc'cl earlier. a di-op in the drag coefficient (Inc to the 

t, urhulernt effects in the hotincla> V )giver occurs l)et wecii Reviiolds nUIfber 3x 105 

-5x 10'. The drag coefficient (I1ýo1)5 from 1.2 to as low as 0.. 3' and flows in this 

regime are said to have ti»<lergo>>c the 'drag 

This can be attributed to a narrowing of the wake as the separation points move 

downstream immediately following transition of the boundary layers to turbulence. 

The energy in the wake in this region is banded and vortices are difficult to discern. 

Beyond this Reynolds number. the drag starts to rise again until it. reaches a value 

of about 0.6 at a Reynolds number of 3x 105. at which point it appears to level 

off again. The process become narrow landed again and vortices can be clearly 

distinguished. The flow. however. is now fully Iiii-bi lent. 

The other force coefficient. the lift coefficient has also been investigated by 

many authors. see Sarpkava [88]. The variation of the lift coefficient with the 
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In the laminar regime of Reynolds number under 150, the mean value of the 

maximum lift coefficient, of about O. S is to be expected. At higher Reynolds 

number, there is a spread in reported values of the lift coefficient ( ever allowing for 

different approaches to presentat, ion ) which is probably connected with differences 

in experimental conditions and techniques adopted by different investigators. The 

force coefficients are difficult to quantify in the drag crisis. As the Reynolds number 

increases beyond this region into the super-critical and turbulent regimes, the 

fluctuating lift, is more readily determined and may be seen to have a. lower value 

than for the lower Reynolds number range. 

The magnitude of the periodic component of the drag force is small compared 

with that of the steady drag and the fluctuating lift forces. The drag coefficient 
fluctuates with an amplitude in the order of 0.0.5 to 0.1 with a frequency of twice 

that of the lift fluctuations and the alternate vortex shedding. 
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2.1.2 Oscillatory Flows 

In oscillatory flows the fluid particles move repeatedly back and forth with 

each cycle occurring over a, certain period of time. In other words, the flows do 

not only accelerate from and decelerate to zero but change direction as Nvel1 during 

each cycle. If a cylinder is placed in such a. flow, the vortices created over the 

first, half cycle together with those created when the flow changes direction effect 

the fluid loading on the cylinder significantly differently to those generated by a. 

cylinder placed in a, uni-directional flow as described above. The separation points 

consequently undergo large excurtions. The boundary layer might also change from 

1a. minar to a partially or fully turbulent state, and the Reynolds number might also 

range from subcritical to pos-supercritical over a given cycle. The interaction of 

the vortices shed from cycle to cycle also plays a significant role in the development 

of the flow pattern and the fluid loading. which in turn may also differ from cycle 

to cycle. 
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The Keulegan-Carpenter number, Kc =u DT , 
is normally used to classify 

oscillatory flow regimes. The symbols ums, T, and D here are the free stream 
velocity, the period of the flow and the cylinder diameter respectively. This number 
shows the relative magnitude of the fluid particle orbits to the characteristic length 

of the body over a cycle of the motion. Bearman [8] and Obasaju et. al [71] 
divided the flow into the six following regimes: Kc < 4,4 < Kc < 8,8 <Kc< 
15,15 < Kc < 22,22 < Kc < 30, and Kc > 30. The first four regimes are 
called the symmetric, the asymmetric, the transverse, and the diagonal regimes 
respectively. The fifth regime is called the thirdvortex regime while the last regime 
is named the quasi - steady regime. Each regime is identified with a distinct vortex 
shedding mechanism. 

For small values of the Keulegan-Carpenter number less than 4, in the sym- 
metric regime, pairs of vortices experience flow reversal before they are shed. The 
flow therefore remains symmetrical and the generated vortices remain close to the 
body. No transverse forces are experienced by the cylinder. 

As the Keulegan-Carpenter number increases beyond 8 to enter the asymm- 

metric regime, the convection and diffusion of vorticity starts to create a distinctive 

pattern of vortex shedding. Vortex pairs are formed with different strengths before 

the reverse flow sweeps them back to interact with the pair subsequently forming 

on the opposite side. This causes the flow to be asymmetric and as a consequence, 
the transverse force becomes noticeable. 

Two opposing vortices formed during the first half cycle of the flow, which 
is similar to that of uni-directional flow, can appear in the transverse regime, 

which occurs at a Keulegan-Carpenter number of about 15. One of these vortices 
develops larger than the other and is swept back during the next half cycle of the 

flow to combine with the newly formed vortices of opposite sign. The two pairs of 

vortices also behave similarly in the following half cycle of the flow. In this regime 
the transverse force becomes significant. 

Bearman[9] shows that in the diagonal regime, at a Keulegan-Carpenter num- 
ber of 15 to -2-2, there are two diametrically opposite streets of vorticity making 

an angle 45 degrees to the axis of the flow. In this regime there are two modes of 

shedding, which should be separated when evaluating force coefficients. 

The evolution of this pattern also occurs for the Keulegan-Carpenter number 

number approaching that of -2 to 30, and is the third vortex regime. In this 

12 
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regime a. Karman vortex street. begins to form over each half cycle in which three 
vortex pairs are shed and begin to form steady structures. 
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In the Neulegan-Carpenter number range of 22 to 80, which is called the 

quasi-steady regime, an additional vortex is shed after each increment of 8 to the 
heulega. n-Carpenter number. This eventually gives streets similar to those of the 

steady flows. Where is no further changes of the characteristics of force coefficients. 

The in-line force experienced by a cylinder in an oscillatory flow can be esti- 

mated using the Morison equal ion ( Morison and O'Brien [69] ). This equation 
defines the in-line forces in terms of drag and inertia. components which are pro- 

portional to the flow velocity and the flow acceleration as follows, 

-, 
du 

F=pa tý rt Cd +pa 
Alu 

C»7 (2.1 

\Vhere p is the density of the fluid. a is cylinder radius. The undisturbed 
rcloci/y. u. and accchration. of the flow mu-t be determined by some suitable 
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method. For example, first order potential theory is oft, eii used in the case of 

cylinders in Nva. ves. The dreg coefficient. 01, and the inert i<i coefficient. Can. must 

have appropriate values assigned to then-. In their original work. Morison and 

O'Brien determined them by fitting the equation to experimental results obtained 

with a, cylinder in wva. ves. Subsequently considerable work has been done in this 

area, to establish suitable coefficients to be used with the Morison equation for 

determining the fluid loading on offshore structures. 

Sarpkaya [83] have carried out exhaustive experiments using aV -Tube. The 

time averaged coefficients evaluated by Sýrpkaya are given by 

: 37-, r F(t) 
Co's 

27; t (2.2) Cd =4T 
Jo 

ý, pi i-D 

-a 
Io? 

u-D T 
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where T is the flow period, D is the cylinder diameter, and F(t) is the time 
dependent in-line force per unit length measured by experiment. The force co- 
efficients are determined by the flow regime existing, and so are functions of the 
Reynolds number, Keulegan-Carpenter number and cylinder roughness. 

As explained by Sarpkaya and Isaacson [87], the behaviour of this flow 

can also be described with reference to the frequency parameter 13 =h, where 
Re and Kc are the Reynolds number and the Keulegan-Carpenter number respec- 
tively. When the force coefficients are plotted for constant ß, it can be seen that at 
a Keulegan-Carpenter number of around 15 the drag and inertia coefficients reach 
their maximum and minimum values respectively and this becomes increasingly 

pronounced for lower Reynolds number or ß parameter. The values of Cd and 
Cm over the whole range of the Keulegan-Carpenter number and also at various 
values of the frequency parameter ß are displayed in figures (2.6) and (2.7) respec- 
tively. It can be seen that Cd and Cm do not vary appreciably when the Reynolds 

number is less than 2x 104. The plot of Cd and Cm as functions of Reynolds 

number for constant value of the Keulegan-Carpenter number are also shown in 

figure (2.8) and (2.9) respectively. These figures show that for most values of the 
Keulegan-Carpenter number, Cd decreases with increasing value of the Reynolds 

number. It tends to an asymptotic value at post-supercritical Reynolds number. 
The inertia coefficient increases with increasing the Reynolds number and tends 

to an asymptotic value of about 1.85. 

As described earlier, various flow regimes are associated with distinct vortex 

shedding mechanisms, most of which lead to distributions of vorticity that are 

asymmetric about the axis through the cylinder parallel to the direction of the 

flow. For this reason, the cylinder also experiences time dependent forces in a 
direction orthogonal to the flow. The Morison equation is only concerned with the 

force in-line with the flow. The force coefficient representing the transverse force, 

is referred to as the lift coefficient. In the case of oscillatory flows it is normalised 

with respect to the velocity amplitude. Figure (2.9), (2.10) and (2.11) show that 

this coefficient is a larger proportion of the total force at lower Keulegan-Carpenter 

number. It exhibits a similar behaviour to the drag and inertia coefficients whose 

maximum values occur at a Keulegan-Carpenter number of around 15. 
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2.2 The Flow Around Two Cylinders 

The flows about adjacent bodies may interact in such a way as cause the force 

on individual members to decrease or increase over the single member value. An 
example, of such an interaction is the flow about the structural members and con- 
ductor pipes of an offshore platform ( see Mair and Maull [62] ). The interaction 
is due to the structural geometry affecting the flow behaviour. The upstream or 
downstream velocity relative to a given structural member can be altered signifi- 
cantly by the presence of adjacent members. Several studies have been carried out 
for the flow around group of cylinders. 

The interference between two cylinders will occur either when they are suffi- 
ciently close to each other or when the rear cylinder is adjacent to or within the 

wake of the upstream cylinder. Based on the arrangement of the cylinders, accord- 
ing to Zdravkovieh [116]. there are four regimes. which can be plotted as shown 
in figure (2.12). 

4-\ " BISTAILE FLOW REGIONS 

3' 

T NO IMTEAFER E CE 
nýoxlwlnrý. D 

2 OTERFE. REI. GE ***ý- 
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Figure 2.12. - In/f i: fc rc nC( R(giiu, for Ih( Flow of Two Cylindc r,,. 

The processes associated with the regimes are as follows: 

Pro. rim it yii? / fieren cF : the flow field or mot ion of eit her cylinder affects the 

other and this mainly occurs, in side-by-side and slightly staggered arrange- 

ments. 
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" Wake interference: the flow or motion of the upstream cylinder affects the 

cylinder in the wake and this happens in both tandem and staggered arrange- 

ments when the distance is greater than four diameters. 

" Proximity and wake interference: the wake behind the upstream cylinder is 
influenced by the downstream cylinder and this can occur at small spacings 
in both tandem and staggered arrangements with distances smaller than four 
diameters. 

" No interference region. 

The boundaries of the different regimes are dictated by parameters such as the 
free stream velocity, level of turbulence and surface roughness and will be described 

in more detail in the following sections. 

2.2.1 The Side-By-Side Arrangement 

The problem of predicting the flow around cylindrical offshore structures in 

close proximity has been approached in a number of ways. One is the investigation 

of the flow about a pair of circular cylinders separated in a plane normal to the 

free stream. This arrangement is different from the the flow described previously 

as it exhibits a discontinuity in the flow and measured forces at certain spacings, 
Sarpkaya and Isaacson [87] and Zdravkovich[116]. 

Biermann and Herrnstein [13] carried out measurements of the drag force 

when two circular cylinders are arranged side by side in a wind tunnel. They 

displayed the measured forces in terms of the interference drag coefficients, which 
is defined as the difference of the drag coefficient of a single cylinder in this present 

arrangement with that in isolation, as shown in figure (2.13). They noticed that 

at all spacings greater than 5 diameters, the interference drag is zero, or in other 

words, no mutual interference between the two cylinders is detected in this range. 

The interference drag increases as the spacing decreases, but only down to 91 

diameters. At less than this critical spacing there is an indication of a discontinuity 

in the measured forces and two different bistable nature flow patterns. 

A similar behaviour was also found by Lanweber [57] who undertook a. pho- 

tographic study of the wake behind two cylinders towed in water. He chose the 

spacings of 1,14 ,1,9,21, :3 and 4 diameters and found a single vortex street 

for the first two spacings, 'confused' four rows of vortices for the third and two 
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vortex street's for the rest. Ishigai et. al. [48] took the photograph of the forma. - 
t. ion region around the cylinder at various gap distances as shown in figure (2.14) 

below. He referred to the confused row of vortices resulting from the close prox- 
imity of the cylinders as the Coanda cf%'ýct vlhich can lead to a. different size of the 
formation region and shedding frequency from one cylinder to the other. In this 

case, the wakes from each cylinder combine into a single wake in the downstream 

region, and form a, conventional harman vortex street. 

In an experiment carried out by Hori [47) at Reynolds number S x 104. a 
discontinuous change of the brie pressure coefficient at spacings of 1-2 and 2.0 

diameter. was also identified. 

Another observation of a similar variation in the base pressure was reported by 

Bearinan and WTadcock [11] who measured it on loth cylinders. Their results 
for the Strouhal number, base pressure coefficient and also lift and drag coefficients 
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Figure (2.14). - 1'icttirc. of ormaatro11 r, E! gion for si(ic-ley-siJlr arýýýý7ýcntcat. 

are displayed m figures (2.15). (2.16). and (2.17). 

The vortex shedding frequency \vas also investigated by Ishigai et. al. [48]. 

They showed that when the gap is greater than twice the diameter there is no 

change of Strouhal number compare to that of a single cylinder. For less than 

this value, two different values of the Strouhal number exist,. The higher is for the 

cylinder towards which the flow between the cylinders is deflected. while the lower 

is for the other cylinder. This is due. as explained above. to the bi-stable nature 

of the flow whose direction is not stalle and changes at random tinge-intervals one 

direction to another. Spivak [96) also observed this phenomenon and his graph of 

the dual value of the Strouhal number at different spacing is reproduced in figure 

(2.15) below. 
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and the base pressure have been plotted, and in figure (2.18) Zdravkovich [116] 

defined four flow regimes for two equivalent cylinders set up normal to the flow. 
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«'hell the gap-diameter ratio D is greater than . 3. and the flow resembles the 
flow a. roufd an isolated cvlinder, it is classified as the no - iitter. fcicncc regime. 
This means that, the mean value of the lift coefficient is zero and the drag coefficient 

oscillates at twice the frequency of that of the lift coefficient, about its mean value 

. of 1.2. The Stouha. l number is expected to be 0. -1 

The coupled cortex gtr(Et regime is identified with the situation where the two 

cylinders are with a. gap-diameter rj' range of 2 to 1i . At this stage the interference 

drag and lift, coefficients are gradually increased while the Stouhal number is still 

the same. Two vortex streets of equal frequency are detected and are coupled 

out-of-phase with one another. This means that vortices formed and shed from 

the gap side of the cylinders are in phase as are those firom the other sides. This 

results in a Karman vortex streets 
behind each cylinder. Some interaction between 
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the cylinders and the wake is detected. 

As the gap decreases to between 1.2 to 2 diameters. in the bistable regime. 
a strong interaction occurs and the flow in the gap is listable and intermittantly 
biased to one side or the other. This gives rise two values of the Strouhal number 
and discontinuit\" of the drag and lift coefficients. 

SIDE BY SIDE AND TANDEM ARRANGEMENT 
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The single vorte. r st rFet regime defines the phenomenon when the gap-diameter 

ratio is less than 1.2. As implied by the name, the vortices shed from the two 

cylinders combine to form a single vortex street downstream as if the two cylinders 

were one body. Bot h drag and lift coefficients rise sharply and the Stroullal number. 

as shown in figure (2.15). has only one value as the two cylinders are strongly 

coupled by the flow field. 

24 



The Flow Phenomena 

2.2.2 The Staggered Arrangement 

In engineering applications. such as fixed offshore structures. when the di- 

rection of the oncoming flow constantly changes. the fluid-structure interaction 

problem for much of the time will be much closer to this type of arrangement. 
From his experiments with two equal cylinders with three spacings of 1.2. ?. 0. 

and 3.0. Hori [47] was able to plot the resultant interference force coefficients as 
displayed in figure (2.19). The force coefficient were obtained by vectorially sub- 
tracting the drag coefficient for the single cylinder from the given force coefficients. 
The interference effects are proportional t. o the vectors shown in the figure. 
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If the direction of the vector is to the left. it indicates that the drag at that 

position is less than that of the single cylinder and vise versa. I_he upward direction 

in the upper half or downward direction in the lower half of the figure indicates 
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repulsive lift force experienced the two cylinder if another cylinder is situated in 
that position. 

By comparing the interference force coefficients to those of the single cylinder. 
Hori [47], classified the regions around a cylinder bounded by lines of zero lift 
or zero interference drag coefficients. As mentioned by Zdravkovich [119], the 
upstream cylinder can then be situated in three regions, which are also displayed 
in figure (2.19), as the region in which there is: 

1. A negligible lift force and reduced drag force. 

2. A small repulsive force and reduced drag force. 

3. A repulsive lift force and increased drag force. 

In addition to the above, the downstream cylinder can be situated in the 
following regions in which there is 

4. A negligible lift force and increased drag force in which beyond this region 
there is no interference. 

5. A negative lift force and decreased drag force. 

It is shown in this figure that the upstream and downstream cylinders in any 
staggered arrangement usually belong to different regions. The cylinders in tan- 
dem arrangements for spacings less than the critical, and side-by-side arrangement 
beyond the bistable range, are both in the same region. When the cylinders are 
in the side-by-side arrangement within the bistable range, one belongs to region .3 
and the other to region 2, or vice versa. 

Kiya et. al. [57] divided the arrangement of two cylinders into 5 regions, as 

shown in figure (2.20), based on the Strouhal numbers which are drawn using 
linear interpolation over the measured values. They carried out their experiment 

at a Reynolds number of 1.58 x 104. 

The regions, were based on the value of the Strouhal numbers compared with 

those of a single cylinder and the characteristics of the wake pattern. The regions 

classified in this way are as follows; 

1. The region where the Strouhal number is higher than that for a. single 

cylinder. 

2. The region where its value is less than for a, single cylinder. 
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3. The region where its bistable vortex shedding appears. 

4. The region where the vortex shedding behaves as for single cylinder. 

5. A region with weak vortex shedding. 

Zdravkovicli and Pridden [117] also produced results for stea. cly lift and 

drag coefficients for the downstream cylinders at, a Reynolds number of 6x 10'1, as 

shown in figures (2.21) and (2.22) respectively. The upstream flow has a. significant 

effect on the variations in the dynamic effect on the downstream cylinder. This is 

because of the total pressure defect in the wake and also of the high turbulence 

level of the upstream flow. The minimum drag curve is plotted in a chain-dot line. 

The lift, coefficients give a positive repulsive force in the vicinity of side-by- 

side arrangements w bile the other staggered arrangement ` give a negative force 

directed toward the wake centre. The negative lift force gradually decreases its 

value towards a minimum one. There are two separate curves representing the 

maximum lift coefficient; one inside the Nvake for distances less than 3 diameters 

and the other near the wake boundary for distance greater than 2. i diameters. 

Ishigai et-al. [48] took photo^raphti of the formation region near the cylinder 

and the results are displayed in figure (2 . 23) above. He also studied the effect of 
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different arrangements on the flow pattern and force coefficients. Bokaian and 
Geoola [14][15] also carried out similar measurements for the drag and the lift 

force coefficients and presented the results in graphs with variation of their relative 

position. 

Kira et. al. [57] summarized the general features of the flow around the two 

c`"linders in a various arrangement as follows: 
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" \N"ith r(-, SJ)ect, to v, orieX sl)eclcli>I . the cý-lifclers behave aa jingle body When 
the distance between their centres is less than 1.:; clianieteis. 

" For the upstream cylinder. there exists a region in which the Strouhal number 
is higher than that of the single cAlinder. 

In general. I he St rotilial number of the downstream cylinder is lower than for 

the single cylinder except when the spacing is less than 1.,, / diameter in a 

tandem arrangement. 

" The gal) flow between the cylinders is biased to the upst ream cylinder and this 

causes the wake befind the upstream cylinder to be much narrower than that 

of the downstream cylinder. This also shows that narrower wakes correspond 

to higher St roulhal numbers. 
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2.2.3 The Tandem Arrangement 

Zdravkovich [115] and Zdravkovich and Stanhope [118] conducted e\- 
periments in a wind tunnel in which the vortex street was made visible by the 
introduction of a "smoke" filament into the free stream from injector tubes lo- 

cated upstream of the cylinder, near the end of the contraction. He noticed that 
the wake at some spacings and velocity range significantly differed from that of an 
isolated cylinder as a result of the interaction. 

The comparison of the single cylinder at Reynolds numbers of 83,92,121, 

and 156 to a tandem spacing of 12 diameter shows that the vortices decay and 
diffuse downstream very fast and this intensified as the Reynolds number increases. 

The transition to turbulence, which starts from the beginning, is seen at Reynolds 

numbers 121 and 156. 

As the spacing between cylinders reduces to 8 diameters, the transition to 

turbulence is delayed although at Reynolds number 156 the wake is fully turbulent 

right behind the tandem cylinders. 

Other experiments at spacing of 3 diameter show that a fully developed vortex 

street appear at Reynolds numbers 121 and 156. At a Reynolds number of 8.1 

sinous oscillations are seen in the wake of tandem cylinders, starting some distance 

downstream. 

More regular and laminar vortex streets are generated as the spacing reduces 

to two diameters for all investigated Reynolds numbers. 

Zdravkovich concluded that there is a suppression of transition to turbulence 

in the wakes of the tandem cylinders when the spacing is less than four diameters. 

He demonstrate this by decreasing the spacing between cylinders from 12 to one 

diameter. At bigger spacing he found no regular shedding of vortices and a turbu- 

lent wake appeared at a lower Reynold Number. At the spacing of four diameters 

a Karman vortex street was generated behind the tandem cylinders later than is 

the case for a single cylinder. At spacings less than four diameters transition t0 

turbulence in the tandem cylinders wake was delayed as the spacing was decreased. 

Biermann and Herrnstein [13] investigated the effect of spacing on t lie 

cylinder drag as shown in figure (2.24). They plotted the results in terms of an 

interference drag defined as the difference between the drag of one cylinder. or 

two cylinders in tandem, and the drag or suns of drags on the single cylinder. 
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Curve :A represents the interference drag coefficient of the front cylinder in the 

presence of' the rear one. The interference drag coefficient is effcccti\*elvv zero for all 

spacings except in the range between two and four. The curve B represents the 

interference drag coefficient of' the rear cylinder in the presence of the front one. 
The interference drag is negative for all spacings. and for spacing less than two 

is less than minus that of the cylinder in isolation. This is termed the 'shielding 

effect in which the rear cylinder experiences a forward thrust. Curve C represents 

the total interference drag coefficient. which appears to be negative for all spacings. 

Thus the overall drag of the cý-linders in tandem is less than the drag of the single 

one taken twice. as mentioned by Zdravkovich [1151[116]. 
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Ishigai et. al. [48] conducted some experiments at higher Reynolds numbers 
by varying the gap distance from 1.1 to 5 diameters and visualising the formation 

region around the two cylinders as shown in figure (2.25). In an arrangement with 
a small gap, the formation region of the upstream cyl inder elongates down stream 
beyond the downstream cylinder. F or a sufficientIv large gap. the downstream 

cylinder is beyond the formation region of the upst ream cylinder and each cylinder 
forms Na rnia n vortex streets. 

Hori [47] measured the pressure distribution around two cylinders for three 

spacing configurations; i. e. 1.2. t?. 0. and . 3.0 diameters apart and he found that 

the side of the downstream cylinder facing the gap had a very low negative pressure 

whose value was almost the same as the base pressure of the upstream cylinder. 
This is an indication that the flow in the gap is almost stagnant. Confirmation 

by Ishigai et. al. [48] suggested a similar evidence for this. He also noticed that 

the negative gap pressure in front of the downstream cylinder exceeded that on 

the base side behind and this shows that the downstream cylinder experienced a 

negative drib-thrust force. 
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The characteristics of the velocity fluctuations. measured in the Strouhal num- 
ber, depend strongly on the location in the wake. Ishigai et. al[48] showed that 

there exists a. critical gal) of about . 3.8 cylinders, below which the regular frequency 

fluctuation is observed only behind the downstream cylinder. At greater gaps the 

vortex shedding frequency of both cylinders are equal as both cylinders form a 
Karman vortex street. They also showed that the velocity fluctutat. ion and hence 

the Stouhal number is strongly influenced by the pressure coefficient. 

. 25 
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Zdravkovich [118] classified tlic flow phcnonicii a around two cylinder in tan- 

dem. as shown in figure (2.17) and (2 
. 
26), based on experimental data as follows; 

When the gal) less than 0.1 diameter apart. which is called the single body 

regime, the two cylinders act, as it single body and there is no reattachment, of 

the shear layers separated from the upstream cylinder. The downstream cylinder 

experiences a negative drag force and the Strouhal number increases up to 0.2J. 

Alternate reattachment of' the shear layer separating from the upstream cvlin- 

der occurs when the gal) is between 0.1 and 0.6 diameters. The downstream 

cylinder still experiences a negative thrust force although less in magnitude. The 

Strouhal number value also decreases. 

quasi-steady reattachment on the front side of the downstream cylinder is 

Iloticable when the gaj) Talfes from 0. (; to J. diameters. Both the drag and the 
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Strouhal number decrease as the gap decreases. 

At a gap of 1.4 to 2.5 diameters, an intermittent shedding appears in which 
one of the reattached layers is disturbed but there is still no regular vortex shedding 
from the upstream cylinder. The drag and the Strouhal number of the upstream 
cylinder continue to decrease, while the downstream cylinder starts to experience 
a positive drag force. 

The near wake region becomes unstable as the gap reaches ?. 5 to 3 diameters. 
In this regime, vortex shedding behind the upstream cylinder persists for sometime 
and then is intermittently suppressed and replaced by the previous reattachment 
flow regime. The downstream cylinder experiences a sharp rise of the Stouhal 

number and this is also reflected in a jump of the drag coefficient for both cylinders. 

For a gap greater than 3 diameters, vortex streets are created from both cylin- 
ders. The Strouhal number rises as the gap widens and falls to a certain value as 
the gap reachs 8 diameters. It is observed that the drag of the upstream cylinder 
is always greater than that of the downstream one. The Strouhal number of the 
downstream cylinder is equal to that of the cylinder in isolation. 

2.3 The Flow Around A Cylinder Near A Plane Boundary 

In oil exploration activities, the design and installation of pipelines in water 

offshore, is one of the major problems to be tackled. There are various difficulties 

that have to be overcome in the design of unburied pipelines laid on or near the 

ocean bottom. Contributory factors include wave-current combinations, scour, 

vibratory motion, roughness and its growth with marine fauna and flora, sediment 

motion, wind and free surface effect, nonlinear waves and wave trains. Any one of 

these factors at sea bed level can cause some level of damage to the pipes lying on 
it. 

Various studies involving cylinders in close proximity to an impermiable surface 

have been conducted using computers and laboratory. For example, Sarpkaya [83] 

has carried out U-Tube experiments, Bearman and Zdravkovich [12] have per- 

formed wind tunnel experiments and Angrilli [2], Fredsoe et. al [34], Grass [41] 

and Summer et. al [105] have conducted experiments in open water channels. In- 

vestigations have been carried out in both uni-directional and oscillatory flows. 
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2.3.1 Uni-Directional Flow 

Bearman and Zdravkovich [12] conducted experiments in a wind tunnel 
with a Reynolds number of 4.5 x 104 for the flow around a circular cylinder placed 
at various heights above a plane boundary. They revealed that regular vortex 
shedding persisted at the same Strouhal number for all gaps down to D= 0-3. 
where G is the gap and D is diameter of the cylinder. For all values D<0. 

.3 strong 
regular vortex shedding began to be suppressed, and when the cylinder touched 
the wall there was no regular shedding of vortices. 

This is in line with the results presented by Grass et. al. [42] who carried out 
their experiment in an open flow channel and at a subcritical Reynolds number 
about 103. 

As the cylinder was moved away from the wall plate the pressure distribution 

around the cylinder became more symmetric about the front stagnation point and 
by D=0.4 it was perfectly symmetric. At small gaps the separation point on 
the side nearest the wall moved down stream of the narrowest point of the gap. 
The flow around a cylinder close to a wall can be considered to be analogous to 
the flow around two cylinders in a side by side arrangement. For D above 0.5 the 
two flows are similar. However, the flow about two cylinders becomes bistable for 
D <0.5 whereas a cylinder near a wall shows no such instability. 

The flow pattern at various gaps of 0,0.2,0.3,0.4,0.8,1.0,1.2 and 2.0 
diameters are reproduced from Bearman and Zdravkovich [12] and also from 

Grass et. al. [42] and displayed in figures (2.27) and (2.28). 

Roshko et. al [77] measured lift and drag coefficients on a circular cylinder 

near a wall at D from 0 to 6. The experiment was carried out at a Reynolds 

number of 2x 104. They found that at large D the drag coefficient was about 
1-2 and that is slightly increase as D reduced to 0.6. However, further reduction 

of D will decrease the the drag coefficient until the cylinder touches the wall. 
They suggested that this reduction is mainly caused by the interference of the wall 

with the vortex shedding and the immersion of the cylinder in the lower energy 

wall-boundary layer flow. 

Other data on the predicted increase in shedding frequency and Strouhal num- 

ber unfortunately appears to be contradictory. Goktun [36] reported an increase 

in Strouhal number to a maximum of the order of 5 per cent which occured at a 

bed gap of about 0.5 diameter. Bearman and Zdravkovich [12] found that the 
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(a) C/D = O. (b) (-ID= 0.2: (c) CID= 0. )/ 

(d) CID = 0.8: (b) G/D= 1.. (c) G/D= 2.0 
Figure 2.27. - T/i Flow Pa/tcrn of a cylindcr ncar a wall 

vortex shedding frequency. as computed by digital spectral analysis. was relatively 

constant with respect, to bap variations. However. their data appears to reveal 

an upward trend in the recorded values of Strouhal number of approximately 5 

per cent at a gap of 0.7.7 diameters. Angrilli et. al. [2] argued that this effect is 

caused by a reduction of the scale of the vortex formation region due to the prox- 

imity of the wa11, and that when the shear lavers are brought closer together, their 

interaction is facilitated and the shedding period is shortened. He then plotted the 
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(c, ) (11/1) = 0.3: (b) (%/l) = 1.0 
Figure 2.28. - The /[iou, Pa11crir of a cyllod(1 uc«i' ca wall 

variation of vortex shedding fiequencv as a function of wall distance from the test 

cylinder. see figure (2.29) which shows that the shedding frequency is gradually 

increased as the gal) is reduced. As much as 10 ]ße1' cent inc rease is expected when 

the gap is very small. 

2.3.2 Oscillatory Flow 

Yani-amoto et. al. [113. carried out experiuicnts in the range of Reynolds 

numbers from 2000 to . 30000. In this unseparated range, the wake dependent 

drag force is negligible and the in-line as well as the transverse forces are mainly 

due to the wave acceleration. Under such conditions. the use of potential theory 

to calculate the force coefficients is adequate. The results of his stud- show that a 

net force exists away from the Nvall when the cylinder touches the wall while a net 

force exists toward the wall when a small gap exists between the cylinder and the 

wall. 

Sarpkaya (83] measured the in-line and transverse forces on cylinders near a 

wall in a fluid oscillating sinusoidally in the range of subcritical Reynolds numbers. 

He conducted the experiment in a U-shaped. vertical water tunnel in which the 

fluid in the tunnel is oscillated pneumatically and the cylinder model is placed at 
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a variable distance from t he tunnel wall. 

The asymmetric flow created when a cylinder is placed near the plane Nva. ll 

generates lift and drag forces which can be of considerable magnitude for small 

gaps. In unseparated flow, the lift, force acts in a downward direction, which is 

generally different from that due to separation and vortex shedding. in which. 

when the cylinder touches the boundary. a net force exists away from the wall. An 

alternating lift force can be produced. if there is a small gap between the cylinder 

and the wall. due to asymmetry in the flow along witlh and vortex shedding about 

the cylinder. 

Sarpkaya [82] and Sarpkaya and Isaacson [87] also showed that the force 

coefficients depend not only on the Reynolds number and the relative gap between 

:3 



The Flow Phenomena 

5 r -, 
C. 

. roai * . º(UG( 

LUST sooft , ham, 

A X00 I I0 l(AS1 IQLA 1 PETWW 

, >-, 

4 
2 - 1 f t i 

00 
fs ................ _.. .... ýo. 37S 

1 
% O. No 

F tT 

Di e. 

0 5 10 15 20 25 30 

Figure 2.30. - Drag Coc. cicnt 1's. A'(zulcgan-Carpcntcr A'u, nnbers for 

1. '(rrroii., ý l alvc of Gap Ratios 

5 

4 

3 

2 

y9.0.014 

--------------- 0.10 
--------- _-- - 

0.77 

0. m 

9 FOODI[R AWft*, r( R LIAS1 SO. r(TlCO 

a EI' I ED UASI SRWUS P9 T1 

OL 
0 

9 Tb 

5 10 15 20 25 30 35 

Figure 2.31. - Inertia Coefficicnt 1's. IiEUlegan. Carpenter \ 11772b6l's for 

I arious 1 aliucs of Gap Ratios 

the cylinder and the plane boundary but also on the I<eulegan-Carpenter number 

and the time dependent laminar or turbulent boundary layer characteristics. 

Sarpkaya [82]*s results for the force coefficients as a function of the «"a11 

proximity at various values of Neulegan-Carpenter numbers are displayed in figures 
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(2.30), (2.31). (2.32),. (2.33). and (2.34). 

These figures slow that large lift force both away from and toward the wall 

could occur in ci given cycle of oscillation. The practical significance o f this is that 

these oscillations could cause scoter and fatigue. The coupled motion between the 
in-line and transverse oscillations m ay lead to disast roux consecýtýcnceý. 
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Chapter III 

THEORETICAL BACKGROUND 

3.1 Introduction 

The behaviour of an incompressible fluid is governed by the Navier-Stokes 

equations which are derived on the basis of conservation of momentum in the fluid 
during its motion and may be written as follows ( Milne - Thompson [67] ): 

Du au 21 
Dt = ýt + u. Vu = vý u- Vp +F 

P 
(3.1) 

The derivative term Dt incorporates both the local rate of change of velocity, dt 
, 

of a fluid element at a certain position and the convective rate of change u. /u 
due to the transport of the element to a different position. The total derivative 
Dt =ä+u. \7 is known as a Lagrangian type of derivative. 

The equation relates the rate of change of momentum of a fluid element to the 
forces due to viscosity ,V 2u, to the negative pressure gradient -Vp and also to 

the body forces acting on the fluid element F. The kinematic viscosity v is defined 

as the dynamic viscosity µ divided by the fluid density p. 

A motion which involves no change in fluid volume is termed isochoric. If the 

mass, m and the density, p of an isochoric fluid are related by dm = pdv, the 

conservation of the volume of a fluid during its motion is, 

dV = 
fs 

pu. ndS =- 
ýV V. (pu)dV (3.2) a IV 

p 
a 

by Gauss's theorem. A fixed surface S can be defined as a closed curve bounding 

a fluid body of volume V. Thus, 

p+ 
V(pu) dV 

at 

Since the surface S can be replaced by any arbitrary closed surface drawn within 
it, then 

09P + V(pu) = 0. 
at 
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If the Lagrangian derivative is applied then, 

D 
DP + V(pu) =0 (3.3) 

From this it becomes clear that an isochoric fluid, with constant density, may have 

constant mass if and only if it satisfies the continuity equation: 

V. u =0 (3.4) 

The circulation around a closed curve C drawn in the fluid is, 

F(C) = 
ic 

u. dl = 
f(V 

x u). ndS (3.5) 

using Stokes's theorem. Since the term Vxu is the vorticity w, then 

F(C) = 
is 

w. ndS (3.6) 

A flow is said to be irrotational if the value of vorticity w=Vxu=0 and for such 
a flow there exists a well defined scalar function 0 called the velocity potential, 
such that 

u=Výb 

and therefore the equation of continuity (3.4) for a fluid in irrotational motion 
becomes, 

V20 =0 

which is known as the Laplace equation. 

tribution of velocity but must satisfy the equation of continuity. Furthermore, 

irrotational motions of a liquid are subject to the condition that the velocity po- 

Thus a fluid can not move according to an arbitrarily assigned law of dis- 

(3.7) 

(3.8) 

tential 0 shall satisfy Laplace's equation. Functions satisfying this equation are 
termed harmonic functions. Taking the curl of the Navier-Stokes equation, leads 

to 
Dw aw 
Dt = at 

+ u. Vw = w. V u+ vV 2w (3.9) 

This equation is known as the vorticity transport equation and it plays a central 

role in the Discrete Vortex Method as described in the following chapter. 

43 



Theoretical Background 

In comparison to the Navier-Stokes equation (3.1), the vorticity transport 

equation (3.9) is more convenient to use since it involves the vorticity wý in the 
formulation. In the two dimensional case, the first term on the right hand side of 
equation (3.9) is equal to zero, since this term contributes to the vortex stetching 
in the third axis. In this case, it is seen that the net viscous force on an element 
of incompressible fluid is determined by the gradient of vorticity. When the fluid 

viscosity v is small, the net viscous force is significant only at places where the 

vorticity gradients are large and if for some reason the vorticity is zero over a region 
of flow, viscous stresses make no contribution to the net force on elements of fluid 

and may be ignored for most purposes. 

The second term of the left hand side of equation (3.9) is the familiar rate 
of change due to convection of fluid in which the vorticity is non-uniform past a 
given point. The last term represents the rate of change of vorticity in exactly the 

way that V2w represents the contribution to the acceleration from the diffusion of 
velocity (or momentum). In an inviscid fluid, in which the viscousity v=0, the 
Navier-Stokes equation (3.1) reduces to the Euler equation; 

Du_au 
Dt at + u. vu = -v 

p- SZ (3.10) 

where SZ is the conservative force. Further simplification of this equation will 
result in the unsteady Bernoulli equation as follows: 

a0 p++1 Ioý12 = . f(t) at p2 
(3.11) 

where f is some function of t. For steady flow, the first term on the left hand side 

of the equation will be zero and f (t) will be constant along a streamline. 

In two dimensional, time dependent and incompressible, but not necessarily 
irrotational flow, the stream function can be found by applying Green's theorem 

to equation (3.4), 

iA 
u2dx1 - u1dx2 =-JV. udxldx, ) =0 s 

the scalar function, 

ý"' P, 0_f u2dx1 - u1(/. i'. 2 

is therefore independent of the path and 

OX I 
L12 anal ä. rß 

(3.12) 
1 
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This function, which shows the flow rate across any line connecting the two points, 
is called the stream function and can be shown to be related to the vorticity through 
Poisson equation 

V20 = -w (3.13 

From equation (3.7) and (3.11) it becomes obvious that: 

a0-a0 
and 

°0-°o (3.14) 
ax ay ay ax 

the complex potential and stream function therefore satisfy the Cauchy-Riemann 

equation and are differentiable. This shows that equi-potential lines always inter- 

sect the streamlines at a right angle. 

Due to this property, the complex potential w(z) in complex plane can be 

written as, 

w(z) = ON + ZO(z) (3.15) 

where z=x+ iy is an arbitrary complex point. From equation (3.7), (3.12) and 
(3.14) it is clear that, 

dw(z) 
_ ü(z) (3.16) 

dz 

where ü() represents the complex conjugate of complex velocity u at certain 

point z in the fluid domain. 

The complex potential is a convenient variable to work with in describing fluid 

motion as it is made up of the stream function and the velocity potential from 

which the fluid kinematics and pressures can be easily obtained. 

3.2 Free Stream Potential 

For a fluid flowing with uniform velocity u,,,, along the positive x axis, the 

complex potential w,,. can be easily obtained as 

woo (Z) = uoti (3.17) 

where u,, is the far field fluid velocity and z is an arbitrary point in the complex 

plane. If the vector of the velocity makes an angle to a fixed reference, it can be 

easily modified as follows, 
-1 (3.18) 
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where a is the counter clockwise rotation of the angle of the velocity vector with 
respect to the positive x axis. 

3.3 Vortex Potential 

The discrete vortex method which will be described in the following chapter 
allows the modelling of flow structures arising out of flow separation by arrays of 
discrete vortices embeded in an otherwise irrotational flow 

The complex potential of a discrete vortex, with circulation IF (positive for a 
clockwise direction) in an unbounded fluid is given by Sarpkaya [78] as, 

w(z) = 
Zr ln(z - zp) 27r 

The velocity potential and stream function can be easily derived from this equation 
by using equation (3.14) as follows, 

re and 
r 

In(r) (3.20) 
27r 2ir 

where 0 is an angle measured from the positive x axis and r is the distance from 

the vortex core to any point in fluid domain. 

It can be seen that the equi-potential lines are lines with different angles em- 

anating from the vortex core whereas the streamlines are a family of concentric 

circles with their radii rapidly increasing away from their centre. 

3.4 Source Potential 

Solid boundaries can also be modelled by using arrays of singularities. In later 

chapters, arrays of sources will be used to model plane boundaries. 

(3.19) 

The complex potential of a source with strength a in unbounded fluid is given 

as 
ln(ti - zp) w(z) = 27r 

(3.21) 

where zp is the location of the source. The velocity potential and stream function 

will then be 

0= a In(r) and 0= a0 (3.22) 
27r 27r 

where 0 is an angle measured from the positive x axis and r is the distance from 

the source to any point in the fluid domain. 
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It can be seen that the equi-potential lines and the stream lines are an orthog- 

3.5 

onal set to those obtained for the irrotational vortex. 

Wave Potential 

The velocity potential for a regular long crested wave travelling with respect 
to a Cartesian coordinate system with X-axis measured in the direction of wave 
propagation and with the y axis measured upward from the still water level can 
be simply derived. It is assumed that the waves are progressive in the positive 
X direction and that they propagate over a smooth horizontal bed in water of 
constant undisturbed depth, d. 

The fluid is taken to be incompressible and inviscid and the flow to be irrota- 

tional. The velocity potential of wave therefore satisfies the Laplace equation, 

al ow 
+ 

a2 Vw 
= ax ay2 

(3.23) 

and will be subject to boundary conditions defined by the physical properties of 
the waves and their environment. 

On the free surface the velocity normal to the surface of a typical fluid particle 
is equivalent to that of the wave itself in that direction. Therefore, 

aOw 
+ u. V0w = 

a- 
+ u. V71 

ay at 
gives, 

aý a0w a7, 
_ 

a0w + =0 at y=q (3.24. a. ) 
at ax ax ay 

where 71(x, t) is the free surface elevation measured from the still water level. This 

is often referred to as the Kinematic Boundary Condition. 

Also on the free surface, the Dynamic Boundary Condition states that the 

pressure on the surface expressed in terms of the Bernoulli equation, is constant. 
Thus, 

a0w 
+1 IV ow 12 + g7 = .f 

(t) at y= i1 (x, t) (3.24. b. ) 
at 2 

where g is the acceleration due to gravity. 

The boundary condition to be applied to the sea bed is the condition which 

states it is impermeable i. e. no fluid particle can penetrate it. Thus 

aow 

=0y= -d (3.25) 
y 
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The second terms in equations (3.24. a. ) and (3.24. b. ) are non-linear and in small 
amplitude wave theory, which neglects terms of order higher than 1. these terms 

will be dropped from the equations. The two free surface boundary conditions can 
be combined to give 

a20w 
+ ga0w =0 at y=0 (3.26) 

ät2 ay 
The solution for the velocity potential qu, (x, y, t) can be obtained by the method 

of separation of variables in which qu, is written in the form, 

Ow (x, y, t) =f (y) Ow (X - ct) 

which is possible due to the periodic nature of the wave and where wave celerity 
c is defined to be the wave length divided by the wave period. By this approach 

and through the satisfaction of the boundary condition the velocity potential can 
be shown to take the form, 

Ow (x, y, t) - 
gH cosh(k(y + d)) 

sin(k(x - ci) (3.27) 
2kc cosh(kd) 

where H is the wave height and k=' is the wave number, with A being the wave 
length. The boundary condition (5) may now be used to obtain an expression for 

celerity c in terms of k, which is called the linear dispersion equation, 

c' = (f-) tanh(kd) (3.28 

which describes how the wave celerity increases with the wave length. If a wave is 

defined in terms of its wave height and period, the particle kinematics and pressure 

at any point beneath the waves can be calculated by using equations (3.11) and 
(3.23) above. 

The horizontal and vertical fluid particle velocities can be calculated by dif- 

ferentiating the velocity potential 0 with respect to the X and Y -axis. Then 

particle orbit can then be found for shallow, intermediate and deep water depths 

as shown by Sarpkaya and Isaacson [87]. In modelling flows around cylinder 

by laboratory experiment, planar oscillatory flows are used in preference to real 

wave flows since they are more easily controlled. Most numerical models are of 

two dimensional horizontal planes through the cylinder, where the particle orbits 

are also planar oscillatory. The use of planar oscillatory flow to numerically model 

wave flow phenomena. is, therefore, a. well established and accepted practice. 
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Chapter IV 

THE DISCRETE VORTEX MODEL; 
The Flow Around A Cylinder In An Infinite Fluid 

4.1 General Description 

When a body is moving in a fluid at any velocity, vorticity is generated in 
the boundary layers forming on the surface of the body. This formation is due to 
the fact that the velocity of the water relative to the velocity of the body is zero 
on the body surface and becomes equal to the free stream velocity at some small 
distance from the surface. This distance is called the boundary layer thickness b. 
In an attached flow problem, where no separated flow exists, the velocity gradient 
in the boundary layer causes the fluid particles to move in a circular manner about 
a certain axis. 

In an inviscid potential flow, where the Reynolds number is infinite, the bound- 

ary layer vorticity is compressed into an infinitely thin vorticity sheet across which 
the velocity parallel to the surface changes discontinuously from zero in contact 

with the wall to the potential flow value just outside the vorticity sheet. For this 

type of flow, at high Reynolds number , the effect of viscous diffusion becomes 

less influential, as is evident from the vorticity transport equation (3.9) in which 
the viscous terms become less significant. The flow can then be modelled with the 

vorticity transport equation (3.9) simplified as follows; 

aW + (oo) - (Vw) =o at 
(4.1) 

The vorticity which is restricted to small sub-domains within the fluid, is convected 

with the free stream and can be modelled by arrays of discrete vortices. Outside 

these sub-domains the flow can be considered to be inviscid and irrotational. 

In a real flow, where viscosity is present, its influence is to diffuse the vorticity 

normal to the body surface, resulting in the viscous boundary layer. The vorticity 
is the product of the dynamic behaviour of the outer flow, and the rate of vorticity 

production adjacent to the surface is directly related to the pressure gradient, see 
Lewis and Porthouse [61]. 
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The influence of the diffusion becomes increasingly significant for Reynold num- 
bers in the intermediate regime, typically between 102 and 105, and this must be 

taken into account when modelling the vorticity transport equation. 

It is shown from some experiments that the strengths of vortices decreased as 
they travel downstream from a body. This is due to the exchange and cancellation 
of oppositely signed circulation within the wake. The latter mainly occurs in the 
flow field just beyond the rear stagnation points, when oppositely signed circula- 
tion separates from the separation points, interacts and then cancels between the 
two shear layers. However, according to Fage and Johansen [33] this type of 
circulation reduction only contributes about one tenth of the total. 

There are two main approaches to modeling the diffusion part of the vorticity 
transport equation 

Ow 
at = vV2w (4.2) 

namely, the Finite Difference and Random Walk schemes. 

Xin and Wong [111] modelled the diffusion part using a second order Lax 

Wendroff difference scheme and this is combined with the two level expression for 

the vorticity of convection part. Chorin [18] [19] modelled the vortex decay explic- 
itly by the introduction of viscous diffusion using the method of `operator splitting' 

as also mentioned by Sarpkaya [85] 
. 

This can be illustrated by expressing the 

vorticity transport equation (3.9) in the form; 

Ow 
at = (TD TO w (4.3) 

where TD = vV2 and Tc =u"V are the diffusion and convection operators 

respectively, which are modelled through the use of separate process. 

In the construction of a Finite Difference scheme to model the diffusion part, 
Graham [40] and Graham and Cozens [41] developed a scheme on a cartesian 

coordinate grid, through a conformal mapping, as the use of a radially expanding 

polar grid leads to very complicated difference formulae. The Euler and Central 

Difference models, are chosen for their simplicity and ease of use to solve the 

numerical expression and are two-level in time and three-level in space. Another 

approach came from Stansby and Dixon [100] [101] who solved the Poisson equa- 

tion through the value of vorticity at four grid nodes by a similar finite difference 

formulation. The velocity at those surrounding nodes can be calculated afterward 

and can be used with a bilinear interpolation to calculate the vortex velocities. 
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As reported by Sarpkaya [84] [85], stable and realistic results are obtained 
on implementing a Finite Difference scheme to model the diffusion, especially, at 
low Reynolds number. However, constructing a Finite Difference scheme can be 

quite complicated when dealing with an arbitrary shaped body or with a multi- 
body case, as boundary conditions must be satisfied on the body surface. This 

complication is mainly due to the complex derivation for the conformal mapping 
required to transform an arbitrary shape and/or multi-bodies to a cylindrical body. 

The present study uses a much simpler approach in modelling the diffusion, 

namely the Random Walk, which was pioneered by Chorin [18] [19], and Lewis 

and Porthouse [61]. The basis of this method is the use of a stochastic approach 
in modelling the diffusion equation using an equation for the vorticity decay of a 
line vortex, as described in more detail in a later section. 

The remainder of this chapter will illustrate and describe a method and an 
algorithm which involves the use of a polar grid whose nodes are used to represent 
all the vortices distributed over the grid. The principal steps of the algorithm are 
listed in the flow chart shown in figure (4.1). The number of surface elements is 

equal to the number of grid nodes in one ring. A surface node is located at the 

centre of each surface element and this shows that the vortex distribution around 
the cylinder surface is now concentrated at each body node. The calculation of 
the surface velocity is done at the surface nodes through the use of the Martensen 

equation by imposing the Dirichlet boundary condition of zero tangential velocity 

on the surface. 

At the beginning of each time-step a pre-defined number of vortices are intro- 

duced around the surface of the cylinder, located at the nodes of the first ring of 
the grid out of the cylinder. 

The nodal distribution is then used in a Biot-Savart velocity calculation, thus 

decreasing the degree to which vortex to vortex dependencies are involved. The 

velocity of grid nodes is then interpolated using a. bi-linear interpolation to get the 

velocity of the vortices, which is used to convect the vortices from their current 

positions. The strengths of the vortices are then once again re-distributed using 

the same bi-linear interpolation involving the surrounding grid nodes. The grid 

nodes strengths are also employed in the calculation of surface velocity and force 

coefficients for the next time step. 
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BEGIN 

Input of any required data and 
parameters by the user 

Definition of the Grid and of Grid- 
related terms 

Calculation of the Nodal Surface 
velocities; the Martensen equation 

Calculation of the Force 
Coefficients 

Introduction of Vortices from the 
first-ring out 

Distribution of Vortex 
circulations to surrounding 

Grid Nodes v 

Calculation of Velocity on 
Every `active Grid Nodes 

Distribution of Nodal Velocities 
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I Increment of time counters 
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END 

Figure 4.1. - Flow Chart for the DiscrEtf 1 örtfl Algorithm 
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In the cylinder surface and grid node velocity calculation, the key- element 
behind the scheme is the formulation of the complex potential function, from which 
the velocities may be calculated. This complex potential is composed of a sum of 
the individual components which have already been described in previous chapter. 

The components define uniform flow around a circular cylinder and the surface 
vorticity distribution around the cylinder in the presence of a number of discrete 

vortices. Using these components, the complex potential function may be written 
as follows: 

2 
Ne 

2 
Nv 

w(z) = use-zaýz + 
2ý 7edSe ln(z - ze) + 

27r 
E Fu ln(z - zv) (4.4) 

e=1 v=1 

where, uoo is the free stream velocity, oz,, is the tangent angle of the free stream 
velocity measured in counter clockwise direction from the positive X-axis, Ne is 

the number of cylinder elements, Nv is the total number of the shed vortices, ce 
is the cylinder node position, zv is the vortices position, ye is the strength of the 

cylinder vortex, F is the strength of the shed vortices, dSe is the length of the 
body element, and i is the complex number. 

4.2 The Surface Singularity Method 

Based on zero velocity on the cylinder surface, known as the Dirichlet boundary 

condition, the influence of the surface vorticity and uniform free stream u" on a 

point on a two dimensional cylinder surface S, n with local tangent vector dSm was 
derived by Martensen [64] and can be written as follows, 

1 -ý 
mn'yndSn + üo " dSm =0 (4.5) 

where the integral is taken around the closed body surface. -yn is the vorticity 

strength and k�zn is the kernal of the integral as described later. The first term 

is the velocity discontinuity experienced if we move from the centre of the vortic- 

ity sheet onto the body surface beneath, as explained in Appendix A. The use 

of equation (3.5) is more flexible than the image method, in the sense that the 

equation can be used to calculate the surface velocity on bodies of arbitrary shape 

and number. 

In the case of a single or two cylinder problem, see Stansby [97][98], the 

disadvantage of this method is that it takes a higher (_'PU time in evaluating the 
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surface velocity since the integration must be done numerically on the discretized 
body surface. 

The flow characteristics around the body after shedding Vortices can then be 

evaluated using the following modified \Iart. ensen equation 

1 ý1. v 
(4.6) 

� v-l 

The first three terms are identical to those which form the : AIartensen equation 
(4.5), whereas the last term represents the contribution to the Dirichlet boundary 

condition of zero parallel velocity at surface element. 771 due to the X� discrete 

vortices F,, which form the vortex cloud. It, is seen that 1,,,,, is thus in form identical 
to the general TIartcnsen lerne] integral kinn 

- 
The application of this equation in 

the discrete vortex method still holds the principle of potential flow and thus it 

can be implemented in a, quasi-steady sense ( see Basu and Hancock [5] ). 

Consiclcr now a two dimensional arbitrary shaped body in an infinite fluid with 

uniform v locity ire. as shown) hi figure (4.2) below. The surface of the body is 

modelled by a discrete element, with a uniform clistribution of vortices of strength 

7� . 5'� is the element, where t he vortex is uniformly (list ributed. 

y(sý) ds 

Vt 

Figure 4.22. - Schc»notic of the z'or-t(. r influFncE. 
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The complex potential of the uniform free stream can be written as 

woo = uooe-MOO z (4.7) 

and the complex direction of an element is e0ln , where c is the direction angle 
of the free stream velocity and On is the tangent angle of the element ým measured 
in a counter clockwise sense from the positive X-axis. 

The tangential component of the freestream velocity at element Sm will be 

üO()t = üo " dSm 

=d °° eýým (4.8) üot 
(dw 

z 

which is the real part of the RHS of this equation. 

The complex velocity at point z due to a vortex (and source) can be written 
from derivation of equation (3.19) and (3.21) as follows, 

äw(z) cn + iF 1 
uz - zvz= _ 

Oz 2rr z- zn 

where, an is the source strength, I'.,, is the vortex strength, z. is the vortex 
location, and z is the point where the calculation is taken. 

(4.9) 

The induced tangential velocity at element Sm due to a vortex (and source) at 

element S7z is then 

ü= 
dw(N) 

eiom tm 
dz 

(4.10) 

where dSn is the element length in which the vortex is assumed uniformly dis- 

tributed. Bearing in mind that Fn = -y, zdS, z, this equation can be written as, 

üd 
Sn an +zn 

'R 
(. 

tr" = 27r : ým - Zn 

If the perturbation flow is modelled by vortex only, the equation (4.11) will reduce 

to, 
dam, (iem 

for in 11. 
ütm _ 2ir zm-Z" (4.12) 

"' for n? = 7t 

in which the later sliows the self induced velocity at an element in. 
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After shedding vortices to form the wake around the cylinder, the influence of 
these vortices upon the cylinder could be represented through a coupling coefficient 
l�zv as follows, 

lmy = 

rv 

RJR 
2eißm 

v 
27r Zm - zv 

Hence the discrete form of equation (3.6) will be, 

im 
Ne OSn (iem 

+JI (ue_im))+ 

Zm - zn=1, ným 

(4.1: 3) 

Yý -27r 

v=1 
-m -- 

(4.1 1) 

The only unknown variable in this equation is -yn. Since the others depends only 

on the cylinder geometry and the free stream velocity. 

If we define Km7z as the influence matrix which shows the induced velocity 

at element Sm due to a vortex at element S,, with strength equal to unity and 

also bearing in mind that the first term in equation (4.14) is absorbed into this 

coupling influence matrix, we have, 

d 2ßm f zm 
_ zn or in n (4.15 ) kmn = 

-1 
2 

form=n 

and the matrix will be, 

[ 
mn] [7'n] _ [RHS] 

where Nv rv 
(1ý 

MOM 

[RHS] = -W 
(ue)) -E JI 

v=12ý Zm - Zv 

Hence, 

['ýýz] = [K,,,,, ]-i [RHS] (1.16) 

The equation (4.16) above shows that the solution of the flow problem is now 

reduced to the solution of a set of simultanous equations with unknown vortex 

strength 7, ý. 
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In the present study the wave flows presented in the previous chapter are 
simplified to planar oscillatory flow so that the unsteady free stream velocity ux 
is modelled in a simple form as 

27rt 
u00(t) = uo cos T, 

(4.17) 

where T is the period of the oscillatory flow and t is the time history of the flow 

and uo is the amplitude of the free stream velocity. 

The inclusion of this unsteady free stream flow in the method can be accom- 

plished by modifying the right hand side of the Martensen equation (3.6) in which 
the free stream part has to be calculated at each time step. This certainly will in- 

crease the degree of the non-linearity of the problem as the RHS is now dependent 

not only on the shed vortices but also on the free stream part. It may be noted 
the matrix [K�z,, ] is never singular and hence the solution can be carried out easily 

using normal matrix inversion procedure. 

4.3 Segmentation of the Domain 

It can be seen from equation (3.4) that after shedding vortices, N, +1 terms 

must be evaluated when performing the velocity calculation for any point or vortex 
in the flow. In a cloud vortex method, where a direct vortex to vortex calculation 
is used, it would require Nv2 operations which is computationally expensive as 

the number of vortices increases. The number of calculation can be dramatically 

reduced by covering the computational domain with grid, distributing the vortices 

on its nodes, and calculating only nodal interactions. The number of operations 

is now of order (Njk)2, where Nj, k is the number of active grid nodes. Over long 

time periods, Njk is much smaller than N. 

Another saving in the CPU time is also found during the surface vorticity 

calculation in which for the vortex to vortex method, the influence of each vortex 

on a point element of the cylinder surface involves Nv calculations. This will result 

in Ne Nv calculations for all the surface elements, NF 
. 

Using grid nodes will result 

in only Ne Nj k; calculations which is less. 

Since the singularity model is used, another obvious advantage in using grids 

is to avoid 'singular problems' during the evaluation of the surface velocity since 

the nodes of the grid are always a fixed and pre-determined distance apart. 
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polar grid with Y. elements surrounding a circular cylinder is used to rep- 

resent the fluid domain. This oriel has "square* elements which increase in area in 

the radial direction as illustrated in the figures (4.3) below: 

ýw 
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The span angle is; 

60 = 
7r (4.18) 

Ne 

where Ne is the number of segments surrounding the cylinder. To achieve the 
square elements, the distance, 

6rj = 69rj j=1,2, ... (4.19) 

is required in the radial direction. Hence; 

rj+1 = ri. + bra j= 11 2 rl =a (4.20) 

where rj is the radius of the grid ring j. 

The element angle is offset by half a segment and is defined as follows, 

ek =k- 21 60 k=1,2, . Nseg 

The node grid points can be evaluated from these definitions above as follows 

zi I, k = rj' eiek (4.21 

where j=1,2, """andk=1,2, """Ne. 

4.4 Introduction of Vortices into the Flow 

Following the potential flow analysis at each time step, the surface vorticity 
Fn = yn L Sn created at every boundary element is released from the surface and 

shed into the fluid as a new discrete vortex ( see Katz [53] ). In relation to this, 

the modelling of boundary layers in the discrete vortex model can be done in two 

ways. 

1. Random walk method, in which the newly created vorticity initially lying 

on the surface can be diffused by random walk, Chorin [18][19]. 

2. Offset method, in which each discrete vortex of strength F= 7n\, ý', ý may 
be offset by a. fixed distance t from the body surface. 

Kamemoto and Bearman [51] studying flow about a flat plate concluded 

that the non-dimensional number ?  toodt 
is an important parameter in the selection 

of a suitable position for the nascent vortices and the size of the time interval 
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between the introduction of each new vortex. They studied the relation between 

the value of this non-dimensional number and the resulting flow characteristics 
around a flat plate and found that the optimal value of this parameter is about 
0.19 - 0.38. In this range, the flow pattern and the force coefficients are expected 
to resemble the real phenomena. 

The value recommended by Porthouse [74] is Reynolds number dependent 

and is 4 ýt This parameter is intended to model the diffusion of a vortex sheet 
which will be very small at high Reynolds number. However, this can lead to an 
erroneous solution to Martensen's equation, especially at a strongly curved region 
of the body surface. 

The offset value proposed by Downie [26] is based on the optimal value for 

a given surface distribution of vortices and is approximately equal to the local 

element length adopted in this study. It was found after many trials of the optimal 
position giving the smoothest induced body surface velocity. 

In the modelling of the flow, Chorin [19] recommended that the strength of 

vortices should be doubled due to the fact that on a random basis half of the 

vortices will penetrate the cylinder and be removed from the flow although the 

vorticity should be conserved during diffusion and convection processes for each 
time step. He also suggested that if the strengths of the vortices are kept at their 

original value, any vortices that penetrate the cylinder should be reflected back to 

the fluid domain at their image position. 

The method used by Downie [26] and Murray [70] of releasing a ring of 

vortices from the first ring out of the cylinder is also adopted in this study. At low 

Reynolds number, the radius of this ring can be adjusted to be a function which 
is inversely proportional to the square root of the Reynolds number, i. e. k1, 

Reg 
to model the effect of the laminar boundary layer around the cylinder, Hoerner 

[45][46]. The constant k can be chosen to give the best representation of the flow 

pattern and the force coefficients as will be described later. 

4.5 Distribution of Circulation to the Grid 

As proposed for the first time by Christiansen [21] this step is meant to reduce 

the CPU time of evaluating the velocity at any point in the fluid domain similar to 

the previous discussion. This step involves the distribution of the vortex strength 

IF, onto its four surrounding nodes using a bi-linear interpolation scheme based 

on the relative distance of each vortex from its surrounding node. It is possible 
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to do this because F is not in reality a discrete vortex but only a simplified 
representation of the local distributed vorticity. 

The surrounding nodes are identified as Ni = Zj, k N2 = 'J+1, k N3 = ýJ, k+1 
and N4 = z)*+l k+1 as shown in figure (4.3). The parameters 

Av = 

(rv 
- ril) 

bra 

(Ov - 
ek) 

µv 60 
(4.23) 

represent the ratio of the vortex radial and angular position ( relative to node - J, k 
to the respective sides of the grid element. 

The area of the grid element inner radius rj, is given by 

Ar U) = 
1(2 

+ 69)6r, ý (4.24) 
2 

The areas of the element's sub regions are given by, 

A1(v) =11-A, )(1 - µz, )(2 + (1 + Av)6B)6rj2 
2 

A2(v) = 
IAv(1 

- µv)(2 + A, 60)brý 
2 

A3(v) = 
1(1 

- Av)µv(2 + (1 + Az1)6e) 
2 

brý 

A4(v) =1 Az, µv(2 + A, 69)brj2 (4.25) 
2 

These equations act as the weighting functions for distributing the vortex strengths 

and are a measure of the relative closeness of a vortex to each of its surrounding 

nodes. 

The proportion of the total circulation assigned to each node is given as follows: 

P1(v) = 
(1 - A, )(1 - µv)(2 + (1 + A, ) 60) 

(2+b9) 

P2(11)_ Av(1-fit, )(2+) 6O) 
(2+se) 
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P3(v) _ 
ý1 - A, ) µv(2 + (l + A, ) 60) 

(2+60) 

P4(v) _ 
)vµ, (2 + Avse) 

(4.26) 
(2+60) 

Using the weighting function the node circulation is given by, 

r;, k _Z Pµ(v)Fv (4.27) 

where the vortices of the strength F, are contained in an element with a base 

node zj, k. µ=1-4 shows the node number. 

4.6 Calculation of Velocities 

After introducing the surface vorticity on the first ring out from the cylinder 

and distributing the strengths of all shed vortices onto grid nodes, the vortex 

velocity can be calculated through the active grid nodes N,, (µ =1- 4) velocities, 

surrounding a vortex using the Biot-Savart Law as follows, 

up(Nt, ) = u�, ei«"0 -? 
Z r], 

(4.30) 
27r k Ný -ý, k 

This velocity is then redistributed to the vortex velocity through the bi-linear 

interpolation of the polar grid as follows 

uv = up(zv) = Pi(v)up(Ni) + P2(v)up(N2) + P3(v)up(N3) + P4(v)up(N4) 4.31) 

where the area ratios are those defined by equation (4.26) and the node points 

are those surrounding the vortex, as depicted in figure (4.3). 

4.7 Random Walk Method 

Since it was proposed by Chorin [18][19], the random walk method has been 

widely used to model the viscous diffusion of high Reynolds number flow using the 

discrete vortex method. The basis of this scheme is to give a random displacement 

to each vortex to produce a scatter equivalent to the diffusion of v-orticity in the 

continuum. 
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In two dimensions the solution of the diffusion equation (4.2) is the vorticity 
decay of a line vortex as follows 

I' r2 
w(r, t) 

47rvt exp 4vt 
(4.32) 

which is a function of radius r and time t. Hence, the vorticity decays as the 
distance from its centre increases and it also decays as the time increases. In this 

equation r is assumed to consist of a large number of small vortivity elements 
all initially located at the origin, but free to diffuse outwards independently of 
one another over a period of time. By regarding this equation as a vorticity den- 

sity probability distribution curve to be matched by the random displacements to 

which we will subject the small elements during the numerical diffusion simulation 
process, Lewis [60] and Lewis and Porthouse [61]. 

Due to the r2 factor, it can be seen that the vorticity decay equation is an even 
function relative to its centre. If equation (4.32) is integrated in terms of the area 
of a circle whose centre is at the vorticity centre, it will result in 

r2 
P(r, t) =1- exp 4vt 

(4.33) 

in which P states the probability that a given element will lie somewhere within a 

circle radius r and this equation also represents the Gaussian normal distribution 

of zero mean and standard deviation 4vt. It follows from this that given two 

random numbers P1 and P2, within the interval (0,1), the values, 

1 
r= 4vMln 

1- P1 

and 
9= 271P2 (4.34) 

will give representative displacements 

bz"" =r eie (4.35) 

, 
for a group of vortices in radial and angular direction under this distribution of 

probability. 
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4.8 Vortex Displacement 

The vortex displacement over the time step can be calculated after all the 

vortex velocities are known. This displacement is used to find the new positions 
of the vortices of the next time step. A simple first order Euler scheme is used to 

obtain solutions of the form; 

z(t+bt) = z(t) + 8zvw + btu(t) (4.36) 

where 6t is the size of the time step used. The second term on the right hand side 
is due to the Random Walk diffusion process as explained in the previous section. 

This step completes the calculation of the kinematics of the flow over a sin- 
gle time-step. It remains to calculate the forces and then to return to the step 
described in section (4.2) to start the next time step. 

4.9 Force and Pressure Calculation 

The force on the cylinder can be calculated through the use of Blasius' theorem 

as generalized by Milne - Thompson [66] 

2 

Cd-iC1 =ip 
OW 

dz-ý-ipa I wd z (4.37) 
2C at at 

Introduction of the complex potential ( Sarpkaya [78] [79] and Clement [22], 

and Kiya and Ari [55] [56] ) leads to an expression allowing the calculation of the 

forces from a knowledge of the strengths and posisitons of the discrete vortices. 

Various authors, such as Graham [37], Downie et. al. [28] and Murray [70] 

have adopted this approach which uses the following expression 

N,, Nv ar 
u00 

-iE (uv - u_v)Fv +iE (z_ + a) v (4.38) Cd + "Cl =p 
(2a23 

at 
v_1 v_1 

at 

where ý_2,, signify the vortex image position and velocity. 

It is implicit from this equation that those authors were using the image method 

in their analysis of the flow around one body. 

Another approach to force calculation is exemplified by Lewis [60], Stansby 

and Smith [103], and Porthouse [74] «oho used boundary elements as the basis 
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of their Discrete Vortex calculations. As described in the previous chapter. the use 
of images is avoided and surface vorticity is used instead. These force calculations 
are consistent with the discrete vortex scheme, in which the solution of the Navier- 
Stokes equations is seperated into the convection, diffusion and force sequence of 
calculations, although in the real fluid motion these processes occur simultaneously 
and continuously and not in a sequence demanded by computational practicality. 

The force calculation can thus be carried out after the convection and diffusion 

processes by solving the following equation 

äu 
=-l -Vp (4.39) 

at p 

and hence, 

p= p3 -S pa7(SdS 

. 
ls 

1 at 
which is derived from the Navier-Stokes equation on the basis that at any point 

S7z on the cylinder surface, the velocity parallel to the surface is given by üt = -yn. 
From that equation, a numerical expression for the change in surface pressure over 
the surface element n during the discrete time step At, can be obtained as 

^ynOsn Fn 
APn 

At At 

The difference of pressure A p,, is measured from the stagnation pressure ps = 
2 pu00 at the stagnation point S3. Hence the pressure at element m will be 

pm 
Ihn - Ps -At Fn 

n=1 

(4.40. a) 

The other force that contributes to the drag and lift forces is the one due to 

the skin friction ( viscous drag ) on the surface of the cylinder. This force comes 

from the shearing stress at the surface, 

Tn=M (au, 
an 

w 

is the gradient in the normal direc- where µ is the dynamic viscousity and an 
tion of the tangential velocity on the surface, which is equal to the local circulation 

w'11 on a, surface node. Hence, 
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-'ndsn 
Tn WndAn 

where dA, z is the local element area which is approximately equal to the lo- 

cal element length times the standard deviation (4vLt)1/2 of the Random Walk 
diffusion movement on the surface. Thus, 

Fn 

Tn=vP 
a60(vOt)l/2 

(4.40. b) 

where a is the radius of the cylinder and 60 is the segment angle of the local 

element. 

The form drag, lift and skin friction coefficients, corresponding to the force 

components directed respectively along the horizontal and vertical reference, can 
be calculated from an integration of the average pressure distribution pn =2 (pn + 

pn+1) and Tn =2 (-r,, + Tn+1) as follows, 

D2 
Cd -1 

u2 d- u2 dE 
(pn sin OnASn + Tn cos ßnASn) 

2pop 00 n=1 

2 ý%l =1=-2 ýpn pos ßnO, s`n - Tn sin ßnOsn) (4.41) 
2pu2 ood Puood n=1 

where, d is the diameter of the cylinder and ßn is the tangent angle of the element. 

Since these equations only use the surface vorticity strength, they can be easily 

adopted for the case of multi-body problems, U-tube simulations and also for the 

body moving under a free surface. A similar approach was taken by Smith and 
Stansby [93] [94] in their force calculation but they used polar coordinates in their 

derivation. Quartepelle and Napolitano [76] obtained a general formula for the 

force acting on rigid bodies in incompressible flow, which requires a knowledge of 

the entire vorticity field and is derived directly from Navier-Stokes equation. 

As explained in the previous chapter, for the case of oscillatory flows, some 

further modifications have to be carried out in calculating the force coefficients, i. e. 

the lift and drag coefficients. This is because in this kind of flow, the in-line force 

coefficient can be described by the Morison equation which consists of two com- 

ponents with an associated drag coefficient Cd and inertia coefficient Cm. These 
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coefficients can be calculated using the Fourier method, as explained in more detail 
in Sarpkaya [81][82]. 

pT 
Cd(p) = 

37r > Cd(tn) cos( 
2T 

) dt (3.41) 
4T 

in=(p-1)T 
T 

_ 
pT 

Cm(p) = 
7f2u 

> Cd(tn) sin(2T ) dt (3.42) 
atn=(p-1)T T 

where t, z =n At and p=1,2,.... are the relevant period number. The transverse 
force coefficient can still be calculated as before since the Morison equation only 
deals with the in-line force coefficients. As explained earlier, the drag force is assi- 
ciated with flow separation and vortex shedding and is proportional to the velocity, 
and the inertia force is associated with the acceleration of the fluid particles. 

4.10 Method Enhancements 

4.10.1 Influence of the ring vortices and time step 

A. Steady free stream flow 

As described previously, the vortices are introduced on the first ring out whose 
distance from the cylinder's surface is proportional to the boundary layer thickness. 

As shown by Schlichting [90] the boundary layer thickness can be expressed as 
1c13 Re-1/2, where k f, is a constant of proportionality. This approach is carried 

out to simulate the complicated nature of the boundary layer using the simplest 

model possible without really implementing a detailed model of it, Stansby [98] 

and Lewis [60]. 

It is recognised that this approach cannot capture the fine detail of the bound- 

ary layer. However, as the results will demonstrate, a surprisingly good description 

of the gross characteristics of the flow and of the forces experienced by the cylinder 

can be obtained by this method. It has the advantage that the model can then be 

further extended to other applications whilst still requiring only modest computer 

resources. 

Numerically the diameter of the first-ring-out has a significant influence on 

the behaviour of the model as the newly created vortices located on this ring are 

closest to the cylinder surface. Lewis [60] shows that when a vortex is located at 

a distance away from the surface of less than one surface element length, a, large 
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induced velocity to the surface element exists. This length is therefore used as 
the minimum displacement of the ring vortices so as to ensure a relatively smooth 
distribution of the induced velocity in steady free stream flow. 

Another factor that contributes to the behaviour of the model is the size of 
the time step which is influencial on the force coefficient as is implied in equation 
(4.40. a) above. Using a small time step generally produces a smooth and better 
flow pattern but it requires a relatively long computation time. A large time 

step, on the other hand, can save the computation time but leads to a relatively 
coarse flow pattern. If it is too large the vortices can not follow the streamlines in 

the region of high curvature which sometimes causes an instability problem and 

unrealistic flow patterns. 

The choice of parameters, Kamemoto and Bearman [52] investigated the 
influence of the position of the nascent vortex in their model of the flow around a 
flat plate. They concluded that the nondimensional number k f, defined as U00 'At is thought to be an important parameter in determining suitable positions for the 

nascent vortices and a reasonable size for the time interval At. They also found 

that if the distance from the plate Aa is sufficiently small compared with the width 

of the plate, similar values of this number will result in similar flow characteristics. 

Downie [26] used the same analogy in releasing a ring of vortices from a 

cylinder, a method also adopted in this study, by varying the diameter of the ring 

vortices and the time step. The resulting induced velocity around the cylinder 

surface, the flow patterns and also the behaviour of the force coefficients was then 

examined. The best value of the parameters in the widest possible range of the 

Reynolds number was then chosen to be used in the model. 

A similar study was carried out with the present model. The influence of the 

variation of the ring diameter on the drag and lift coefficients is displayed in figures 

(3.4) and (3.4). These calculations were carried out using three different values of 
Reynolds numbers of 105,104, and 102 with distances of the ring vortices from 

the cylinder surface of 0.04D, 0.05D and 0.06D and for the time step calculations 

of 0.1,0.15, and 0.?. In term of the non dimensional parameter above, these 

preliminary calculations were carried out within the range 0.2 to 0.6. 

The general trend of the results indicate that the smaller the Reynolds number. 

while the other variables are kept constant, the higher is the drag coefficient which 

is in line with the trend of the experimental results. This is due to the fact that at 
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this range. the laminar bouf(larv laver becomes thicker as thu Reynolds number 
decrease` ors t hc diffusion part bc'c (mice more sih; nificant. 

rFhe variation of the diameter of the iiJ g vortices. which give a very crude 

measure of boundary layer effects. shows that the closer the ring is to the cylinder 

surface, the less is the value of the drag coefricient. This is also in line with the 

trend of the boundary layer thickness becomes thinner as the Reynolds number 
increases and produces a, smaller value of the drag coefficient. 

The effect of the size of the time step is as significant as the parameter above. 

It not only effects the smoothness of the flow pattern produced. in which for small 

time step the computing time will increase considerably. but it also gives a quite 

significant change to the value of the force coefficients as would be expected from 

equation (4.40). 

From figures (4.4) it can be concluded that when the 
zt`-ýAI around 1.35. that. 

is a. ring of vort. ices with distance from the cylinder surface equal to the element 

length. the best results for the free stream steady floe with um =1 and the size 

of the time step is 0.15. are obtain('d. The behaviour of the model by choosing 

these, values of parameter will be discu se<1 in detail in the next sections. 

(i i) 
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B. Oscillatory Flow 

As mentioned by Schlichting [90]. the thickness of the boundary layer on 
the cylinder surface in an oscillatory flow is equal to l; 

0sc ;3 ='1 . «fiere l, 
osc is the 

constant of proportionality. .3 
is equal to j 

C. 
ICE I, ), the Reynolds number and 

he = "DT is the the heulegan- Carpenter number. The heulegan-Carpenter 

number is a parameter- which shows the scale of the motion of the water particles 

relative to the cylinder diameter. As in the analysis described previously. it is 

necessary to investigate the behaviour of the present model upon the variation of 
the diameter of the first ring relative to the cylinder diameter and also of the time 

step. 

The main difference between oscillatory flows and steady flows is that when the 
flow reverses after the end of the half cycle. vortices shed previously Nvill be pushed 
back toward the cylinder and this influences the behaviour of vorticity created 

on the cylinder surface in succe(ling time steps. This means that the history of 
the flow will be more significant in this particular case and this also affects the 
behaviour of the boundary laver and its transit ion to turbulence. 
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close to the cylinder to differ significantly from those of the steady case. The simple 
simulation of the boundary layer by releasing the ring vortices from the first ring 
out with a, constant diameter of 0.55D can no longer be maintained and another 
condition involving the effect of the oscillatory flow characteristics. expressed in 

terms of the heulegan-Carpenter number Kc. and the Reynolds number Re is 

required. This means that as the factor L\a. the distance of the first ring out to 
the cylinder surface, in `ý'" is now a function of Nc and Re, these parameters need 1100at 

to be reassessed to get the best possible performance of the model in oscillatory 
flows. 
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A large number of preliminary calculation were carried out using Reynolds 

numbers of 2.103,10`t, 3.104.4.104 with ring radii of 0.51D to 0.56D using the 

time steps of 0.05,0.1, and 0.15. These Reynolds number values were chosen 

as the drag and inertia, coefficient do not, vary a lot for quite a wide range of 

Keulega. n-Carpenter numbers. especially greater than 10. a. s shown in figures (2.6) 

and (2.7) in the previous chapter. The grid system with 64 number of elements 

is still maintained for the oscillatory flows and the value of the drag and inertia 

coefficients due to the variation of the constant of proportionality kG, f are shown 

in figures (4.5a). (4.5b) respectively. It is seem from these figures that using /c0 

of 1.55. the model gives quite good results over the chosen range of Reynolds 
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4.10.2 

number. The figures will be discussed later in detail in the section entitled Result 

and Discussion. 

The Kelvin Theorem 

It is a consequence of the Kelvin circulation theorem that the net circulation 
around the profile interior induced by a surface vorticity element ^y, AS, plus any 
other singularity point in the fluid domain is zero. The part of fluid in the cylinder 
interior can thus be considered as 'quiescant fluid' which does not move relative 
to a frame of reference fixed to the cylinder. 

When two or more cylinder elements are close to each other or when a vortex 
is close to the cylinder surface, the condition of zero net circulation can not be 

maintained due to a so called 'velocity leakage', caused by the dominant influence 

of the nearby vortex. 

This condition could occur for the interaction of the trailing edge elements of 
an aerofoil in the closest elements in the case of a multi-cylinder problem or when 
a vortex is very close to the cylinder surface in the discrete vortex method. 

There are two methods to eliminate this leakage i. e. by the use of sub-elements 
(Lewis [60], Williamson [110]) and back diagonal correction (Jacob and Riegel 
[49]) 

The principal strategy of sub-element correction is by re-discretizing an element 
S into Ni sub-elements and the influence due to that element to a point Sm is 

calculated as the average value of all sub-element contributions. Thus, 

or in numerical form 

1b sn 
kmn 

6S 
LmndSn 

n 

d Sn 
Ni 

2 eZNm 
kmn - 

2wNi 
i_1 Zm - ci 

(4.43) 

This correction can be implemented when the distance between two vortices is 

less than twice the element length. 

The use of back diagonal correction is done by directly enforcing the Kelvin's 

zero net circulation in the influence matrix [K7]. 

Ne 
ý'iýi =-1ý: mnbkcn 

(4.44) 
bpi 

n=1, n7-4i 
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This means that the influence of the closest element is now replaced by the average 
influence of the rest of the elements. This correction can be implemented when 
the distance between two element is less than twice the element length. 

4.10.3 Correction for Vorticity conservation 

During convection and diffusion process, some vortices could penetrate the 
boundaries such as the cylinder surface. This condition will cause, consequently, 
a loss of vorticity in the fluid domain, which is not consistent with the Kelvin 
theorem as stated above. 

This can be corrected by modifying the Martensen equation (4.14) since the 

surface vorticity and previously shed vortices should satisfy the following conditions 
assuming that there was zero net vorticity in the flow regime at time = t, 

N N, 
E7'nOSn+ ETv =0 
n=1 v=1 

which must hold throughout the whole time history. 

Due to the loss of vorticity, an additional statement of vorticity conservation 
is required which can now be expressed in the following form 

N N� 
EynOSn+EFv-]Floss 

n=1 v=1 

where Floss is the cumulative strength of all vortices which are removed for various 

reasons as mentioned above, as the calculation proceeds. Initially F j... must be 

set to zero and later increased by a certain amount for any discrete vortex removed 
from the field. Incorporating this equation into the discrete Martensen equation 

produces the following modification, 

N1 Nv 
(kmn + ASn)Yn - -Uoo COS(cf oo - 

ßm) - 27r 
E I'v(lm, 

v + 1) + Floss (4.45) 
n=1 v=1 

which now maintains the vorticity conservation throughout the whole time history. 

4.10.4 Right Hand Side Correction 

Further improvements in CPU time performance can be achieved by applying 

the active grid node vortex strength Fl, k instead of the shed vortex strength F. 
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in the calculation of the coupling coefficient l�zn in equation (4.13) above. This 
is due to the fact that the number of the active grid nodes is much less than the 

number of the shed vortices in the fluid regime. Hence, 

I N" 1 
RHSv = 27r 

> lmvrv ~ 2ý k)rj, k 
v=1 J, k 

4.10.5 

It is proposed that for this case, any influence from grid nodes at distances less than 
four times the body element ds, the sub element correction method as described 
in the previous paragraph is implemented, while for the grid nodes less than twice 
the cylinder element ds, a correction similar to the back diagonal correction is used 
as follows 

RHSp =-1> RHSvAS, 
OSp 

v 
where RHS, is as shown in equation (4.16). 

Curvature Effect on the Self-Induced Velocity 

In the equation (4.5), the first term -27�z, which indicates the velocity dis- 

continuity experienced in moving from the centre of the vorticity sheet onto the 
body surface beneath, allows for no self induced velocity of the element S�z and 
this is only valid if the element is straight. 

The effect of the element curvature, which modifies this term, and is used in 

4.10.6 

this study, was reported by Lewis [58] and has the form 

Kmm - -1 - 
Aom 

2 47r 

(4.46) 

(4.47) 

where Aß .. is the change of profile slope from one end of the element to the other. 
He claimed that by using this curvature correction, a given degree of accuracy can 
be achieve with fewer elements than when the correction is not applied. 

Enforcement of Asymmetric Flow 

In the symmetric flows, such as the flow around a circular cylinder, the vorticity 

distribution over the upper and lower half of the cylinder are symmetrical until 

the accumulation of the numerical rounding error is enough to produce asymmetric 

effects. 

To trigger this effect, some authors such as Sarpkaya [85], Stansby [97] [98] 
, 

Graham [41] etc, implemented forced asymmetry by shifting the upper or lower 
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half of the shed vortices by a certain small distance at the early stages of the 

calculation. 

In this manner, asymmetric flows and their associated lift force are achieved 

much earlier in the time history. In other words, the time delay associated with 
the accumulation of the rounding errors is now replaced by a deliberate forced 

asymmetry of the location of the very first vortices. It is also claimed by those au- 

thors that its implementation is not significant to the subsequent value of the force 

coefficients although it facilitates the early development of realistic flow patterns. 

4.11 Results and Comparisons 

4.11.1 Uni-Directional Flows 

The surface velocity of the element of the first quadrant element is compared 

with the exact solution, image method and the present surface singularity method 

at t=0 as shown in the table (4.1) below. The exact solution for the surface 

velocity due to a uniform stream u... parallel to the X- axis, Batchelor [7] is 

u,, t = 2u,, sin 0 (4.48) 

where 9 is an angle measured in counter clockwise direction from the positive 

axis. In the Discrete vortex method, at time t=0, no vortices have been shed 

and hence the surface vorticity can then be compared with equation (4.48). It is 

seen that for this unseparated flow condition, the velocity at the stagnation points 

with 0=0 and 180 degrees, is equal to zero, while at 0= 90 or 270 degrees 

the velocity reaches its maximum value of 2. 

In the image method, Murray [70] used 64 vortices which were shed from 

the first ring out at each non-dimensional time step of 0.15. The close results of 

surface vorticity distribution from both exact and the surface singularity method 

is obtained within 1% difference as displayed in table (4.1). 
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Pivotal 

point 

I 

V,,,, exact 

II 

Image method 

III 

Surface Singularity Method 

1 0.098135 0.098135 0.0980 

2 0.293461 0.293460 0.2935 

3 0.485961 0.485960 0.4859 

4 0.673779 0.673779 0.6738 

5 0.855110 0.855110 0.8551 

6 1.028205 1.028205 1.0281 

7 1.1913986 1.191398 1.1912 

8 1.3431179 1.343117 1.3431 

9 1.4819023 1.481902 1.4818 

10 1.6064151 1.606415 1.6063 

11 1.7154572 1.715457 1.7153 

12 1.8079786 1.807978 1.8078 

13 1.8830881 1.883088 1.8830 

14 1.9400625 1.940062 1.9401 

15 1.978353 1.978353 1.9784 

16 1.997591 1.997590 1.9974 

Table (4.1). - Velocity on the surface of cylinder u,,,, =1m sec 

The grid system used in this particular case is of 64 cylinder surface elements 

with length around 0.49D. The vortices are introduced from the first ring out with 
distance equal to the element length. This condition is chosen based on the mesh 

analysis described previously in section (4.10.1). As shown in figure (4.4), with 
t equals 0.15, this model this configuration and non-dimensional time step u 

2a 

can cover a quite wide range of Reynolds numbers as shown later. For similar 

case, Stansby [101] and Lewis [60] used parameters of a similar order with time 

step '01,2 At = 0.1 ? at Reynolds number 2.104 and he moved back vortices which are 
drifted nearer than 0 . 05D to the surface. They could produce quite good results in 

term of the force coefficients and the Strouhal number when the number of element 

equaled J, 2. 

The use of the algorithm based on the structure, application and theory as 
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described previously can now be illustratecd with ßcß holds number of 105 . 
In this 

section the result produced from modelling some t% pica] flow s are presented with 
both flow visualisations and graphs showing the accompanying force coefficients. 

For easy comparation with the results presented by other authors, a non- 
dimensional time oft is used throughout this study. 2a 

For 1 and 1=5 the mitia] development of the flow field is as shown in 
figure (4.6). in which the vorticc are shed from sepal-alloll Points \\'lth a separation 
angle of around 100°. This is similar to the experimental results \vith Reynolds 

number about 10'). It is seen from these figures that at t= .5 the shed vortices are 
beginning to ro11-i]]) behind the cylinder. 
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Comparison with the results of the iii migc method by Murray [69] show the 

accuracy of this 1)id hod at the same non -dimensional time as shown in figure [4.7) 

below. 
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Figure -4.7. - Flow psi/IErn nI =1 and i=5: IinagE 
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At 5. ire which the flow is more developed the wake behind the body has 

extended to bei een one and two cylinder diameters downstream \Vith asymmetric 
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form. This asymmetry will only appear in the numerical model when the accumu- 
lative rounding errors have become significant, which does not model impulsively 

started flows realistically. Sarpkaya and Shoaff [89] therefore introduced an ar- 
tificial perturbation of the vortices, a technique also adopted in this study. This 
forced asymmetry enforcement is introduced at t=1. 

A regular vortex shedding process similar to a Karman vortex street, emerges as 
the flow develops further in time, as shown in figure (3.7a). The force coefficients 
associated with the flow pattern described above are displayed against time in 
figure (3.7b). As described in the previous sections, the force coefficients are 
found by integrating the pressure distribution around the cylinder surface. It can 
be seen that the mean value of the drag coefficient is about 1.14 and the Strouhal 

number is 0.2, both of which are in good agreement with the experimental data 
for high Reynolds number at about 105. The frequency of oscillation of the lift 

coefficients can also be seen to be half of that of the drag coefficient. This effect., 

as explained in detail by Sarpkaya and Isaacson [87], and is related to the way 
in which the alternate vortex shedding influences the pressure distribution around 
the cylinder. The formation of the vortices which causes a pressure differential 

over the cylinder is subsequently modified as the vortices are shed and convected 
downstream. These fluctuations are reflected in the behaviour of the drag force 

for the shedding of each vortex while the lift force is controlled by the effect of a 

pair of vortices being shed from opposing sides of the cylinder. A complete cycle 

of the lift force corresponds to the growth and shedding of a vortex from one side 

of the cylinder. 

The percentage CPU time used in calculating each of the steps in the discrete 

vortex scheme is displayed in table (4.2) below. The figures are based on the total 

time for the method to compute 600 time steps. At this time step, the flow is fully 

developed the number of active nodes is more than 560 and the number of vortices 

could reach more than 16100, so that the data can be considered representative. 
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Section 

number 

Purpose of 

sect ion 

C'PL' Time 

] Iº, put / Output 1. 

2 Define Grid 0.00 

3 Calculate Nodal Velocity 61.99 

11 Calculate Vortex Velocity 1.50 

5 Vortex Displacement 4.6 

6 Distribute Circulation l. 4 

i Calculate Surface Velocity 23.41 

Calculate Forces 0.04 

2.0 

1.5 

1.0 

: ). 5 

J. 0 

(1.5 

1.0 

1.5 

2.0 

Table (4.2). - The CPU tiro( prcceiitage of each `cctlon of the algorithm. 

The table shows that even though grid node-to-node interaction is used, the 

velocity calculation still dominates the use of the CPU time which is as much as 

62 c. The calculation of the surface velocity is also computationally intensive as 

it takes a consider-alble time in calculating the ri lit hand siele of equation (4.15 

above. 

For smaller values of Reynolds Numbers. in which the effect of viscosity is 

more important. the diffusion process will be more significant in the above scheme. 

so 
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although it will still take the same CPU time. The main advantage of choosing 
the parameters of the grid and time with the non-dimensional number U C': 

Aöt as 

mentioned above will become clear at this stage. The behaviour of the model shows 
there is no need to vary the distance of the first ring out from the cylinder surface 

over a wide range of Reynolds number. The characteristics of the flow and force 

coefficients will be solely dictated by the random walk diffusion, as shown later. 

Using the Random Walk method with Re = 140, the early flow development 

shows the separation angle increased to around 110 degrees which is expected 
in this regime. It is shown that using the Random Walk Scheme, the physical 

phenomena, are not so clearly defined in comparation with the experimental work by 

Van Dyke [30] shown in figure (4.9). This is due to the fact that at low Reynolds 

number, the value of random walk movement r= 
J4iiA ln(11 ) is relatively high 

for the same value of random number 17 and free stream velocity zu,,, as the value 

of viscosity v is now higher. The resolution of the pictures compared to those of 
Finite Difference Hybrid Method by Murray [70] reinforces the argument that 

the Random Walk approach is less appropriate for application to lower Reynolds 

number flows as shown in figure (B. 2) in Appendix B. 

Figure 4.9. - Flow Visual cation by I ail Dyke at Rc = 140 

A Strouhal number of between 0.13 and 0.17 is expected for these flows and, 

whereas that obtained via the Finite Difference scheme of Murray [70] is around 
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0.14, this Random Walk scheme leads to a comparable value for the Strouhal 

number of around 0.15. 

The display of the flow visualizations produced from the present method at 
Reynolds number from 50 are presented in Appendix B from figures (B. 1). The 
comparation with the results of the Finite Difference scheme of Murray [69] 

still shows the weak definition of the Random Walk method, although a Strouhal 

number of 0.15 is obtained by both schemes. Furthermore, it is shown that the 
average drag force obtained by the Random Walk is in good agreement with the 
expected value of 1.6. 

Further comparation of this scheme to that of the Finite Difference Hybrid 
Method at the higher Reynolds number at 2.5 105 are displayed in figures (B. 9). 
The Reynolds number of 2.5 105 is of particular interest as the 'drag crisis' has an 
effect for the Reynolds number beyond this and it is not meaningful to carry out 
computations beyond this point. 

As the value of the Reynolds number increases beyond a few hundred, in the 

physical flow, turbulence becomes increasingly apparent in the wake. At a value 

of around 105, it works its way back to the boundary layers which themselves 

undergo transition to turbulence. The relatively crude model of the boundary 

layer adopted in this study is not capable of representing the process of transition 

followed by a fully turbulence flow. There is no turbulence model in the discrete 

vortex model adopted and it is interesting to note that even so it can predict 

reasonably well the forces on the cylinder and the gross characteristics of the wake 

over Reynolds numbers ranging from 100 up to 105. Obviously the fine detail of the 

boundary layers and the wake will not be well modelled by this approach. The force 

coefficients at high Reynolds number, as indicated in the figures in 
.4 ppend i. r A. 

are in general quite close to those predicted by both the Finite Difference and the 

Random Walk schemes. It, is consistent with the argument described earlier that 

at this high Reynold number, the flow patterns are dominated by and resemble 

pure convective flow. 

The global trend of this scheme over t he specified Reynolds number range has 

been plotted in figure (4.10a. ). It can be seen that over a range of Reviiolds 

numbers between 50 to 2.5.10'' it produces a quite good prediction of the drag 

and lift coefficients. _A slightly lower value t han expected. by about 4(1'1(, was 

obtained at intermediate to high Reynold numbers while at Reynolds number 

higher than the 'drag crisis. this scheme fails to (; ive acceptable results. The lift 

c. ) 
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coefficients show maximum values of aroung 0.6 at low Reynolds numbers but 

slightly higher in the order around 9(7 at higher Reynolds numbers. The trouhal 

numbers are reasonably well predicted from a Reynolds number 2.50 onwards where 
it approximately equals 0.2 which is slightly lower than the experimental result of 
Schlichting [89] of around 0.21. 

At. Reynolds numbers higher than 104 the Strouhal numbers are overestimated 
in comparation to the experimental data by 5% as shown in figure (4.10b) above. 
The frequency of oscillation of the drag coefficients compare to that of the lift are 

generally seen to be around twice that of the lift coefficients. 
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4.11.2 Oscillatory Flow 

AS clýscrihýcl inthe I)I ev'iol1S acct ion, the tine cleI)endent nature of the flow 

is modelled by converting the constant free stream velocity into a sinusoidal time 

dependent one as shown in equation (4.17). This alteration not, only influences 

directly the third term of the i\Iarteiisen equation (4.14) during the surface vor- 

ticitv calculation but also the first terns on the right hand side of equation (4.30) 

during tlie calculat ion of* the act Iv, e grid node velocities. The influence of the time 

depencleiit free stream on the force coef licieiit can be seen in the clia1nge of the 

value of the surface v'orticitv, distribution as shown in equation (4.40) and (4.41). 

The diai»cter of the first ring out from where the vortices are introduced, is 

proportional to the inverse square root value of the 3 number. as described III 

section (4.10.2). Consequently. the factor 
11J1 

has also to be readjusted as the 

is rnoW dependent also on the 3 value. Figures (4.5x) and (4.5b). show the 

behaviour of the model uporn variation of' the above factors. It is shown that wit Ii 

6,, l cylinder elements . 
",, -ý' equals 0.1 

. and a nm-axi>»uni free st ream velocity of 1 

a constant of proportionality ko., of 1. ý5 gives the best results in producing the 

closest value to the in-line force coefficients takeli from the experimental results. 

ýý 
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These values imply that the oscillatory flows needs a finer scale for the pa- 
rameters, compared with that of the steady free stream flow. Flow definition in 
the vicinity of the cylinder becomes critical because vortices that are brought back 

close to the cylinder during the reverse flow interact with the newly created vor- 
tices and have to be distributed on the grid nodes as well. If the time step is not 
reduced by 34%, compared to that of the steady flow case, preliminary calcula- 
tions have shown that at the higher value of the Reynolds number of 8.104 using 
the amplitude of the oscillatory velocity of 1.0 the in-line force coefficients can 
lag behind the experimental result of Sarpkaya [82] by around 15 degrees at a 
Keulegan-Carpenter number of 15. This reduction will consequently reduce the 

strength of the newly created vortices which in turn affects the vortex interaction 
inside the formation region. The near field vortex interaction significantly affects 
the flow pattern behaviour as reflected by the shedding frequency phase angle. 

The value of Ios. which determines the radius of the first ring out., is chosen in 

such a way that at a value of the Reynolds number of 80.104 the ring distance is 

not less than 0.50 of the local element length. This increases to about twice the 

element length at lower Reynolds numbers. The magnitude of the diameter of the 
first ring out is chosen to give the best fit to root-mean-square of the in-line force 

coefficients taken from the experimental results of Sarpkaya and Isaacson [87] 

as described previously. 

The model has been used to produce results for a cylinder placed in oscillatory 
flows at several values of the Keulegan-Carpenter number over a range of 5- : J0. 

This range covers a substantial part of that in which the sea loading of offshore 

structures occurs. The flows were assessed starting at a Renolds number of 3.104 

with a heulegan-Carpenter number at 10. 

The flow development at Kc = 10 for several time steps are displayed in 

figure (4.11). These figures show how a high period flow develops in time and 
the force coefficients related to this flow are shown in figure (4.12). In this graph 
the components of the total in-line force coefficients, i. e. the drag and inertia 

components calculated using equation (4.41) and (4.42) over each flow period are 

included. 

At this value of Re and Kc. the model produced higher values of the drag 

and inertia coefficients by about 9% and '%I, compared to the experimental results 

of Sarpkaya [82], although it gives a close value of the root mean square of the 

in-line force coefficient. The plot of the predicted in-line force coefficient and of 
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the experimental results. taken by substituting Sarpkaya*s drag and inertia 

coefficients into the Morison equation (2.1). suggests that there is a phase differ- 

ence between the predicted and the actual vortex shedding process. although the 

actual magnitude of the in-line force is reasonably Nvell predicted. Stansby and 
Dixon [100][101] and Murray [70] also produced models which ended up with 

similar trends. Graham [40] mentioned a similar possibility of error occurring in 

numerical modelling of a cylinder in an oscillatory flows. 

It is worth noting that Sarpkava's results are averaged over many cycles of 
the flow. The predicted force coefficients show some variation from cycle to cycle 
indicating a sensitivity to the vortex interaction occuring at any one cycle. It may 
be seen from the results that over some cycles there is a better agreement than 

others. Due to the computational intensity of the calculations it is not, possible 
to always calculate as many cycle as might be wished. A fuller study of the flow 

including a cycle by cycle analysis of both experimental and predicted flows might, 
lead to closer agreement although] it should be remembered that the physical flow 

it-self might have some attributes that. are not included in the model. 
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of the phase different is more pronounced. In this relatively high frequency flow. 
the amplitude of the in-line force coefficient before smoothing seems to be close 
enough to the experimental result. However, due to the different phase angle, 
which becomes quite a large proportion of the period of the oscillation, this not 
only affects the shift of the smoothed in-line force coefficient but also reduces its 

amplitude significantly. This is also reflected in the value of the drag and inertia 

coefficients which are comparatively far higher and far lower than the experimental 
results, respectively. 

Better agreement of the results is obtained at the Keulegan-Carpenter number 
15, as shown in figure (4.14) where the value of the drag and inertia coefficients 
are of the same trend and only differ slightly from those of the experiments. The 

graph of the in-line force coefficients shows quite close agreement in magnitude and 
the phase of the vortex shedding is also improving. This condition is maintained 
until the Keulegan-Carpenter number reachs 30, as shown in figure (4.17), where 
the results from the present model start to deteriorate, especially with regard to 
the amplitude of the in-line force, at Reynolds numers higher than this. Numeri- 

cally, this is because at very high Reynolds number the offset of the first ring-out, 

which is dependent on the factor ()' becomes very small and its proximity 
to the cylinder surface and is a source of errors as the induced velocity becomes 

unrealistically high. This is a reflection of the inability of the model to represent 
fully developed turbulent flows. 

A further measure of the realism of the model can be obtained by plotting 
the results on the experimental curves for the force coefficients given by Sarpkaya 

and Isaacson [87] as shown in figure (4.18). The difference between the predicted 

and the experimental phase angle at low Keulegan-Carpenter is striking when the 

results are presented in this way. However, the trends are similar over quite a wide 

range of Keulegan-Carptenter number and there is a good agreement at the middle 
to high and of the range investigated. 
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The results for other values of the Reynolds number with the range of Keulega. n- 
Carpenter numbers from 5 to ?5 are displayed starting from figures (B. 10) in the 

. 
4ppcndi. r B. At a Keulegan-Carpenter number of . 5, it is seen that there is dis- 

agreement between the experimental and predicted values of the drag and inertia 

coefficients at lower Reynolds numbers of around 10000. The predicted drag coef- 

ficients are higher by about 2,5X while the inertia coefficients are lower than about 

157c on average. However. as in the previous case. the magnitude of the in-line 

force coefficient is quite well predicted. At intermediate Neulegan-Carpenter num- 

9.5 
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hers, much better results are achieved both in the value of the drag and inertia 

coefficients although differences are still appear. Figures (B. 11) to (B. 13) show the 

plots of the flow pattern and the force coefficients for various Keulegan-Carpenter 

numbers at Reynolds number of 10000. The results show a similar trend in which 
the drag coefficients are now becoming lower, and the inertia coefficients are higher 
than expected over almost the whole range of the Keulegan-Carpenter numbers, 
event hough the root-mean-square of the in-line force coefficient indicates quite 
good results, as displayed in figure (4.19). 

Much closer agreement is obtained at a Reynolds number of 20000 in terms of 
the drag coefficients, even though the inertia coefficients still show slightly higher 

values than the experimental ones. Figure (B. 14) shows that both coefficients fol- 
low the same trend as the experimental results, even though at a lower Keulegan- 
Carpenter number around 5, there is a significant discrepancy. At higher values of 
Keulegan-Carpenter number the predicted values of the drag coefficients are about 
15% lower and the inertia coefficients are slightly higher at moderate Keulegan- 
Carpenter numbers with 8% and about 12% at high Keulegan-Carpenter numbers 
compared to the experimental values. Again the results for the in-line coeffi- 
cient show good agreement in magnitude although although the phase differences 

compared to those of the experimental results taken from Sarpkaya's are slightly 

widened. 

The results for the higher Reynolds numbers of 40000 show similar trends 
in which the drag coefficient tends to be higher while the inertia coefficient falls 

below the experimental values, as displayed from figures (B. 20). Overall it can be 

seen that the phase difference is getting wider as the Reynolds number increases. 

This is presumably related to the nature of the boundary layer around the cylinder 

surface in which at high Reynolds number and low at Keulegan-Carpenter number, 
the level of turbulence is increased. According to Sarpkaya [81] [82] the planar 

oscillatory flow becomes turbulent at h'c = 2.8 for 0= 196. When the Kc 

is slightly larger than this value, the flow becomes turbulent only in part of the 

oscillation cycle or in the wake, and the boundary layer separation is predominantly 
laminar. 

Numerically, these inaccuracies can be attributed to the crudeness of the model 
itself especially in the region of the boundary layer, in which the grid size around 
the cylinder and the time step were both relatively large. In a much finer model 
C. Y. Zhou [120] used the discrete vortex model to investigate the flow around a 
body in the combination motion of wares and current, using I -2S x 80 meshes 
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and with a non dimensional time step varied from 0.001 to 0.0001 which is 

very much finer than the present model. With these parameters. she could produce 

good results ]both in the drag and inertia coefficients at values of 3 lower than 200 

with less than 5(X dicrepancies. 
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4.12 Conclusion 

In this chapter the basic discrete vortex model used for the study has been 

presented. The chief characteristics of the model itself and the numerical technique 

employed arc their Simplicity. Vortex model interactions are calculated using the 
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Blot - ., 'arait law and viscous diffusion is modelled using g Run lom Walk. 

The model is potentially more computationally expensi ve than more sophisticated 

apProaclies. but this is offset by the use of course grids and large tine-steps. 

: \otwithstanding. the model shows good behaviour compared to experimental 
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results for the case of a steady uniform flow around a cylinder in an infinite fluid 
for Reynold numbers varying from 100 up to drag crisis. However. the resolution 
of the flow pattern is not as good as a finite difference model at low Reynolds 

numbers below 500. The Random Walk model does not model viscous effects well 
for Reynolds number less than 500. Notwithstanding, lift and drag coefficients 
compare favourably with experimental values for that range of Reynolds number 
considered. 

In sinusoidal oscillatory flow, good results are only achieved in a certain range 
of ß value as the boundary layer thickness is model as being proportional to its 
inverse. Best results are obtained when the 'layer' is larger than about 0.5 of the 
local element length or less than about twice the element length, or 13 value is 

over the range of 1000 to 4000, measured from the cylinder surface. Within those 

constraints, the discrepancy between the predicted results and the experimental 
values of the force coefficients are around 10 - 15%. This difference is mainly due 

to the phase different between the predicted results and the experimental values. 
The magnitude of the in-line force is generally well predicted. 

Better results could be achieved by refining the model further. However, it 

is capable of predicting the gross characteristics of the steady and unsteady flows 

considered. It is also easier to extend the model to more sophisticated applications, 

such as multi-bodies and bounded flows, than more refined models, particularly 

within the constraints imposed by modest computing resources. For these rea- 

sons, the present model has been adopted as the basis for the remainder of the 

study which invloves the computation of flows about two cylinders and cylinder in 

bounded flows. 
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Chapter V 

THE FLOW AROUND TWO CYLINDERS IN AN 
INFINITE FLUID 

5.1 General Description 

During the last decade, various authors have attempted to model the flow 

around multiple cylinders. Stansby et. al. [102] provided a numerical model using 
a vortex in cell and random walk technique to simulate the convection and diffusion 

process of the flow around two cylinders. The calculation was done by solving the 
Poisson's equation which relates vorticity w to the stream function / through 

vlo= 
-W 

Three types of overlapping meshes were adopted so that a very fine mesh was 

used to give definition in the boundary layers, an intermediate mesh size was used 
for computing vortex roll up in the near wake region and a coarse mesh was used 
to transport vortex structures downstream. Each cylinder had its own polar mesh. 
The Poisson's equations for rectangular and polar meshes were solved in finite 

difference form using the central difference approximation. Orthogonal velocities 

at mesh points were found from the stream function value at grid nodes as described 

in chapter IV and the velocity at a point inside a cell was obtained by bilinear 

interpolation. 

A Similar approach was taken by Hansen et. al. [43] who used a curvilinear 

grid which was generated from a solution of the Laplace equation for uniform flow 

around the cylinders. 

In another paper, Stansby [98] also proposed a discrete vortex method incor- 

porated with an image doublet to satisfy boundary condition due to the presence 

of other bodies. 

The problem of modelling the flow characteristics of a single cylinder in a 

uniform or oscillatory flow has been described in the previous chapter. It is shown 

that the Discrete Vortex model based on the Martensen equation could give a 

reasonably good prediction for a. single cylinder compared with the other methods 
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i. e. Downie[26] 
, 

Sarpkaya[79][80][81], Stansby[97][98], and Murray[70]. As 
implied in section (4.2) due to the characteristic nature of the Martensen equation 
(4.14), it is possible that this model may be further extended for the case of flows 

around multi cylinders. 

Similar to the case of the single cylinder problem, some attempts to model 
the flow around two cylinders were also based on modelling unseparated flow 
by using potential flow theory. As shown in Dalton and Helfinstine[24] and 
Yamamoto[112], this flow regime could be modelled by putting an infinite dis- 
tribution of image doublets of converging strength. 

Efthymiou and Narayanan[32] also used this principle to model the current 
induced forces on submarine pipelines as will be described in the next chapter. 
The strength and position of the doublets may be obtained through the use of the 

circle theorem, Sarpkaya[78] [82]. 

In this approach the complex potential can be constructed to be a function 

of the free stream velocity and the strength, position and number of doublets 

inside the cylinders. Stansby[97] [98] also used this approach to study the flow 

around two cylinders by incorporating the discrete vortex method. In his study, 

cylinder centres were always greater than three radii apart and generating four 

images from each isolated cylinder doublet ensured that velocities normal to the 

cylinder surface were everywhere less than 10-6uß. After shedding vortices, the 

boundary condition of zero normal velocity was maintained by adding two image 

vortices in each cylinder for every vortex. The image pairs, explained in more 
detail in Stansby[97], were of opposite sign and of the same strength. With this 

configuration, one cylinder boundary condition was satified exactly. It was ensured 

that the normal velocity around the other was less than 10-4uß if a vortex of 

strength l0a u, ), ) was moved within 0.1a of the cylinder surface (a is the cylinder 

radius). 

In the present study, the method decribed in Chapter IV has been adopted 

with some modifications. The vorticity transport equation (3.9) is satisfied sep- 

arately through the convection and diffusion parts as shown in equations (4.1) 

and (4.2) and its solution is carried out in a similar manner to the one described 

previously. 

As there is more than one cylinder in the flow domain. the complex potential 

zww(zý) of equation (4.4) has to be modified as follows. 
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Nb Ne Nb N, 

w(z) = u0cez+ , ýedSeln(z-ze)+ E Fvln(ti -ýv) (5.1) 
27F 

b=1 e=1 
27r 

b=1 v=1 

where Nb is the number of cylinder, -ye is strength of vortices at element t of 
body b, do' ,b is the length of element e of body b, ze is the position of element c of 
body b, F is the strength of a vortex v shed by cylinder b, zÜ is the position of a 
vortex v shed by cylinder b. The other variables are described as those in equation 
(4.4). 

The polar grid system, as shown in figure (4.3) is still used for each individual 

cylinder to give good definition of the flow close to the cylinder surface. The grid 

nodes on the cylinder surface located at the centre of the surface elements provide 
the control points at which the Martensen equation (4.14) is solved to give zero 
tangential velocity and so satisfy the Dirichlet boundary condition. It is the nature 

of the Martensen equation that the approach can be easily extended to cater for 

a multi cylinder case by simply extending the components of the matrix influence 

equation (4.16) to involve the mutual influence of the other cylinders. 

As described previously, an overlapping grid system is used to represent a dis- 

tribution of a much higher number of discrete vortices than there were nodes. This 

proved to give a considerable reduction in terms of the CPU time especially during 

the calculation of the vortex velocity. A further reduction in the CPU time was 

also gained during calculation of the cylinder surface velocity using the Martensen 

equation as the individual polar grid nodes were used, instead of the point vortices, 
in the RHS of equation (5.5) to be presented later. It has been shown that this 

method is not only time efficient, but also gives a better distribution of surface 

vorticity as the scattered vortices around the body are now concentrated on grid 

points located a uniform distance from the body. The reason for this is that the 

vortices closest to the body are the most influential during the calculation of the 

surface vorticity strengths. 

The introduction of vortices with circulations satisfying the boundary condition 

of zero tangential velocity is carried out in the same manner as before by releasing 

a ring of vortices on the second ring from the cylinder surface. Lewis[60] released 

the vortices directly by implementing the random walk principle 
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Figure 5.1. - Flow Chart for the Discrete Vortex Algorithm 
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while Porthouse[73] introduce vortices a certain distance from the body sur- 
face specified as a function of the Reynolds number and the time step. 

In the present study the identification of vortices shed from any given cylinder 
is maintained over the whole process. The implementation of the Biot-Savart 

velocity calculation over the polar grid nodes is done only among those vortices 
shed from the same body. The contribution of the vortices shed from the other 
bodies is carried out through the overlapping rectangular grid nodes. This requires 
that each vortex has an individual polar based node and a global rectangular based 

node with which its relative position is identified at every time step with regard 
to both systems. This means that the area of proportions and the vortex strength 
distribution have to be calculated in either its own polar or rectangular grid system 

at every time step using a method similar to that described in the previous chapter. 

The structure of the Discrete vortex algorithm as displayed in figure (5.1) 

therefore differs only slightly from that described in Chapter IV., especially with 

regard to the calculation of the vortex velocity and the distribution of the vortex 

circulation to surrounding polar and rectangular grid nodes. 

5.2 Surface Velocity Calculation 

The solution procedure in the multi-cylinder problem is exactly the same as 
that for the single cylinder problem except that now the induced velocity at an 

element S, 7 must include the influence of all cylinders in the fluid domain. Math- 

ematica. lly, this can be expressed in the following Ma. rtensen equation (4.6). 

1 1\ 

- 7Ym. + 
ýNb 

k�, -y� dom. 
n+ ii�� " d, S7n + 

Nb A'v 

mv]pb 
b=1 �-i 

(5.2) 

where : Nb is the number of the cylinder, hb is the strength of a vortex v shed 

from cylinder b, while the other variables are the same as equation (4.6) above. 

In this equation, the second term has to be integrated around each cylinder in the 

domain. As described in Appendix A, the complex integration along a contour 

at infinity and along those two cylinders will reduce to that part of the contour 

enclosing the two cylinders only, as the limit of the value of the coupling coefficients 

kmn will tend to zero as the distance from the cylinders approaches infinity. The 

integration along two parallel lines joining the contour at infinity and the cylinders 
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will be equal to zero as the contribution made by the first will cancel with that of 
the second. 

Following the procedure described in chapter IV, sec (4.14), equation (4.2) 

can now be written in a discrete form as, 

+ 

Nb N4 
n 

(iiei/9\ m+ 
(aO°-OP )+ 

2 27r ýZpm-zn 
(U00C-1 

q=1n=1 

Nb Nv r4 2eZQm 

27r zm - zv -0 
4 

(5.3) 

Equation (5.3) above satisfies the Dirichlet boundary condition at element 
m of cylinder p. The left hand side includes the contributions from all elements 
(n = 1,2, "" "Ne) on each cylinder (q = 1,2, "" "Nb). The number of elements NF can 
be chosen independently for each cylinder according to the individual geometrical 
requirements. It can be seen from the last term of equation (5.3) that the vortices 
shed from one cylinder may be conveniently stored in an array separately from 

those shed from the other. 

By absorbing the first term into the second term of coupling coefficient kmn 
, 

as shown by Wilkinson[109] in equation (4.15), the flow past Nb bodies may be 

represented by the following equation, 

Nb Ne 
n 

Nb N" 11 i eaopm ý1mn + (ueim) + 
Zp - zq 

=0 (5.4) 

q=1 n=1 q=1 v=1 mv 

In matrix form the two cylinder problem can be written as, 

kenn kmn RHS1 

_ (5.5) 

kmn k22 RHS2 

where k" means the coupling coefficient of cylinder 1 at element m due to a m. n 

vortex at. element n, k, n'n means the coupling cefficient at element m of cylinder 
1 due to a vortex at, element n of cylinder ?, k21 means the coupling cefficient 
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at element m of cylinder 2 due to a vortex at element n of cylinder 1, and the 
k ;i means the coupling cefficient of cylinder 2 at element m due to a vortex at 
element n. The RHS means the right hand side of equation (5.4) for the first and 
second cylinder respectively. 

5.3 Segmentation of the Domain 

Equation (5.4) above illustrates that after shedding vortices, (Eg 61 Nq)2 + (0) 

operations must be carried out when performing the velocity calculation for all 
vortices in the flow. In the conventional discrete vortex method, where a direct 

vortex to vortex calculation is used, this is increasingly computationally expensive 
as the number of vortices N, and of cylinders Nb increases. 

By segmenting the domain into grids, the number of operation is reduced 
to (>q b1 Nqk + 1)2 where Nj 

,k 
is the number of active grids. This increase in 

efficiency is due to the fact that grid node to grid node interaction, which obviously 
involves considerably less calculation, is now used instead of direct vortex to vortex 
interaction. 

A similar saving in the CPU time can also be obtained during the surface 
vorticity calculation in which for the vortex to vortex method, the influence of 

each vortex on a point element of the cylinder surface involves N, +1 calculations. 
This will result in >q 61 >e l Nv +1 calculations for all of the surface elements. 
Using grid nodes instead results in a calculation which takes less CPU time. 

In this section, a simple overlapping grid system based on the methods de- 

scribed in the previous section is introduced to represent the fluid domain in the 

case of multi-cylinder problems. Each cylinder has its own polar grid system and 
forms a local domain. The centre of one of the cylinders is chosen as the global 

reference of the domain in which the coordinate of the rectangular grid nodes are 

measured and stored. 

The positions of the grid points zj', k belonging to cylinder q relative to the 

centre of cylinder p, can then be described as 

9 
ýqk = rq6 k+ dpq (5.6) 

where the R. HS shows the complex position of a grid node at local domain q with 

reference to the local domain p. rq is the grid radius j at each local domain q. dpq 

is the complex distance of cylinder centres q (q = 1- : N'b) to the reference cylinder 
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X/) )"j(j=1.2.... ) shows the radial number of ring and k(k=1- 

A1) shows the angular number of grid segments. 

As previously mentioned. the size of grid segment in the polar grid system 
is expanding linearly from the surface of the cylinder as described by equation 
(4.21). In the two cylinder problem. there will be two overlapping polar grid 

systems expanding linearly from each cylinder surface. The polar grid is composed 

of square elements as shown in figure (4.3) above. In this figure, the node _\'1 will 

be the base node for any vortex falling into the associated segment that has been 

shed from the cylinder belonging to this polar grid. 

rectangular grid system which overlaps the two polar and Systems is also 

incorporated in to the system. This rectangular grid has a uniform square element 

IO 
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throghout the whole domain. The structure of the grid system in the two cylinder 
problem is displayed in figure (5.2) below. Any vortex that falls into a position 
where two grid elements of the polar and rectangular system overlap each other. is 
located with reference to two base nodes for its relative position. These base nodes 
belong to the polar segment, as explained above, and the rectangular segment as 
shown in the figure (5.2) below. 

The node points of the rectangular coordinate system are measured from the 

centre of the referenced cylinder. The coordinates of each node were defined start- 
ing from the top-left corner to right-bottom corner to form a rectangular domain. 

The size of the rectangular grid is constrained in such a way that all vortices are 
kept inside it during the whole calculation period. This can be achieved by estimat- 
ing the possible maximum horizontal and vertical distance travelled by a vortex 
during the calculation. The distance is approximately equal to u,, x t, where u,,,, 
is the free stream speed and t is the total time used, plus lv x diameter, in which 
the value of k is found from experiments. 

5.4 Distribution Of Circulation To The Grid 

In the case of multi-cylinder problems, a vortex of strength F, 1 is not only 
distributed onto its four surrounding nodes in the polar grid, using the common 
bi-linear interpolation, but also onto nodes of the overlapping rectangular grid 

system. This means that each vortex has two base nodes i. e. the polar grid where 
it is shed from and the rectangular grid. 

As shown in figure (5.3) above, the distribution of a vortex circulation onto the 

four polar grid nodes is carried out in exactly the same way as decribed in section 
(4.5). Its distribution onto the rectangular grid, is carried out in a similar manner 

but using much simpler expressions for the area of the rectangular segment. 

As illustrated in figure (5.2), any vortex with strength F at a rectangular 

grid element z(j', k') with size ds' can be distributed into the four rectangular grid 

nodes using the following bi-linear interpolation 

= 
U 

Qµ(v) rv µ=1-1 

where, l 

Qu(v) = f~ý (5.7) 
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2 
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where. is the area of the reel angle diagonally opposite to cell corner E1 and 

A' = d5'' is the grid element. area. 

As briefly mentioned above. the rectangular grid is used in the calculation 

of a vortex velocity' clue to the contribution from all other vortices shed from 

cylinders other than the one from which it originated. This implies that in the 

same segment. only- vortices shed from the originating cylinder will have their 

strengths are summed on the surrounding grid nodes stored in the same array. 

Contribution from vortices shed from other cylinders will be summed in different 

arrays. This can also mean that. the same rectangular grid nodes could be active 

with reference to one cylinder but, be inactive with reference to the other cylinders. 

Implementation of the distribution procedures over the polar rectangular grid 

systems as shown in equation (5. i) lead to 

r,. k_ Pi, (i') r, 
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rj,, k, =EQ, (v) Fv (5.8) 
v 

5.5 

in which P, (v) and Qu, (v) are as described in equation (4.26) and (5.7) respec- 
tively, with µ=1-4. 

Calculation Of Velocities 

For the multicylinder case, since each cylinder has its own polar grid which 
overlap with each other and the rectangular grid, the calculation of the velocities 
of a vortex shed from one cylinder due to the other vortices shed from the same 
cylinder is carried out with reference to their own individual polar grid. In addition 
there is a contribution from those shed from the other cylinder and this is computed 
with reference to the rectangular grid system. With reference to the figure (5.2), 

the velocity of a vortex z� shed from a cylinder p is then calculated using the 
following steps: 

1. Calculate the velocity upp(NN) at the nodes surrounding a vortex zv, shed by 

the cylinder p and located at a polar grid segment with base node N1, due to 

the other active nodes of the polar grid system of the same cylinder p. 

. Nb r('P) 
upp(N�) = uýeZaý 

?p (5.9) 
2ýb=1zý 

k zp(Nµ)zp(Nu) - zj k 

where p=1-4. 

2. Using the rectangular grid system, calculate the velocity upq(N' ), at the nodes 

surrounding a vortex at zv with base nodeN1, due to the other active nodes of 
the other cylinder q. 

z Nb jr(q) 

zcpq(Nt, ) = -2ý z'4 
(5.10) 

(º 
b=1z3 

k'ozp(NM) 

pNu) 
ýý', ' 

where p 54 q 

3. Use both bi-linear interpolations to find the vortex velocity due to both polar 

and rectangular active grid nodes making use of the area of proportion Pu, (v) 

and Q1,, (v) as shown in equation (4.26) and (5.7) above. 

P1(V)'Itpp(A1) + P2(1/)Zlpp("\)) + P3(v)tuPp(-N3) + P4(V)11j), 
)(X1) 
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upq(zv) = Q1(v)up4(N1) + Q2(v)upq(J\'2) + Q3(V)up4(1`j3) + Q4(V)2Lpq(-\4) 

(5.11) 

4. Calculate the total velocity. 

u(ý-v) = upp(zv) + up4(zv) (5.12) 

As implied in the above procedures, there is no direct interaction between 

the nodes of the polar grids associated with each cylinder. Instead, the cylinder 
to cylinder node interactions are computed using the overlapping rectangular grid 
nodes. This strategy is chosen in an attempt to achieve a more uniform distribution 

of vorticity in the area in which the wakes of the cylinders interact. 

5.6 Time Integration 

As before a first order accurate Euler scheme is used in to find the new locations 

of the vortices, that is, 

-(t+Ot) = -v(t) + bzvw + 6tu(t) (zv) (5.13) 

where bt is the size of the time step used . 
The second term of the RHS part is 

the displacement due to the random walk diffusion process. 

As mentioned in the previous chapter, the random walk method is used in 

this study to simulate the diffusion process which becomes more important at a 

relatively low Reynolds number. Since the diffusion of the fluid is independent of 

the method of generating vorticity, the procedure adopted in section (4.7) is still 

valid to be implemented in multi-cylinder case. Each vortex shed by each body is 

given a Gaussian -type random motion as expressed in equation (4.34) and (4.35) 

above. 

Since an overlapped grid system is used in the scheme, the new position of 

each vortex is then referenced to both polar and rectangular grid systems. In 

other words, each vortex has two base nodes from which its relative position at 

every time step is measured and renewed. 
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5.7 Force and pressure calculation. 

The basic procedure previously used for calculating forces. based on the inte- 

gration of the elemental pressure around a cylinder, can be extended to the case 
of the flow around two cylinders. At the beginning and at the end of each cycle of 
calculation, the surface vorticity over each cylinder has to be calculated using the 
Martensen equation (5.3) so as to satisfy the Dirichlet boundary condition. This 

necessary because the state of the flow around the cylinder changes at every time 

step as a result of the convection and diffusion process in the flow development. 

The surface vorticity distribution can then be used to get to determine the 

pressure distribution around each cylinder through the use of equation (4.40) 

above, bearing in mind that the strength of the surface vorticity is equal to the 
tangential velocity at the cylinder surface. As described previously in section 
(4.39), a smoothing process using a spline method is incorporated in the algorithm 
to obtain a smooth and continuously varying pressure distribution. 

The pressure around the cylinder can then be integrated numerically to get 
the value of the force coefficients. 

5.8 Method Of Enhancements 

5.8.1 Correction for close proximity 

Methods for finding the influence coefficient of the elements in close proximity 

were described in section (4.10). Similar techniques can be adopted when two or 

more cylinders are close together. 

In these circumstances the influence coefficient can be written, 

P 
I1 in =- S`Si 

ip 

ME 

KmnbSm (5.14) 

m=1, mi 

The its` element of cylinder p is the one in close proximity to element n of cylinder 

q" 

5.8.2 Correction for the Approaching Wake 

It is a numerical difficulty that when one cylinder is placed downstream from 

the other, shedding from the downstream cylinder becomes unstable as vorticity 
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from the upstream cylinder approaches. This is due to the fact that any asym- 
metrical properties produced by the upstream cylinder will cause an asymmetrical 
reattachment and pressure distribution on the downstream cylinder. The exces- 
sive influence from the upstream cylinder will create an error that accumulates 
as the flow develops further and this will cause a continuous growing asymmetric 
instability of one sign of the scheme. 

As explained in the previous section, the polar grid nodes are used in the 
RHS of equation (5.4) to represent the contribution of the shed vortices in the 
calculation of the surface vorticity distribution. To remove the excessive influence 

of the shed vortices, those that get closer than 0.05D to the cylinder surface are 
deleted from the process even though their base node might still lie outside the 

cylinder. The total loss of the circulation due to this process must be compensated 
for in the RHS of equation (5.5) during the calculation of the surface vorticity. 
The total loss of circulation shed by one cylinder is stored in one array while that 

shed from the other cylinder is stored in another array. With this approach, the 
Kelvin theorem of total zero vorticity in the whole fluid domain can be maintained 
throughout the calculation period. 

Another occurence that is possible during the surface vorticity calculation is 

that an active polar grid node could lie inside a cylinder even though the vortex 
it represents lies outside it. The contribution of this active node in the surface 
vorticity calculation is simply ignored as the strength of the active nodes inside 

a cylinder will be summed up in the RHS of equation (5.5). This means that all 
polar grid nodes inside the cylinder are considered as inactive nodes at all times. 

Other authors, such as Stansby [100] and Murray [70], just removed and 
ignored around 10% vortices that penetrate the cylinder at every time step. They 

argued that the total circulation removed from the flow is relatively small as the 

positive and negative deleted vortices are cancelled out. 

In the case of two cylinders in tandem with D greater than the critical distance, 

the above argument can not be maintained as the difference of the amount of 

opposite sign of the deleted vortices could be significant. In the present approach, 

even though balancing the total circulation for each cylinder system separately 
is not justified by the Kelvin theorem, which states that total circulation in the 

whole field is zero, it can maintain reasonably good results for the drag and the 

lift coefficients over a range of D 
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5.8.3 Vorticity Reduction Scheme 

As described in chapter IV the solution of the diffusive part of equation (4.2) 

can be considered Gaussian in nature with standard deviation given by 47. 

The velocity field of a single diffusing vortex can therefore be written as 

_r2 ro 
27rr 7rr 

(1-e4ýt) (5.15) 

which can be interprested as the velocity field of a vortex whose strength decays 

with time because of the diffusion process. In real flow the changing distribution of 
vorticity in the wake is not only due to viscous diffusion but also due to turbulent 
dissipation, cancelation of vorticity and three-dimensional deformation in the flow. 

In order to model those effects in their discrete vortex analyses, Naylor [71] and 
Basuki [6] used an empirical reduction scheme for the individual vortex strengths 

similar to the above equation and given by 

F(t) = F(O) e-kt 

with k is chosen around 22. 

(5.16) 

Another authors such as Hansen et. al. [43] implemented a simpler model in 

which he reduced the strength of each individual vortex by a factor C at each 

calculation time and in which the constant was empirically determined. 

In the present study, for the case of two cylinders in proximity, a vortex 

strength reduction method was incorporated in the algorithm, in addition to the 

Random Walk scheme, to make allowance for the other real phenomena mentioned 

above. This approach was adopted because the random displacement given to each 
discrete vortex, for this special case, creates an accumulative asymmetry between 

the wake produced by both cylinders in the early development of the flow which 

results in an unrealistic flow pattern and force coefficients as time progresses. 

The method used is similar to those of Hansen et. al. [44] and Naylor [71] 

and the reduction is accomplished through, 

F '( 1)= CI"F(0) (5.17) 
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where Cr is a constant less than 1 and n is the number of iterations. With 
the time step At = 0.15, the effect of variation of Cr on the vortex strength IF(t) 
is displayed in figure (5.4). 
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As will be seen later, the implementation of the vortex reduction scheme pro- 
duces some improvements in maintaining the symmetrical properties of the wake 

shed from both cylinders. Numerically, this is achieved because of the significant 

reduction in the interaction of the two vortex streets shed by both cylinders when 
they are close together. 

5.8.4 Other Corrections 

All the other corrections mentioned in section (4.10). such as: the RHS cor- 

rection. the correction for the curvature of the elements. and the Asymmetric 

enforcement when the arrangement of the cylinders produces a symmetrical flow 

pattern such as for two cylinders, in tandem. are also implemented in the present 

case study. 
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5.9 Results And Discussions 

5.9.1 Two Cylinders in Side-by-Side Arrangements 

The results produced by the algorithm described above and implemented. for 

the side-by-side case. will now be presented in this section. Using G.! surface 

elements for each cylinder. the time step of .. 
\t = 0.15. the size of the rectangular 

grid of 0.2 and with gap ratio ( the ratio of the gap G to diameter of the dý ýJ . mal 
cylinder D) 2.0. the present model was first tested for convective flow only. 

With no diffusion process included. The resulting flow and the force coefficients 

may be expected to resemble those at very high Reynolds numbers. The object 

of running the scheme for this condition was to see. to achieve the svmmetrical 

properties of t he flow as have 1>eei observed i>> experiments. At a non dimensional 

time 1=,, c(]lla] 1 and , 11ie sclicnie prc, (111cc(l flow pilttcrwý (, Is shown iii figures 

(5.5) below. 
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. -fis a result of the presence of another cylinder. even without imposing an 

enforced asymmetry% an asymmetric flow pattern behind a cylinder is produced 

in the early stages of the flow at = 1. This effect is a result of an increase in 

the local velocity in the gal) region which convects the vortex sheets in this inner 

region more strongly than those located in the outer one. 
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Figure 5.6. - The flow pattern at t= 10,20,80, /j0; G/D = 2, and 
the Force Coe ficients for Convective Flow 
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As the flow develops further until t=5.0, due to that strong asymmetrical 

properties of the flow field, the rolling up of the vortices appears immediately while 
the formation region is building up behind the cylinders. 

At t= 10, as shown in figure (5.6) the shedding of vortices begins and one 

cycle of the early process is completed. By comparing with the case of an isolated 

cylinder, it is shown that the blockage effect increases the length of the formation 

region by about 10% even though the width is relatively unchanged. This means 
that the influence of the increase in the local velocity in the gap region is still 

significant up to this point. It is also seen that a lower level of irregularity of the 

formation region surface appears in the gap region. The separation points in the 

gap region move downwards to about 95°, while those in the outer region move 
forward to 115° measured from the rear stagnation points of the cylinders. 

Figure. 5.7. - The flow Visualisation by Bearrnan and Wadcock [11] 

A symmetric out-of-phase shedding pattern with no mixing between the two 

inner shear layers before roll-up is shown at t= 20. The symmetry is maintained 

until t= 30, where the wake interaction takes place at about 5D behind the 
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cylinders. It is seen that the first two pairs of vortices shed by both cylinders in 

the early stages of the flow become close and combine together and then separete 
from the vortex pairs shed subsequently. This effect could be due to the initial 

conditions in which the strengths of the newly created vortices are relatively high, 

and this causes a strong interaction when they begin to coalesce as a group. Since 

there is no diffusion incorporated in the scheme, it could occur over quite a long 

period of calculation and result in a form of separate irregular vortex street. The 

comparison of the flow pattern simulated numerically with the experimental flow 

visualizations produced by Bearman and Wadcock [11] at Re = 25000 and 

shown in figure (5.7) shows good agreement between the two and suggests that 

the grid sizes and configuration used in the model are appropriate. 

The polar and rectangular grid sizes play an important role in the algorithm 

since the flow definition depends on the value chosen. This is reflected in the 

calculation of vortex velocity in which the grid node-to-node interaction is used 

instead of the vortex-to-vortex interaction. It is shown that for this two cylinder 

problem, the rectangular grid size dsr to cylinder diameter D ratio djj = 0.2 gives 

good results. The choice of the size, however, has a significant influence on the 

CPU time consumed during the calculation process for the vortex velocities. 

The expected repulsive force between the cylinders can be seen from the force 

traces displayed in figure (5.6). It can be seen that the mean value of the transverse 

force coefficient for cylinder 1 has a positive value of about 0.2 while approximately 

equal and opposite force is experienced by cylinder 2. The drag coefficient has a 

tendency to increase from that of the isolated cylinder by about 10% and with 

the gap ratio ? the average mean drag coefficient is about 1.15. The increase 

from the value of the isolated cylinder is close to the values deducted from the 

experiments of Bearman and Wadcock [11] at Reynolds number of 2,5000. The 

value of Strouhal Number settles to a value of around 0.2, similar to the isolated 

cylinder. 
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Section 

number 

Purpose of 

section 

CPU Time 

1 Input / Output 0.03 

2 Define Grid 0.00 

3 Calculate Nodal Velocity 87.0 

4 Calculate Vortex Velocity 0.33 

5 Vortex Displacement 3.07 

6 Distribute Circulation 0.37 

7 Calculate Surface Velocity 8.61 

8 Calculate Forces 0.01 

Table 5.1. - The CPU time precentage of each section of the algorithm. 

The percentage CPU time used in calculating each intermediate stage of the 

computation is displayed in table (5.1) below. The figures are based on a period 
of 400 time steps with around 570 active nodes for each cylinder polar grid and 
around 11000 vortices shed by each cylinder. In other words, there are around 
1140 active nodes and 22000 vortices in the flow. 

The results show that calculation of the node velocities still dominates the 
CPU time with a figure of 87%. This result is even higher than before as the node 
velocity here includes those at both the active polar and rectangular grids. The 

calculation of the surface velocity is still the next most significant contribution as 
it is made up of the time consuming operation of the influence matrix and also the 

calculation of the right hand side term due to the presence of the other cylinder. 

With respect to the interference drag coefficient, the computed result is in 

reasonable agreement with the experiment by Biermann and Herrnstein jr. [13] 

with the high Reynolds number of around 105 as shown in figure (5.16) below. The 

flow pattern characteristics for the other gaps of 0.8,3,4, are displayed in figures 

(5.8), (5.9), and (5.10). The global results of the influence of the gap variations 
to the drag coefficient and the Strouhal number have been plotted and compared 

with the experimental results shown in figures (5.16) and (5.17). 

These figures show the general trend in which the interaction between the two 

cylinders is weakened as the gap becomes wider. This means that each individual 

cylinder is behaving increasingly like an isolated cylinder. The drag coefficient also 
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Figure 5.9. -Flow Pattern at t= 10,20,80,40; G/D = 8, and 
the Force Coefficients for Convective Flow 
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the Force Coefficients for Convective Flow 
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approaches the value of around 1.14 or, in the other words, the interference 
drag coefficient becomes equal to zero. This behaviour is also shown in the figure 

of the experimental results [115] for G-ý is greater than or equal to 4. The figures 

also show that there is no noticable difference in the Strouhal numbers compared 
to that of the single cylinder, which is around 0.2. This also agrees well with the 

results of Spivak [96] as shown in figure (5.17). 

The value of the lift coefficients also shows a good agreement with the results 
of Zdravkovich [116] in which the average value of the mean peak lift coefficients 
declines as the gap widens. At D greater than 2, the mean peak lift coefficient 
gradually reduces from about 1.25 and settles to about 0.6 - 0.8 which is the 

value for the isolated cylinder. 

As described in Chapter II, as the gap reduces to below two diameters, the 
Coanda effect, in which the flow remains attached over more of one cylinder surface 
than the other due to unsymmetric separation, appears in the flow characteristics. 
This bistable nature of the flow, as shown in the series of pictures in figure (2.14), 

is also expressed in a dual value of the Strouhal number and in turn of the lift 

coefficient as shown in figures (5.17). The effect on the drag coefficient is a drop 

to about 0.8 at D equal to 2. This value then increases until about 1.2 at range 

of D about 1.3 - 1.7. For gaps less than the lower end of this range, a sharp 
increase in drag is noticed. 

This phenomenon is probably dictated by changes in the boundary layer as 
the gap between the cylinder becomes small. As there is no boundary layer model 
in this study, this present model is unable to accomodate this flow phenomenon, 

as shown in figure (5.16) in which the drag begins to increase as the gap gets 

narrower. 

It is a limitation of the present scheme for this type of flow configuration that if 

the diffusion part is simulated using the Random Walk approach, a stable 'mirror- 

image' property of the flow behind both cylinders can not be maintained unless 

a vortex reduction scheme is incorporated, as shown in the flow pattern example 
in figure (5.11). This is due to the fact that the Random Walk method is based 

on the principle of the vorticity diffusion over a certain small area in the fluid by 

shifting the vortices randomly and not by reducing the strength of ever- single 

vortex. The result is that the random walk imposed on a vortex shed by one 

cylinder, will not always have a stable interaction with the group of vortices shed 

by both cylinders as the interaction in the group is too strong. This difference is 
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then accumulated and can create asymmetric wakes behind the two cylinders in 

the early stages of the flow. which them results in aii unrealistic flow pattern after 
the flow clevelopes further. 

The results shown in this study therefore have been obtained by implementing 

a vortex reduction scheme, sin-iilar to those of Naylor [71] and Basuki [6]. in 

which the strength of the vortices is reduced in such manner that the effect on 
the force coefficient, and the flow pattern is as close as possible to that of the 

experimental results. 

;! : ,, 3 . 

Figure 5.11. - Tu ( (sample of the instability in the wa1c intoruction at G/D =2 

At a. Reynolds number of 25000, when compared with the results of Bearman 

and Wadcock [11] displayed in figure (5.7), the present scheme produces quite a 

good prediction of the force coefficients and the flow pattern at gap ratio j' 
=2 

as shown iii figure (5.12). At. this Reynolds ntiml)er value, the reduction factor for 

the vortex st reiigt Ii Cr. is chosen to he 0.993 iii which t lie vortex st regt li will 

have been reduced by 50`7(, at I= 10. 

Out-of'-phase symmetric vortex streets are created behind the cylinders which 

interact only slightly in the region around half way between the two centres at 

distance greater than 5D behind the cylinders. It is seen that by implementing 

the vortex reduction scheme. a high degree of symmetrv for the vortex shedding 

frone the two cylinders can be achieved. 

The effect is reflected in the graphs of the lift coefficient for the cylinders. 

«hick oscillate out-of-phase relative to each other. The repulsive force. created 

due to the asymmetrical properties of the flow around each cylinder. also occurs 

and is shown by the finite mean values for the lift coefficients whose magnitude 
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are of around 0.2 and which are positive for the upper cylinder and negative for 

the 

lower cylinder. The drag coefficient is around 1.2 for both cylinders which is 

close to the experimental results of Bearman and Wadcock [11], although the 
Strouhal number is around 0.15 \VVhich is 10% lower than their result. 

The results for a smaller gap ratio of D=1 are presented in figure (5.13). 
As reported in Bearman and Wa. dcock's paper, at this gap ratio the flow is con- 
fused with no apparent dominant vortex structure. A filament passing between 

the cylinders is seen to be biased towards one of them. The flow would remain 
biased toward this cylinder for some time before swapping to the other. The drag 

coefficient is around 1.25, the mean lift coefficient is slightly higher at 0.25 and 
the Strouhal number drops to about 0.12. 

As mentioned previously as the gap ratio increases the mutual interaction 

of the cylinders and their wakes decreases, as presented in the flow patterns and 
the force coefficients for D=3 displayed in figure (5.14). The flow patterns look 

more regular with only little disturbance to their asymmetry. The drag coefficient 

reaches a value of 1.15 with a, mean value of the lift coefficient of around 0.1 

which is close to the expected values. 

The force coefficients and the flow patterns behind aal isolated cylinder are 

approached when the gap ratio D approaches 4 as displayed in figure (5.15), 

even though some disturbances occurred when the vortices shed by both cylinders 

approached one another. The value of the force coefficients are close to those of 

the isolated cylinder at a value of the Reynolds number equal to around 25000. 

Results for the flow at the higher Reynolds number of 100000 and at D=2, 

which can be compared with the convective flow described before. are presented 

and displayed in figure (C. 2) in Appendix C. As described above, the constant 

reduction of the vortex strength Cr is chosen to be 0.993 and vortex strengths 

will have about half value after around 300 iterations. 

The flow patterns created behind the cylinders are seen to be more regular 

compared to the same configuration in the convective flow shown in figure (5.6) 

before. This is due to the implementation of the vortex reduction scheme simu- 

lating turbulent dissipation and reducing the level of irregularity occuring in the 

group of vortices with high strengths created in the early stages of the calculation. 
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Figure 5.12. -Flow Pattern at t= 10,20,80,40; G/D = 2, and 
the Force Coefficients for Re = 25000 
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For the gap ratio of two, the mean value of the drag coefficient is around 1.17 

which is slightly increased compared with that of the convective flow, while the 

mean values of the lift coefficients of the upper and lower cylinders are 0.2 and 

-0.2 respectively, which is close to the result of Bearman and Wadcock [11]. 

The results for other values of gap ratios are also presented in Appendix C. 
The values of the drag and lift coefficients and the Strouhal numbers are plotted 
in the graph of the experimental results as displayed in figure (5.16), and (5.17). 
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5.9.2 Two Cylinders in Tandem Arrangements 

ExýýCIi]nentý ill which IW O cVli1i(l('1-S v', (1( p1ýlce(1 H t(, r; d(, m dilfef- 

ent gý, p i'alios were carried out by Hori X46] aid Zdravkovich '117'. They found 

two feat arcs of this type of flow,, -. First lv. the side facing the gap between 

the had a very low negative was alnýost the game as the 

correSpo] ling Value of the base r)>-essuic of he upstleaill cylinder. This fact is an 
indication tllat the flow around tII(-, g; +1) is almost stagnant. Secondly. the negative 

gap presýlir-C coefficient in frail of the clowrjStrea, »> cvlincler exceeded that on its 

downstream face. This t 11at when t lie (list a>>]ce I)et ýý een the two cylinders is 

less than c11tica] (listancc. 1l1c <lcýýýnýtrcý, ý» c\li»der cXpciienccs zi negative dra 
v 

thrust fOrcc. T1icý, c ])l1cimilicHi('1 f, rc i»>plic(l HI IIIc fiý>>rc 2.2 of ilic i>>tcifcrý_ý, cc 
drag cocfliciciit ý in chapter II 

. 

For t)lls fjow configilF 111011, Ilie V'OIIC`; iedi1Ci1011 SCI1Ci1ýC 1s also l1 c(l 10 ýllllulate 

the tt>>-1-illcnt dissipation in the v%, a]yc,. Ai this c(IsC. the (1owni irca»> cylinder acts 
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the Force coefficients for Re = 100000 
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in this case, however, since the random diffusion and also the accumulation of 
numerical errors was found to be sufficient to trigger asymmetric shedding from 
the downstream cylinder in the early stages of the flow, that is by t= : 5. 

As the vortices shed from the upstream cylinder approach the downstream 

cylinder, the drag coefficient of the downstream cylinder gradually declines until 
it settles and oscillates around a negative value of -0.2, as shown in figure (5.19) 

and which is close to the experimental results. 

Numerically, this effect is due to the presence of the vortices shed by the 

upstream cylinder approaching the upstream face of the downstream cylinder and 
interacting with the newly created vortices there so as to interfere with the normal 
relative contributions to the pressure distribution made by the upstream and down 

stream parts of the cylinder. 

The force coefficients of the upstream cylinder experience a relatively small 
oscillating drag and lift coefficient as, at this gap ratio, the downstream cylinder 
acts as a splitter plate which suppress the regular oscillatory shedding of vortices 
from the upstream cylinder. The drag coefficient reduces from that of the isolated 

cylinder to be around 0.8 and the oscillating lift coefficient has a zero mean which 
is also close to the experimental results. 

The lift coefficient of the downstream cylinder has a Strouhal number of around 
0.16 and a maximum value of 0.5. This is quite close to the Strouhal number 

graph shown in figure (2.26) in chapter II. 

At a gap ratio of D=1, the larger gap between the cylinders creates more 

space in the formation region of the upstream cylinder for the development of an 

oscillating wake. This influences the symmetrical properties of the reattachment 

position of the vortices shed from the upstream cylinder on the downstream cylin- 
der. The oscillatory reattachment of the shear layers from the upstream cylinder 

causes an asymmetric vorticity distribution around the downstream cylinder. This 

phenomenon is reflected in the graphs of the force coefficients for the downstream 

cylinder, in which both the drag coefficient Cd and the lift coefficient Cl are oscil- 
latory in nature. 

The form of the force coefficients of the upstream cylinder 5t ill reflect t hat 

the downstream cylinder is acting, to some extent, as a splitter plate. The lift 

coefficient is more oscillatory at a mean peak value 0.9 which is slighly higher 
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than before. while the drag coefficient continue to oscillate about a zero mean, 

as shown in figure (5.20). 

When there is a gap ratio of D= 1.5. the larger gap causes the drag and lift, 

coefficients of the downstream cylinder to oscillate more regularly about the zero 
mean. but there are no significant changes to the force coefficients for the upstream 

cylinder. This then creates a. more regular Von Karman vortex street behind the 

downstream cylinder, similar to that of a single cylinder in isolation as shown in 

figure (5.21). 

The comparison of the present results to those of Hansen et. al [44], shows 
a. good agreement between the flow patterns and also in the force coefficients as 

shown in figure (5.23) below. They used a, three level curvilinear grid generated 
from a solution of the Laplace equation. Close to the cylinder, a. finer grid system 

was introduced which then overlapped with two coarser grids for the transport of 

the wake far from the cylinders. Using a. method similar to those of Stansby [98], 

and Yde and Hansen [114]. the flow convect ion was calculated by solving the 

Poisson equation and ýli(fusioýý ýý iHH simulated using the Random Walk scheme with 

some modifications such as. vorte a»>aldamation and vortex strength reduction. 
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Figure 5.24. -The Unrealistic Flow Da( to the In. tabilrty in the . 11gorlth. 7n 

As the gap ratio of Dis increased to 2. oscillation of the lift coefficient of 

the ups tream cylinder begins to appear. This shows that the upstream cylinder is 

just on the verge of shedding vortices as is shown also in the flow visualisation in 

figure (5.22) in which the shape of the formation region of the upstream cylinder 
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is regularly asymmetric relative to the downstream cylinder position. In turn, 

this influences the behaviour of the force coeffficients of the downstream cylinder 

which become less regular and for which the mean value of the peak lift and 
drag coefficients are 0.5 and 0.8 respectively. This behaviour is in line with the 

experimental results as described by Zdravkovich [115] [116] for which at around 
this gap ratio, a sudden jump in the Strouhal number occurs for the downstream 

cylinder. Also at the same spacing regular vortex shedding was first detected 

behind the upstream cylinder, as shown in the Strouhal number curve illustrated 

in figure (2.26) in chapter II. 

In a numerical experiment using the Finite Element method, Sun et. al. [106] 

alt a low Reynolds number of 100, found that a similar trend occurred at around this 

gap ratio and they divided the flow into Vortex Suppression and Vortex Formation 

regimes at gap ratios of 1.5 and 3.5. In the vortex suppression regime, as in the 

previous case, the gap ratio is less than the critical spacing. The shear layers 

separating from the upstream cylinder reattach to the downstream cylinder so 
that vortices do not have sufficient room to grow, to develop or to be shed. Since 

the downstream flow is in the attached vortex region of the upstream cylinder, the 

oncoming stream to the downstream cylinder is quite weak. 

When the gap ratio is greater than its critical value, as in the present case 

,a vortex formation regime begins to appear from behind both cylinders. The 

occurrence of vortex shedding between the two cylinders creates an oscillatory 

oncoming flow upstream of the downstream cylinder and this leads to a stronger 

oscillatory flow behind the downstream cylinder. 

Experimental evidence, and also the results presented in figure (2.25), show 
that for a gap ratio greater than 2, the general trend of the flow visualisations and 
the associated force coefficients is that the upstream cylinder behaves more and 

more like an isolated cylinder with the interference drag coefficient approaching to 

zero. 

The drag coefficient of the downstream cylinder, however, shows a consistently 
lower value than that of an isolated cylinder and settles at a value of around 0.5 , 
which is slightly higher than the experimental values. The lift coefficient oscillates 

with Strouhal number 0.18 which is slightly less than that of the isolated cylinder. 

For higher gap ratios, however, the present model failed to simulate the flow 

phenomena. This is because the formation region of the upstream cylinder im- 

poses a strong unstable asymmetric distribution of newly created vorticity upon 
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the downstream 
cylinder which 

develops to create all unieallstic flow pattern and 

corresponding force coefficients for both cvtinders. as displayed i n figure (5.24). 

The results for the drag coefficient for the gap ratio D less than ' have been 

compiled and are displayed in figure (5.25). The above results have also been 

represented in terms of the interference drag coefficient by deducting a drag for 

the isolated cylinder of 1.1 . as produced in chapter III. It is found that fairly 

good results are achieved for this particular range of the gap ratios. 
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Figure 5.25, -Interference Drag Coefficients for Tandem Cylinders 

5.9.3 Two Cylinders in Staggered Arrangements 

In this section. the distance between the two cylinder centres. ý. is taken to 
be 1 or 2. while the s/aggii angle. ý. measured between a line joining the cylinder 

centres and the vertical, is varied through ??. 5. /,. ý. and. 61.5 degrees with a 

constant Reynolds number of 61000. 

With the stagger angle b= 22.5 degrees. at =1 there is a tendency for the 
formation region of the upper cylinder to be narrowered whilst the opposite occurs 
for the lower one as shown in figure (5.26). The gal) between the two cylinders 

acts as a slot which accelerates the fluid particles in this region. This causes a 
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reduction in the *degree, of oscillation of the fornlfºtion region of the upper cylinder 

which is also reflected in relatively smaller oscillatory force coefficients compared 
to those of the lower one. :A similar effect. can be seen in the experimental evidence 
displayed in 

figii 'e (2.23) w hen one cvliºlclcr is ai ranged close to the other in similar 

positions. The (1r; g coefficient of 111C iºp1cr cvliºº, ler is around 0.9 while the ]]-]call 

lift cocilicicº11 is around 0.2.7 1ºc v alu s for 11ºc lower cvlinclcr are 1.0 and -0.1 
It i` s1iowii t licit \ ui t I(( Shed I)Y l, c, t 1I cvli>>cl('1 S ; arc then combilIcd 

iº»mc(lif, t('IV 1-, (hind t. lºc loWWW(-cºr (Vliº, (lCr ;i lºow ii iii figure (5.27 ). 'l'lºc Strout- I 
lllllllli(r (, f t. h e 11 pyw1 c\'li)Idlccr is "how il �ül 111( ̀1, rc'flb1e \V1)ile t 1º; 1t of t lie lower one 
is around 0. % 

This (I'll ratloil can be consi<lcrccl to be located at the border of regions 3 

and ' in figure (2.19). 111 this region. res Shown by the direction of Ilic' arrows. 

the value of t lie drag coefficient is positive ; ill(] the lift coefliciciit is small and 

negative which is qualitatively iii line wit Ii the present result`. Approximate values 

of the Strotthal number. lift coefficient and the Drag coefficient, are presented in 

figures (2.20). (2.21). and (2.22) which give values 0.1. -0.1. and I respectively. 
Compared with the present results. the value of the drag coefficient is slightly 

higher while the lift cofficicnt is well predicted. The Strouhal number shows good 

agreement with difference of about 15"Z. The difference is maink- due to the 

Tippcar to he particularly significant crude modelling of turbulent effects which 

when vortices <lie(l by the upstream cylinder `el close to the do\vnct ream one. 

The influence of those vortices added to those of the lie\\-]. \- created ones on one 

cylinder sur face is quite difficult to control using the simple model implemented in 

the present case. even if a the Vortex strength red, ict io� scheme is incorporated. 
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The effect is even more pronounced when the downstream cylinder is positioned 

close to the tandem arrangement as described later. 

By increasing the stagger angle to S= 45 degrees, the effective gap angle 
is also increased which causes less domination of the vortices shed by the lower 

cylinder over those shed from the upper one in and around the formation region. 
This in turn increases the 'degree' of oscillation of the vortices shed from the upper 

cylinder. The effect is apparent in the graph of the force coefficients even though 

vortices from the upper cylinder approaching close are combined with those shed 
by the lower cylinder after they leave the formation region as shown in figure 

(5.28). The drag and the mean lift coefficients for the upper cylinder are 0.9 and 
0.3 respectively whilst those of the lower cylinder are 1.0 and -0.2 respectively. 
At this stage there is no noticeable change in the Strouhal number values for either 

cylinder. The experimental evidence concering the shape of the formation region 

can be seen in figure (2.23) which agrees well with the present flow pattern. The 

drag and lift coefficient have a tendency to reduce from those given by the previous 

configuration as is also shown in figures (2.20), (2.21), and (2.22). The weakness 

of the model is still reflected in the value of the Strouhal number which is much 
less than expected. 

The effect of the approaching vortices shed by the upstream cylinder can be 

seen to be mole pronounced when the staggered angle 6 is increased to 62.5 

degrees, as shown in figure (5.29). The shape of the formation region at a similar 

position can also be seen in figure (2.23). At this position the precentage of vortices 

approaching the downstream cylinder is higher than in the previous positions as 

this is close to the tandem arrangement. It is seen that the drag coefficient of 

the downstream cylinder is oscillating around the mean of about 0.7. The lift 

coefficient is also more oscillatory with the positive mean value at 0.5 and with a 

Strouhal number around 1.4. From figures (2.20), (2.21), and (2.22), it is found 

that the drag coefficient is slightly higher than expected by 25%, while the mean 

value of lift coefficient is within 10% of the observed results. The Strouhal number 

is slightly higher by about 10%. The results for higher gap ratios are presented 

in figures (C. 4. ), (C. 5. ), and (C. 6. ) in Appendix C. Its seems that with wider 

gap, the level of interaction reduces and each cylinder behaves like a cylinder in 

isolation. The lift coefficient becomes more oscillatory with higher peak values. 

5.9.4 Two Cylinders With Different Radii 

One of the purposes in investigating the case in this section is to determine 
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suitable force coefficients to enable the prediction of the hydrodynamic loading 

on the legs of offshore jacket structures with anodes attached on them. Some 

experiments have been conducted by various authors, see Downie et. al [29] for 

steady flows and Singh [90] for oscillatory flows, in an attempt to know the 
hydrodynamic effect of the shape, size and configuration of the cylinder-anode 
combination in various types of flows. In a numerical model, Murray [69] and 
Downie et. al. [26] and Tamaddon - Jahromi [107] approached the problem 
using a conformal mapping to transform a cylinder to the 'bumped' cylinder used 
as the idealized shape of the cylinder-anode combination. The equation for the 
transformation was of the form of a Laurent series as follows, 

N, 

= eiv(ti +a 
k_1 -k 

where NN is the number of terms and ak :k=1,2.... NN are real coefficients 
which are known. 

The coefficients were obtained by fitting the Laurent series to an envelope 
enclosing the cylinder and anodes. The configuration is an idealisation of one in 

which the gap between cylinder and anode is blocked with marine growth. They 

used this formulation to model a cylinder with one and two bumps. With the radii 
of the base cylinder and the anode of 0.5 and 0.2, their transformed shape can 
be considered similar to the present cylinder-anode configuration. 

In the present study, this case is simply modelled, as with the cases in the 

previous sections, by two circular cylinders of different radii and placed closely 
together. 

After a series of systematic trial calculations, it was found that best results 
are achieved when the number of elements of each cylinder is chosen in such a 
way that the length of the elements comprising the two cylinders should be about 
of the same order. This can be explained by the fact that the length of element 
dictates the strengths of the discrete vortices shed from the anode and the cylinder 

surfaces. The interaction between vortices shed from each surface is best modelled 

when their strengths are of a similar order. Hence, the cylinder and anode radii 
determine the appropriate number of elements required to model the two surfaces. 
With a cylinder radius of 0.5 and an anode radius of 0.2, it was found that the 

number of elements of 64 and 32, respectively, gave acceptable results, as described 

later. The distance to cylinder diameter ratio between the two centres was kept 
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constant and equal to 1 while the stagger angle b was varied from -90 to 90 
degrees. 

The initial stage of the flow at, t=1 and 5 are shown in figure (5.30) with 
the anode placed at the staggered angle b=0. The flow pattern and a comparison 

with that of an isolated cylinder as describe-, d in Chapter I1'. show the effect of 
the presence of the anode on the wake characteristics. The 

anode causes the flow 

around the main cylinder to become asymmetrical as the velocity in the gap region 
is higher than that at the opposite side of the cylinder. 

-', ý .- 
:' ýý 

I 

oýl 

Figure 5.30 -Flow Pattern at t=1 and 5 

h 
t 

With the number of elements of cylinder Xf and anode Na. as stated above, 

and a, gap ratio of 0.3 with Reynolds number of 100000. at 5 an 

asymmetric rolling up of vortices appears behind the cylinder, in which the vortices 

shed from the gap region are carried further downstream than those shed from the 

other side. At this stage there is no indication that rolling-up is also happening 

behind the anode. The flow pattern produced bti- the 'idealized' bumped cylinder 

of Murray [70] in figure (5.31) shows that as this is basically only- a single body. 

there is no such jet' effect in the gap region as produced in figure (5.30) 

At t his stage the formation region of the cylinder is sti ll growing and the 

vortices shed from the anode begin to combine and roll up together inside the 
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Figure 5.31 -Flow Pattern using thansformed shape by Murray [70] 

cylinder formation region. 

After I some vortices are shed downstream to complete the first cycle 

of the shedding process. The comparison of the wake behind the cylinder with 
that of an isolal. ecl cylinder shows a relatively wider wake with a correspondingly 
higher drag for the former. as shown in the graph of the force coefficients in figure 

(5.32). As displayed in figure (5.32) for i greater than . 5, the vortices shed from 

the anode combine with the vortices shied {*ro»> the cylinder to form one regular 

vortex shedding process. It. is also shown in these figures that the influence of the 

anode whose shed vortices interact with those shed from the cylinder. results in a. 
less smooth shedding pattern. 

In the cylinder-anode configuration. the force coefficients for the c, \-linder in 

figure (5.32) show a posit, ive mean value for the lift coefficient of 0.. /,. The 

Strouha1 number cannot be determined by inspection of the curve for the lift 

coefficient. but at t= 60 about 6 cycles of vortex shedding have been completed 

which equates to a Strouhal number of about 0.1. The mean value of the lift 

coefficient of the anode is slightly negative with -0.1.5 and alternating vortex 

shedding appears to be suppressed. As expected. due to the wider wake around 

the cylinder, the drag coefficient shows a higher value of about 1.55 in total. which 

comprises the cylinder drag coefficient of about 1.1 and that of the anode which is 
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0.45 ( which is normalized in respect to the cylinder diameter ). Compared with 
the results of Murray [70], the drag coefficient is smaller by about 15% while the 
lift coefficient is slightly closer with a 10% difference. 

With an increase of the stagger angle b to 45 degrees, the oscillation of the 
force coefficients for both the cylinder and the anode seems to be more pronounced 

and regular, as expressed in the smoother flow pattern created behind them, as 
displayed in figure (5.33). 

In this case, the flow pattern is similar to that of the isolated cylinder with a 

slightly wider formation region, due to the presence of the anode. It can also be 

seen that vortices shed from the anode are carried inside the cylinder formation 

region and form a combined flow pattern behind the cylinder. 

The mean value of the cylinder drag coefficient is about 1.05 while that of 
the anode is around 0.1. In other words, the drag coefficient for the whole con- 
figuration is 1.25 in total. The mean lift coefficient for the cylinder shows a pos- 
itive value of about 0.25 with a mean maximum magnitude of around 0.7. The 
Strouhal number is much more identifiable from the force trace compared with the 

previous case and shows a value of around 0.12. The mean anode lift coefficient 
indicates a positive value of around 0.1 which means that both the cylinder and 
the anode experience positive mean lift coefficients. This configuration can then 
be compared to a wing section with a positive angle of attack. The mean extreme 

value of the anode lift coefficient is seen to oscillate between +0.2 with a slightly 
higher Strouha. l number of around 0.17. The value of the drag coefficient from 

Murray [70] is around 1.2 with the mean lift coefficient of 0.1 

The effect of the anode when it is placed in front the cylinder is represented 
in figure (5.34), where the staggered angle 6 is -45 degrees. 

The regularity of the flow pattern implies that both cylinder and anode are 

experiencing regular vortex shedding. It can be seen that the mean drag coefficient 

of the cylinder and anode are around 2 and 0.7 respectively, which is in total about 
15% higher than that of Murray [70]. The lift coefficient of the cylinder and the 

anode are 0.2 and -0.4 respectively. The total mean lift of around -0-9 is 

slightly less than that reported by Murray [70]. 

In the case where the anode is exactly behind the cylinder, orb = 90 degrees as 

shown in figure (5.35), or when it is exactly in front of the cylinder with 6= -90 
degrees as shown in figure (5.36), the anode will act as a splitter plate or turbulence 
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generater respectively, and this according to Downie et. al [29] will tend to reduce 
the total drag coefficient. 

With the value of the cylinder drag coefficient of 0.8 and 0.1 for the anode, 
the total agrees with that reported by Murray [70] within about 5%. The flow 

pattern is also shown to be regular. Vortices shed from the anode are seen to be 

carried along a path following the curve of the cylinder formation region before 

they are combined in the single Karman vortex street. 

5.10 Conclusion 

An extension of the discrete vortex model for investigating the flow around 
two cylinders in infinite fluid has been presented in this chapter. The interaction 

between the two cylinders and their shed vortices has been computed through the 

use of three overlaping grids. Two polar grids, expanding from each cylinder, are 

constructed in a similar way as described in the previous chapter. The third ,a 
uniform rectangular grid, is arranged to overlap the other two. Vortices shed from 

one cylinder are stored in one array, while those shed from the other are stored 

separately through out the whole of the calculation time. Their positions referred 
to their own polar grid and also to the rectangular grid are also stored in different 

arrays. 

The influence of the vortices shed from the originating cylinder is computed 

using the polar grid while that of those shed from the other cylinder is computed 

using the rectangular one. Results of the computation are grid dependent. Exten- 

sive calculations to determine the influence of grid size have been carried out. The 

scale of the grids have been chosen to give satisfactory flow definition with as small 

a CPU time as possible. It has also been found that the early development of flows 

involving the interaction of wakes from more than one cylinder can be enhanced if 

a vortex reduction scheme is implemented. 

The incorporation of vortex reduction scheme achieves a reduction in vortex 

strength that can be attributed to the effect of the wake interaction in the form 

of turbulent dissipation and three dimensional deformation, which is more pro- 

nounced in two cylinder cases than for single cylinders in unbounded flows. 

In the side-by-side arrangements, the out-of-phase asymmetric Karman vortex 

street behind the cylinders can be achieved, as shown in figures for the convection- 

only cases in which neither the Random Walk, simulating the diffusion process, 

nor the vortex strength reduction scheme are yet included. This can be considered 
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to model the flow at very high Reynolds number. After the incorporation of the 

Random Walk scheme, for computing intermediate Reynolds number flows, the 

asymmetry of the flow could not be maintained without the involvement of the 

Vortex Strength Reduction scheme. It appears that vortices with large strengths 

generated by each cylinder in the early stages of the flow interact to cause insta- 

bilities in its subsequent development. 

The effect of the interaction of the two cylinders further apart than 0.5D, can 
be reasonably well represented with the present model even though the magni- 
tudes of the force coefficients are slightly on the low side. However, when two 

equal cylinders are closer than 0.5D, the complicated effect of the boundary layer 

interactions could not be approached realistically using the present model. 

In the case of the cylinders arranged in Tandem, the model gives good results 
for the gap ratio of D less than 2.5, which is called the critical gap ratio. The 

thrust of the downstream cylinder becomes negative when the vortices shed by 

the upstream cylinder approach the downstream one and this is basically in line 

with the experimental evidence. At higher gap ratios, the model again fails to 

achieve good results because the oscillating wake developing in the formation re- 

gion of the upstream cylinder, causes instability in the development of the flow 

from the downstream cylinder which results in unrealistic flow patterns and force 

coefficients. 

Fairly good results are also achieved for the staggered cylinder configuration, 

where the value of the force coefficients are quite close to the experimental evidence. 
The Strouhal number, on the other hand, shows values lower than experimental 

results by about 10 - 50%. The author has been unable to find information about 
the flow pattern for this arrangement except for the region in close proximity to 

the cylinder which agrees well with results given by this model. 

Although efforts have been made to validate the model against experimental 

evidence, the numerical results should be seen in the context of the limitations 

of the model. In the first place it models two dimensional flow, whereas experi- 

ments have to involve three dimensional flow. Secondly, the algorithm is highly 

computationally intensive and so there are practical limits as to how many cycles 

of the flow can be computed. It is evident that the impulsive started flows can 

produce vortices that cause instabilities in the flow development. It is possible that 

if the computation were allowed to run for a sufficient number of cycles, the flow 

vvvotild settle down to a satisfactory flow pattern. One of the main difficulties in 
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implementing the present model has been in achieving results within practical time 
limits. As has been mentioned already, the algorithm does not include explicitly 
a turbulence model. Results resembling experimental results have been achieved 
over a wide range, but inevitably there are flow configurations for which turbulence 

effects will not allow representation of the flow in this manner. 

Finally, in this case study involving two cylinder problems, only unidirectional 
flow is treated. This is because, according to the author's knowledge, there is no 
complete data available describing the hydrodynamic effects of two cylinders in 

oscillatory flows. 
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Chapter VI 

THE FLOW AROUND A CYLINDER IN A BOUNDED 
FLUID 

6.1 General Description; the Blockage Effects 

6.1.1 A Cylinder In A Channel 

The flow past a cylinder immersed in a stream bounded by rigid walls is subject 
to what is commonly called the blockage effect. The rigid walls prevent a free 

lateral displacement of the fluid particle by the cylinder, in the neighbourhood 

of which velocities are higher than they would be in an unbounded stream. The 

overall effect is an increase in the free stream velocity, relative to the unbounded 
flow, which is related partly to the volume distribution of the body itself (solid 

blockage), and partly to the displacement effect of the wake (wake blockage). 

Glauert[35] proposed that the Drag Coefficient Cd in an unbounded stream 
is related to the drag Cdw in a wind tunnel by 

Cd=Cd,, 1- h 

where t is the thickness of the bluff body, h is the tunnel height, q is an empirical 
factor which is found experimentally. 

Maskell[65] developed a theory for the blockage of the flow past a bluff body in 

a closed wind tunnel involving an approximate relation describing the momentum 
balance in the flow outside the wake. As a results of his experiments he proposed 
the correction formula ; 

OP s 
= ECd Pc 

where, AP is the effective increase in dynamic pressure due to the blockage con- 

straint, and _- is a blockage factor dependent on the magnitude of the base pressure 

coefficient. The factor t: - is shown to range between 5 for axi-symmetric flow to 

I for two dimensional flow, In addition, s is the area on which the profile drag 

coefficient, ('d is based, and c is the cross-sectional area of the tunnel. 
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Downie et. al. [29], in the experiment carried out at the Imperial College 
London, used a correction for the blockage effect based on a function of the blockage 

ratio taken as the frontal area of the model to the cross section of the wind tunnel 

working station, which varied between 5% to 10%. 

The formula used was as follow, 

cmeasured 
Cdcorrecied =d= (l 

- 2c) cd measured 
(l+E)2 

where c- 2AT 
C'ý easured, A is the reference frontal area of the model and AT 

is the cross sectional area of the wind tunnel. 

The presence of walls close to a cylinder in a flow induces a significant effect 
on the cylinder and the flow characteristics. 

Stansby and Slaouti[102] modelled a flow with blockage using a discrete 

vortex method in which the convection velocities were computed using a vortex-in- 
cell method involving the solution of the Poisson equation. Diffusion was simulated 
by imposing random walks on each vortex in two orthogonal directions in a polar 
co-ordinate grid system. To model the boundaries, they used an overlapping system 
of rectangular and polar meshes. The outer mesh and the intermediate mesh were 
rectangular and the inner mesh was polar. Constant stream function values were 
imposed on the upper and lower boundaries. 

Spalart [95], proposed another approach in which the wall boundary condi- 
tion of parallel flow may be obtained by reflection and modelling the flow as two 
interlaced casades in which the pitch, the distance between two image bodies both 

above the upper wall and below the lower wall, is equal to the wall distance. Since 

the solution is the same for all wall reflections ( but inverted ), the Martensen equa- 
tion as shown in equation (4.6) may be applied with relatively simple modifications 
to the code. However, the approach has some limitations when the vortex-in-cell 
sclieme is implemented in relation to calculating the vortex velocity. This is due to 
the fact that the node-to-node interaction is used instead of the vortex to vortex 
interaction. The difficulty will arise when the node points are located outside the 
fluid domain. This could happen since the node points can lie outside the two 

walls even though a point vortex is still located inside. Another restriction is that 
this method can only be used for the case of the cylinder placed half way between 
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the two walls since the coupling coefficient was derived in the same way as for the 

cascade case. 

The numerical results from Stansby and Slaouti [102] show that , 
for a 

cylinder placed between two walls in a uniform free stream, when the distance 

between the walls is greater than 16 diameters, the blockage effect is negligible. 
This would not be the case for blockage corrections based on steady flow condition 

where a blockage ratio D (the ratio of the distance between walls G to cylinder 
diameter D) of 14 would give an effective increase in the free stream velocity of 

about 4% at a Reynolds number of 104. It would also cause an increase in the 
drag of about 8 per cent. At a Reynolds number of 100 with a blockage ratio of 
16, the mean drag increases as much as 2.5%. More significant increases in the 

mean drag exist for blockage ratios less than 8. At blockage ratios of 8,4, and 
2, the mean drag increases as much as 10,43 and 210% respectively. The effect 

of the blockage on the Strouhal number shows a quite different trend. Increasing 

the blockage (reducing the blockage ratio) is seen to increase the Strouhal number 
down to a blockage ratio of about 4 %, while a blockage ratio of 2 has a lower 

Strouhal number than a blockage ratio of 4. 

In the present study, the walls are modelled by source distributions extending 
from -oc to oo as described in Appendix A. No boundary layer simulation is done 

on the wall as the aim of this study is only to investigate the blockage effect. The 

complex potential used comprises the contributions from the free stream velocity 

uoo, the cylinder surface vorticity yn, the wall surface sources Qw and the shed 

vortices F, as follows, 

Ne Mw Ni" 

w(z) = use-ia°°z + 
27r 

E -yedSe In (z - ze) + 
2ýr awdSw In (z - zw)+ 

e=1 g=l w=1 

N, 

27r 
EI, ln(z-zv) 
v=1 

(6.1a) 

The strengths of a vortex -yn and a source ow at element w of wall g in this 

equation can be calculated by satisfying the Dirichlet boundary condition of zero 
tangential velocity on the cylinder surface and the Neumann boundary condition 

of zero normal velocity along the wall. illy, shows the number of walls for the case 
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to he analysed. Mu, equal to one is for the case of the flow around cylinders near 
a plane wall while for Mu, equal two is for cylinders in channel. 

An overlaping polar/rectangular grid system as used in the previous chapter 
can still be implemented. In this chapter, the size of the rectangular grid segment 
is now equal to the size of the wall element. The surface vorticity is then introduced 
into the flow field using the same procedure mentioned in section (4.4). 

The velocity of a vortex can now be calculated through the use of the polar 
and the rectangular grid nodes as before. The addition contribution from the 

wall sources is implemented using the rectangular grid nodes. This implies that 

a bilinear interpolation and reinterpolation in polar and rectangular coordinates 
is needed to distribute and redistribute the vortex strength and velocity onto two 

grid node systems as explained in detail in the following sections. 

The force coefficients can then be calculated using the same method as before 
by integrating the pressure distribution from the stagnation point to around the 

cylinder surface. 

6.1.2 A Cylinder Near A Plane Boundary 

As mentioned earlier, it is a fact that when a cylinder is placed near a wall, 
the flow around and force on the cylinder can change significantly. This interfer- 

ence is partly due to the increase of the surrounding velocity and partly due to 
the influence of the reflected periodic wake. The change of the boundary layer 

characteristics either of the cylinder or of the wall can add to the complexity of 
the interaction. 

A potential flow scheme has been used to model this kind of configuration by 
Yamamoto et. al. [113] for the case of low Reynolds numbers. The use of this 

model in this regime may be justified on the grounds that there is no separation 
and the flow resembles to some extent the stream-line flow. However, it should be 

noted that low Reynolds number flows differs considerably from potential flow due 
to the presence of viscous boundary layers. By applying the method of images, the 

motion along the wall may be approximated with two doublets with their axes in 
the direction of motion. When the doublets approach each other they no longer 

represent circular cylinders, because of mutual interference. In order to eliminate 
this influence, a distribution of an infinite series of doublets of converging strengths 
along the cylinder radius is required. Therefore, the flow around a circular cylinder 
placed closely to a wall can be expressed as a properly distributed infinite series of 
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Figure 6.1. -The Flow Chart of the Numerical Method 
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doublets. The force coefficients can then be calculated through the use of Blasius 

equation by directly substituting and integrating the complex potential around the 

circumference of the cylinder. 

Efthymiou and Narayanan [31] [32] and Ali and Narayanan [1] analysed 
this problem using a discrete vortex model. Their model contains an approximation 
as an infinite number of image vortices must be introduced in order to satisfy 
the impermiability condition on the cylinder surface and on the plane boundary. 
However, in the numerical calculations a finite number of images of about 9 is found 
to be sufficient because, as image vortices of equal and opposite strengths approach 
each other, a complete cancellation of the vortex pair results. Stansby [98] also 
used a similar approximation to model the flow around two cylinders arranged 
normal to the free stream. He claimed an accuracy of the zero normal velocity 
condition as small as 10-6 is achieved by using the same number of images as 
mentioned above. 

Another method, which has been adopted in this study, is the distribution of 
source elements along the wall as described in the previous section by simply re- 
moving the top wall from the domain. Using an equation similar to equation (6.1a) 

above, the Neumann boundary condition along the wall and the Dirichlet boundary 

condition along the cylinder circumference can be satisfied simultaneously. 

As described earlier, the advantage of using this scheme is its flexibility in the 

modelling of various wall geometries without major changes to the scheme. For 
instance sea bed scouring under sub-sea pipelines could be easily modified. The 
basic procedure of this scheme is exactly the same as that of the previous section. 
The only difference is the absence of the top wall source contribution which reduces 
the complex potential equation (6.1a) to 

2 
Ne 1 Nw 

w(ý) = u, )e-iaýti + 
27r 

E 7edSe ln(z - ze) + 
2ýr 

> awdSw ln(z - zw)ý- 
e=1 w=1 

ý N, 
F, In(ti - ýv) 27r 

v=1 

in which N. l, shows the number of element of the bottom wall. 

(6.1b) 
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6.2 Numerical Formulation 

As there are two different boundary boundary conditions imposed on the cir- 

cumference of the cylinders and on the walls. the : \lartensen equation (4.6) should 
he further modified and separated into two expressions to take into account the 
influence of the wall as follow. 

1 All/ 

--ý jm + kmni'ndSn + kmu, at,, d, 511, + üoo - ClSm. +T 1mvFv =0 (6.2) 
cc v 

and 

1 "1 v 

;, ýd$11 +z fý,, ýt"ýý. ýt, + iýx ýý, ýtý + 1Z. Lr� =o (6.3) 

in which k',,,. and k,,,,,, are the kernels of the integrals which are decribed later, 
ti 

a,,, is the strength of the wall source at point ic, dSis the tangential direction 

vector of the cylinder element in. while (IS, ' is the normal direction vector of the 

wall element v. This integration is taken along a closed curve joining the top wall 
from -x to cc. the circumference of the cvlindler and the bottom wall from -cc 
to cc. as shown in figure (A. 2) in the .l pj)cn(lix A. 

Top Wall 

---------------------- ------------------- 

-2----------------- 

ek 

--------------- 

Bottom Wall 
------------------------ .... L___________________ 

Figure 6.2. - T/i Ozrc rlapi77q Grid 
. 
5'r» tr 772 
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Due to the nature of the kernel functions above, which are asymptotically equal 
to zero as the distance approaches infinity, the integration reduces to the integrals 

around the cylinders surface and the two walls only. 

It is seen from equations (6.2) and (6.3) above, that this modified Martensen 

equation cannot be solved independently since each equation contains two un- 
knowns, -yn and a,,. Therefore the Dirichlet boundary condition of zero tangential 
velocity on the circumference of the cylinders implied in equation (5.2) and the 
Neumann boundary condition of zero normal velocity along the walls implied in 

equation (6.3) are solved simultaneously. 

The wall boundary condition can be specified in terms of the velocity potential 
as, 

ao 
= an 

(6.4) 

Equations (6.2) and (6.3) can now be written in the discrete form based on 
the fact that the integration along the two vertical lines connecting the two walls 
at infinity sums to zero. As the source strengths far distant from the cylinders are 
relatively small, their contribution is neglected beyond a cut-off at a certain finite 
distance from the cylinders, which produces a finite number of wall elements Nu, 

as as follows, 

`Nýe 
Mw Nw N, 

kmn'yndSn + kmwawdsw lmvrv =0 (6.5) 
n=1 h=1 w=1 v=1 

to satisfy the Dirichlet boundary condition at element m of the cylinder circum- 
ference and 

Ne Mw Nw Nv 
k19n, yndS +k cr l dsw + (uýe-i{«a9)) 

+ lº9Urv =0 (6.6) 
ýi=1 h=1 w=1 v=1 

to satisfy the Neumann boundary condition at element v of the wall g. The crite- 
rion for selecting the cut-off is discussed in section (5.7.1). To find the unknown 
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value of the vortex strength '-yn and the source strength a, , these equations can 
now be expressed in the matrix form as follows 

Kmn K'1 mv 
Ic12 

n RHS mw 
Ký1 K'11 K'12 v= 

[RHS1 
(6.7a) 

K'wn K'w21 
v K'wlw2 (7w RHS2 

where the components inside the matrix are all submatrices with 1,2 signifying 
the bottom and top wall respectively. As mentioned before, a value of Mu, equal 
to one will refer to the case of a cylinder near a plane wall while M21 equals two 

will signify a cylinder in channel. 

For the case of cylinders placed close to a plane wall, the only difference is the 

absence of the top wall source distribution and this will reduce the size of matrix 
equation (6.7a) to be, 

Kmn K'm', (-/q 
_ 

RHS 
(6.7b) 

(K"n 

ýý"vlv2 og 

(RHS1) 

The coupling coefficients representing the induced velocity at pivoting point 

m or n of the cylinder and at pivoting point v or w along the wall are then given 
by; 

kmn = 
2'ß'n QS'n eißn2 (27T 

zm - Zn 

kmw=R 
2,7r zm - zw 

Vvn = -s 
Zen Osn 

(6.8) 
27r zv - zn 

Iv 
w 

(7W z SW 

=-s 
27rz11-zu, 

In this matrix A- 
,n shows the coupling coefficient at element m of cylinder due 

to a, vortex located at element n.. k, n, t, and kmt,, are coefficients associated with 
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sources located at the top and bottom wall element respectively. k' �n and k'wn are 
the coupling coefficients imposing the zero normal velocity along the walls, due to 
the vortex along the cylinder circumference. 

The coupling coefficients in the remaining blocks of the matrix describe the 

wall to wall source element interactions including the effect of the presence of one 
wall element on another. 

There are two components inside the two RHS1 and RHS2 blocks which 
contain the contribution of the free stream and the shed vortices as indicated in 

equation (6.5) and (6.6) above. The coupling coefficients l�zv and l'w, are similar 
to k17zn and k'vn but with the value of Fv replaced by -ynOSn. 

Upon definition of all components inside the matrix equation (5.8) above, the 

unknown vortex and source strength -y, z and o can be calculated through, 

[7n' fin] = [Kmn]-1 [RHS] (6.9) 

where Kmn is the left hand side matrix in equation (6.5), (6.6). 

6.3 Segmentation of the Domain 

It can be seen from equations (6.1a) and (6.1b) that after shedding vortices 
the order of M2, Nu, operations must be carried out when performing the velocity 
calculation for a vortex due to the contribution of a wall source only. Involving 

the contribution of the shed vortices, the number of operations will be this number 
added by Nz, + 1, the number of vortices in the flow, if mutual vortex interaction 
is used. The final total number of operation will be this number multiplied by the 

number of shed vortices N. 

Using rectangular grid nodes similar to those described in chapter IV, as shown 
in figure (6.3) below, this number could be reduced by replacing the factor N, +1 

with E , ', k Nj, A; +1 which is obviously a smaller number. 

About the same amount of saving can also be found during the source strength 

calculation in the component of the RHS of equation (5.9) from the contribution 

of the shed vortices which also use the rectangular grid elements. 

The efficiency obtained from the cylinder-vortices interaction described in 

chapter Il ' has to be added to get the whole saving of the (_'PLT time as it in- 

volves a, similar process and uses the same number of operations. 
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It is shown in figure (6.2) that the size of the rectangular grid segment is 

arranged to be equal to the length of the wall source element. This means that 
the rectangular and wall element are uniform throughout the whole fluid domain. 
The first row of the rectangular grid nodes next to the wall are arranged in such a 
way as to give the best visualisation of the flow pattern. A systematic sensitivity 
study showed that the vortex sheet approached the wall tangentially if the first 

ring out of the rectangular grid spacing was chosen to equal that of the element 
lengths on the cylinder surface. This condition was adopted for the case studies 
described later. 

Figure 6.3. -The Cud EI mcnt 
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6.4 Introduction of Vortices Into the Flow 

As described earlier, the discrete vortices are introduced into the flow so that 

the position of separation and the trajectory of the separated shear layer are con- 

sistent with the experimental results. In fact, those phenomena are determined by 

complex fluid motions in the boundary layer involving a delicate balance between 

convection and diffusion, with the added important influence of the local surface 
static pressure gradient. 

The technique implemented in Chapter IV is still adopted, since the release 

of vortices from the second ring allows computation of the flow without explicitly 

specifying unsteady separation from the cylinder surface. Unsteady separation 
implies a variable separation position moving periodically due to the upstream 
influence from the wake, which in turn. determines the wake pattern and the 

velocity in the whole fluid domain. 

The presence of walls in close proximity to the cylinder obviously changes the 

wake behaviour behind the cylinder. This is partly due to the effective increase in 

local velocity and partly due to interference from the reflected periodic wake. 

In this simple model in the present study, only the 'blockage' effect is consid- 

ered and all the effects of the boundary layer interaction between cylinder and 

wall are ignored although Reynolds number effects are implicit in the choice of 

various model parameters such as the element lengths and grid dimensions. These 

have been largely specified on the basis of previous work ( Downie [26] and 
Murray [70] ) and sensitivity studies. 

6.5 Distribution of Circulation to the Grid 

As the grid structure is based on the one described in section (4.3), the dis- 

tribution of the circulation to the grid is done in the same way as described in 

chapter IV. This means that the strength of a vortex is distributed in its own 

surrounding polar grid nodes and the rectangular grid nodes. A vortex shed from 

other cylinders is also distributed in the same manner and stored in a different 

array. The polar grid nodes are used to evaluate the interaction among vortices 

shed from the same body while the rectangular grid nodes are used to evaluate the 

influence from vortices shed from the other cylinders. 

It can be seen from figure (6.2) that the use of polar grid elements close to the 

wall could create a situation where an active polar grid node is situated outside 
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the fluid domain between the walls even though the vortex it represents, is still 
inside. This active node is then treated as usual, bearing in mind that the active 
nodes only represent a redistribution of vortices in the flow. and also that there is 

no direct interaction between the polar grid nodes and the wall elements. 

6.6 Calculation of Velocity 

The flow past circulars cylinder placed close to walls, as shown in figure (6.2), 
is assumed two dimensional. The flow in the far field is either steady or unsteady 
and normal to the cylinder axis. 

The complex velocity at a point z=x+ iy in the flow field is simply the 
derivative of equation (6.1) as follows, 

h Ne Mw NZ hh dw(z) 
=u- iv = u00 ez«ý +- yndsn +1 ýwdsh 

-ý dz 27r 
n=1 z- Zn 27r 

h_1 w_1 
z- zw 

2 N, rv 

27r 
Ez- 

zv 
(6.10) 

in which u and v are respectively the velocity components in x and y directions. 

As explained in the previous chapter, there is no direct vortex to vortex interac- 

tion in calculating the velocity in the field domain but only grid node to grid node 
interaction. As the calculation of vortex velocity is done after the introduction of 

vortices into the flow, this equation has to be modified slightly by eliminating the 

second term of the RHS of equation (6.10) as the surface vorticity has already 
been released and absorbed in the shed vortices Nv as follows, 

h 
dw(z) 

=U- zv = use-iaoo +1 
Mw Nw 

Qwdsw 
+2Tj, 

dz 27r 
h= 

El 

w=1 
z-w zw 27f 

I, k 

Ez- 
zj 

in which the zJ, k shows the co-ordinate of the active grid nodes either in relation 

to the polar or the rectangular grid system. As shown in equation (6.11) above, 

the presence of walls which are modelled by source distributions leads to another 

factor contributing to the calculation of vortex velocities. This source contribution 

in the second term of the equation is carried out through the use of the overlapping 
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rectangular grid system. The velocity of the active rectangular grid nodes due to 
the source distribution of the walls is then 

M'"' N�' 
Qhu dSh 

uw(z) 27r 
1: Zz_ 

zh 
(6.12) 

h=1 w=1 w 

where Nw is the total number of element at wall h 

The velocity of a vortex v shed from the cylinder due to the wall is then found 
through the use of the bi-linear interpolation, 

uw(zv) = Q1(v)uw(N1) + Q2(v)uw(N2) + Q3(v)Uw(N3) + Q4(v)uw(N4) (6.13) 

where Qt, (v) is the area ratios as shown in equation (5.7). 

This velocity should be added to the vortex velocity due to vortices shed from 

cylinder surfaces as shown in equation (5.12) of Chapter IV above. Hence, 

u(zv) = uv(zv) + upw(Zv) + urw(zv) (6.14) 

where, uv(zv) is the vortex velocity due to other vortices shed from the cylinder, 

uw(zv) is the vortex velocity due to the influence of the walls and u,. w(z, ) is the 

vortex velocity due to diffusion random walk. 

6.7 Method of Enhancements 

6.7.1 Source Wall Element 

Theoretically, the source wall distribution should extend from -oc to oo as 

expressed in the continuous form of the equation (6.2) and (6.3) above and also 
displayed in figure (A. 2) in Appendi.. r A. However, 

x 
lim a2�(x) =0 or in other ±00 

words, the blockage effect experienced by the cylinder due to the presence of the 

wall is small at distant points. Because of this, the wall is modelled by source 

extending along the wall until a point is reached when the mutual interaction 

between the distant wall elements and the cylinder or shed vortices is relatively 

small. 

The influence of the member of sources modelling the wall on the fluid velocity 
just outside the cylinder surface element closest to the wall are shown in figure 
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(6.4) choosing the case of the wall proximity for the test. It can be seen that the 

rate of change of the cylinder surface vorticity strength ^yk to the wall extension 
ä is less than 0.01, when the distance of the end wall elements to the cylinder 
centre is not less than 3D. This value is then used to determine the wall length 

after shedding vortices. The wall end points can be determined by measuring this 
distance from the extreme position of a vortex. 

5 10 15 20 

-2.05 

-2.1 

-2.15 

-2.2 

Figure 6.4. -Effect. of the Wall length to the cylinder 

6.8 Results And Discussion 

6.8.1 A Cylinder in A Channel 

A. Uniform Flow. 
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y 
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In this section. the results produced from some typical flows are presented with 

both flow visualisations and graphs showing the accompanying force coefficients. 

The parameters are still the same as mentioned in section (4.11) in the previous 

chapter. in which the number of element VE is equal to 6,1,. the time step . 
\t is 

0.15 and the diameter of the first ring-out. from which the vortices are released, is 
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5 10 15 20 
Wall IEZ;; cz th 



The Flow 
. -round a Cylinder in A Bounded Fluid 

equal to the local element length. For the non-dimensional times oft =1 and 
5, the gap C is defined as the distance between the two walls, at a gap-diameter 
ration D=3 and Re = 100, the early structure of the wake behind the cylinder is 

shown in figure (6.5). The separation points show a little shift compared with an 
isolated cylinder for which they occur at. about 100° measured from the positive 
X- axis. This figure also shows that. by imposing the same asymmetric shift as 
explained in Chapter IV', the blockage effect induces a tendency to delay the roll 
up of the vortices behind the c\"lincler. 
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Figure 6.5. -Tlic Flow PattcIn at 1=1 and t=5 

Due to the ]uglier velocity at arid aroIll](l the', eparatio» points. the length and 

\Vicith of' the f'on untion region arc longer aiicl 11aniO\1'i r rcý-peCti\-e1V. compal-cd with 

those of* t lie isolated cVlinclcr. As described in detail in Do\vnie[261. the shape 

and size of the formation region signilicalltly influences the reactive force exerted 

on the cylinder and the wake pattern behind. Comparison with figure (4.6) shows 

the influence of the wall on the formation region at f=1 and f= : _ý. 

After the flow develops further. as shown in figure (6.6). regular vorte-\ shed- 

ding occurs. It is, seen that. due to the presence of the walls. the wake is suppressed. 

at a distance of about. /D behind the c. ý-linder. to form a Von Darman vorteN street 

with the width equal to the wall distance. The value of Strouhal numbers is dis- 

cernable at about 0.175, which is in fairy close agreement with the results of 

Stansby and Slaouti (102]. 

The figure also displays the force coefficients predicted for this flow plotted 

against the non-dimensional time. The drag coefficient is 2., '. which is slightly 

less than the result of Stansby end Slaouti 102_ of 2. 
-? '. 5. ThiS resulh shows an 
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increase of about 12% over that of the isolated cylinder with the same Reynolds 

number. It is a general trend that the higher the gap ratio D, the smaller the 
drag coefficient, until it reaches the value of the isolated cylinder. This is because 

the effective increase in local velocity reduces and also the interference from the 

reflected periodic wake is smaller since the walls are located relatively farther a vav 
from the centre of the cylinder. 

The mean value of the lift coefficient, on the other hand, does not change from 

zero, even though it is shown that the average extreme values are slightly increased 
to around +0.9. The rms lift is found to be 0.55 which is also close to the results of 
Stansby and Slaouti [102]. It is particularly noticable that the drag frequency is 

still around twice that of the lift, even though the 'noise' is more pronounced in this 

case, which seems that this blockage does not significantly change it from that of 
an isolated cylinder. This has to be the case while vortices are shed symmetrically 
from both sides of the cylinder. 

Section 

number 

Purpose of 

section 

CPU Time 

1 Input / Output 1.59 

2 Define Grid 0.00 

3 Calculate Nodal Velocity 74.37 

4 Calculate Vortex Velocity 1.75 

5 Vortex Displacement 1.3 

6 Distribute Circulation 1.2 

7 Calculate Surface Velocity 16.75 

8 Calculate Forces 0.04 

Table (6.1). - The CPU time precentage of each section of the algorithm. 

The percentage of CPU time used in this algorithm during each section is 

presented in table (6.1). The time taken for calculating the surface velocity has 

increased as much as 5 per cent compared with the isolated cylinder in table (4.2) 

and this also contributes to the time needed for the matrix multiplication since the 

matrix size is iiow increased due to the presence of the wall sources. The influence 

of the rectangular element size, as described Iprevioilsly, slio«Vs a quite significant 
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change in the percentage configuration especially for the time taken for calculating 
the nodal velocity which increases by around 6 %. All those CPU time percentages 

are taken at i= 90 when the flow has developed sufficiently to have a high number 

of the active polar nodes, active rectangular nodes and vortices. 

Vortices with small strength compared to the others and those that move across 
the cylinder and the walls are all eliminated from the flow. This is done 

to maintain a more realistic flow pattern and to get a better reactive forces. 

The total strength of those vortices is then manipulated in such a way, as expressed 
in equation (4.45), to conserve the total circulation in the fluid domain. 

The results for higher gap ratios D of 2,4,5,6, are presented in figures (6.7), 

(6.8), (6.9), and (6.10). The general pattern to be observed from the results , not 

surprisingly, is that the higher the gap ratio the more the flow pattern and the 

force coefficients approach the values of the isolated cylinder. 

At a gap ratio of D=4 the drag coefficient is equal to 2.25, close to the results 

of Stansby and Slaouti [102] while the extreme values of the lift coefficient is 

slightly increased to 0.7 with the rms lift value of around 0.39. There is no 

noticable change in the value of the Strouhal number compared to the previous 

case. Due to the presence of the wall, the regular Karman vortex sheet behind the 

cylinder is suppressed at distance of about 6D as its width is constrained by the 

walls. 

A continuing decrease in the drag coefficient occurs when the gap ratio = 5D 

its 
, 

value being equal to around 2.15. The extreme value for the lift coefficient is 

slightly increased compared to the previous case with a rms value of around 0.41. 

The Strouhal number is still around 0.18. When D equals 6, the values of the drag 

coefficients is 1.9. These values are in good agreement with those found by the 

numerical approach of Stansby and Slaouti [102]. The lift coefficient approaches 

a value of 0.8 which is the same value as for the isolated cylinder. The Strouhal 

number also increases to around 0. ', while the flow pattern becomes similar to 

figure B. 2) in Appendix B. 

For a. low gap ratio = 2, a completely different trend is to be observed, 

in which the behaviour of the vortices, due to the narrow gap between the wall 

and the cylinder, changes in the vicinity of the cylinder and along the wall, so as 

to increase the suppression of the flow oscillation behind the cylinder. The drag 
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coefficient could be raised to about 4.9, while that found in the present model is 

around 3 with the rms lift around 0.772. 

The influence of Reynolds number at a certain gap ratio D=6 is also inves- 

tigated using the model by varying the Reynolds number from 500 to 100000 as 
displayed in Appendix D. The results for Re = 500, as displayed in figure (D. 1) 

suggest that the drag is increased to around 1.6, which is about 10 % increase 

compared to that of the isolated cylinder. The extreme value of the lift coefficient 
is about 0.8 which is close to that of the isolated cylinder. As the Reynolds 

number is increased to around 1000, the drag coefficient is slightly reduced to 

1.46. The extreme value of the lift coefficient is also reduced to around 1.75 

and the Strouhal number is maintained around 0.2. The resolution of the picture 
is improved and it is seen clearly that the vortices approach the wall tangentially 

whenever they move close to it. 

With the increase of the Reynolds number to 10000 and to 100000, the increase 

of the drag coefficients is in the range of 5 -10 % compared to the isolated cylinder. 
No difference in the value of the lift coefficient and the Strouhal number can be 

detected. 

The results for a cylinder placed in a channel with D=2 to 6, Reynolds 

numbers of 100 and 100000 can then be summarized in the following table. 

Gap ratio 

G/D 

Drag Coefficient 

Cd 

Lift Coefficicent 

Cl 

2 3 0.05 

3 2.4 0.05 

4 2.25 -0.04 
5 2.15 -0.01 

6 1.9 0.04 

Table 6.2. - Results for the flow around a cylinder 

in a channel at Reynolds number 100 
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Reynolds number 

Re 

Drag Coefficient 

Cd 

Lift Coefficicent 

Cl 

100 1.9 0.05 

500 1.6 0.05 

1000 1.46 -0.04 
10000 1.2 -0.01 
100000 1.15 -0.03 

Table 6.3. - Results for the flow around a cylinder 
in a channel at gap ratio G/D =6 

B. Oscillatory Flow. 

To the author's knowledge, there is no reference in the literature for blockage 
in oscillatory flows to which the present results can be compared. However, this 

section is written with the purpose of investigating the effects of the presence of the 

wall on the hydrodynamic characteristics of the cylinder compared to the similar 
oscillatory flow condition in an infinite fluid as described in chapter IV. At a 
gap ratio D of 3, the present model was run at several values of the Keulegan- 
Carpenter number of 5,10,15, and 20 for Reynolds number 100000. The number 
of cylinder elements Ne and the time step At were chosen to be exactly the same 
as those in the previous chapter, namely 64 and 0.1 respectively. The vortices 
are also released from the first ring-out of the cylinder at a distance that varies as 
a function of the inverse of the square root of the ß value as explained in section 
(3.10.1). 

At Keulegan-Carpenter number of 5 the difference of the flow pattern at the 

early stages of the flow compared to that of the isolated cylinder as described in 

the previous section, is mainly that the blockage effect slightly narrows the wake 
downstream, as shown in figure (6.11) for non-dimensional timet of 1 and 5 

respectively. After the flow has developed further at t= 60, it is seen that the 

wake is mostly concentrated close to the cylinder and spread along the wall. This 

is due to the fact that the velocity in the gap region is higher than the rest of the 

area. which can convect the vortices that fall in this region farther away than those 

that. fall in the middle region between the walls. Also vortices in close proximity 
to the walls pair with their images in the wall and the two mutually convect each 

other along the wall. 
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Figure 6.11. -The Flow Pattern at, t=1 and 5. G/D = 3, and Re = 100000 

Figure (6.12) shows that due to the blockage effect, the mean extreme value 
of the in-line force coefficient is slightly increased by about 6(4 compared to that 

of the isolated cylinder as displayed in figure (B. 10) in appendix B. In fact this 

value is closer to the experimental results of Sarpkaya and Isaacson [87]. Nev"- 

ertheles. clue to the existence of the phase difference between the present and the 

experimental results, no improvement is obtained for the value of the drag and 
inertia. coefficients which are 1.5 and 1.9 respectively. 

At. a. higher I\eulegan-Carpenter number of 10, as displayed in figure (6.13). 

a, similar trend occurred with an increase in the in-line force coefficient of about 
7%. Starting from t hl.,, value of the heulegan-Carpenter number and higher. as 
shown in figures (6.14), (6.14). this increase is accompanied by an improvement 

in the phase difference between the present results and the experimental results. 

The clear difference of the flow pattern compared to that of the isolated cylinder 
is that the wake around the cylinder is spread and bounded only between the two 

walls and this may cause a. more pronounced influence of the shed vortices on the 

cylinder during the reversed flow and this will add to the influence of the Nvall 
itself. 
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6.8.2 A Cylinder Near A Plane Boundary 

A. Un? from Flow. 

\\ it. h the absence of the top wall from the previous section, the problem can 
now be converted into the problems of a cylinder close to a. wall in which the 

results can now be investigated in this section. It is mentioned by Bearman and 
Zdravkovicll [12], and Ali and Narayanan [1], that at the gap ratio D greater 
than 2 the cylinder behaves like an isolated cylinder as the influence of the wall is 

relatively low. 

` `. yam '! S'' . ý1" f.. yý 
t.. ý; 

ýr ,"w 

S 

"r ", . >" r "rl 

Figure 6.16. -The Flow Pattern at t=1 and t=5 for G/D = 0.5 

Based on these experimental studies, the model was tested at at high Reynolds 

number of 100000 and at, several values of the gap ratio 2 of 2.1.5 . 1.0.5 

0.25,0.1. At, the first gap ratio j' =2 and at the non-dimensional times of 

1 and 5. the early beginnings of the wake behind the cylinder are shown 

in figure (6.16). In this case, the separation point close to the wall is shifted 

downstream to about 125 degrees. while the one on the top side of the cylinder 

surface is shifted upstream to about 135 degrees, measured from the positive x 

axis. The shear laver emanating from the lower half of the cylinder seems to stretch 

longer than the upper one even though no forced asymmetry was implemented. The 

formation region also seems t. o he slightly longer than that of an isolated cylinder 

by about 5`7%. This is due to the fact that the close presence of the wall will create 

an asymmetric velocity field around the circumference of the cylinder in which the 

velocity of the fluid particles close to the wall are relatively higher than the rest. 

The asymmetric velocity field around the cylinder also promotes the roll-up of the 

vortices earlier than that for the isolated cylinder. as shown in figure (6.16). 
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As the flow develops further, as shown in figure (6.17). a regular vortex shed- 
ding is clearly established and this is also reflected in the graph of the force co- 
efficients. The drag coefficients is slightly less than 1.14, which is the value for 

an isolated cylinder, and the lift coefficient oscillates about a mean value of about 
0.15 with the Strouhal number relatively unchanged from 0.2. The steady implies 

that a repulsive force exists in the direction tending to displace the cylinder away 
from the wall. 

The obvious difference between this flow pattern and that of an isolated cylin- 
der is that the vortices close to the wall tend to approach it tangentially, follow it 

and then leave it tangentially as well, while those on the other side are freely con- 
vected as in an isolated cylinder. Numerically, this is obviously due to the source 
distribution along the wall which tends to reflect the vortices close to it back to 

the fluid domain. This is also shown in the calculation in that generally, when 
the vortices are close enough to the wall, the strength of the sources in that region 

are positive ( sources ), while those in the region sparsely populated by vortices 
show negative values ( sinks ). 

The absence of the top wall only slightly changes the composition of the CPU 

time taken at each section, as shown in table (6.4), compared with that of the 

previous section. This is shown in the precentage time taken to calculate the 

vortex velocity which is less than for the previous case by about 5%. 

Section 

number 

Purpose of 

section 

CPU Time 

1 Input / Output 1.59 

Define Grid 0.00 

3 Calculate Nodal Velocity 73.97 

4 Calculate Vortex Velocity 2.38 

5 Vortex Displacement 4.6 

6 Distribute Circulation 1.1 

7 Calculate Surface Velocity 16.02 

Calculate Forces 0.04 

Table 6.4. - Th( CPI time po ct nta. gc of Fach ., ý(-ction of th - algorithm. 
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Figure 6.17. -The Flow Pattern at t= 10,20, 30. 40,50,60, and 
the Force Coefficients. for G/D = 2. and Re = 100000 
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The influence of the wall on the hydrodynamic characteristics of the cylinder 
increases as the gap ratio is reduced to 1.5,1,0.75.0.5 and 0.25 as shown in 
figure (6.18) (6.19) (6.20) (6.21). The drag coefficient reduces from 1.13 and the 

mean value of the lift coefficient is around zero, in which these values are those of 
the isolated cylinder, to be a force away from the wall with mean 0.23.0.32,0.41, 

and 0.51 respectively. 

The flow on the wall side of the cylinder can be seen to be increasingly de- 
flected in a tangential direction as the gap between the cylinder and the wall is 
decreased. It is also shown in these figures that as the velocity in the gap region 
gets higher, vortices with high strengths are created which then produce a strong 
mutual interaction. This in turn results in higher velocity in the region along the 

wall behind the cylinder which then causes the vortex street to be deflected as the 

vortices close to the wall move further away than those located further into the 
flow. 

The more asymetric effects occurs when the gap ratio D is reduced to 0.25 

when the influence of wall as described above is more pronounced. The vortex 

street is becoming more skew-symmetric because of the greater influence of the 

wall, which is reflected in the higher velocity in the gap region, as shown in figure 

(6.22). It can also be seen that the repulsive force, shown as the average lift 

coefficient, is higher and reaches 0.75 with the Strouhal number equal to 0.17, with 
the drag coefficient is slighly increased to 1.45. This is close to the experimental 

values reported by Efthymiou and Narayanan [31] [32]. 

Experimental evidence shows that when the gap ratio D is less than 0. "15 

regular vortex shedding is suppresed due to the complicated behaviour of the tur- 
bulent boundary layer interaction in the gap region. This affects the formation 

region which is lengthened to about 8 times the cylinder diameter. 

Although there is no turbulence model in this study, numerically, the regular 

vortex shedding is still suppressed by the cancellation of the vortices shed from the 

lower part of the cylinder as they are mostly convected closer than 0.05D from 

the wall, the minimum distance in which a, vortex is still considered alive'. The 

result for the gap ratio of 0.1 D is presented in figure (6.23). As described 

in the previous chapter, the loss of of circulat ion due to the vortex cancellation 
is then compensated in the next calculation of the surface vorticity for the next 
time step. At this gap ratio, the mean value of the lift and drag coefficients 

are increased unrealist ically even though the suppressed oscillating flow pattern is, 
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achieved. This unrealistic result is attributed to the strong interaction between 

the closest elements of the cylinder and the wall and the resulted interaction could 

not model the interaction of the wall / cylinder boundary layer correctly. 

The effects of the Reynolds number at fixed value of the gap ratio D=1 
are also investigated in this study and the results are presented in figures (D. 5). 

(D. 6), (D. 7), (D. 8) and (D. 9) in Appendix D. As also occured in Chapter IV, at 
Reynolds number 100 the resolution of the flow pattern is not as high as could be 

wished for due to the dominant influence of the Random Walk diffusion scheme. 
The drag coefficient is found to be around 2.3 and the mean value of the lift 

coefficicent is around 0.4. The value of the Strouhal number is difficult to ascertain 
due to the numerical noise. This shows that the presence of the wall causes the 

drag coefficient to increase by about 10% and this can be attributed to the higher 

velocity in the gap region which in turn creates stronger of vortices that have a 

greater influence on the drag characteristics of the cylinder when they accumulate 

and interact in the formation region. 

At a higher Reynolds number of 500 a better picture of the flow pattern is 

observed and this is also reflected in the increased definition of the lift coefficient 

as displayed in figure (D. 6). The drag coefficient is reduced to around 1.9, which 

is slightly higher than the value of the isolated cylinder, while the mean value of 

the lift coefficient is around 0.3. The mean maximum value of the lift coefficient 
is around 0.8 with the Strouhal number value about 0.17. The drag coefficient is 

continuously reduced at higher Reynolds numbers of 1000,10000 and 50000 with 

values of around 1.6,1. -' and 1.15 respectively, as shown in figures (D. 7), (D. 8) 

and D. 9). The mean maximum lift coefficient increases to around 0.9 with the 

Strouhal number reaching 0.2 which are both around the value obtained for the 

isolated cylinder. 

A summary of the results for the force coefficients of a cylinder placed at 

various distances from the wall with a Reynolds number of 100000 is displayed 

in table (6.5) below. The effect of the variation of the Reynolds number, from 

100 - 50000. on the force coefficients at the gap ratio =1 is shown in table 

(6.6). 
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Gap ratio 

G/D 

Lift Coefficient 

Cl 

Drag Coefficicent 

Cd 

0.1 unrealistic unrealistic 

0.25 0.75 1.45 

0.5 0.41 1.2 

0.75 0.31 1.17 

1 0.25 1.15 

1.5 0.22 1.13 

2 0.15 1.13 

Table (6.5). - Results for the flow around a cylinder 
in a channel at Reynolds number 100 

Reynolds number 

Re 

Lift Coefficient 

Cl 

Drag Coefficicent 

Cd 

100 0.4 2.3 

500 0.3 1.9 

1000 0.3 1.6 

10000 0.25 1.2 

100000 0.15 1.15 

Table (6.6). - Results for the flow around a cylinder 

in a channel at gap ratio G/D =1 

B. Oscillatory Flow 

The range of validity of the present model and the parameters defining it, 

were fully discussed in Chapter IV. The object of this section of the study is to 

examine the influence of the proximity of a cylinder to a plane surface bounding 

an oscillatory flow in the context of the limitations of the model used. 

It was concluded in chapter Il' that the present model can only produce results 
in reasonable agreement with experimental when the 3 value (Re )1 /2 lies in a range 
in which the 'boundary layer thickness' is around a half to h vice the length of the 
local element. 
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Figure 6.18. -The Flow Pattern at t = 10, 20,30, 40,50,60. and 
the Force Coefficients for G/D = 1.5, and Re = 100000 
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the Force Coefficients for G/D = 1, and Re = 100000 
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Using the same cylinder parameters as in the previous chapter ( the num- 
ber of elements Ne is 64, the time step At is 0.15, and vortices are released 
from the first ring out ), the hydrodynamic behaviour of the cylinder and its 
flow pattern at the Keulegan-Carptenter number hic of 40, with gap ratios D of 
2,1,0.5,0.2,0.1, and at a number of values of the Reynolds number Re of 
25000,50000,75000,100000, are investigated in this section. 

At the first gap ratio of D2 the flow pattern and the force coefficients are 
displayed in figure (6.24). At 22.5 the pseudo-Karman vortex type of flow 
is produced behind the cylinder. The influence of the wall that is expressed in 

the suppression of the vortex street is not apparent in the region close to the 

cylinder. This is mainly due to the relatively wide gap between the cylinder and 
the wall. When the flow is reversed, more vortices will be convected close to the 

cylinder compared to that of the isolated cylinder as they are unable to spread in 

a downward direction due to the presence of the wall. It is seen that the vortices 

approach the wall tangentially. However, any vortices crossing the wall have 

been removed. 

The in-line force coefficient shows only slightly less than the experiment results 

of Sarpkaya [81] [82] by about 5%. Sarpkaya's values for the drag and inertia 

coefficients are 1.43 and 1.17, while those obtained from the present study are 
1.56 and 1.89 respectively. 

At the lower gap ratio of D=1, the pseudo-Karman vortex street type flow 

also appeared behind the cylinder. The stronger influence of the wall is reflected 
in a more curved shape of the vortex street when it approaches the wall. This 

can also be seen in the higher amplitude of the drag coefficient which increases 

by about 5% compared to the previous case. As also displayed in figure (6.25), 

the amplitude of the drag coefficient is higher than the experimental results of 
Sarpkaya [82] by about 4%, whereas the phase is in quite good agreement. 

As the gap ratio is reduced to D=0.5, the difference of the amplitude of 
the drag coefficient compared with that of the experimental results is narrowed 
to about 3% and the phase of the flows is again in good agreement as shown in 

figure (6.26). The flow pattern still has strong similarities with the unbounded 

oscillatory flow, but the trend of a deflected wake on the wall side of the cylinder 
is becoming increasingly pronounced. 
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The flow becomes even more distorted when the cylinder is put, closer with a, 

gap ratio of G=0.2. A drag coefficient with amplitude around 1.9 is produced. 

which is within `? %1'(ý of the experimental value as shown in figure (6.27). As reported 
by a number of experimenters [41]. [11]. when the gap ratio gets close to the wall. 

the turbulent, boundary layers created on the Nva. ll and cylinder surface and their 

interaction causes the drag coefficient. of the cylinder to drop to about 1.3. 

As has been discussed already. the present. model cannot reproduce the effects 

and although the results are surpringly close to experimental results for the larger 

gap ratios. for less than 0.2 they become increasingly unrealistic a. s shown 

in figure (6.28). The effect of wall proximity on the lift coefficient of a. circular 

cylinder can the be displayed in figure (6.29). CLA and CLT are the mean peak 

of the lift, coefficients in the directions of away and toward the wall respectively. 

6.9 Conclusion 

-mother extention of the discrete vortex model for investigating the flow around 

a single cylinder placed in a channel and near a plane wall in uni-directional and 
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oscillatory flow has been presented in this chapter. The wall is modelled by a 
line source distribution of finite length. The interaction between the wall and the 

cylinder and its shed vortices has been computed through the use of two overlap- 

ping grids. The use of a polar grid expanding from the cylinder and a uniform 
rectangular grid as described in the previous chapters is still maintained. In this 

model, the size of the wall source element is equal to the size of the rectangular 
grid segment. 

Two different kinds of boundary conditions are solved simultenously on the 

cylinder, with zero tangential velocity, and on the wall, with zero normal velocity. 
The influence of the vortices on the cylinder is computed using the polar grid node 
while that of the wall is computed using the rectangular grid. In other words, 
there is no direct calculation of the interaction between the wall and the active 
polar grid nodes. This grid strategy was chosen in an attempt to get a satisfactory 
interaction between the cylinder, shed vortices and the wall sources. 

In the case of a cylinder placed in a channel, the increase of the drag coefficient 
in uni-directional flow is in a good agreement with the available reference except 
when the channel width is small compared with the cylinder diameter. In oscilla- 
tory flows, an increase in the mean peak drag coefficient comparedd to that of an 
isolated cylinder is also detected. It is not possible to validate this result because 

the author is unaware of any experimental results for this flow configuration. In 

the case of a cylinder placed near a plane wall in uni-directional flows, the positive 

mean lift coefficient is generally predicted well. However, when the gap is less than 
0.1 D the algorithm fails to produce realistic results for the force coefficient. 
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Chapter VII 

CONCLUSION 

7.1 Review of Study 

When an offshore structure is being designed it is necessary to be able to 

estimate the fluid loading on the structure and to be able to predict the fluid 

structure interaction. Whilst there is reliable data available relating to cylinders 
in unbounded flows that can be used for this purpose the behaviour of such flows is 

much more uncertain when one member of the structure is placed close to another 
or when the member is placed near the sea bed. Experimental evidence shows 
that the loads due to this kind of fluid-structure interaction can be increased or 
decreased sharply depending on their relative orientation to the oncoming flow, 

and to their proximity to solid boundaries. 

The phenomena that occur in this type of problem could originate in the bound- 

ary layer interaction, turbulent interaction and/or vortex shedding processes which 

are complicated in nature, depending on the flow configuration involved. Many 

authors have investigated these phenomena in order to gain more understanding 

about them either experimentally or numerically. Despite the enormous effort, the 

physics of these flows is still not well understood, and further study is needed. For 

those reasons various authors have tried to model flows of this type numerically 

with varying degrees of success ( see Bearman and Graham [10] ). 

Following in this tradition, in the present study a simple basic discrete vortex 

scheme has been developed to model the flow around a single cylinder in uni- 
directional and oscillatory flows. Using the same basic model the effect of the 

interaction of two cylinders with equal and with different radii has also been in- 

vestigated. Finally, the algorithm was extended to simulate the flow around a 

cylinder in close proximity to a wall. The model did not include the development 

of a boundary layer on the wall. 

Within the constraints imposed by such a simple model, the algorithm has 

produced some interesting results, in terms of flow patterns, wake interactions, 

and the force coefficient of typical flows which are complicated in nature. However. 

it has been found that the nature of the flow is too complicated to be modelled 
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comprehensively by such a simple scheme and a certain range occurs beyond which 
the model fails to portray the flow realistically. The study shows that there is a 
trade-off between simplicity of modelling and success in implementation, although 
it is by no means certain that more sophisticated models would perform any better 
for the flows investigated. 

In the case study undertaken, fairly good results were obtained when the degree 

of wake or wake/body interaction was lower than a certain level, beyond which the 
interaction becomes so complicated as to be beyond the scope of the model. This 

complication is mainly attributed to boundary layer interactions which become 
dominant, for example, in the case of two cylinders in very close proximity. 

Another possible cause of discrepancies between numerical and experimental 
results is that the present study used a purely two dimensional approach which 
ignores three dimensional effects such as vortex stretching. The available data, 

where it exists, with which the present results have been compared, are mostly 

experimental results which are not free from the three dimensional effects. These 

sources of uncertainty in model validation show that further studies both numer- 
ically and experimentally are still needed to increase the understanding of the 

phenomena of the flow interactions. 

7.2 Findings 

In the present study, a conventional linearly expanding grid system as was 

used by Murray [70] in his investigation of the flow around a single cylinder was 
implemented. In a Vortex-in-Cloud model, the advantage of using a grid is that 

CPU time efficiency can be increased and a much better flow pattern can be ob- 
tained. This is because, the number of operations, compared with the conventional 

methods, required to compute vortex-to-vortex interactions is greatly reduced and 
the error caused by the strong interaction of vortices in close proximity, is now to 

a large extent removed from using the grid nodes. 

In preliminary attempts to extend this approach to the problem of wake inter- 

action between two cylinders, overlapping polar grid nodes expanding from each 

cylinder were used. The fluid domain was divided into two sub-domains, in which 

if a vortex shed from one cylinder was carried closer to the other cylinder, the 

vortex was considered to have 'jumped' into the other sub-domain. The vortex 

was then stored as one belonging to the other cylinder. All vortices belonging to 

one cylinder are distributed onto polar grid nodes which are associated with it. 
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In the grid-node-to-grid-node calculation of the vortex velocity, the contribution 
from all active grid nodes is computed. In the calculation of the influence of the 

active grid nodes belong to a single grid system, the stability of the calculation is 

ensured as no active grid nodes will be very close or coincide. However, when the 
influence of the active grid nodes belonging to the other cylinder are included, it 
is possible for one or more active grid nodes from the different grids to be located 

closely one to another, causing instability in the calculation. A cut-off radius was 
tried to cope with such difficulties. However, this simple overlapping polar grid 
system proved not to be viable. 

To overcome these problems, a rectangular grid system with a uniform element 
size, overlapping the existing two polar grids was intoduced over the domain. In 

this strategy, any vortex shed from a particular cylinder is identified, stored and 
treated as being associated with that cylinder over the whole calculation period. 
Its relative position is also defined with reference to its own polar grid system 

and the overlapping rectangular grid system. In calculating a vortex velocity, 
the contribution from other vortices shed from the same cylinder is carried out 
in the polar grid system associated with that cylinder, while the contribution of 

vortices shed from the other cylinder is computed on the rectangular grid system. 
The rectangular grid system can then be considered to be an alternative means 

of uniformly distributing the error instead of using the cut-off radius approach 
described in the previous grid strategy. 

Similarly, in the case of cylinder / wall interaction, the contribution of the 

wall source distribution on the calculation of a vortex velocity was not computed 

over the wall-active polar grid nodes, instead it was calculated over the active 

rectangular grid nodes before being distributed to the vortex velocity in question. 

In the implementation of this simple grid strategy for the calculation of wake 
interactions some variables have to be arbitrarily assigned. In the present extension 

of the basic discrete vortex method, namely the number of cylinder elements, the 

time step, the diameter of the first ring out, the size of the rectangular grid, and 

the level of interaction of vortices in close proximity, all have to be set. The first 

three variables have to be set in such a way to balance the effect of the diffusion 

process in order to get good results of the force coefficients and the flow pattern 

over a. wide range of Reynolds number. 

In the present, model" any vortices that penetrate the cylinder"', surface were 

deleted and reinoved from the calculation. To compensate for this the total 
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strength of the deleted vortices was then redistributed over the cylinder surface 
at the next time step to satisfy Kelvin's condition of the zero net vorticity. In 

the flow around a single cylinder, this step is fully justified as the strength of the 
deleted vortices is distributed fairly to the newly created vortices and hence the 

zero net vorticity is satisfied every time. In the case of flow around two cylinders. 
the same procedure was followed for each cylinder separately. This is imposing a 
boundary condition extra and above Kelvin's theorem, which only states that the 
total vorticity in the whole domain is equal to zero every time. However as shown 
previously, especially for two cylinders in tandem, this scheme is capable of giving 
good results over range of gap ratios. 

In uni-directional flow, the diameter of the first ring out, from where the ring 
vortices are introduced, was set to be a constant while in the oscillatory flows it was 
set to be inversely proportional to the ß value. The constant of proportionality was 
then used through out the study as a simple model to simulate the boundary layer 

thickness, ( see Downie [26] ). Using this approach, together with the Random 
Walk scheme to model the diffusion process, the flow around a single cylinder in 

uni-directional flow can be well simulated over Reynolds numbers from 100 to 
100000. In oscillatory flows over a0 value of 1000 to 4000, good predictions of 
the force coefficients were only obtained. Numerically, the limitation is attributed 
to the simplicity of modelling the boundary layer thickness itself which at small 

values becomes too big and vice versa. 

As was described in section (4.7), the use of the Random Walk method will 

give a valid result if the number of discrete vortices is infinite. Hence, with a finite 

number of vortices the diffusion process is only approximately modelled. For the 

flow around one cylinder this approximation gives good predictions for the flow 

pattern and the force coefficients. However, for the flow around two cylinders, 

especially when they are arranged side-by-side, the symmetrical properties of the 

vortex street shed by both cylinders could not be achieved. The failure to model 

this flow has its origins in instabilities occuring when the vortices shed from one 

cylinder approached closely those shed from the other cylinder. 

One factor that contributes to the instability is that the number of vortices is 

too few to model the complex wake interaction especially during the diffusion pro- 

cess. Another important factor is that the chosen time step was relatively big which 

increases the magnitude, and hence the influence, of the random displacement of 

the vortices initiating the instability in the early stages of the flow development. 

213 



Conclusion 

The stabilities propagate and induce an unrealistic flow pattern after the flow de- 

velops further. The related parameter, the size of the polar and rectangular grid 
segments makes a significant contribution in creating the instability as the vortex 
velocity is calculated on the grid nodes. 

The problem of the instability in the flow arising from the interactions of the 

wakes of the two cylinders may be overcome by the use of a higher number of 

vortices, smaller time steps and a smaller grid size. However, there is a trade-off 
between the magnitude of these variables and the CPU time used which increases 

sharply as the variables get smaller. Modelling the flows involves optimising this 

trade off subject to constraints imposed by computing resources and project du- 

ration. 

After some preliminary calculations, it was found that a relatively coarse model 
( relatively big time step, grid sizes and small number of vortices ) could be used to 
investigate the wake interaction behind two cylinders, if a vortex reduction scheme 
was incorporated in the discrete vortex method, ( see Naylor [71] and Basuki [6] 

). It was found that the instability arising from the vortex interaction could also be 

controlled by the implementation of a vortex strength reduction scheme, in which 
the strength of each vortex was reduced at every time step. After extensive prelim- 
inary calculations, the constant for the rate of vortex strength strength reduction 

was assigned on the basis of the best performance of the algorithm in relation to 

the available experimental evidence. 

Implementation of the vortex reduction scheme does not model any of the 

physical process as implied in the vorticity transport equation (3.9). However, to 

some extent, it can be considered to model three dimensional effects such as vortex 

stretching and vortex correlation with length. In the final analysis its primary 
function is that of a numerical device that allows a realistic flow to develop whilst 

maintaining the basic simplicity of the model. 

From a numerical point of view, the main finding of the study has beeil that 

even with a simple model that has no explicit scheme for turbulence, by using the 

techniques described above, flow patterns and force coefficients can be obtained 

that agree surprisingly well with experimental results for a range of fow config- 

uration over a range of Reynolds number. The greatest difficulties in achieving 

these results has been in controlling instabilities associated with wake-to-wake or 

wake-boundary interactions. It should be said that validation of the model, in so 
Cat als it has been possible to carry out, has only been with reference to the gross 
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features of the flow. The fine detail of the flow, such as the true turbulence char- 
acteristics, or the detailed development of boundary layers and their interaction 

with the flow can not be modelled by the present approach, which breaks down 

when these features begin to dominate the behaviour of the flow. 

The case studies were chosen with reference to their relevance, in particular, 
to the field of offshore engineering. In calculating the fluid loading on a jacket 

structure, the various structural members have traditionally been considered to be 
independent. The present study confirms investigations that have indicated that 
interference effects can significantly influence the fluid loading of members in close 
proximity to one another. This finding has particular relevance to structural con- 
figurations such as risers attached to jacket legs and the fluid loading on structural 
members bearing anodes. The present model advances the understading of these 
flows and can be used to assess the validity of force coefficients currently in use in 

the offshore industry. 

The case studies have also demonstrated the influence of the presence of the 
boundaries on the development of flow patterns and on force coefficients. The 

model could be used for assessing the behaviour of free spanning sub-sea pipelines, 

or even, with some modification of structural members near to a free surface. Many 

experimental investigations to determine force coefficients for Morison's equation 
have been carried out in U-tubes and wave flumes. The blockage effects of os- 

cillatory flows are not well documented or understood. The model can easily be 

adapted to compute such flows and add to existing knowledge in this area. 

In general the results from the case studies agreed well with the experimental 

evidence where it was available for comparation. Explicit findings are given in the 

relevant chapters. The case study involving anodes was of some interest because 

it has been the subject of a previous study using the discrete vortex method ( 

Murray [68] ) although in that case the anode-cylinder combination was treated 

as a single body. Treatment of the anode as a separate body has lead to some 
differences in the flow produced. In the present case it has been found that the 

vortex shedding from the anode is suppressed for most of the flow configuration 

although vorticity from the anode can still have a significant effect on the wake of 

the combined body. 

7.3 Suggestion for Future Work 

The most, obvious follow up to this study is to refine the model to consider 
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the instabilities due to wake / wake and wake / boundary interaction and to 
investigate the effects of increasing the flow definition. Such a study would require 
substantial computing resources if the flows were to be investigated in a meaningful 
manner. In addition, there are a number of applications in the field of offshore 
engineering to which the basic model, with some modification, could be used to gain 

useful insight and further data. For example, the algorithm for the flow around 
a cylinder placed in a channel could be extended to incorporate the effect of a 
free surface by converting the top wall to a free surface. Instead of the Neumann 

boundary condition, the kinematic and dynamic boundary conditions shown in 

equation (3.23) would have to be satisfied at every time step. Some difficulties 

were encountered in an attempt to model such a flow in the present study namely, 
that as the present rectangular grid system is fixed relative to the cylinder, a 

way has to be found to allow the ractangular grid system to accomodate the 

movement of the free surface contour. Preliminary work on this problem indicated 

that a changing rectangular grid system to cover both the free surface and discrete 

vortex movement at the same timewould give benefit results. However, this can 
introduce further difficulties in relation to the efficiency of the algorithm as the 

re-indentification of the vortex-related variables would have to be carried out at 

every time step. Although this and other problems concerning definition of the 

free surface could not be solved within the time constraints of the present study, 
this area could be studied further with a good prospect of success. 

There was no explicit turbulence modelling in the present study. As mentioned 

previously, surprisingly good results were obtained over a wide range of Reynolds 

numbers for the gross characteristics of the flow. However, it was not possible to 

model some flow configurations. Development and inclusion of a turbulence scheme 

may well enhance the model's capability for predicting the flow in the grater detail 

and widen its range of applicability to other flow configurations. 

Flow visualisation of cloud cavitation shows a striking resemblance to flow 

patterns obtained using the discrete vortex method. A preliminary investigation 

as part of the present study indicated that the attachment of a bubble to each 

vortex in the flow could be a means of modelling this type of cavitation. In this 

case the bubble which has a variable radius, could be located at the core of each 

vortex. The radial effect due to the changing of the bubble size under the influence 

of other vortex-bubbles in the domain could be represented through the following 

equation for the velocity potential. 
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_ 
R2 dR 

r dt 
(7.1) 

The changing bubble characteristics are related to conditions in the ambient 
flow and can be modelled using the well known Plesset-Povinsky equation for 
bubble dynamics as follows ( see Plesset and Shaffer [73] ), 

(Pi - Pte) (R03 - R3) 

3 +PR3(dr)2+4µ ýt R(dR)'dt 
2 dt J0 dt 

(7.2) 

The combination of a vortex-bubble in the flow could therefore be modelled 
by the combination of a vortex and a source with a variable source strength. 

In reality the bubble / fluid mixing flow is obviously a two phase flow in which 
two kind of fluids with different densities mix together to form a new state of flow. 

One difficulty arising in this model is that as the bubble size is growing or shrinking 

with time, the average density of the fluid changes at every time step, and this 

must be taken into account when satisfying the continuity equation as shown in 

equation (3.4). Although some preliminary work was cariied out for this type of 
flow, the author was unable to find suitable results against which to validate the 

model, and hence the extent to which the model can really simulate the bubble 

cavitaion phenomena still needs further study. 

The inclusion of three dimensional effect using discrete vortex modelling has 

been undertaken by various authors. In the calculation of the influence of the vor- 
tex shedding from the keel of a rectangular barge rolling in beam seas, Downie [27] 

tackled the three dimensional nature of the flow by using a strip method involving 

two dimensional slices of flow along the barge. More recently, Graham [38] ex- 
tended the problem to investigate the flow around a ship-like body using slender 
body theory. However such methods do not account for three dimensional effect. 
The ultimate goal for dicrete vortex methods must be their extension to a fully 

three dimensional model along the lines suggested by Leonard [59] and others. 
An area of investigation would be the development of a fully three dimensional 

discrete vortex approach to the flows dealt within the present study. 

Finally the computation time of the algorithm could be much reduced, while at 

the same time maintaining the simplicity of the model, by running it on a parallel 

computer. Hardy et. al. [43] has shown speed ups of the order of 12 times the 

equivalent on a transputer system with 16 processors. Parallelisation of the present 
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algorithm could allow much longer runs which might resolve some of the problems 
associated with flow instability arising out of wake to wake interaction. 
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Appendix A 

REVIEW OF THE POTENTIAL FLOW THEORY 

A. 1. The Flow Around A Cylinder In An Infinite Fluid 

As explained in detail in Kellogg [54], the elementary solution for the velocity 
potential 0 of the incompressible, inviscid flows as expressed by the Laplace's 

equation, as shown in equation (2.18), 

a2 a2 a2 °20 =axe + aye + az2 
is 

_1 
for three dimensional case 

_ 
rI (A. 2) 
ln(r), for two dimensional case 

where : x, y, z are Cartesian coordinates and r is the radial distance between 

(xv) yn, zn) and some other other point of fluid action (xm, ym, zm)" 

The physical interpretation of this solution is that of flow from a point source 
in three dimensional space or a point source/vortex in two dimensional space. 

Thus, the velocity potential at m due to that singularity of unit strength at n 
(where the strength is defined here as the volume of fluid emitted in unit time) is 

given by, 

11 for three dimensional case 
_ 

4rr 
ln(r) for two dimensional case 

(A. 2) 

In the present study which is only concerned with two dimensional flow, the 

velocity potential 0, which satisfies the Laplace's equation V20 = 0, can be con- 

sidered to be described by a distribution of vorticity along a closed contour C as 
displayed in figure (A. 1) below. 

A complex potential w(z) = 0(: ý) + where _ :r+i. y is an arbitrary 

complex point, satisfying these conditions can be writ ten as, 
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Figure A. 1. -The Path of integration 

z ., (A. 2) 27. 

'where c is the path of integration and pararneterised by the variable dSn, 

(z - : �) is the complex distance between = and z� , and 7=� is the strength of the 

vorticit. v distribution at, that point. 
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Using the relation described in chapter II that u(z) = `ý`ýýý ýý equation A. 2 

can be written as, 

U(z) ýndS� uz 27r c az 

in which the path of integration c is taken around the closed curve displayed 
in figure (A. 1). 

It is necessary to impose the Dirichlet Boundary Condition on the contour 
c due to the fact that the fluid particles move tangentially close to the contour 
in the streamline flow. In the Discrete Vortex Model 

, this means that the total 
tangential velocity on the contour due to the free stream velocity ums, the cylinder 
contour c and the shed vortices ci must be zero on the contour c. 

However, if the point z is located on the contour c, care must be taken when 
evaluating the integral. A limiting analysis shows that the singular contribution to 

u(z) due to the infinitesimal section of c surrounding the point m is equal to ry�2 
on the external side of c and -2-y, n on the internal side. Thus, there is a jump in 

the tangential velocity component across c of magnitude -y�2. In the present study 
the clockwise direction of integration is taken as positive. 

Writing equation (A. 3) for points on the outside of the boundary, 

(,:: m, ) _ 
aw(ýry,, ) 

=i -ym +P 
ý-y 

ds 
aln(ti - 7-, ) 

nn Oz 2JC a-- 

and similarly for the inside of c we have 

1i(cm) = 

a2az 

= _1? /m +P 'YndSn 

aln(ti - zn) 

d: +P fF dSv 
C 

aln(ý 

aý (A. 5) 

In the above, the P before the integral sign indicates that the principal value 

of the integral should be taken. It can also be seen from figure (A. 1) that the 

ilitegral along the contour at. oc. -oo and along the two parallel lines connecting 
the singlarities are all equal to zero. Therefore if the surface vorticity distribution 

makes the contour a streamline then the velocity induced inside the contour is zero 

-ý P FVdSV 
Cy 

öln(z - zv) 
Oz 

(A. 3) 

(A. 4) 

0 In (. ý - -7-,, 
) 
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everywhere. By incorporating the influence of the free stream velocity and imple- 

menting the Dirichlet boundary condition, the zero internal tangential velocity 

around the contour c gives, 

z -4 - 2'Ym 
+ 

Ic kmn''ndSn + ü,, " dSm +f k' F dS, =0 (A. 6) 

v 

which is equivalent to equation (4.6). This equation then plays a basic role 
in modelling the fluid flow using the Discrete Vortex Method as described in 

chapter IV 

A. 2. The FlowAround A Cylinder In A Bounded Fluid 

Following the derivation in the previous section, the case for a cylinder in a 
finite fluid can be tackled with a little modification to the model as shown in figure 

(A. 2) below. 

As the blockage effect is the main concern in the present study, arrays of sources 

are implemented to represent the wall and the Neumann boundary condition, is 

imposed along the wall. The boundary condition states that no fluid particles 

penetrate the wall. 

Over the cylinder surface, the Dirichlet boundary condition is satisfied as for 

the single cylinder in the infinite domain. The procedure leads to the following 

result. 

kmvrzd5Z, _0 ýA. 7ý 'Ym + 
le kmn1'ndSn -ý 

ý kmwawdsw + üý " dS'm + 
Ici 

J zig 

It is seen that the third term is the contribution from the wall and this appears 

because the contour of integration along the wall now contains singularities. 

In addition there is an equation describing the influence of the cylinder on the 

wall, 
. ý. ý. ý 
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ccx, 
c_03 

ý/ 

Figure A. 2. - The Path of Integration 

fc Qm + krnu, Qu, Cý. su, -i- kmn? 
ndýýn -ý üý (ýýým -ý- 

f km 
t, 

Tdsv =0 (A. 8) 
wu, 

v 

in which the first term is the singular contribution to the normal velocity due 

to the infinitesimal section of the «'all surrounding the point z. 

Equation (A. 7) and (A. 8). which are equivalent to equations (5.2) and (5.3) 

can then be used as the basic equations in modelling the flow around a cylinder in 

a bounded fluid using the Discrete Vortex Model. 
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Results for A Single Cylinder In Ail Infinite Fluid 
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Figure B. 1. -Flow Pattern at t= 15,30.60,75,90. and 

the Force Coefficients for Re = 50 
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Figure B. 2. -Flow Pattern at t= 15,30.45.60.75,90. and 
the Force Coefficients for Re = 100 
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